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We describe a new program-analysis framework, based on CPS O‘(% }({Z i 0)

and procedure-string abstractions, that can handle critical analyses A=t x .

which thek-CFA framework cannot. We present the main theorems (etrec ((Ip2 (A (£ y)
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General Terms Languages

Keywords Delta-CFA, program analysis, flow analysis, environ- Figure 1. Super#g enables the term labelled * to be inlined at the
ment analysis, functional languages, lambda calculus, super-betapracketed call site.
inlining, CPS, continuations

compiler optimization is at its most crucial—the body of a nested

1. Introduction loop. ACFA, the analysis we present, can prove the safety of this
Control-flow analysis is not enough. The difficulty of analysing and inlining. It does so through an environment analysis which shows
optimising functional languages based on Mealculus is the tri- thati always has the same value in the closure and at the bracketed

facetted nature of: it represents, in one construct, the fundamental call site. . o .
data, control, and environment structure of these languages. As the One reason Supet-matters is that it directly addresses an im-
three fundamental structures of a programming language meet andPortant use ol expressions in functional languages: as “carriers”
intertwine in), then, analysis ok must grapple with all three facets ~ Of data. We make a closure over some values at paamtd ship the
of the construct. closure to an application at poititIf the free variables captured at
Where previous work in analysing the dynamic behaviour of Pinta are visible at poinb and have the same bindingse can
\-based programming languages has been lacking is in reasoningeliminate the overhead of packaging up a closure—perhaps even
about the relationships between the environment structures assoPermitting the values to be communicated frarto b in registers.
ciated with values that flow through the program. If we could do OPportunities for Supef-tend to arise when other inlining steps
better, we would enable a group of optimisations that are funda- Moveb into some common scope with We have been stumbling
mentally beyond the reach 6ECFA analyses [10]. One such opti-  OVer possible applications of Supgrfor years, ranging from op-
misation is Supep inlining, which we focus on here. timising loops to fusing coroutines. In this paper, we bring these
The Super3 inlining condition is that & term may be inlinedat ~ OPtimisations into reach. . .
a call site if (1) all functions applied at the call site are closures over ~ Our work consists of a concrete semantics, an abstract analysis,
that A expression, and (2) the dynamic environment at the point of an environment theory, safety cqndltlons, correctness th.eo.rems, ef-
application is always equivalent (up to theerm’s free variables)  ficiency enhancements and an implementation. The principal the-
to the environment captured at the point of closure. While any oretical tool utilized throughout our work is the notion iséme
control-flow analysis addresses the first condition, the second oneStrings which we define here. Frame strings allow us to reason
requires reasoning about binding environments. about stac;k behaviour, which we convert into the ability to reason
Consider the example code in Figure 1, a generic doubly nested@bout environments. _ )
loop where the inner loop calls a closure over the outer loop’s ~ FOr reasons of space, we have ruthlessly excised supporting
iteration variable. It is safe to inline thk term labelled * at the ~ Proofs; only a few proof sketches escaped these cuts. Full proofs
bracketed call site within the loop body. Howevekreduction of our claims are provided in a longer report [6].
fails to do so due to the loops, adCFA fails due to the free )
variablei. Thus, two standard inlining techniques fail right where 2. Conventions

Boldfacev, and bracket$v, . .. , v,) denote vectors. Vectors may

be implicitly promoted to sets with the obvious meaning. We im-

plicitly lift functions element-wise over sets and tuples, and point-
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3. Partitioned CPS pr € PR m= (A (halt) call)
Our analysis operates over a syntactically partitioned continuation-

passing style (CPS) input [13], intended for use as an interme- ve gj?/iR B UWin J Ct'_}_/AR

diate form generated from programs written in a direct-side Z g CVAR — Zzgt gf :dzgt:f:gz

calculus language, with user-level access to full, first-class contin- -

uations, such as Scheme or SML/NJ. By “partitioned,” we mean lam € LAM = ULAM + CLAM

that all the forms (variables, call arguments, calls anexpres- ulam € ULAM == Qp (u* k1) call)

sions) are statically marked as belonging to either the “user” world, clam € CLAM == O, (u*) call)

or the “continuation” world. We adopt the term “user world,” as

continuation forms cannot be expressed directly by the program- call € CALL = UCALL + CCALL

mer in the original, direct-style source. (What Scheme program- ucall € UCALL == (he* ¢

mers think of as continuations, that is, the values created by the ccall € CCALL == (qe*),

call-with-current-continuation procedure, are, with re- .

spect to this partition, still user-world values. They just happen to {l’ v € EXP _ UEXP + CEXP
h ; h ,e € UEXP = UVAR + ULAM

be user-world procedures that internally capture a continuation- c CEXP = CVAR + CLAM

world value.) When translating from direct-style code to CPS, 7

each) expression from the source maps to a “useexpression, Y,k € LAB = ULAB + CLAB

while return points or evaluation context in the direct-style form ¢t e ULAB = asetoflabels

are mapped to continuationexpressions. ve€ CLAB = asetoflabels

The CPS conversion also provides two static constraints: only
user procedures take continuation arguments, and every user pro- Figure 2. Partitioned CPS

cedure takes at least one. So continuations are never passed to

continuations. Figure 2 shows the resulting grammar. Code points

are marked by means of unique labels attached &xpressions However, in functional languages, this call/retuznpush/pop

and call sites. We assume two distinct sets of labels, one for user-correspondence breaks down somewhat. For example, we imple-
world items and one for continuation-world items. This is how we ment jteration in a functional language with tail calls. Such an
mark our user/continuation partition. (It also means that we can jteration performs many calls without growing the stack. It is a
treat the two worlds uniformly simply by ignoring labels, which is  petter model, then, to think of such a computation as performing
convenient at times.) A user expressionylam, is tagged with a many calls, but only a single return. When we add more complex
user-world labe¥; its formal parameters are partitioned into zero  ¢ontrol operators, such as access to full continuations, the simple

or more user-world parameters, and one or more continuation  caji/return model breaks even further. In short, call/return steps no
parametersi. Having multiple continuation parameters allows us  |onger nest with simple “bracket-like” structure.

to encode conditional-control operators as functions and easily en-  However, no matter what the call/return behaviour is, it is still

code multi-return function calls [11]. A continuationexpression,  trye that the associatedack operationsiest properly. That is, if
clam, is marked with a continuation-world label, and has only  \ye push frame, then push framé, the two frames will necessar-

partitioned in a similar way. To improve precision, we also require e could get a more precise model of program behaviour for func-
the program to be alphatised, that is, no two bound variables havetjonal programs if we took models based on procedure strings and

the same name. . changed to abstractions whose nesting and cancellation properties
We use the functioifree to denote the free variables of a term.  \yere driven by analogues to stack behaviour.

The functionL,, € LAB — LAM + CALL maps labels to This takes us from the classic, RTRAN-like” view to the
terms for a progranpr. We useB,. € LAB — P(VAR) view promoted by Steele [13], who summarised the shift in per-
to map the label of & expression to the variables it binds. For  spective with the mantra “argument evaluation pushes stack.” This
instance By, (v) = {x,y,k}if (\y (x y k) call) isin pr. For is even more explicitly captured by CPS representations, where the
compactness, leB,. () meanlJ; B(y:). When the progranpr model becomes “continuations are closed on the stack.” Thus, our
is clear from context, we omit it from the notation. key pair of ideas are (1) to use a CPS representation to provide

a unifying model for program control, environment and data flow,

. and (2) to adopt an abstraction somewhat like classic procedure
4. Procedure strings and stack models strings, but tuned to the nesting of frame allocation. To emphasize
A procedure string, as used by Sharir and Pnueli [9], or Harri- its origins in this space-like rather than time-like view, we call our
son [3], is the sequence of call and return actions performed during abstraction “frame strings” rather than “procedure strings.”
some segment of computatidb.g, were we to trace the sequence
of actions involved in the recursive computation of the factorial of
one, it might produce the sequence “cgdictorial, call =, re- 5. The CPS stack model
turn =, call -, return-, call factorial, call =, return=, return I's a common misunderstanding that language implementations
factorial, call *, return*, returnfactorial.” Notice how the based on CPS intermediate representations do not employ a run-
call/return entries properly nest like brackets. If we have a sim- time stack. This is not the case; in fact, two of the earliest Scheme
ple model of procedures that says a call allocates a stack frame,compilers ever written, Rabbit [13] and T's Orbit [5] were CPS-
and a return pops it, then a procedure string also models the operbased compilers that managed a run-time stack, just as a standard
ations performed on the stack. Thinking in terms of the stack oper- C or Pascal compiler might.
ations (push/pop) gives us a “space-like” view of the computation, The key to doing so is noting that the compiler can distin-
as opposed to the “time-like” viewpoint of the control operations guish between continuation and non-continuation values, as we
(call/return). A space-like view can be useful when focussing on have made explicit with our CPS grammar. The mechanics of stack
environment structure: variable bindings live in frames (or, at least, management in a CPS setting are as follows. When a CPS call ex-
that is where they are born). pression is executed, it is done in the context of free variables, some
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of which may be continuations. In our stack model, a continuation

is a closure whose environment record is allocated on the stack, ¢ €F = qu (Frame string)
rather than the heap. That is, it is a code/environment (palis). ¢ = %\ (push)

The ¢ value points to the code to be executed when we invoke the e (pop)
continuation; thes value points into the stack. When we invoke Y e v = Atermlabels

the continuation, we reset the stack-pointer register é&md then t,i € Time = aninfinite set of times

jump to c. While the continuation runs, its code may access the

variables over which it is closed by offsets from the stack regis- Figure 4. Frame strings

ter. Thus, we speak of “calling” user procedures, but “returning”
to continuations. We can simplify this representation one step fur-
ther by storing thec value in the stack frame itself, reducing the tocol passes arguments to both user procedures and continuations
continuation from g ¢, s) pair to just the single value. on the stack, rather than in some separate set of registers. We do
Assume that we pass the user-world arguments to proceduresthis so that all variable bindings show up as stack allocation. Bear
(both user procedures and continuations) on the stack. Thus, as wen mind the point of this model. We aren’t actually implementing a
transfer control to a procedure or back to a return point, we push a compiler; we are just building an analysis. We are using the nested
frame to hold the values being passed to the procedure, or returnedsequences of stack operations produced by program execution as
to the return point, respectively. The issue we must first settle, then, the concrete source of our analysis abstractfons.
is when to pop stack frames. A tail call will pop the current frame As an illustrative example, consider the pair of factorial func-
just before the control transfer and frame push, as will a normal tions defined in Figure 3. The expression on the left is iterative
return (encoded as a continuation call). A non-tail call, on the other factorial. We have extended our core syntax by addingtrec
hand, will not first pop the current frame. form for constructing loops, as opposed to, say, writing out the Y
During execution of a call expression, the key invariant the stack combinator. (We'll properly addletrec to the language later, after
maintains is that the frame just below the current one is either exploring the basic, core language.) Thigf0 primitive function is
the currently executing continuation's closure frame, if the call a conditional, taking one user value and two continuations as ar-
expression is executing within a continuatidnor a continuation guments; it branches to the first continuation if the value is zero,
bound to a variable occurring free in the call expression, if the call and to the second continuation, if not. Examining this code with
expression is executing within a usgr This is just another way our stack-management policy in mind will show that the stack is
of saying this frame is live: the former case implies that the frame managed precisely as we'd expect for an iterative factorial. By way
is needed now (by the currently-running continuation); the latter, of contrast, the expression on the right is recursive factorial; it, too,
that it may be needed in the future (by means of a reference to theconforms with our expectations for the way it manages the stack.
variable bound to it). Maintaining this liveness invariant is what
dr|\</evshour stack-popping p0|lfy when we perform calls._ 6. Frame strings
en a procedure callh e* ¢™ ), happens, we must first eval-
uate the proceduré] and its arguments (theandgq). The contin- Now that we have an informal understanding of stack management,
uation arguments;, are either variable references)oexpressions. ~ we can develop the formal machinery for describing our stack op-
Consider a simple tail call. Itis encoded in CPS by a call with a sin- erations. A frame string is a record of the stack-frame allocation
gle continuation that is a variable. This variable’s value is a stack and deallocation operations over the course of some segment of a
closure; that is, it points to a stack frame. The live-frame invari- computation; it can equally be viewed as a trace of the program’s
ant implies that this frame is the one immediately under the current control flow. More precisely, a frame string is a sequence of charac-
frame. So we can (and must, to preserve the invariant) pop the cur-ters, with each character representing a frame operation (Figure 4).
rent frame off the stack, before doing the control transfer and frame A single frame character captures three items of information
push. about the operation: (1) the label of the A term attached to
On the other hand, a simple non-tail call is encoded in CPS as athat frame; (2) the timg of the frame’s creation; and (3) the
call with a single continuation that is & expression. Evaluating ~ action taken, either a push represented as a “rabr a pop
this continuation\ expression captures the current frame in the represented as a “ket). Thus, the charactdf? | represents a call
created closure. Since we are passing this continuation to the targeto A expressior3 at time 87, while|5}) represents returning from
procedure, it is live and so cannot be popped—ijust as we expectit at some later time.
from a non-tail call. We said just previously that ja) action is a procedure return.
In either case, we then allocate a fresh frame to hold the argu- However, here in our modern world that allows tail calls and con-
ments being passed, and jump to the procedure. These two scenatinuation invocations, what weeally meant in our example is that
ios generalise to the multiple-continuation case: if one or more con- |5%) represents poppinky’s frame. Perhaps this occurred because
tinuations are\ expressions, we close them over the current frame, [3 was returning, but perhaps it was instead becdBsgas per-
and do not pop it: a non-tail call. If all are variable references to forming a tail call, and so we would never be returningtoNote,
older frames, we instead restore the stack so that the outermost suchilso, that if our source language provides full continuations, then

frame is on top: a tail call. it is possible for a frame to be popped and latter re-pushed, when
To execute a continuation retufg e*),, we first evaluate the ~ some saved “upward” continuation is invoked.
continuation form and its arguments. If the continuatipiis a Let us return to our two factorial functions to generate some

variable, we reset the stack back to the continuation value, then example frame strings. If we use each procedure to compute the
allocate a new frame for the arguments being passed, then jump tofactorial of 1, we get the frame strings
the continuation’s code.

If the return’s continuation is not a variable, but an explicéix- LIn fact, we suspect a model that doesn't pass arguments on the stack
pression, evaluating theexpression closes over the current frame; might give greater analytic precision than the one we are using here, but
we then immediately invoke it as above. This is the degenerate casethe cost would be a somewhat more complex set of formal machinery. As
of a “let continuation.” we are currently considering extended models that would give even greater

Our model is slightly different from the standard model de- precifi(_)n, we keep things as simple as possible for now. (Here, we use the
scribed by Steele and used in Rabbit and Orbit in one way: our pro- (€™M "Simple” loosely.)
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(M (n ktop) (M (n ktop)

(letrec ((f (M (m a k) (letrec ((f (N (m k)
(%if0 m (%if0 m
A O [k al) M O [k 11D
X O X O
(-m1 (A3 (m2) (-m1 (A3 (m2)
(*ma (\ (a2) (f m2 (4 (@)
(f m2 a2 k) (* m a k)
))))))))) 1NN
(f n 1 ktop))) (f n ktop)))

Figure 3. Labelled CPS factorial functions: iterative and recursive. Continuatiexpressions are labelled with integers; usexpressions,
with letters. Continuation items have also been distinguished by using square brackets to delimit continuation calls (that is, returns), and
underlining continuation\’s. Continuation variables are those beginning with the letter “k.”

(D GIGEIE) GIGI) GG GBI trs(e) = e

I (i 19) trs((¢] +p) = (Y| +trs(p) ifves
and trs(|Y) +p) =I{) +trs(p) fveS

e e 21 s+ =trs(p) g

QGG 1577 (ElG15) (6l trs(|?) +p) = trs(p) ify ¢S

f | /hif0 | %ifoy\ /1 1\ f\ /4 * % 4 3\ 12\ |f

GIEE) GBI ol i) o)) IE) dira(p) = {re € A 1 p € L(re))

respectively. Perusing the two strings will give a feeling for the con- ) 1
nection between stack management operations and control flow in p>7qiff trg(lp+q 7)) =€
the execution of CPS programs. Frame strings allow us to precisely
describe the stack operations performed at various points in a pro-
gram execution. For example, if we take the frame string shown
above for the iterative computation, and isolate the segment cor-
responding to the first trip through the loop, we get the following

trace, where the frame string is broken up to make the entries of the L'
sstack change” column: To connect these operators back to our stack-management

model, if we have a frame string that describes the trace of a
Call site Description Stack change  Stack program execution up to some point in time, ther} gives us a

195}

Figure 5. Analytic tools for frame strings

anti-frame action, and then nets it. This is the inversg wfodulo

¢l picture qf the stacK at that time;. (For example, the stack snapsh.ots

(f n1ktop) tailcalltors [t)(] @l we saw in the previous execution trace can b_e producgql by taking

. o yigo 1 g0 the net of successive prefixes of the frame string describing the en-
(hif0m ...) callto%ifo Gl (2l tire trace.) Alternately, ip represents someontiguous segmeiof
%ifointernal  returnto), 590G GG a program’s trace, thep| yields a summary of the stack change
(-m1...) callto- (51 G316 that occurred during the execution of that segment. (We will, in
—internal return to, D G161 fact, make more frequent use of t’his second interpretation, which
Grma..) call to * A E1C1E| connects two points in a program’s execution, than we W|I_I of the

. 4 121314 first one.) If frame string describes some sequence of actions on
* internal returntod,  [7)(s (2] (1] (51 (s] the stack, thep ! produces the frame string that will “undo” these
(f m2 a2 k) tailcalltors [HIDHE G G actions, restoring the stack to its state at the point in the computa-

OItion corresponding to the beginning @f This is just what we will
need to handle general continuations (as well as the more prosaic
task of handling simple returns).

. . In Figure 5, we define three tools for selecting, extracting and

7. Operations on frame strings testing structure from frame strings. The functie® produces the

There are a couple of basic operations we can perform on frametrace of a frame string with respect to procedure labelsSiy

strings. The operatot- is the string concatenation operator. The throwing away any frame action whose procedure label is nstin

operator|-| cancels out opposing, adjacent frame-action pairings The functiondir A returnsthejlrectlonpf its argument with respect
until no more cancellations can be made. That i§, jfoccurs to the ﬁh%:gtnggﬁgggniggﬁﬁfgf Ur?éﬁst retllig;;t th3e subset af
immediate left or right Ofﬁ In a frame string, we may delete the Depending on the analysiéJ or optimiggtion \%vé’re conducting

!C;a'[l‘) Jwgegtrzg‘Zl;?brﬁrin?l',T'Eﬁ?:?fggﬁgsass'b:;’d?; {E&?Qger there are a number of sets which make senseé\foFor instance,

A BRI TR ; Aton = {CI5, )7, )]} extracts theonicity of a string, that

a frame string. It follows that the setb* modulo |-] is a group, iS'T SRR y 9

a fact which turns out to be critical to proving theorems about ] ] »

environments and designing an abstract model of frame strings. The p is push-monotonic "(;

f.

Note how nested continuations accumulate frames until remove
by the final tail call.

*

" € dirar., (p)
)" € dirAg,, (p)
) (" € dirag,, (p)

operationp™*! reverses frame string flips each frame action to its p is pop-monotonic I

p is pop/push-bitonic i

2You may be wondering how a push action could possibly wind up on
the right of its matching pop action. The answer involves the use of full 3These regular expressions will be matching net frame strings that describe
continuations. thechangen the stack between two points in execution; thus the ugk.of
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The nesting property of frame strings entails the following:

Lemma 7.1 (Bitonicity of the Net) The net of any frame-string
change between two points in execution is pop/push-bitonic.

We also add the notion of a strindimce purity, which becomes
useful in reasoning about environments. The following definitions
identify different kinds of string purity:

p is continuation-pure
p is user-pure
pis S-pure

ifreras(p) =p
itrueas(p) =p
iftrs(p) =p

The relation>° appears somewhat arbitrary at first, but it can
be interpreted as follows: undo the net effectgabn p; p =° ¢
then holds if and only if the remaining string consists solely of
frame actions for procedures f* Later on, we show that certain
frame actions—the ones that will go inf&—do not change the
environment in a meaningful way, and the purpose of this relation is
to ignore these frame actions. The choice of the symbisl meant
to suggest that the right-hand side will be a net of some sulffix of
the left-hand side whenever we use it. (The relation has no utility
when this is not the case.)

The following useful properties of frame strings and their oper-
ators follow as a natural consequence of their group-ness:

o +pl=lptp ) =c
ptal=c = lgf=p"
' =pl

8. Frame-string semantics

In the preceding sections, we've (1) defined our CPS language,

¢ € State = FEwval + Apply
Eval = CALL x BEnv x VEnv x Log x Time
Apply = Proc x D* x D* x VEnv x Log x Time
B € BEnv = VAR — Time
ve € VEnv = VAR x Time— D
proc € Proc = Clo + {halt}
clo € Clo = LAM x BEnv X Time
d,c € D = Proc
6 € Log = Time—F

Figure 6. FS semantics domains

state. In anFwval state, control is at a call site; it is given by a call
expression, an environment context for that expression, and the cur-
rent log and time. We represent environments with the factoring
taken from Shivers’ CFA work [10]: an environment is split into
a “variable environment,ve € VEnv, and a “binding environ-
ment,” 3 € BEnv. A binding environment maps a variable to a
time stamp, the time its binding was made. A variable environment
recordsall bindings that have occurred during the execution of the
program. Thus it maps a variable and a binding time to its value for
that time. In anA pply state, control is moving into a user function
or a continuation; it is given by the procedure to apply, a vector of
user-world arguments, one of continuation arguments, the global
variable environment, and the current log and time.

Remembering that our goal is to prove environment equiv-
alence, we can now formally preview what we want to prove.
Given two factored environments?(ve;) and (32,ves2), we want

(2) described how its call behaviour connects to a model of stack to show thatve; (v, 31(v)) = vez(v, 82(v)). Because the global

manipulation, and (3) defined a formal tool, frame strings, we can variable environment increases monotonically throughout the pro-
use to express stack manipulation. Now we have all the pieces wegram, eitherve; T wvez Or vea C vey, and hence, we can show
need to formally describe the CPS/stack connection. Thatis, we canthat v is equal between these two environments just by showing
make the model of Section 5 precise by defining a non-standard 51 (v) = (2(v). As a result, our forthcoming environment theo-
operational semantics for our CPS language that expresses stackems need not mention the global variable environment at all. More
manipulation, using frame strings. (This semantics is so close to importantly, this factoring lets us determine the equivalence of two
the standard CPS semantics, and the standard semantics itself senvironments for some variable without ever knowing what the
straightforward, that we have chosen not to bother first developing a value(s) of that variable may be within them.
standard semantics, in order to save space. However, we have done The set of denotable valueB, is the same as the set of proce-
so elsewhere, and formally shown the correspondence between thelures (for now—we discuss adding basic values later). A member
two [6].) of Proc is a procedure: either a closure or fhet continuation. We

For the frame-string (FS) semantics, the domains given in Fig- represent a closur€o with a \ term plus the contour environment
ure 6 are nearly identical to standard environment-based CPS se-3 giving the bindings of its free variables, plus a third component:
mantics domains. The changes are that closufés, now carry the birth date of the closure, that is, the time thexpression was
a timestamp marking their creation time, and machine configura- evaluated, producing the closure. A closiiem, (,t) can repre-
tions include a frame-string log. The frame-string fbfpr a given sent either a user closure lifm € ULAM, or a continuation clo-
configuration is a function that maps some time from the past to sure, iflam € CLAM. For Ttme, we assume some ordered, denu-
a frame string describing all the actions performed since then. We merable set, and writ for the start time at which program execu-
should call attention to the particular way we've defined the log: it's tion begins. We advance time with tit&#k function; this function
relative, not absolute. We could just as easily have defined the log may take additional arguments beyond the current time as an aid
to map a timet to the actions performed by the computation from to the analysis we are trying to capture with our semangas,
start tot; the net of this string would tell us what the stack looked tick € Time x Conf — Time.
like at timet. Instead, the log tells us what has happened between  Figure 7 contains the auxiliary functions used in our semantics.
time ¢ and now; the net of this string tells us the net effect of the The function.A takes an argument and returns its value in some
intervening computation on the stack. As we'll see later, this focus context given bye, 3 andt: if the expression is a variablel looks
on changewill be key to exploiting the non-standard semantics for it up in the current environment; if the argument i& axpression,
optimisation-driven analyses that focus on the relationship between.A uses it to construct a closure. The functiege; produces the
two points in a computation. “life history” of a continuation: it takes the birth-date of the closure,

The basic semantic domains for the language are given in Fig- ¢, and uses it to index the log. The halt continuation is handled by
ure 6. A machine configuration is either an “eval” or an “apply” defining its birth as the beginning of time. The functigsungest
takes a vector of continuations, and returns the shortest such “life
history"—that is, the frame string representing the life-span of the
youngest continuation in the vector.

4To help demystify things, when we utilize this relation it will always be
the case that = r + s andq = |s]; inthiscase|p +q¢~ 1] = |r].
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A B et lam = (lam, 3,t)
ApBvetv =we(v,B(v))

ageg(halt) = 4(to)
ageé(lamv 67 t) = 5(t)

youngests (procy,...) = Shortest {ages(proc,), ...}

I(pT‘) = ((pr, []7t0)7 <>7 <halt>7 H’ [to = 6]7 to)
V(pr) ={s: Z(pr)="<}

Figure 7. Auxiliary definitions for FS semantics

The functionZ maps a program into the machine’s initial state.
Final states are apply states where the procedure to be applied i
the halt continuation, but that is not important for our non-standard
analysis. Instead, we define a collecting semantics with the function
V, which maps a program to the entire set of states through which
its execution evolves; we write=-¢’ to say that state steps to
states” under the machine’s small-step transition relatisn

The heart of the semantics is given by the two rules of Figure 8
defining the transition relation: one axiom eachfaul and Apply
machine configurations. The call rule evaluates the elements of

the call, and transitions to an apply state, where the procedure

will be applied to the argument values. The apply rule binds the
variables of the procedure’sexpression, then transitions to a call
state, where the expression’s body will be evaluated in the new
environment. What's of interest in this simple, otherwise standard
system is the extra machinery to manage the stack, in the form of
the log. Most of the work happens in the call rule, in the calculation
of the stack chang¥zs. Itis managed just as described in Section 5.
The expressiorf in the procedure position of the call is evaluated to
the valueproc. If f is a continuation { € EXPC), then this call

will reset the stack tgroc's stack frame. The functionge tells

us everything that has happened to the stack simoe was born
(that is, since its frame was allocated on the stack). Inverting this
frame string provides the series of actions that must be performed
on the stack to revert it back to that state. Remember: continuation

sincet. Now, given a set of continuations or live stack frames,
the outermostone (a space criterion) must be tiieungestone
(a time criterion): the stack is a LIFO mechanism. The function
youngest could choose this frame based on its birth-date. How-
ever, we plan to abstract this semantics, and our abstraction will
destroy the orderedness of time, so this tactic is too fragile for our
purposes. Instead, we switch back to space-like criteria. The func-
tion youngest equivalently makes its choice by returning the short-
est frame string: the frame with the shortest “life story” is clearly
the youngest frame.

Consider what happens when a non-tail call is performed. A
non-tail call is one in which a continuation argumeris a A term
(as opposed to a variable reference). If this case, evaluativith
A will capture the current timein the (lam, 3, t) tuple. Since this
newborn value is as young as it is possible to be,¥keframe-
string change will be the empty string. So the call will not first pop

She current frame off the stack, as a tail-call would.

In contrast, a tail call is one where all theare variable refer-
ences. Evaluating these variables withwill produce older con-
tinuations that were born at previous times. This will cause the
(youngest; c)~* expression to produce a frame string whose op-
erations will specify some stack adjustment, in the forrﬁ”ﬁ)fpop
characters. Thus we will pop frames off the stack as we perform the
call: this is a tail call.

Once we've computed the stack change needed, we update the
log so that any future fetch from it will produce an answer with this
new segment of actions appended.

The log maintenance for the apply rule is much simpler. When
a procedure is applied, we push a frame for its arguméﬁts:

The net effect of this stack-maintenance machinery is to obey
Steele’s protocol for functional languages with proper tail calls and
even full continuations. A simple call pushes a frame; a simple
return pops a frame. A tail call first pops a frame, then pushes one.
Exotic uses of continuations do what it is needed to be consistent
with the contract. Once again, it's worth emphasizing that these two
rules give us a mechanism that enormously generalises “function
call,” allowing us to handle every form of control that occurs in a
program, from basic-block sequencing to coroutines.

invocation restores stack; this is where the restoration happens. In9.  Abstract frame strings

the standard case of a simple return, all of this machinery amounts

to a single pop action. But if we were invoking a continuation to
“throw” outwards in an exception-like manner, we might return
over multiple frames, and thus odf¢ action might consist of
multiple pop actions. More exotic still, if we were invoking a
“downwards” continuation, the action could include push actions to
restore previously-popped frames. Finally, if the continuation is a
“let continuation,” that is, iff is a\ expression that we are invoking
at its point of appearance, the frame action is the empty string: the
continuation will run in the current stack context.

On the other hand, the forghmight be a user expression, rather
than a continuation. If so, it won't evaluate to a stack pointer as
a continuation would, and so doesn't require any action on the

The first step in creating a computable abstract analysis out of our
concrete semantics is the development of abstract frame strings.
Any such abstraction must provide:

1. F', a set of abstract frame strings;
2.|-|: F — F, an abstraction operation for frame strings;

3. : FxF — F,an operator for “concatenating” abstract
frame strings;

4. .~' an abstract “inverse” operation; and

5. isg F x F, an abstract comparison relation, parameterized
over a set of procedure labels

part of our stack-management policy. However, user procedures are

passed continuations asgumentsthese are the; arguments in

the call form.Theseexpressions evaluate to the continuations

If we think of these continuations; as stack pointers, we want

to reset the stack back to the outermost such pointer, the high-
water mark that will preserve all of these continuations. Again, the
functionyoungest computes this for us. It's worth considering, for

Coupled with the constraints we present shortly, we have a rich
space of designs for abstract frame strings; here, we limit ourselves
to one such (rather simple) design. R

To pack an infinite set of frame strings into a finite $gtwe
have to choose where to lose precision. Our abstract frame strings
do so in four places: (1) we discard actions which are not in the net

a moment, how this is done, as it relates to our relative (as opposedof the frame stringe.g, [({[(3/3)] = |(]]; (2) we discard all time

to absolute) view of the stack, as well as the relation between our
time-like and space-like view of the computation.

The mechanism we are using to track the stack is thejlog
which tells us, for time, everything that has happened to the stack
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information,e.g, |(¢13]] = [(21¢]]; (3) we discard the ordering

of actions betweenlifferent procedurese.g, [({|3]| = G115

and (4) we remember at most one action precisely for a given
proceduree.g, [(T[(5]| = [(T[(2 (3] but[({]] # [(T]{5]]-




([Cf € gl B, ve,8,t) = (proc,d,c,ve,d,t)
proc = ABvet f

length(d) = length(u) length(c) = length(k)
([0 (u* k") cal)], B,tp),d, c, ve,d,t) = (call, B, ve’, 8", t")
t' = tick(t)

d; = ABvete; B =pBlu —t', k —t]
¢j =ABuvetq; where { ve' = ve[(ui, t') — di, (k;, ') — ¢
where Ve — (ages proc) ™" f e CEXP V¢ = Q/’,\
¢ (youngestsc)~"  otherwise § = (5 + (MYt — €]
8 =6+ (At.Vq)

Figure 8. The transition relation = ¢’

As a service to future designers of frame-string abstractions, of

these choices, (1) reduces space requirements, and it allows us to State = Eval + Apply

2}
m

assume a pop/push bitonic structure, yet it causes absolutely no Fval = CALL x BEnv x VEnv x Log x Time
Ios_s in analytlc power; (2_) is an extreme time ab.stractlon, wors- m — Proc x D* x D* X VEnov x fo?; % Time
ening precision but reducing space requirements; (3) seems to be . " —
necessary for finiteness, but it costs us no analytic power; (4)isthe ~ # € BEw = VAR — Time
most subjective, as the “right” amount of information to remember ve € VEnv = VAR X Time — D
about a procedure is highly dependent on purpose. o D — P(Proc

We abstract a frame stringto a function mapping the label for i € T 7/3(\ mc)/\
any given\ expression to a description of the net stack motiopin ~ proc € Proc = Clo + {halt }
for just that\ expression. Thus our set of abstract frame strings is o € Clo = LAM x BEnv x Time

F=v—PQA), 5 € Log = Time—F
7 € Time = afinite set of abstract times

whereA is a set of regular expressions describing the net motion
for a given procedure; here, we use
. . N IE T I I
A={e, Cly 1, CICT DT DT CT )

For example|(f|(3] (5]l = (Aw-{e})[a — {CICIT},0— {C}.
Note that there is no regular expressionArfor (:|*]:)", or any
other exotic combination for that matter. By Lemma 7.1, any frame
string generated by the FS semantics is covered\bgven if we
allow for full user continuations.

It might seem that allowing an abstract string to retsetsof 10. ACFA
regular expressions is unnecessary|ggor any concrete frame  With our frame-string abstraction in place, the rest of our abstract
string will always match only one member Affor each procedure. non-standard semantics (which we cAlCFA) follows straight-
However, we require sets when concatenating two abstract frameforwardly. At the top level, there are three key components to the
strings, which degrades precision. analysis:

We define our abstraction operator with

Ipl = Xp-dira(triv; p)). 2.7 € PR — BStale, a function mapping programs to initial
For brevity, we use the notatigf || in place of_|, |(}'||. states.
We induce a definition fog with the following constraint: 3. ~» C State x State, a transition relation.

Figure 9. ACFA domains

We choose the following for our work here:
Pz 7 <= WeS:(paq ) ={

1. m, a finite set of abstract states.

lplCpandlgl Cg = [p+q/EpDT. Using these, we define the set of all visited abstract states for a

We define® to be the most precise operator which satisfies the programpr:

constraint, which is

DB q=M{a € cat(a,az) : a1 € p(vp) andaz € G(v)},

V(pr) = {e; Z(pr)~" 6}.

We defineState and its associated component domains in Figure 9.

wherecat is defined in Table 1. Similarly, we define! to be the For the most part, these domains correspond closely to their con-
most precise operator satisfying crete counterparts. The notable exceptionsiree, which is now
~ _ = afinite set® and IA), which is now the power set of abstract proce-
PICP = [p 1T (H)" . 0 P actp
o dures. By convention, we use for user-world values oD, and
which is: ¢ for continuation-world values. Observe that the state space of
e—e (| =), ACFA is finite, which makes it trivial to show th&tis computable.
~—1 RYAES + ~
= \Y.ma ¢ .
P v-map |:§+|<<:||+ || >>|+>< | () The functionZ abstracts to
Several abstract comparison relations are induced by the constraint Z(pr) = ((pr, [, ), (), ({halt}), [}, (o — [el], o

|p| C p and|q| C q andp zs 7 = |p] >~°|ql. 5Correctness is independent of the choicdine, but precision is not.
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[ cat ] € [ (1 [ Cer [ B [ T [ DT l
€ {e} {13 {C1C1T) {3 {IO0)™} [
¢l {C1} {CIey {CIC} {e} {1, 10107} {CIet ety
et {CIC1T) {CI1C1T} {CI1C1T} {CLCICT) ATty {C1CI, YY)
B {9} {e. D¢} {CL et et {nn+} {010} {7t}
BIEN {07 [ DTt} A {IH1H*} {ID10"} {IHT¢IT}
DT D) {o1¢t} {o1¢t) {0, DT T [0 DT Tt A

Table 1. The cat function

In Figure 10, we define the transition relation f&CFA. The
auxiliary functiontick : Time — Time need only obey the
following constraint:

[t| CF = |tick(t)| C tick(?).
The functionA abstracts directly:

TA-=7 ¢ __ {(f,B:t)} f S LAM
Abweif= {@(f,f?(f)) f € VAR

The easiest way to abstract the functigrungest would be to have

it always returnT ;. We opt for a mildly optimized version. Later
on, with state gradients, we show how we can do better if we are
willing to invest in an initial walk over the syntax tree. For now,
however, we just join over all continuation arguments:

youngests (@1,..., ) = ages(e1) U- - L age;(2a),
where the functiorzge returns the abstract age (measured as an
abstract frame string) of a value:

ages {proc,, ..., proc, } = agez, (proc,) U- - - U ages, (proc,,)
ages, (halt) = (%)

Eg\eg* (lam7 B7/t\) = 5(?)

11. Correctness ofACFA

Before we use our analysis, we must first show thA&FA is a
proper simulation of our concrete frame-string semantics. Specif-
ically, we must show that for every state visited by the concrete

|(Ca’ll7 ﬂ? ve, 57 t)'Eual = (call, |ﬁ‘7 |’U€‘7 ‘6‘7 |t|)

|(proc, d, ¢, ve, 8,t)| appiy = (|procl, |d], [c], [vel, 4], [¢])

[{d1,...,dn)|Dx = {|di],...,|dn])
|d[p = {ld| proc}
|halt| proc = halt
|clo| proc = |clo|cio
|(lam, B, t)|cio = (lam, |1, ]t])
18| BEny = Av.|B(v)]
[ve| v = (v, T). |_| |ve(v, t)|p
[t|=1
16209 = XE. || 16(2)]

Figure 11. Extending abstraction across the concrete domains

12. An environment theory

We have invested much machinery in reasoning about stack be-
haviour. Now, we translate this into the ability to reason about envi-
ronments. During this development, we omit trivial or minor lem-
mas. We'll need to refer to the various components of states that

semantics, it has a suitable counterpart in the set of states visitedarise during execution, so for a given program we define sev-
by the abstract semantics. Thus, the first task is to define what weeral families indexed byfime:

mean by a “suitable counterpart.” To do this, we [iftover the
ACFA domains (in the natural way), and we lift the abstraction op-
erator| - | to the rest of the concrete semantic domains (Figure 11).

Next, we define the simulation relation & x C; we say thatg
represents if || C <.

Theorem 11.1(ACFA simulates the concrete analysis)

If ¢ € V(pr), then there exist§ € V(pr) such thats| C <.

Sketch of ProofThe proof is by induction over the transitions. The
obligations are:

1. |Z(pr)| T Z(pr); that is, both machines begin in sync.
2. If |s| E<ands = ¢’, thenI’ : T~ and|¢’| CE <. That s, if

B3 such that( call, 3, ve, 6,t) € V(pr)
o such that(call, 3, ve, §,t) € V(pr)
proc such that(proc, d, c, ve, 6,t) € V(pr)

Typically, pr is clear from context, and we omit it.

Much of our logic now plays off the fact that binding environ-
ments return times, and that we can use time for more than simply
looking up a value. For instance, given the tithe= 3;(v):

e ¢ is the time at which) was bound.
e ve(v,t') is the value ofv in this binding.
¢ (. is the binding environment where the binding appeared.

a concrete state is represented, the state to which it transitions ® |9:(t')] summarizes stack change since the binding was made.

(if any) is also represented; diagrammatically:

The first obligation follows easily from definitions. The second
obligation follows by cases one Fval ands € Apply. O
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Our first lemma relates a binding in some environment to the en-
vironment where that binding first appeared, which turns out to be
anancestof A key strategy for determining equivalence between
two environments involves inferring their common ancestry.

Lemma 12.1(Ancestor) 5:(v) = Bg, (v) (V).

6 An environment3 is an ancestor of’ if 3’ = B[v; + t;] for somev;
not in the domain ofs.



length(d) = length(u)  length(€) = length(k)
([¢f " 4], B, 7, 8,1) ~ (proc,d. €, e, 8, 1) (10w @ K cald)], B,%),d, 6 75,8,7) ~ (call, 7', 5,5, 7)
proc € ADTe f ¥ = k()
S AGmie B =Bl 7k — 7]
5 = ve t q; o5 — Ts 7 d 7 v
where verds ve' = wve U [(ui, t') — di, (k;, t') — G
ap = { (@ o)) 1 < B e PO N
(youngestz€)~"  otherwise |t|=7
§ =6 @ (AL.AD) & = (3 ®(A.AD)) U~ le]]

Figure 10. The abstract transition relatigin ¢’

Next, we define an interval notation froff¥me to intermediate we recur. Note how continuation-pure sequences chain together
frame strings: equivalent environments. The following DFA is a description of
[t1, 2] = 677 (11). the net stack motion between the binding of a variablend
its eventual use. The solid lines represent continuation-pure net

In other words|[t:, t]”" is the frame-string change between time motion, and the dotted line represents arbitrary net motion.

t1 and timet,. By induction, we get intuitive properties such as:

Lemma 12.2. If t; < t2 < t3, then[ty, t2] + [t2, t3] = [t1,t3]. 17y

The next lemma holds for the following reasoning: the apply- . LA
state schema for the concrete transition relatisralways adds a bind z close overz invoke A usex
fresh (and therefore uncancellable) push actigi, to the end of [y () [y [y (7

every interval. Thus, when we prove that a net interval must be pop- o _ _ o
monotonic’ no apply state (and hence nothing at all) has occurred From this diagram, we see that continuations, which in our seman-

within this interval, thereby forcing the times to be identical. tics restore an environment and then push a frame to hold a return
5 inch) If . ic thef — value, are the connective glue between equivalent environments.
Lemma 12.3(Pinch) If [[t1, £2]] is pop-monotonic, theh = ¢». The following theorem states that if the net frame-string change
From this, we immediately get the following, the fundamental between two times is solely a continuation push action, then the
frame-string environment theorem. environment from the later time is an extension of—by exactly the
. variables bound by that continuatior®sexpression—the environ-
Theorem 12.4. | [5(v), 5'(v)]] = €iff B(v) = §'(v). ment from the earlier time.

This sets up a strategy for proving equivalence: if we can infer ; : o _
that no net stack change happened between two bindings of the-rheﬂn 12.5(Atomic deepening)If [[£1, t2]] = (7], thenf, =

same variable, then the bindings are identical. Bra| B(7)-

Looking ahead, ilACFA, if we find that some abstract interval The next theorem extends the previous theorem across an arbi-
has changé|, then all of the concrete intervals it represents have trary number of continuations.
changee. This implies that the abstract times defining the interval . .
in question actually represent the same concrete tibiseerning Theorem 12.6(Push-monotonic deepening)
when abstract equality implies concrete equality is in fact the key If Llto,tn]] = G-~ (7], thenBy, = B, |B (7).

goal of any environment analysis. - So far, we've been restricted to reasoning about strings that

The next few theorems present sufficient (but not necessary) gre gither empty or push-monotonic and continuation-pure, which
conditions to demonstrate environment equality in specific (yet sur- gaems constricting. Fortunately, we can use group theoiy-to
prisingly common) cases. It's natural to question why we even need for continuation-purity for some past intervals using frame strings
such conditions when we just stated a sufficminecessary COn- \yhich have no restrictions on their content. The following corol-
dition. The answer has to do with the imprecise nature of decidable lary relates the equivalence of two environments from the past,
program analyses: the abstract analogs (developed later) to thesgich are inferred to be separated by a continuation-pure and push-
new conditions are satisfied more easily than the abstract analog ofy,onotonic net stack change.
the fundamental theorem. In fact, we believe that there are more
conditions than we give here, that is, conditions covering special Corollary 12.7 (Push-monotonic ancestry)
cases whose abstract analogs are more tolerant of imprecision.  If |[to, ta] + [t1,2] "] = (J}|--- (77|, thenBy, = Bi, | B(v).

Before we develop these theorems, it is instructive to review
the lifetime of a binding. When a variable is bound, one of two
things will happen: (1) there will be continuation-pure net motion
to the use of the variable, or (2) there will be continuation-pure net
motion to the creation of a closure capturing the variable. When a
closure from (2) is eventually applied, again, one of two things will
happen: (1) there will be continuation-pure net motion to the use of
the variable, or (2) there will be continuation-pure net motion to the N RN e LN B
creation of yet another closure which captures the variable, and thusTheorenj 1281 lfto,ta]] = [+~ [ (i ls then

B |B(y') = Bro| B ().

7 As a common special case, note that proving an intervairiptyproves and the inferred variant:
that it is pop-monotonic. ’

That is, using only the frame-string lag, from time ¢2, we
were able to infer the equivalence of environments from past times
to andtl.

Not surprisingly, there are pop-monotonic analogs and pop/push-
bitonic generalizations for each of these theorems. Skipping the
pop-monotonic versions, we have:

in
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Theorem 12.9.1f |[to, ta]+[t1, 2] ™1 | = |7} - [7) (2] -+ (I, S~ Hdy,...,dn) = (S dy,..., 5 dn)

i1 in /\t1 tm

theng:, |B(v’) = B, |B(Y). S~ 'halt = halt

. . . . S_l(lam? /87t) = (S_l lam’ﬁ? t)
13. Generalized supers inlining S Vve = A(w, £).(S~" (ve(v, 1))
Here, we describe the generalized Sufeinlining condition, We define thrormof a states, written ||<||, with
Inlinable: ' '

[|(call, B, ve, 8, t)||goar = (call, B|free(call), ||vel|,t)

Inlinable((k',4"), pr) <~
(=", 7). pr) [[(proc, d, ¢, ve, 8, )| [ appty = (|[procl |[d][ o+, [lc||p=, [|vell, £

V([(f e q")x], B, ve, 6,t) € V(pr) :

e AL ) et = Agvet f [, - dn)l D+ = ([dallp, - |[dnll )
then [V =¥/ ldllo = 11l roc
Bolfree(Lyr (1)) = Blfree(Lpr(4)). || clol| proc = ||clo]|cio
If Inlinable((x','), pr) holds, then it is legal to inline thi term |[halt|| proc = halt
labelledy)’ at the call site labelled’. Inlinable checks that (1) all ||(tam, B, t)||cio = (lam, B|free(lam))

closures invoked at the call site are from the santerm, and (2) | vel| — Av, £).]|ve(v, )|

the environment at the call site is equivalent, up to the free variables VB = e P

of the \ term, to the environment w_ithin theT _closure. Let S = Replacer z andS~! = Replacer ™! z. We define a bisi-
To show the correctness of this condition, we must formally muylation relationR C State x State:

define an inlining operation and the meaning of a program. We must

then show that the meaning of the program is unchanged under the R(s,s5) <= |lsI| = |IS™"ss|| and]|Ss]| = [[ss]|-
inlining operation. We define the meanirlg of a programpr to Diagrammatically, looks like:
be: '
[1-11 (111
M(pr) = {L: (halt, ((Lpr(£), By, 1)), (), ve, 6, t) € V(pr)}. < 151 Sl
That is, the meaning of a program is a set containing the label of
the closure passed fault. o o
We define the inlining transformatioReplacer((x’, '), pr) =
S such that: S¢ TR llssll T o3
Sv=v

We must we show that:

S[y (™) calD)] = [y (@) ScalD]
[(Sf Ser.. el n o n 1. R(Z(pr), Z(Replacer ((x',9"), pr) pr)); that is, the original
S[Cf 2] = e ) program and its transform start in sync with respedgto
[Lpr(@) 2] w=k8 2. If R(s,ss) theng=¢' <= ¢s=¢%; that is, either both
states transition, or neither transitions.
3. If R(s,ss) ands = ¢’ andss =5, thenR(¢’, c5); that is, the

Theorem 13.1(Superg inlining is safe) relationshipR is maintained under transition.
If Inlinable((x’,%"), pr) holds, thenM (pr) = M(S pr).

The correctness theorem thus becomes:

The first two obligations follow straightforwardly from the defi-
nitions. Establishing the third conditiofi(preservation), however,
is what requires the use of the inverse transform and the norm.
Again, diagrammatically, the third condition looks like:

Sketch of ProofChoose any inline-candidate = ((x', '), pr),

such thatinlinable((x', "), pr). The proof proceeds by bisimula-
tion between the execution states of the original program and those
of the transformed program. In order to define our bisimulation re-
lation, we first need some auxiliary definitions.

R
First, we extend the transformation over the semantic domains: N oS

S (call, B, ve,d,t) = (S call, 3, S ve, d,t) :\L l:

S (proc,d, c, ve,d,t) = (S proc,Sd, S c, S ve,d,t)

S{dy,...,dn)=(Sd,...,Sdn) ¢ ——ck

S halt = halt

S (lam, B,t) = (S lam, 3,t) Here, we show why some “intuitive” relations lacking these fea-
S ve = A(v,t).(S (ve(v,t))) tures fail, building up the rationale for our bisimulation relatign

Atfirst glance, theR relation as defined probably looks stronger

ine i i -1 — 51 . . ,
Deﬂne inverse transformatloﬁeplacer ((K/,, wl)7 pr) =S y than necessaryl Itis temp“ng at f|rst to LRS’_7 gS) — S( —

where ss instead. To understand why this approach breaks down, consider
S ly=w the case where execution is about to transition from call iite
—1 * _ xy a—1 the inlined call site. Assume some variahleés invoked in the
SO (07 callD] i[l[(Aw (f)l ) 57 call)] , original program andam is invoked in the transformed version.
[(S™f S @] K#EK When applyingA to each of these, we gétam, 3, ;) for v and
ST 2] = S [ 2™)nr] k=K (lam, B3, t) for lam, whereg is the environment from the current
whereL,, (') = [(f ... )w] state, andd; is the environment from the closure’s creation. In the
1  ae1 1 subsequent apply state, these two (superficially) different closures
Sil(w”’ B, ve,8,t) = (57" call, B, 5~ ve, 4,1) now occupy the procedure position, and hence, we cannot preserve
S7 (proc,d, c, ve, é,t) = the bisimulation. (The additional fact that£ ¢, would be a less
(Sflpmc, S7id, Ste, S7twe, 6, t) significant, easier to handle issue were it the only problem.)

136



But even though3 and 8, may not beequal they will be 15. Abstract supers3 inlining

equal over the free variables ofam, and this is all that really As expected, each concrete Supecondition has a counterpart

matters. This notion of equivalence leads us to define the norm ypqiract condition which implies it. We define the abstract Stper-
of a state. The norm of a state removes useless bindings from its " —
condition Local-Inlinable to be:

closures’ environments. With this, we might strengtti&, s ) to

[ISs|| = |lss]|- At first glance, this seems to solve the previous T o
problem, for||(lam, B, £)]| = ||(lam, By, t5)||- Local-Intinable((w', "), pr) <
Unfortunately, when we added the state normalization require- V([Cf e* ¢™], B,ve, b,t) € V(pr) :
ment, we lost so much information abauand¢s that we cannot if & =r' and(Lp(¥), B, b)) = ABvet f
adequately describe its next state. By augmenting the rel&timn =
||| = |15 "ss|| and|[Ss|| = ||ss||, we have locked the internal then 5@) =7 lel
structures of andgg into a tight correspondence. Criticaltyand Fv: {free(LN @) € B@)
pr = .

s are forced to step either together (foandcs respectively) or
not at all, and more importantly, we have sufficient information to
O

: Likewise, for Escaping-Inlinable:
reason adequately abotitfrom ¢5 andvice versa ping

Escapm/g-l\nlinable((m', '), pr) <=
):

14. Concrete supers inlining V([ e q*k/]LBﬁE,é@ eVipr):
Having built a rich environment theory, we now develop three ifr=r ind(,LW(w)’Bb’ th) = ABvet f
Super# conditions for the safety of inlining based on the results v=9 ~ N
of the concrete analysis. Naturally, this is entirely in preparation then § v, ¢ free(Lpr(¥)) : 3 : {5(»3(0)) =7 o(h)
for defining another such condition fdxCFA. We define the first v & B(7).
condition, Local-Inlinable as: Similarly, we can abstract thEeneral-Inlinable condition:
Local-Inlinable((k',4"), pr) <= Genemmable((n',zp/),pr) S
V([[(f e* q*)ﬁ/]]7ﬂ7 ye,&t) EV(])T) : v(ﬂ(f e* q*)NH’B:EE’g,B e]’}(pr) .
= ’jﬁ”?ﬁw‘(w’ﬁb’ to) = Afvet f it & = & and(Lyr (), B, b) = ABTe1 f
— - h ) 7
then Lits, t]] =7 € then {w = -~ P
F : — L, : =0 .
v e o <5 Vo € free(Lyn (¥) : 5(B)) 2° 3B(v)

. . . i Correctness of these conditions follows from Corollary 11.1 and
It is primarily meant to inline closures which are created and their concrete counterparts.
quickly used within the same environment. That is, it covers cases |t may appear redundant to define three different inlining condi-
where no user-level closure is made over the variable betweentgns, when, for example, thBscaping-Inlinable testis more gen-

binding and use. N ‘ 4 eral thanLocal-Inlinable. However, what matters pragmatically
We define a second conditioBscaping-Inlinable as: are the abstract conditions. They are what we actually compute,

Escaping-Inlinable((x',4'), pr) <= and they araotrelated so neatly. In practic&pcal-Inlinable fre-
Y([(f e g"], B, ve,d,t) € V(pr) : quently spots cases th#dscaping-Inlinable misses, so our “re-

if k=" and(Ly-(¥), By, ts) = ABvet f dundant” condition actually pays for itself.

=1 The following diagram summarizes the logical relationships
¥ between the various conditions:
then Yo € fT’ee(Lpr('(/))) . 3’7 . {Ql}[é(vB)E};}% >~ L[tbyt]J - ‘ .
General Escaping <= Escaping

This second condition is meant to inline a closure that escapes its
creation environment, but flows back into and becomes invoked
within its creation environment, which now could be inside another Inlinabl
closure that also escaped. It covers the special case where at most niinable
one user-level closure is created over the free variables between
binding and use. It turns out that the local condition is a special
case of the escaping condition; that iscal-Inlinable implies General Local <——— T o]

Escaping-Inlinable.
The correctness of these conditions follows from the correct-

ness of the generalized Supgicondition in conjunction with the 16. State gradients

environment theorems. . )
The third, and most general, condition uses Theorem 12.4 to testUntil now, our concern has been correctness. We now turn to im-

each free variable for equality individually. proving precision and speed. In our experience, we have found that
improvements to precision paradoxically tend to improve speed as
General-Inlinable((x',v'), pr) <= well. Examination of the results reveals that when the precision of
Y([(f e g"], B,ve,d,t) € V(pr) : the analysis is enhanced, less time is spent in “impossible” regions
if K = k" and(Lp-(v), By, ts) = ABvet f of the abstract state space, that is, regions not corresponding to pos-
=1 sible concrete states.
then {Vv € free(Lyr(¥)) = |[B(v),1]] = |[Bb(v),1]]- The first enhancement that we explore we e#dite gradients
The gradient of a concrete statewritten Vg, is the simply the
This condition is in fact equivalent tiulinable. change to the global frame string caused by moving through that
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state. Looking back at the definition ef, we find V¢ given as
sub-definition. P

An abstract state gradient is a functibhe State — F which
bounds the potential frame string change during a given transition.

Thatis,V is a valid state gradient if:
KICE = V()| EVE.

When this condition holds, we may safely integr‘@t@vith ACFA

as follows: when making a transition frod) compute Ap’ as
Aﬁﬂ@(?), and then use\p’ in place of Ap.2 While there are
many valid abstract state gradients, the aforementioned validity
constraint induces an optimal (most precise) state gradﬁa,m,

L@ = | ] Ivsl.

=3

As expected, computin@w is, in general, undecidable. In prac-
tice, however, wean compute the optimal (or near-optimal) state
gradient for a broad class of programs.

The state gradient’s utility lies in the fact that durindCFA, a
finite set of times forces abstract values to merge. Consequently,
whenymst computes a youngest abstract age, impossible con-
tinuations mix into the result, which degrades the precision of a

frame-string analysis. Hence, the gradient can be viewed as a sieve

which discards impossible state space.

We distinguish three classes of abstract state gradient with re-
gard to the complexity of its computation. A class-0 gradient may
utilize only the information contained in the state which it is ana-
lyzing. A simple yet effective class-0 gradieRy, is:

~ ) e| 3Ji:q € CLAM
Vo([¢he* ¢™],...) = {TlA otherwise
P
R . ‘€| qE CLAM
Vo([(geD)],...) = i
y Ts otherwise

Low on both implementation complexity and run-time cost, this
simple gradient still covers many call forms in CPS.

grov=T

gro[Qc (W' k) call)] = gr(0[k — |e|] ® ()\v\(e||)) call

gro &y W) cal)] = gr(d® (Av.|(7[])) call
grd[Q¢ W' k1) call)] = gr T call
gro[Che” k)] =T — (8(k))™"]

mnry (ngei)
m gr(a ® (/\v.(ﬁ(k))fl)) h
T — AD]
M (ngei)
M (97" (0 ® (Mv.Ap)) Qz')
M gr(0® (Av.Ap)) h

groChe ¢ =

. le| 3¢ € LAM
hereAp =
whereap T otherwise
gro[(ge,] =Ty — Ap]
Hi(ngei)

m gr(@ &) (Av.Afo)) q
lel
)™

qe LAM

whereAp = .
P otherwise

Figure 12. A class-1 state gradient generator

17. Abstract garbage collection

Hudak’s abstract garbage collection via reference counting [4] can
be adapted to and extended within our framework, and it offers
noticeable improvements to the precision of environment analysis.
Like state gradients, the mechanism we describe here is optional,
as it is not required for th&A CFA to be correct.

Our anallgi\s has a finite resource from which it must make
allocations:TWme. In the concrete semantic®ime is infinite, and
hence, no time stamp is ever reallocated. However, a finite analysis
such asACFA may at some point have to reallocate a time stamp;
in the case of the variable environment, this merges (thrauigh

We define a class-1 state gradient as one which has access tdhe new binding® with the bindings previously allocated to that

a pass over the syntax tree. A very simple class-1 gradient can

check to see if any continuation variables can escape through a

user closure, such as wheall/cc has been used. If no such
case is found, all continuation behaviour is pop-monotonic. How-
ever, if even one continuation could escape, thenWhe must

be used. With mildly more effort, we can degrade gracefully in
the presence otall/cc-like behavior while producing tighter
bounds. Figure 12 defines the functign which walks over the
syntax tree to help build a class-1 gradient. accepts a “static
log” 0 € VAR — F, and a piece of syntax; it returns a mapping
from call-site labels to potential frame-string changes when calling
at that call site. Withyr, we define a class-1 gradie¥t; as:

Vi([[(f e gl,.) = (gr Tor) s

time*

In some cases, this merging is simply an unavoidable conse-
quence of the fact that a single abstract state may have to represent
multiple concrete states. It may, however, be the case that during
the act of merging, an old value which had become deadun-
reachable, suddenly becomes reachable again when the time stamp
to which it was bound is reallocated. A valuedisadin some state
if that value would never again be encountered if all subsequent
time stamps allocated were fresh time stamps. Dead values in the
abstract correspond to values that would be garbage collected in the
concrete. A dead value becomesmmbiewhen the reallocation of
the time stamp to which it was bound causes it to merge with live
values.

Hudak’s work utilizes abstract reference counting to allow the
compiler to insert destructive update code for an object when its

We define a class-2 gradient to be one which utilizes control- abstract reference count is one. In much the same fashion, we can
flow knowledge in formulating its bounds. Clearly, such a gradient apply garbage collection in the abstract to times and to bindings.
is going to be more expensive with respect to both run time and We may optionally also keep an abstract count of how many times
implementation cost, but it may yield even tighter bounds.

10Recall that aindingis an entry in the global variable environment, and
has the formVAR x Time.

8 Implicitly, we have been using the most conservative state gradAYeﬁt;

AT &

9mpossiblemeans that the abstract continuation does not represent any
concrete continuation.
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11 A common example of this in Shivers’ OCFA is the merging of return
points for a function. For instance, OCFA spuriously reports that any call to
foo can return to any other call ttoo, rather than to just the function that
called it.



o N ~ o~ andV; for state gradients, as well as abstract garbage collection.
£(proc, d, e, ve, 9, 1) = £(proc, ve) U £(d, 7e) U £(€, ve) The user may also select either the Steele stack model or one which
g(&j,g) - 2(37@) is not properly tail recursive (that is, tail calls don’t pre-pop the
caller’'s frame; they are handled like any other call). We utilize a

~ ded set of abstract times equivalent to Shivers’ 1CFA contour set. Af-
£(d,ve) = U £(proc, ve) ter the analysis has run, the implementation additionally performs
proced useless-variable eliminatiofi/n-reduction, dead-code elimination,
~ o~ e constant folding/propagation and Sugginlining. As our policy
£((lam, B,1), ve) = U £(ve (v, B(v)), ve) dictating the order of optimizations and heuristics for inlining ma-
vEfree(lam) N N tures, we have been experiencing success in automatically fusing
U{B)} u{(v,Bw))}u{t} increasingly complicated loops and co-routines. Below, we discuss

a few illustrative examples run throughCFA.
Conservative3-reduction fails to inline(\ (x) x) at the
bracketed call site in the following direct-style example:

() [(£ £ 01) (A (x) %))

a particular binding has been allocated, resetting its coufit|to or, its CPS equivalent:
whenever it gets garbage collected. This approach offers two ad- O (£ k) (£ O (g) [gok]D))
vantages: (1) it kills zombies, and (2) if two abstract bindings are (Mg (x k) (k %)) halt)
equal and their allocation count is exactly one, ttiegy represent
the same concrete time or bindingote that (2) now offers a sec-
ond mechanism for testing environmental equivalence!

We define a function® € o — Time U (VAR x Time)
in Figure 13 which recursively finds all of the live (reachable)
bindings and times from a given state or value. With this, we define
a collecting abstract transition relation fAICFA, S~ ¢ <

£(halt,ve) = {t}

Figure 13. Live binding and time finderg

Inlining fails becausef appearing twice risks code explosion.
ACFA, however, can inline the functiomithout causing the code
explosion. Of course, this example is trivial due to the lack of free
variables, and hencé-CFA also recognizes this as inlinable. By
simply adding free variable, howeves;CFA fails, while ACFA

still reports inlinability:

G Flar S — A (@) (&) (£ £]1 0))
(pTOC,d7C7UG‘E(C)’ME(CLt) ~ G . O\ (x) O\ (y) z))))

—~ 7~ —~ T ~
(proc,d, €, ve,0,1) ~c ¢ The bracketed call in the following CPS snippet is not inlinable by

Note that we need to define the transition only for apply states, as even the most aggressidereduction-based inliner:
there is no risk of creating a zombie in an eval state. We have left O (2)

. . .y . \Z
out the abstract allocation counter from this transition relation; the (letrec ((loop (Np (£ s)
associated machinery and its inclusion is straightforward. [f s O (£5) (loop £ £5))1)))

WheneverACFA deems a collection appropriate, it may per- (Loop o (x k) (k 2)) 0)))

form a transition with~ . Note thatACFA does not have to make ) )
every transition withwc: collection only has an effect when cre- k-CFA fails here as well, due to the presence of the free varigble
ation of a zombie value is imminent. For the examples we have YetACFA still reports inlinability. As a bonushCFA garbage col-
tested, such as the doubly nested loop at the start of the paper, thi¢€Cts the halt continuation in the prior example, implicitly proving
collect-as-necessary policy results in a collection for roughly a fifth that it never halts.

of all states visited.
20. Related work

18. letrec,etal. Our work draws from three main sources: previous work with

Given the tight correspondence between our work and Shikers' ~ analyses based on procedure strings, previous work on CPS-based
CFA [10], features such aBetrec, primops, conditionals, basic ~ Program representations, and the general body of work on program
values and a store can be handled in exactly the same way, oncétnalysis based on thecalculus. _ ,

we account for frame-string change. Briefly, a primop labelled ~ Using procedure strings to capture or constrain flow informa-
causeq?|?') motion—net empty—and no netick. Conditionals tion has been treated extensively. Sharir and Pnueli [9] provide a
are handled as multi-continuation primopstrec’s frame-string good introduction to the call-string paradigm, using call strings to
effect is identical to that of a “let continuation.” (Note that we don't Provide the polyvariance needed to specialise function context in
actually need.etrec for loops and recursion: applications of the ~nterprocedural data-flow analysis. Sestoft [8] has used definition-
Y combinator can be written in our core representation easily.) US€ path strings toglopallze fgnctlon parameters. Much of our work
Basic values, such as integers, strirgs, have no effect on frame draws on Harrison’s dissertation [3], which used call-down/return-
strings. Adding Shivers’ store abstraction requires the addition of UP Procedure strings for detecting read-write dependencies in a par-
a store object to every state; primops handle interactions with it. 2/l€lising compiler. In particular, we have taken three key items
While we have focussed on the essentialore of the semantics, from Harrison’s work. First, we extended Harrison's procedure

all the extras that make a real language can be added to the analysiStfings to the “frame strings” we employ. Second, our basic string
and pushed through the correctness proofs with no trouble. For a@Pstraction (functions mapping code points to regular expressions

fuller treatment of these additions, refer to our longer report [6].  OVer stack actions) is Harrison's. Third, the extremely clever “rel-
ative” view of program operations is also Harrison’s insight. We

- have generalised Harrison’s procedure strings by adding contours,
19.  Implementation which enriches its structure from a monoid to a group; we exploit
We have an implementation gkCFA in Haskell, with a front- this extra structure to more precisely model environmental change,
end supporting a simple, direct-style Scheme. The implementation particularly with respect to continuations. (Readers familiar with
is identical to our work here, with the addition of basic values, the details of Harrison’s work may note this shows up in our defi-
letrec, primops, conditionals and a store. We support bGth nition of the functioncat.)
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Another distinction in our work is our exploitation of CPS. Pre- us such a pleasant and productive environment. The university’s
vious work based on procedure strings has treated procedures a€omputer Science institute, BRICS, has a long history of invited
“large grain” blocks of program structure, with alternate mecha- collaboration. We are two of many who have profited from BRICS’
nisms employed to handle “intra-procedural” control flow, such as outward-looking academic culture. In Spring 2005, we wrote a
sequencing, loops and conditional branches. These other treatmentshort paper on the formal correctness of the supiining trans-
even need distinct mechanisms for handling calls and returns. As aform. We very much appreciate the careful and detailed commen-
result, the semantic treatments are much more complex. (True, wetary we received from an anonymous reviewer on this paper, which
do distinguish call and return to the degree that we separate valuesgreatly improved the account we give here.
with our user/continuation partition, but this single discrimination
is all we need, and much of our analysis is insensitive even to this References
distinction.) By moving to CPS, we pick up three advantages. First,

. . ! . . [1] CousoT, P., AND CousoT, R. Abstract interpretation: a unified
economy of mechanism: we simplify our semantics. Second, uni-

lattice model for static analysis of programs by construction or ap-

versality: we gain a universal representation with two constructs, proximation of fixpoints. InConference Record of the Fourth ACM
both of which are\. Third, power: we gain a more precise seman- Symposium on Principles of Programming Languages (PQRb$
tics. With regard to universality and power, while Harrison’s more Angeles, California, Jan. 1977), pp. 238-252.

complex semantics attempted to handle full continuations, it did not [2] CousoT, P.,AND CousOT, R. Systematic design of program analy-
do so properly. Harrison was aware of CPS, and discusses it briefly sis frameworks. IProceedings of the Sixth ACM SIGACT-SIGPLAN
in his work as a means of handlinga11/cc. Unfortunately, he Symposium on Principles of Programming Languag@&an Antonio,
missed the fact that CPS terms can be partitioned, deciding that, in Texas, Jan. 1979), pp. 269-282.

CPS, all stack motion is “downward.” That is, a program execution 31 jagrison, W. L. The interprocedural analysis and automatic par-
n CP_S Is all Calls,_no returns, which destroys the analysis. _Our con- allelization of Scheme programsisp and Symbolic Computation 2
tribution is the shift to Steele’s stack-management paradigm with 3/4 (Oct. 1989), 179-396.

its consequent focus on stack-allocation operations as opposed to 4]

h S : . 4] HUDAK, P. A semantic model of reference counting and its abstrac-
control operations. This is what liberates the analysis to general tion (detailed summary). IRroceedings of the 1986 ACM Conference

control applicability. To drum on the point, this universality is criti- on LISP and Functional Programmingambridge, Massachusetts,
cal in functional languages, as opposed to languages such as Pascal  Aug. 1986), pp. 351-363.

or C: function call is a wide-spectrum tool in the hands of a func- 5] KRANZ, D., KELSEY, R., REES, J., HUDAK, P., FHILBIN, J.,AND
tional programmer. . . ADAMS, N. ORBIT: An optimizing compiler for Scheme. IRro-

The second body of work we have used is the line of research ceedings of the 1986 SIGPLAN Symposium on Compiler Construction
developing the CPS-as-intermediate-representation thesis. We have  (June 1986), vol. 21, pp. 219-233.
already outlined \_/vhat CPS offers as a mEd_'um for analys_'s by [6] MIGHT, M., AND SHIVERS, O. Environmental analysis of higher-
way of contrast with ngn-CPS work. The seminal Wor,k here is by order languages. In preparation. Current draft availabletap:
Steele [13], who also first articulated the style of function-call pro- //matt .might .net/research/drafts/, July 2005.
tocol we have exploited. One of us (Shivers) has previously used
CPS as a basis for program analysis. Shivers’ dissertation [10] de-
scribed the %-CFA’ framework of abstractions. Mossin’s work [7]
also contains an excellent treatment of issues involved in flow
analysing CPS representations. However, the ehtiGFA frame-

—_

[7] MossIn, C. Flow Analysis of Typed Higher-Order ProgramBhD
thesis, DIKU, University of Copenhagen, Denmark, 1997. Technical
Report DIKU-TR-97/1.

[8] SEsTOFT, P. Replacing function parameters by global variables.

work has limits: there are some analyses that cannot be solved for 'iﬂgasséers thesis, DIKU, University of Copenhagen, Denmark, Oct.
anyk. The Supers analysis is one such example. Shivers identified ' )
the barrier as the “environment problem,” and presented “reflow [9] SHARIR, M., AND PNUELI, A. Two approaches to interprocedural
analysis” as a solution. Reflow analysis, however, has two serious data fiow analzgs.k "choﬁram F'OWEQnaLyS'S'.Th?_"”I)I’ Ia”d Appli- |
drawbacks. First, it lacks a solid formal underpinning establishing igtéincﬁ' Zuennick and Jones, Eds. Prentice Hall International,
its correctness. Second, it is quite expensive, enough so that its gen- T i )
erality has never been subsequently explored. [10] SHIVERS, O. Control-Flow Ana|y5|s'of ngher-OrQer Languages
ACFA represents our second attack on this problem: it is not P.hDg.‘esl')S' ShChgo' . (fomp“t‘a chr;cle, g_:arﬂeg'el"\ée”o” %‘&’SF
only a more general solution to the “environment flow” problem, (S:'gjgl'_ttlisurg » Pennsylvania, May 1991. - Technical Report CMU-
it is also on firmer mathematical foundatioresg, our proof of ) ) )
correctness for the Sup@ranalysis and transform. [11] SHIVERS, O., AND FISHER, D. Multi-return function call. Journal
In the area of formal proof of semantics-based analyses and ~ ©f Functional ProgrammingTo appear.
transforms, we have based our work primarily on the line of re- [12] STECKLER, P.,AND WAND, M. Selective thunkification. IRroceed-
search carried out by Wand and his students [15, 12, 14]. Adding ings of the First International Static Analysis Symposium (SAS’'94)
to this battery of correctness-proving techniques, we have devel- (Namur, Belgium, Sept. 1994), vol. 864loécture Notes in Computer
oped the concept of “state norms” and inverse transforms for use ScienceSpringer, pp. 162-178.
here. Globally, our entire body of work is an instantiation of the [13] STEELE JrR., G. L. RABBIT: a compiler for SCHEME. Master's
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