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Abstract

We determine the optimal dynamic investment policy for a mean quadratic variation ob-
jective function by numerical solution of a nonlinear Hamilton-Jacobi-Bellman (HJB) partial
differential equation (PDE). We compare the efficient frontiers and optimal investment poli-
cies for three mean variance like strategies: pre-commitment mean variance, time-consistent
mean variance, and mean quadratic variation, assuming realistic investment constraints (e.g. no
bankruptcy, finite shorting, borrowing). When the investment policy is constrained, the efficient
frontiers for all three objective functions are similar, but the optimal policies are quite different.

Keywords: Mean quadratic variation investment policy, mean variance asset allocation, HJB
equation, optimal control

JEL Classification: C63, G11

AMS Classification 65N06, 93C20

1 Introduction

In this paper, we consider optimal continuous time asset allocation using mean variance like strate-
gies. This contrasts with the classic power law or exponential utility function approach [24].
Mean variance strategies have a simple intuitive interpretation, which is appealing to both
individual investors and institutions. There has been considerable recent interest in continuous
time mean variance asset allocation [32] 21 25, 20, (6, 11, 31l 18, 19, 29]. However, the optimal
strategy in these papers was based on a pre-commitment strategy which is not time-consistent [7, [5].
Although the pre-commitment strategy is optimal in the sense of maximizing the expected
return for a given standard deviation, this may not always be economically sensible. A real-
world investor experiences only one of many possible stochastic paths [22], hence it is not clear
that a strategy which is optimal in an average sense over many stochastic paths is appropriate. In

*This work was supported by a grant from Tata Consultancy Services and the Natural Sciences and Engineering
Research Council of Canada.

tDavid R. Cheriton School of Computer Science, University of Waterloo, Waterloo ON, Canada N2L 3G1 e-mail:
j27wang@uwaterloo.ca

#David R. Cheriton School of Computer Science, University of Waterloo, Waterloo ON, Canada N2L 3G1 e-mail:
paforsyt@uwaterloo.ca



29

30

31

32

33

34

35

36

37

38

39

40

a1

42

43

44

45

46

47

48

49

50

51

52

53

54

57

58

59

60

61

62

63

64

addition, the optimal strategy computed from the pre-commitment objective function assumes that
the stochastic parameters are known at the beginning of the investment horizon, and do not change
over the investment period. In practice, of course, one would normally recompute the investment
strategy based on the most recent available data.

For these reasons, a time-consistent form of mean variance asset allocation has been suggested
recently [7, 5, B0]. We may view the time-consistent strategy as a pre-commitment policy with a
time-consistent constraint [30].

Another criticism of both time-consistent and pre-commitment strategies is that the risk is only
measured in terms of the standard deviation at the end of the investment period. In an effort to
provide a more direct control over risk during the investment period, a mean quadratic variation
objective function has been proposed in [9, [16].

This article is the third in a series. In [29], we developed numerical techniques for determining
the optimal controls for pre-commitment mean variance strategies. The methods in [29] allowed us
to apply realistic constraints to the control policies. In [30], we developed numerical methods for
solution of the time-consistent formulation of the mean-variance strategy [5]. The methods in [30]
also allowed us to apply constraints to the control policies.

In this article, we develop numerical methods for solution of the mean quadratic variation policy,
again for the case of constrained controls. We also present a comparison of pre-commitment, time
consistent and mean quadratic variation strategies, for two typical asset allocation problems. We
emphasize here that we use numerical techniques which allow us to apply realistic constraints (e.g.
no bankruptcy, finite borrowing and shorting), on the investment policies. This is in contrast to
the analytic approaches used previously [32, 21}, [6], [7].

We first consider the optimal investment policy for the holder of a pension plan, who can
dynamically allocate his wealth between a risk-free asset and a risky asset. We will also consider
the case where the pension plan holder desires to maximize the wealth-to-income ratio, in the case
where the plan holder’s salary is stochastic [10].

The main results in this paper are

e We formulate the optimal investment policy for the mean quadratic variation problem as
a nonlinear Hamilton-Jacobi-Bellman (HJB) partial differential equation (PDE). We extend
the numerical methods in [29, [30] to handle this case.

e We give numerical results comparing all three investment policies: pre-commitment mean
variance, time-consistent mean variance, and mean quadratic variation. In the case where
analytic solutions are available, our numerical results agree with the analytic solutions. In the
case where typical constraints are applied to the investment strategy, the efficient frontiers
for all three objective functions are very similar. However, the investment policies are quite
different.

These results show that, in deciding which objective function is appropriate for a given economic
problem, it is not sufficient to simply examine the efficient frontiers. Instead, the actual investment
policies need to be studied in order to determine if a particular strategy is applicable to specific
investment objectives.
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2 Dynamic Strategies

In this paper, we first consider the problem of determining the mean variance like strategies for a
pension plan. It is common to write the efficient frontier in terms of the investor’s final wealth. We
will refer to this problem in the following as the wealth case.

Suppose there are two assets in the market: one is risk free (e.g. a government bond) and the
other is risky (e.g. a stock index). The risky asset S follows the stochastic process

dS=(r+¢&o)Sdt+oS dz; , (2.1)

where dZ; is the increment of a Wiener process, o is volatility, r is the interest rate, and £ is the
market price of risk (or Sharpe ratio). The stock drift rate can then be defined as ug = r+£o. We
specify the drift rate of the stock in terms of the market price of risk &, to be consistent with [10].
This also allows us to compare results obtained by varying o, while keeping & constant, in addition
to varying o, while keeping ug constant.

Suppose that the plan member continuously pays into the pension plan at a constant contri-
bution rate 7 > 0 in the unit time. Let W (t) denote the wealth accumulated in the pension plan
at time t, let p denote the proportion of this wealth invested in the risky asset S, and let (1 — p)
denote the fraction of wealth invested in the risk free asset. Then,

dw = [(r+ p§o)W + z|dt + poWdZ; , (2.2)
W(E=0) = 1p>0.
Define,
E[] expectation operator,
Var[-] : variance operator,
Std[] standard deviation operator,
[

E[[[W(t) = w], Var[-|W(t) = w] or Std[-|W (t) = w]

when sitting at time ¢,

EY ), Vary [ or StdY ,[] ¢ Erwl], Vargw[] or Stdgw[], where p(s, W (s)), s > t,

is the policy along path W (t) from stochastic process (2.2)) .
(2.3)

For the convenience of the reader, we will first give a brief summary of the pre-commitment
and time consistent policies.

2.1 Pre-commitment Policy

We review here the pre-commitment policy, as discussed in [29]. In this case, the optimal policy
solves the following optimization problem,

V(w,t) =  sup {Eﬁw[W(T)]Avarﬁw[W(T)] | W(t):w}, (2.4)
p(s>t,W(s))

where W(T),t < T is the investor’s terminal wealth, subject to stochastic process (2.2)), and where
A > 0 is a given Lagrange multiplier. The multiplier A can be interpreted as a coefficient of risk
aversion. The optimal policy for (2.4]) is called a pre-commitment policy [5].
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Let pj (s, W(s)), s > t, be the optimal policy for problem ({2.4). Then, p;, ,(s, W (s)), s > t+At,
is the optimal policy for

V(w,t+At) =  sup {EerAtw[W(T)] S AVarl, o, JW (D)) | Wit + AL :w} . (2.5)
p(s>t+At, W (s)) ' ’

However, in general
P (s, W(s)) # Piyae(s,W(s)) ; s 2t + At (2.6)

i.e. solution of problem is not time-consistent. Therefore, a dynamic programming princi-
ple cannot be directly applied to solve this problem. However, problem can be embedded
into a class of auxiliary stochastic Linear-Quadratic (LQ) problems using the method in [32, 21].
Alternatively, equation can be posed as a convex optimization problem [22| 6] [II, [17]. More
precisely, if p}(s, W(s)) is the optimal control of equation (2.4)), then there exists a v(t,w), such
that p; (s, W (s)) is also the optimal control of

inf )){EQWKW(T)—”(Ew))? | W(t):w}. (2.7)

p(s>t,W (s

Hence we can solve for pf (s, W(s)) using dynamic programming. Note that this does not contradict
our assertion that the optimal policy for equation is not time consistent, since in general (¢, w)
depends on the initial point (¢,w) (see Remark 1.1 in [7], and [19]). Problem 2.7 can be determined
from the solution of an Hamilton Jacobi Bellman (HJB) equation. We have discussed the numerical
solution of the resulting HJB equation in detail in [29].

2.2 Time-consistent Policy

In [30], we focused on the so called time-consistent policy. We can determine the time-consistent
policy by solving problem (2.4)) with an additional constraint,

P (s, W(s)) =pi(s,W(s)); s>t t' €[t,T]. (2.8)

In other words, we optimize problem , given that we follow the optimal policy in the future,
which is determined by solving at each future instant. Obviously, dynamic programming
can be applied to the time-consistent problem. We have discussed the numerical algorithm for
determining the optimal time-consistent policy in [30].

Remark 2.1 We follow the definition of a time consistent policy as given in [5], with a constant
risk aversion parameter. Note that in [8], it is suggested that a wealth dependent risk aversion
parameter is more meaningful. Some computations with a wealth dependent risk aversion parameter

are giwen in [30]. However, we will use the original form with a constant risk aversion, in the
following. See Remark[2.3

2.3 Mean Quadratic Variation

Instead of using the variance/standard deviation as the risk measure, we can use the quadratic
variation [9], ftT(dWS)Q. From equation 1' we have

(dW)* = (p(t, W (t))oW (1))*dt (2.9)



122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

140

141

142

143

and consequently, we obtain,

T T
/t (dW,)? = /t (op(s, W (s)) W (s))2ds . (2.10)

Remark 2.2 (Relation to Time Consistent Mean Variance) In [7], the following rather sur-
prising result is obtained. Without constraints (the allowing bankruptcy case, discussed in later

sections), if ftT(e’“(T*S)dI/VS)2 is used as the risk measure, the mean quadratic variation strategy

has the same solution as the time-consistent strategy. The term (er(T_s)alVVs)2 represents the future
value of the instantaneous risk due to investing pW (in monetary amount) in the risky asset. In
order to facilitate comparison with various alternative strategies, we will use the risk measure

T T
[ @ awy = [T op(s, W)W (s)ds (2.11)
¢ t
in the following. Note that as discussed in [16], risk measure 1s commonly used in optimal
trade execution (with r =0).

Using equation (2.11]) as a risk measure, we seek the optimal policy which solves the following
optimization problem,

T
V(w,t) =  sup Egjw{W(T)—A / (" T ap(s, W (s))W (s))?ds | W(t)—w}, (2.12)
p(s>t, W (s)) t

where A is a given Lagrange multiplier, subject to stochastic process (2.2). Let p; (s, W(s)), s > t,
be the optimal policy for problem (2.12)). Then clearly,

pi(s,W(s)) =pp(s, W(s)) s s =t/ t' € [t,T] . (2.13)

Hence, dynamic programming can be directly applied to this problem.

3 Mean Quadratic Variation Wealth Case

In this section, we formulate the mathematical model for the optimal mean quadratic variation
investment strategy. Let,

D := the set of all admissible wealth W (t), for 0 <t < T
P := the set of all admissible controls p(¢,W(t)), for 0 <¢ <T and W(t) e D. (3.1)

Remark 3.1 Strictly speaking, we choose P so as to enforce W € . However, when the control
problem is formulated as the solution to an HJB PDE, then we choose D, and select a boundary
condition which specifies a control which ensures that W € D.

We seek the solution of the optimization problem (2.12)). Define

V(w,t) = sup EY, { A/ T=ap(s, W(s))W(s))*ds | W(t) :w} . (3.2)

peP
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Let 7 = T —t. Then using equation (2.2)) and Ito’s Lemma, we have that V(w, 1) = V(w, t) satisfies
the HJB equation

1
Vv, = sgg{u{’qu + 5(05)2wa — )\(eTTUpw)Q} ; weD, (3.3)
p

with terminal condition

V(w,0) =w, (3.4)
and where
ty = w+w(r+pof)
(h)* = (pow)*. (3.5)

Since PDE (3.3) can be degenerate depending on the control, we have no reason to believe that
the solution is smooth. For this reason, we seek the viscosity solution to equation (3.3]). This is
discussed further in Section (.11
In order to trace out the efficient frontier solution (in terms of mean and quadratic variation of
the wealth) of problem , we proceed in the following way. Pick an arbitrary value of A and
solve problem , which determines the optimal control p*(¢,w). We also need to determine
Lot G =G(w, )= EW(T)|[W(t) = w,p(s > t,w) = p*(s > t,w)] . Then G is given from the
solution to
G, = {,uﬁ,Gw + ;(Jﬁ)Qwa} ;s web, (3.6)
p(T—7w)=p*(T—7,w)

with the terminal condition
G(w,0) =w . (3.7)

Since the most costly part of the solution of equation (3.3) is the determination of the optimal
control p*, solution of equation (3.6|) is very inexpensive, once p* is known.
Then, if

Vi) = B (W -2 [ @0 oy . W) ds | o) =}
G, T) = EwaO{W(T) | W(O):wo}, (3.8)
we have that
Baud [ (T (s, W ()W (5))2dls | W(0) = o}

= (G(wo, T) = V(1o, T)) /X . (3.9)

It is useful also to determine the variance of the terminal wealth, Varf;(]’w[W(T)], under the
optimal strategy in terms of mean quadratic variation. Let F = F(w,7) = E[W(T)?|W(t) =

w,p(s > t,w) =p*(s > t,w)] . Then F is given from the solution to

1
F, = { o + 2( w) Fww}p(T_va):p*(T_va) ; weD, (310)



165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

181

182

183

184

185

186

187

188

with the terminal condition
F(w,0) = w? . (3.11)
Assuming F'(wg,T), G(wg,T) are known, for a given A\, we can then compute the pair

(Vari_o.q,[W(T)], EY

t=0,w0

(W)

p*
from Var,_g 4,

[W(T)] = F(io, T) — [G(ibo, T)]* and E}”

t=0,9

(W(T)) = G(io, T).

Remark 3.2 If we allow an unbounded control set P = (—o0,+00), then the total wealth can
become negative (i.e. bankruptcy is allowed). In this case D = (—o0,+00). If the control set P is
bounded, i.e. P = [pmin, Pmax), then negative wealth is not possible, in which case D = [0, 400). We
can also have ppay — +00, but prohibit negative wealth, in which case D = [0, +00) as well.

3.1 Localization
Let,
D := a finite computational domain which approximates the set D. (3.12)

In order to solve the PDEs (3.3), (3.6) and (3.10), we need to use a finite computational domain,

A~

D = [Win, Wmax|. When w — £00, we assume that

V(w— +o00,7) ~ Hi(t)w?,

Gw — +oo,7) =~ Ji(nw,

F(w — $o00,7) ~ IL(1)w?, (3.13)
then, ignoring lower order terms and taking into account the initial conditions (3.4]), , (3.11)),

Ae"Tk
V(w — Fo0,7) ﬁ( _ e@htka)Ty 2
G(w — +00,7) ~ €M,
F(w — +o00,7) ~ e@Rth)r,2 (3.14)

where k1 = r + po€ and ks = (po)?. We consider three cases.

3.1.1 Allowing Bankruptcy, Unbounded Controls

In this case, we assume there are no constraints on W (t) or on the control p, i.e., D = (—o0, +00)
and P = (—o0, +00). Since W (t) = w can be negative, bankruptcy is allowed. We call this case the
allowing bankruptcy case.

Our numerical problem uses

A

D = [wminawmax]7 (315)

where D) = [Wmin, Wmax) 1S an approximation to the original set D = (—o0, +-00).

Applying equation at finite [Wmin, Wmax] Will cause some error. However, we can make
these errors small by choosing large values for (|wmin|, Wmax). We have verified this in [29, [30], and
numerical tests show that this property holds for the mean quadratic variation strategy as well. If
asymptotic forms of the solution are unavailable, we can use any reasonable estimate for p* for |w|
large, and the error will be small if (|wmin|, Wmax) are sufficiently large [3].
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3.1.2 No Bankruptcy, No Short Sales

In this case, we assume that bankruptcy is prohibited and the investor cannot short the stock index,
ie., D =10,400) and P = [0, +00). We call this case the no bankruptcy (or bankruptcy prohibition)
case.

Our numerical problem uses,

D = [0, wmnax - (3.16)

The boundary conditions for V, G, F at w = wnax are given by equations (3.14]). We prohibit the
possibility of bankruptcy (W (¢) < 0) by requiring that (see Remark [3.3]) limy,—o(pw) = 0, so that
equations (3.3)), (3.6) and (3.10]) reduce to (at w = 0)

V:(0,7) = 7V,
G-(0,7) = 7Gy ,
F.(0,7) = nF, . (3.17)

Another way of deriving this boundary condition is to note that we can rewrite equation (3.3])
using the control ¢ = pw. In this case ¢ is the dollar amount invested in the risky asset. We can
prohibit negative wealth by requiring that the amount invested in the risky asset ¢ = 0 at w = 0.

Remark 3.3 It is important to know the behavior of p*w as w — 0, since it helps us determine
whether negative wealth is admissible or not. As shown above, negative wealth is admissible for the
case of allowing bankruptcy. In the case of no bankruptcy, although p € P = [0,+00), we must
have lim,,_o(pw) = 0 so that W(t) > 0 for all 0 < t < T. In particular, we need to make sure
that the optimal strategy never generates negative wealth, i.e., Probability(W (t) < 0|p*) = 0 for all
0<t<T. We will see from the numerical solutions that boundary condition does in fact
result in limy,_,o(p*w) = 0. Hence, negative wealth is not admissible under the optimal strategy.
More discussion of this issue are given in Section [,

Remark 3.4 (Behavior of W (t), W — 0) The precise behavior of the controlled stochastic pro-
cess will depend on the behavior of pw as w — 0, from the solution of the HJB equation . If
pw — CrwY,w — 0, C} independent of w, then the behaviour of W (t) near W = 0 can be deter-
mined from the usual Feller conditions. Fquivalently, and more germane for PDE analysis, we can
examine the Fichera function [I5] to determine if boundary conditions are required at w = 0. We
have the following possibilities

e 7> 1, w=0 is unattainable, and no boundary condition is required;

1/2 < v < 1, which implies that w = 0 is attainable but no boundary condition is required;

v =1/2, w =0 is attainable, and no boundary condition is required if m > 01202/2, otherwise
a boundary condition is required;

0 <y <1/2, w=0 is attainable, and we need to supply a boundary condition. In this case
we apply a reflecting condition (from equation ) if m > 0 and an absorbing condition if
m=0.
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Note that for numerical purposes, we always apply conditions . In some cases, as noted above,
boundary conditions at w = 0 are not actually required, but this does not cause any problems if the
boundary condition is superfluous [20, [15]. This is convenient, since of course we do not know the
precise behavior of (pw), w — 0 until we solve the HJB equation and determine the control p.

Remark 3.5 (Economic Interpretation of the Conditions on pw) The quantity pw is the
dollar amount invested in the risky asset. Consequently, the above conditions on pw can be in-
terpreted in economic terms. For example, we prohibit negative wealth by requiring that the dollar
amount invested in the risky asset must tend to zero as the the investor’s wealth tends to zero. Note
that this economically reasonable condition permits p to be finite or infinite at w = 0.

3.1.3 No Bankruptcy, Bounded Control

This is a realistic case, in which we assume that bankruptcy is prohibited and infinite borrowing

is not allowed. As a result, D = [0, 4+00) and P = [0, pax]. We call this case the bounded control

case. For example, typical margin requirements on a brokerage account limit borrowing to 50% of

the market value of the assets in the account. This would translate into a value of pyax = 1.5.
Our numerical problem uses,

D = [0,wmax] , (3.18)

where wpax is an approximation to the infinity boundary. Other assumptions and the boundary
conditions for V and G are the same as those of no bankruptcy case introduced in Section [3.1.2
Note that for the bounded control case, the control is finite, thus lim,_,o(pw) = 0 and negative
wealth is not admissible.

We summarize the various cases in Table [1]

Case D P
Bankruptcy [wmim wmax} (—OO, —f—OO)
No Bankruptcy [0, Winax] [0, +00)
Bounded Control [0, Winax] [0, Pmax]

TABLE 1: Summary of cases.

3.2 Special Case: Reduction to the Classic Multi-period Portfolio Selection
Problem

The classic multi-period portfolio selection problem can be stated as the following: given some
investment choices (assets) in the market, an investor seeks an optimal asset allocation strategy over
a period T with an initial wealth wy. This problem has been widely studied [24. [32] 211, 23], [6, 22].
If we use the mean variance approach to solve this problem, then the best strategy p*(w,t) can be
defined as a solution of problem . We still assume there is one risk free bond and one risky
asset in the market. In this case,

AW = (r+pto)Wdt + poWdZ, (3.19)
W(t=0) = 1p>0.
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Clearly, the pension plan problem we introduced previously can be reduced to the classic multi-
period portfolio selection problem by simply setting the contribution rate m = 0. All equations and
boundary conditions stay the same.

4 Wealth-to-income Ratio Case

In the previous section, we considered the expected value and variance/quadratic variation of the
terminal wealth in order to construct an efficient frontier. In [I0], it is argued that at retirement, a
pension plan member will be concerned with preservation of her standard of living. This suggests
measuring wealth in terms of a numeraire computed based on the investor’s pre-retirement salary.
This approach for retirement saving takes into account the stochastic feature of the plan member’s
lifetime salary progression, as well as the stochastic nature of the investment assets.

In this section, instead of the terminal wealth, we determine the mean variance efficient strategy
in terms of the terminal wealth-to-income ratio X = %, where Y is the annual salary in the year
before she retires. As noted in [I0], this is consistent with the habit formation model developed in
[28, 12].

In the following, we give a brief overview of the model developed in [10]. We still assume there
are two underlying assets in the pension plan: one is risk free and the other is risky. Recall from

equation (2.1)) that the risky asset S follows the Geometric Brownian Motion,
dS = (r+¢&o)Sdt+oS dZ; . (4.1)

Suppose that the plan member continuously pays into the pension plan at a fraction 7 of her yearly
salary Y, which follows the process

dY = (r+ py)Y dt + oy, Y dZy+ oy, Y dZ; (4.2)

where py, oy, and oy, are constants, and dZj is another increment of a Wiener process, which is
independent of dZ7. Let p denote the proportion of this wealth invested in the risky asset S, and
let 1 — p denote the fraction of wealth invested in the risk-free asset. Then

dW = (r+p&o)W dt + poWdZ, + nYdt , (4.3)
W(t=0) = w>0.

Define a new state variable X (¢) = W(t)/Y (¢), then by Ito’s Lemma, we obtain

dX = [7+ X(—py +po(§ —ov,) + o3, + o3,)]dt (4.4)
—UYOXdZQ + X(pO’ — Uyl)dzl y
X(t=0) = #>0.

Let
(i = 7+ X(—py +po& —oy,) + ot +03)
(0%)? = (oh(p(t, X (1), X(1))?
= XQ(U)Q/O + (po — UYl)Q) ) (4.5)

10
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then the control problem is to determine the control p(t, X (t) = z) such that p(t,z) maximizes

T
V(z,t) = sup Efw{X(T) — /\/ eQT/(T_S)(Jg()st | X(t) = ac}, (4.6)
pEP t

subject to stochastic process , where ' = —puy + 012/0 + 032/1. Note that we have posed the
problem in terms of the future value of the quadratic variation using r’ as the discount factor. For
the wealth case, with no constraints on the controls, the analytic solution for the time-consistent
mean variance policy is identical to the mean quadratic strategy [7]. However, there does
not appear to be an analytic solution available for the wealth-to-income ratio case, hence we use r’
as the effective drift rate (when there is no investment in the risky asset). There are clearly other
possibilities here.
Let 7 =T —t. Then V(x,7) = V(x,t) satisfies the HJB equation

1 /

V., = sup{ugvm + 5(05)2%@ — e 7(05)2} ; x €D, (4.7)
peP

with terminal condition

V(z,0)==x. (4.8)

We still use D and P as the sets of all admissible wealth-to-income ratio and control. As before, we
let D be the localized computational domain.

We also solve for G(z,7) = E[X(T)|X(t) = z,p(s > t,x) = p*(s > t,z)] and F(z,7) =
E[X(T)?|X(t) = x,p(s > t,z) = p*(s > t,x)] using

1
GT = {,UlgGa: + 5(U£)2Gxx}p(T—T,z):p*(T—T,w) ;T E D ’ (49)

F,

1
{uhFe + 5(O'g)Qwa}p(TfT,x):p*(Tf-r,:c) ; zeD, (4.10)
with terminal condition

G(z,0) = «x. (4.11)
F(z,0) = 22. (4.12)

We can then use the method described in Section [3] to trace out the efficient frontier solution

of problem (4.6)).

We consider the cases: allowing bankruptcy (D = (—o0, +00), P = (—00,+00)), no bankruptcy
(D =[0,+00), P = [0,400)), and bounded control (D = [0,4+00), P = [0, pmax])). For computational
purposes, we localize the problem to to D = [Tmin, Tmax), and apply boundary conditions as in
Section More precisely, if z = 0 is a boundary, with X < 0 prohibited, then lim,_,o(px) = 0,
and hence

VA(0,7) = 7V,
G-(0,7) = 7G,,
F.(0,7) = wFy. (4.13)

The boundary conditions at x — 00 are given in equation (3.14), but using = instead of w and 7’
instead of  with ky = —py + po(§ — oy,) + 032/0 + 032/1 and kg = 032/0 + (po — oy,)%.
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5 Discretization of the HIB PDE

The numerical scheme to solve the PDEs is similar to the scheme used in [29]. We briefly describe
the discretization scheme in this section, and refer readers to [29] for details.
Define,

LV = a(z,p)V., +0b(z,p)V, (5.1)
where

1
z=w ; a(zp)= 5(0{%)2 ; b(zp) =, 5 d(z,p,7) = —A(eTopw)? (5.2)

(see equation (3.5))) for the wealth case introduced in Section |2} and

1 ,
z=x ; a(z,p) = 5(05)2 s b(zp) =1 5 d(z,p,m) = —A¥ T (0h)? (5.3)

(see equation (4.5])) for the wealth-to-income ratio case introduced in Section 4l Then,

Ve = Sup{ﬁpv + d(z,p, 7_)} > (54)
peP

and
Gr = {LPG}p=p~ , (5.5)
Fr ={LPF}p—p- . (5.6)
Define a grid {zo, z1, . . ., zq} with 20 = Zmin, 2g = Zmax and let V" be a discrete approximation
to V(z,7"). Set P" = [pg,pY,...,py]’, with each p} a local optimal control at (z;,7"). Let
P*={PY P! ..., PN}, where 7% = T. In other words, P* contains the discrete optimal controls

for all (i,n). Let V" = [Vi*,..., V", and let (£} V™); denote the discrete form of the differential
operator (b.1)) at node (z;, 7). The operator (5.1)) can be discretized using forward, backward or
central differencing in the z direction to give

(LF VT = art Ve gV = (o By (57)

Here «;, (; are defined in Appendix [A]
Equation (5.4) can now be discretized using fully implicit timestepping along with the dis-

cretization (5.7)) to give

n+1 n
v,

v —  sup {(ﬁf"“vnﬂ)i +d(zi,[P”+1]i,T)}, (5.8)

prtiep

where P = {[po,p1,---,pg) | pi € P,0 < i < g}. With P"™! given from equation 1) then
equations (5.5) and (5.6) can be discretized as

Gt —gr S

= {(ﬁf e +1)i} : (5.9)

) n

= {(z:f HF”“)Z} : (5.10)
T
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Note that o™ = a1 (pP!) and B = B+ (pIT!), that is, the discrete equation coefficients
are functions of the local optimal control p?“. This makes equations 1' highly nonlinear in
general. We use a policy type iteration [29] to solve the non-linear discretized algebraic equation
3.

Given an initial value Zp, we can use the algorithm introduced in [29] to obtain the efficient
frontier.

5.1 Convergence to the Viscosity Solution

PDEs and are linear, since the optimal control is pre-computed. We can then obtain
classical solutions of the linear PDEs and . However, PDE is highly nonlinear, so
the classical solution may not exist in general. In this case, we are seeking the viscosity solution
[2, 13].

In [27], examples were given in which seemingly reasonable discretizations of nonlinear HJB
PDEs were unstable or converged to the incorrect solution. It is important to ensure that we can
generate discretizations which are guaranteed to converge to the viscosity solution [2], [13]. In the
case of bounded controls, on a finite computational domain, the PDE (|5.4)) satisfies the conditions
required in [4], so that a strong comparison property holds.

In the case of allowing bankruptcy and no bankruptcy (see Table , the control p is unbounded
near w = 0, which would violate some of the conditions required in [4]. However, we can avoid these
difficulties, if we rewrite PDE in terms of the control ¢ = pw. From the analytic solutions,
we note that ¢ is bounded on a finite computational domain, hence a strong comparison property
holds in this case as well. In fact, our numerical implementation for these two cases does in fact
use ¢ = pw as the control, as discussed in [30].

Following the same proof given in [29], we can show that scheme converges to the viscosity
solution of equation (j5.4]), assuming that satisfies a strong comparison principle. We refer
readers to [29] for details.

6 Numerical Results: Mean Quadratic Variation

In this section we examine the numerical results for the strategy of minimizing the quadratic
variation. We consider two risk measures when we construct efficient frontiers. One measure is
the usual standard deviation, and the other measure is the expected future value of the quadratic
variation, E[fOT(eT(T*s)dWs)ﬂ. We use the notation Q,stdf;)’w[W(T)] to denote

T 1/2
Q_std_, ,[W(T)] = (Eiio,w{ /0 (€ T=Dgp* (s, W (5))W (s))2ds | W<o>:w}> .

(6.1)

6.1 Wealth Case

When bankruptcy is allowed, as pointed out in [7], the mean quadratic variation strategy has
the same solution as the time-consistent strategy. The analytic solutions for the time-consistent
strategy are given in Section [} Given the parameters in Table [2] if A = 0.6, the exact solution is
(Stdi_g ., [W(T)], EY_ ,,[W(T)]) = (1.24226,6.41437). Table 3| and 4| show the numerical results.
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Tablereports the value of V' = Ef;07w[W(T) - fOT(e’”(T*S)dWS)Q], which is the viscosity solution
of the nonlinear HJB PDE (3.3)). Table [3| shows that our numerical solution converges to the
viscosity solution at a first order rate. Table |4 reports the value of Efzo’w[W(T)], which is the
solution of the linear PDE (3.6). We also computed the values of Ef;oyw[W(T)Q] (not shown in

Tables), which is the the solution of PDE (3.10). Given E}_ ,[W(T)?] and E!, ,[W(T)], the
standard deviation can now be easily computed, which is also reported in Table [ The results
show that the numerical solutions of Stdj_g ,[W(T)] and E}_, ,[W(T)] converge to the analytic
values at a first order rate as mesh and timestep size tends to zero.

r 0.03 13 0.33
o 0.15 m 0.1
T | 20 years | W(t=0) | 1

TABLE 2: Parameters used in the pension plan examples.

Nodes | Timesteps | Nonlinear | Normalized | V(w = 1, = 0) | Ratio
(W) iterations | CPU Time

1456 320 640 1. 5.49341

2912 640 1280 4.13 5.49092

5824 1280 2560 16.31 5.48968 2.008
11648 2560 5120 66.23 5.48906 2.000
23296 5120 10240 268.53 5.48875 2.000
46592 10240 20480 1145.15 5.48860 2.067

TABLE 3: Convergence study, wealth case, allowing bankruptcy. Fully implicit timestepping is
applied, using constant timesteps. Parameters are given in Table [§, with X = 0.6. Values of
V = Ef;07w[W(T) — )\fOT(e’“(T_t)dw)Q] are reported at (W = 1,t = 0). Ratio is the ratio of
successive changes in the computed values for decreasing values of the discretization parameter h.
CPU time is normalized. We take the CPU time used for the first test in this table as one unit of
CPU time, which uses 1456 nodes for W grid and 320 timesteps.

Nodes | Timesteps Stdf;),w[W(T)] Ef;OM[W(T)} Ratio Ratio
(W) for Std?”, , [W(T)] | for E[W (T)]
1456 320 1.30652 6.41986 1.960
2912 640 1.27466 6.41711 1.972
5824 1280 1.25853 6.41574 1.975 2.007
11648 2560 1.25041 6.41505 1.986 1.986

23296 5120 1.24634 6.41471 1.995 2.029

46592 10240 1.244300 6.41454 2.000 1.995098

TABLE 4: Convergence study of the wealth case, allowing bankruptcy. Fully implicit timestepping
is applied, using constant timesteps. The parameters are given in Table[d, with A = 0.6. Values of
Stdg;mw [W(T)] and Eg;ojw[W(T)] are reported at (W = 1,t = 0). Ratio is the ratio of successive
changes in the computed values for decreasing values of the discretization parameter h. Analytic
solution is (Stdl_y ,[W(T)], By ,[W(T)]) = (1.24226,6.41437).
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We also solve the problem for the no bankruptcy case and the bounded control case. The
frontiers are shown in Figure (1, with parameters given in Table 2l and (W = 1,¢ = 0). Figure
(a) shows the results obtained by using the standard deviation as the risk measure, and Figure
(b) shows the results obtained by using the quadratic variation as the risk measure. Note that,
in both figures, the efficient frontiers pass through the same lowest point. At that point, the plan
holder simply invests all her wealth in the risk free bond all the time, so the risk (standard devia-
tion/quadratic variation) is zero. For both risk measures, the frontiers for the allowing bankruptcy
case are straight lines. This result agrees with the results from the pre-commitment strategy [29]
and the time-consistent strategy [30].

15

Allow bankruptcy Allow bankrupcty

No bankruptcy

E [WT]

No bankruptcy
Bounded control

Bounded control

4 6
std[W,]

(a) Risk measure: std (b) Risk measure: Q_std

FIGURE 1: Efficient frontiers (wealth case) for allowing bankruptcy (D = (—oo,+00) and P =
(=00, 4+00) ), no bankruptcy (D = [0, +00) and P = [0, +00)) and bounded control (D = [0,4+00) and
P = [0,1.5]) cases. Parameters are given in Table[d Values are reported at (W = 1,t = 0). Figure
(a) shows the frontiers with risk measure standard deviation. Figure (b) shows the frontiers with
risk measure quadratic variation.

Figure [2] shows the effect of varying o while holding us = r + £o constant. In this case, the
efficient frontiers are different values of o are well separated. Figure [3|shows the effect of varying o
while holding £ constant. In this case, the curves for different values of ¢ are much closer together.
Note as well that if the value of ¢ is increased with pg fixed, then the efficient frontier moves
downward (Figure . On the other hand, as shown in Figure 3] the efficient frontier moves upward
if o is increased with fixed £ (this makes the drift rate pg increase).

Figure |4 shows the values of the optimal control (the investment strategies) at different time ¢
for a fixed T = 20. The parameters are given in Table 2| with bounded control (p € [0,1.5]) and A =
0.604. Under these inputs, if W (t = 0) = 1, (Std}_q ,[W(T)], B/ ,[W(T)]) = (1.23824, 6.40227)
and Q,stdf;)’w[W(T)] = 1.52262 from the finite difference solution. From this Figure, we can see
that the control p is an increasing function of time t for a fixed w. This agrees with the results
from the pre-commitment [29] and time-consistent strategies [30].
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i sigma = 0.15
12 sigma = 0'15N

sigma = 0.3 N

- sigma = 0.3 -
s [ = |
w | w L
°r °r
°F sigma = 0.4 °F ~——sigma=0.4
std[W,] Q_std[W,]
(a) Risk measure: std (b) Risk measure: Q_std

FIGURE 2: Efficient frontiers (wealth case), bounded control. We fix us = r + £o = .08, and vary
o. Other parameters are given in Table[d Values are reported at (W = 1,t =0). Figure (a) shows
the frontiers with risk measure standard deviation. Figure (b) shows the frontiers with risk measure
quadratic variation.

sigma = 0.4

12l sigma =0.4 12k
L L sigma = 0.3

sigma = 0.15

g [ E” I sigma = 0.15
w L w L
87 87
of of
stdW,] Q_stdW,]
(a) Risk measure: std (b) Risk measure: Q_std

FIGURE 3: Efficient frontiers (wealth case), bounded control. We fiz §€ = 0.33, and vary o. Other
parameters are given in Table @ Values are reported at (W = 1,t = 0). Figure (a) shows the
frontiers with risk measure standard deviation. Figure (b) shows the frontiers with risk measure
quadratic variation.
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FIGURE 4: Optimal control as a function of (W,t), bounded control case. Parameters are given in
Table @ with A\ = 0.604. Under these inputs, if W(t = 0) = 1, (Std}_, ,,[W(T)], E{_, ,,]W(T)]) =
(1.23824,6.40227) and Q,stdf;(),w[W(T)] = 1.52262 from finite difference solution. Mean quadratic
variation objective function.

Remark 6.1 As we discussed in Remark in the case of bankruptcy prohibition, we have to
have limy,_,o(p*w) = 0 so that negative wealth is not admissible. Our numerical tests show that as
w goes to zero, p*w = O(w?). For a reasonable range of parameters, we have 0.9 < v < 1. Hence,
this verifies that the boundary conditions ensure that negative wealth is not admissible under
the optimal strategy. This property also holds for the wealth-to-income ratio case.

6.2 Multi-period Portfolio Selection

As discussed in Section the wealth case can be reduced to the classic multi-period portfolio
selection problem. Efficient frontier solutions of a particular multi-period portfolio selection problem
are shown in Figure [5, with parameters in Table [2| but with 7 = 0. Again, we consider three cases:
allowing bankruptcy, no bankruptcy, and bounded control cases. Figure [5| (a) shows the results
obtained by using the standard deviation as the risk measure, and Figure [5| (b) shows the results
obtained by using the quadratic variation as the risk measure. As for the wealth case, in both
figures, the frontiers for the allowing bankruptcy case are straight lines.

6.3 Wealth-to-income Ratio Case

In this section, we examine the wealth-to-income ratio case. Tables [6] and [7] show the numerical
results for the bounded control case, using parameters in Table Table [6] reports the value of
V = B, [X(T) - )\f()T(eT(T_s)dXS)2], which is the viscosity solution of nonlinear HJB PDE

(4.7). Table |7|reports the value of Efio,x[X (T')], which is the solution of the linear PDE 1) We
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15
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E[WT]
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1
0 2

(a) Risk measure: std (b) Risk measure: Q_std

FIGURE 5: Efficient frontiers (multi-period portfolio selection) for allowing bankruptcy (D =
(—00,4+00) and P = (—o0,+00)), no bankruptcy (D = [0,400) and P = [0,+00)) and bounded
control (D = [0,+00) and P = [0,1.5]) cases. Parameters are given in Table [q but with 7 = 0.
Values are reported at (W = 1,t = 0). Figure (a) shows the frontiers with risk measure standard
deviation. Figure (b) shows the frontiers with risk measure quadratic variation.

Ly 0. 13 0.2
o 0.2 oy1 0.05
oyo 0.05 T 0.1

T | 20 years | A 0.25
Q [0, 1.5] D | [0,+00)

TABLE 5: Parameters used in the pension plan examples.

also computed the values of Ef;ow [X(T)?] (not shown in tables), which is the the solution of PDE
@10).
Given E;_ [X(T)? and Ej_, [X(T)], the standard deviation is easily computed. This is also

reported in Table The results show that the numerical solutions of V' and Ef;07z[X (T')] converges
at a first order rate as mesh and timestep size tends to zero.

Efficient frontiers are shown in Figure [6] using parameters in Table [f| with (X (0) = 0.5;¢ = 0).
Figure [6] (a) shows the results obtained by using the standard deviation as the risk measure, and
Figure |§| (b) shows the results obtained by using the quadratic variation as the risk measure.
Note that, although the frontiers in both figures pass through the same lowest point, unlike the
wealth case, the minimum standard deviation/quadratic variation for all strategies are no longer
zero. Since the plan holder’s salary is stochastic (equation ) and the salary risk cannot be
completely hedged away, there is no risk free strategy.

Figure [7| shows the values of the optimal control (the investment strategies) at different time
t for a fixed T' = 20. The parameters are given in Table [5] with A = 0.2873. Under these inputs,
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Nodes | Timesteps | Nonlinear | Normalized | V(w = 1,t = 0) | Ratio
(W) iterations | CPU Time

177 80 160 0.21 3.26653

353 160 320 1. 3.26534

705 320 640 3.86 3.26476 2.052
1409 640 1280 15.00 3.26447 2.000
2817 1280 2560 96.79 3.26433 2.071
5633 2560 5120 239.79 3.26426 2.000
11265 5120 10240 966.29 3.26422 1.750

TABLE 6: Convergence study. quadratic variation, Bounded Control. Fully implicit timestepping
is applied, using constant timesteps. Parameters are given in Table [3, with A = 0.2873. Values
of V = Ef;o}z[X(T) - )\foT(eT(T_S)dX2)] Ratio is the ratio of successive changes in the computed
values for decreasing values of the discretization parameter h. CPU time is normalized. We take
the CPU time used for the second test in this table as one unit of CPU time, which uses 353 nodes
for X grid and 160 timesteps.

Nodes | Timesteps | Std}_q ,[W(T)] | EYy ,[W(T)] Ratio Ratio
(W) for Std}_ ,[W(T)] | for E[W (T)]
177 80 1.39064 3.69771
353 160 1.35723 3.69524
705 320 1.34035 3.69403 1.979 2.041
1409 640 1.33187 3.69343 1.991 2.017
2817 1280 1.32762 3.69313 1.995 2.000
5633 2560 1.32549 3.69298 1.995 2.000

11265 | 5120 1.32443 3.69291 2.009 2.143

TABLE 7: Convergence study, wealth-to-income ratio case, bounded control. Fully implicit timestep-
ping is applied, using constant timesteps. Parameters are given in Table[5, with A = 0.2873. Values
of Stdf;07w[X(T)] and Ef;oﬁz[X(T)] are reported at (X = 0.5,t = 0). Ratio is the ratio of successive
changes in the computed values for decreasing values of the discretization parameter h.

if X(t = 0) = 0.5, (Stdl_y,[X(T)], By, [X(T)]) = (1.32443,3.69291) and Q_std_, ,[X (T)]

1.49213 from the finite difference solution. Similar to the wealth case, we can see that the control

p is a increasing function of time ¢ for a fixed x.

Remark 6.2 (Behaviour of the control as a function of time) The optimal strategy for the
wealth-to-income ratio case, based on a power law utility function [10] has the property that, for
fized x, the control p is a decreasing function of time. In other words, if the wealth-to-income ratio
is static, the investor reduces the weight in the risky asset as time goes on [10]. Using the mean
quadratic variation criterion, the optimal strategy is to increase the weight in the risky asset if the

wealth-to-income ratio is static.
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FIGURE 6: Efficient frontiers (wealth-to-income ratio) for allowing bankruptcy (D = (—oo, +00) and
P = (—o0,4+00) ), no bankruptcy (D = [0, +00) and P = [0, +00)) and bounded control (D = [0, +00)
and P = [0,1.5]) cases. Parameters are given in Table @ Values are reported at (W = 1,t = 0).
Figure (a) shows the frontiers with risk measure standard deviation. Figure (b) shows the frontiers
with risk measure quadratic variation.

7 Comparison of Various Strategies

In this section, we compare the three strategies: pre-commitment, time-consistent and quadratic
variation strategies. We remind the reader that the pre-commitment solutions are computed using
the methods in [29], and the time-consistent strategies are computed using the methods in [30].
The mean quadratic variation results are computed using the techniques developed in this article.

7.1 Wealth Case

We first study the wealth case for the three strategies. Figure [§] shows the frontiers for the case
of allowing bankruptcy for the three strategies. The analytic solution for the pre-commitment
strategy is given in [19],

Az (7.1)

Vart=0[w (1)] = < 1
E=OW(T)] = doe’™ + m€=L + /€T — 1Std(W(T)) ,

and the optimal control p at any time t € [0,7] is

e e_T(T_t)‘f'SzT

PH(tw) = —w — (dpe" + T (e — 1)) —

.2
ow r 2\ (7.2)

Extending the results from [5], we can obtain the analytic solution for the time-consistent

20



432

433

434

436

437

439

440

441

442

443

o o I I
(o] [e¢] [ N S
el L L B S B B B

Control p

I
IS

o
)

FIGURE 7: Optimal control as a function of (X,t), mean quadratic variation, wealth-to-income
ratio with bounded control. Parameters are given in Table[5, with A = 0.2873. Under these inputs,
if X(t =0) =05, (Std_ ,[X(D)], By ,[X(T)]) = (1.32443,3.69291) and Q_std?_, ,[X(T)] =
1.49213 from finite difference solution.

strategy,
2
Vart:o,ﬁ)o [W(T)] = fﬁT (7 3)
~ orT erT—1 :
B0, [W(T)] = oe"” + 7L + &VTStd(W(T))
and the optimal control p at any time ¢ € [0, 7] is
pr(t,w) = ieﬂn(T_lﬁ) . (7.4)

2 0w

Figure [§ shows that the frontiers for the time-consistent strategy and the mean quadratic
variation strategy are the same. This result agrees with the result in [7]. It is also interesting to
observe that this control is also identical to the control obtained using a utility function of the form
[14]

(7.5)

Figure[§|also shows that the pre-commitment strategy dominates the other strategies, according
to the mean-variance criterion. The three frontiers are all straight lines, and pass the same point
rT
at (Std(W(T)), E(W(T))) = (0, woe"” +7<—=L). At that point, the plan holder simply invests all
her wealth in the risk free bond, so the standard deviation is zero.

Remark 7.1 It appears that in general, the the investment policies for time consistent mean vari-
ance and mean quadratic variation strategies are not the same. These two strategies do give rise

21



444

445

446

447

448

449

450

451

452

454

455

456

457

458

460

461

462

463

464

465

466

to the same policy in the unconstrained (allow bankruptcy) case. When we apply constraints to
the investment strategy, the optimal polices are different, but quite close (see the numerical results
later in this Section). However, as noted in [7], there exists some standard time consistent control
problem which does give rise to the same control. But, as pointed out in [7], it is not obvious how
to find this equivalent problem.
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o L Pre-commitment
Lo _ _
= 20 Time-consistent
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Woask

wof

B Mean quadratic variation
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o

5 10
stdlW ,Jatt=0

FIGURE 8: Comparison of three strategies: wealth case, allowing bankruptcy. Parameters are given

in Table .

Figure |§| (a) shows a comparison for the three strategies for the no bankruptcy case, and Figure
|§| (b) is for the bounded control case. We can see that the pre-commitment strategy dominates the
other strategies. The mean quadratic variation strategy dominates the time-consistent strategy. For
the bounded control case, the three frontiers have the same end points. The lower end corresponds
to the most conservative strategy, i.e. the whole wealth is invested in the risk free bond at any
time. The higher end corresponds to the most aggressive strategy, i.e. choose the control p to be
the upper bound ppq.(= 1.5) at any time. Figure [§] and |§| show that the difference between the
frontiers for the three strategies becomes smaller after adding constraints.

Since the frontiers for the time-consistent strategy and the mean quadratic variation strategy
are very close for the bounded control case, it is desirable to confirm that the small difference is
not due to computational error. In Table |8 we show a convergence study for both time-consistent
strategy and mean quadratic variation strategy. The parameters are given in Table We fix
Stdf;07w[W(T)} = 5. Table 8§ shows that the two strategies converge to different expected terminal
wealth.

It is not surprising that the pre-commitment strategy dominates the other strategies, since
the pre-commitment strategy is the strategy which optimizes the objective function at the initial
time (¢t = 0). However, as discussed in Section [} in practice, there are many reasons to choose a
time-consistent strategy or a mean quadratic variation strategy.
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Refine | Time-consistent | Mean Quadratic Variation
Ef:O,w[W(T)] Ef:o,w[W(T)]
0 10.3570 10.4337
1 10.4508 10.5537
2 10.5055 10.6035
3 10.5319 10.6273
4 10.5448 10.6390
5 10.55139 10.6447

TABLE 8: Convergence study, wealth case, bounded control. Fully implicit timestepping is ap-
plied, using constant timesteps. The parameters are given in Table |2 We fix Stdfzo’w[W(T)] =5

for both time-consistent and mean quadratic variation strategies. Values of Stdfzo’w[W(T)] and

Ef;o’w[W(T)] are reported at (W =1,t =0). On each refinement, new nodes are inserted between
each coarse grid node, and the timestep is divided by two. Initially (zero refinement), for time-
consistent strategy, there are 41 nodes for the control grid, 182 nodes for the wealth grid, and 80
timesteps; for mean quadratic variation strategy, there are 177 nodes for the wealth grid, and 80
timesteps.
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FIGURE 9: Comparison of three strategies: wealth case. (a): no bankruptcy case; (b): bounded
control case. The parameters are given in Table @

In Figure we compare the control policies for the three strategies. The parameters are given
in Table 2] and we use the wealth case with bounded control (p € [0, 1.5]). We fix Stdf;mC (W(T)] ~
8.17 for this test. Figure shows that the control policies given by the three strategies are
significantly different. This is true even for the bounded control case, where the expected values
for the three strategies are similar for fixed standard deviation (see Figure [9| (b)). Figure [10] (a)
shows the control policies at t = 0.

We can interpret Figure (10| as follows. Suppose initially W (¢t = 0) = 1. If at the instant right
after ¢ = 0, the value for W jumps to W (¢t = 07), Figure [10] (a) shows the control policies for
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all W(t = 07). We can see that once the wealth W is large enough, the control policy for the
pre-commitment strategy is to invest all wealth in the risk free bond. The reason for this is that for
the pre-commitment strategy, there is an effective investment target given at ¢ = 0, which depends
on the value of A\. Once the target is reached, the investor will not take any more risk and switch
all wealth into bonds. However, there is no similar effective target for the time-consistent or the
mean quadratic variation cases, so the control never reaches zero. Figure (b) shows the mean
of the control policies versus time ¢ € [0,7]. The mean of both policies are decreasing functions of
time, i.e. all strategies are less risky (on average) as maturity is approached. We use Monte-Carlo
simulations to obtain Figure (b). Using the parameters in Table [2 we solve the stochastic
optimal control problem with the finite difference scheme introduced in Section |5 and store
the optimal strategies for each (W = w,t). We then carry out Monte-Carlo simulations based on
the stored strategies with W (¢t = 0) = 1 initially. At each time step, we can get the control p for
each simulation. We then can obtain the mean of p for each time step.
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FIGURE 10: Comparison of the control policieS' wealth case with bounded control (p € [0,1.5]).
Parameters are given in Table @ We fix std}_ Ow[ (T)] ~ 8.17 for this test. More precisely,

from our finite difference solutions, (Stdfzmw[ (1], Ef 0.0W(T)]) = (8.17479,12.7177) for the
mean quadratic variation strategy; (Stdf;oﬂu[ (T)] Ef 0.wW(T)]) = (8.17494,12.6612) for the
(

time-consistent strategy; and (Stdf;OM[W(T)] Ef 0.0 W(T)]) = (8.17453,12.8326) for the pre-
commitment strategy. Figure (a) shows the control policies at t = 0F; Figure (b) shows the mean
of the control policies versus time t € [0,T].

7.2 Wealth-to-income Ratio Case

Figure [11] and [12] shows a comparison for the three strategies for the wealth-to-income ratio case.
Figure is for bankruptcy case, Figure (a) is for no bankruptcy case, and Figure (b)
is for the bounded control case. Similar to the allowing bankruptcy case, the pre-commitment
strategy dominates the other strategies. Note that unlike the wealth case, the frontiers for the
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three strategies do not have the common lower end point. As discussed in Section [6.3] no risk free
strategy exists in this case because of the salary risk. Furthermore, since the salary is correlated
with the stock index (oy, # 0), in order to (partially) hedge the salary risk, the most conservative
policy is not to invest all money in the bond (p = 0) all the time. The three strategies have different
views of risk, hence their most conservative investment policies would be different. Therefore, their
minimum risks (in terms of standard deviation) are different. Also note that, the frontiers given
by the time-consistent strategy and the mean quadratic variation strategy are very close, almost
on top of each other.

Pre-commitment

=0

Time-consistent

E[X;]att
S
T

Mean quadratic variation

1 |
0 1 2
std[X ;Jatt=0

wh
N

FiGure 11: Comparison of three strategies: wealth-to-income ratio case, allowing Bankruptcy.
Parameters are given in Table @

Similar to the wealth case, Figure [I3] shows a comparison of the control policies for the three
strategies. Parameters are given in Table |5, and we use wealth case with bounded control (p €
[0,1.5]). We fix Stdf;o@ [X(T)] ~ 3.24 for this test. The comparison shows that although the three
strategies have a similar pair of expected value and standard deviation, the control policies are
significantly different.

Remark 7.2 (Average strategy) From Remarkz we note that if the wealth-to-income ratio s
static, the optimal strategy (under the mean-quadratic-variation criteria) is to increase the weight in
the risky asset. This is also observed for the pre-commitment and time consistent policies [29, [30)].
Nevertheless, for all three optimal strategies, the mean optimal policy is to decrease the weight in
the risky asset ast — T.

8 Conclusion

In this article, we consider three mean variance like strategies: a pre-commitment strategy, a
time-consistent strategy (as defined in [5]) and a mean quadratic variation strategy. Although the
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FIGURE 12: Comparison of the three strategies: wealth-to-income ratio case. (a): no bankruptcy
case; (b): bounded control case. Parameters are given in Table @
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FiGURE 13: Comparison of the control policies: wealth-to-income ratio case with bounded control
(p € [0,1.5]). Parameters are given in Table @ We fix stdi_ ,[X(T)] =~ 3.24 for this test. More

precisely, from our finite difference solutions, (Stdf;OJ[X(T)],Ef;oym[X(T)]) = (3.24214,4.50255)
for the mean quadratic variation strategy; (Stdf;O,I[X(T)],Ef;07w[X(T)]) = (3.24348,4.50168) for

the time-consistent strategy; and (Stdf;ow[X(T)],Ef;O,I[X(T)]) = (3.24165,4.50984) for the pre-
commitment strategy. Figure (a) shows the control policies at t = 0%; Figure (b) shows the mean
of the control policies versus time t € [0,T].
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pre-commitment strategy dominates the other strategies, in terms of an efficient frontier solution,
it is not time-consistent.

In practice, many investors may choose a time-consistent strategy. However, for both pre-
commitment and time-consistent strategies, the risk is only measured in terms of the standard
deviation at the end of trading. Practitioners might prefer to control the risk during the whole
investment period [16]. The mean quadratic variation strategy controls this risk.

In this paper, we consider two cases for a pension plan investment strategy: the wealth case and
the wealth-to-income ratio case. We study three types of constraints on the strategy: the allowing
bankruptcy case, a no bankruptcy case, and a bounded control case.

We have implemented numerical schemes for the pre-commitment strategy and the time-consistent
strategy in [29, B0]. In this paper, we extend the method in [29] to solve for the optimal strategy
for the mean quadratic variation problem. The equation for the value function is in the form of a
nonlinear HJB PDE. We use a fully implicit method to solve the nonlinear HJB PDE. It can be
shown that our numerical scheme converges to the viscosity solution. Numerical examples confirm
that our method converges to the analytic solution where available.

We carry out a comparison of the three mean variance like strategies. For the allowing
bankruptcy case, analytic solutions exist for all strategies. Furthermore, the time-consistent strat-
egy and the mean quadratic variation strategy have the same solution. However, when additional
constraints are applied to the control policy, analytic solutions do not exist in general.

After realistic constraints are applied, the frontiers for all three strategies are very similar. In
particular, the mean quadratic variation strategy and the time consistent mean variance strategy
(with constraints) produce very similar frontiers. However, the investment policies are quite differ-
ent, for all three strategies. This suggests that the choice among various strategies cannot be made
by only examining the efficient frontier, but rather should be based on the qualitative behavior of
the optimal policies.

A Discrete Equation Coefficients

Let p' denote the optimal control p* at node ¢, time level n and set

a’er_l = a(ziap?)’ b?ﬂ = b(zi,p?), CgH_l = C(Ziap?) . (Al)

Then, we can use central, forward or backward differencing at any node.
Central Differencing:

n [ 2a;} b ]
Q4 central = -
’ (2 — Zi—l)(zi—H —Zi—1)  Zit1 — Zi-1
2a? b
n = v + L ] A2
t,central |:(Zi+1 - Z@')(Zi+1 - Zzel) Zi+1 — Zi—1 ( )
Forward/backward Differencing: (b > 0/ b} < 0)
2al b
n — ? I S
ai,forward/backward - |:(Z7, — Zi—l)(zi+l — Zi—l) + ma’X(Oa 2 — 21 ):|
2a? b
n — i 0, —*+ — A3
Bz,forward/backward |:(Zi+1 - Zi)(zi—‘rl - Zi—l) + maX( Zit1 — % :| ( )
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