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We consider the application of Quasi Monte Carlo methods to risk measurement. 
A scenario generation technique based on low discrepancy Sobol sequences is 
compared to one based on pseudo-random number generation. The comparison 
methodology includes the calculation of the number of scenarios necessary to 
guarantee the required accuracy level of the Value-at-Risk estimate and the 
calculation of the relative performance of the two methods. The methodology is 
illustrated by a case study of a multi-currency portfolio. We demonstrate that 
Quasi Monte Carlo methods significantly improve the performance of the portfolio 
simulation and, therefore, reduce the time to obtain reliable risk measurements.
$FFXUDWH�DQG�HIILFLHQW�ULVN�PHDVXUHPHQW�LV�DW�WKH�
FRUH�RI�DQ�HQWHUSULVH�ZLGH�ULVN�PDQDJHPHQW�
VWUDWHJ\��7KLV�VWUDWHJ\�UHTXLUHV�WKDW�ILQDQFLDO�
LQVWLWXWLRQV�LPSOHPHQW�D�ULVN�PDQDJHPHQW�HQJLQH�
WR�FRPSXWH�PDUNHW�ULVN�DQG�FUHGLW�ULVN�RI�WKHLU�
IXOO�SRUWIROLR��)RU�H[DPSOH��DV�D�UHJXODWRU\�
UHTXLUHPHQW�EDQNV�UHSRUW�WKH�9DOXH�DW�5LVN�
�9D5��RI�WKHLU�SRUWIROLRV�GDLO\��+RZHYHU��WKH�QHHG�
IRU�D�UREXVW�ULVN�HQJLQH�H[WHQGV�EH\RQG�
UHJXODWLRQ��DQG�LV�EHFRPLQJ�D�FHQWUDO�FRPSRQHQW�
LQ�WKH�ZD\�ILQDQFLDO�LQVWLWXWLRQV�PDQDJH�WKHLU�
EXVLQHVV�WRGD\�

,W�LV�QRW�XQFRPPRQ�IRU�WKH�SRUWIROLR�RI�D�EDQN�RU�
DQ�LQVXUDQFH�FRPSDQ\�WR�FRQWDLQ�VHYHUDO�
KXQGUHG�WKRXVDQG�SRVLWLRQV��LQFOXGLQJ�
VXEVWDQWLDO�YROXPHV�RI�GHULYDWLYH�SURGXFWV�VXFK�
DV�VZDSV��FDSV�DQG�IORRUV��VZDSWLRQV�DQG�
PRUWJDJH�EDFNHG�VHFXULWLHV��9DULRXV�DQDO\WLFDO�
VKRUWFXWV�FDQ�EH�XVHG�WR�HVWLPDWH�WKH�ULVNV�RI�
WKHVH�SRUWIROLRV�EXW��LQ�JHQHUDO��VLPXODWLRQ�
PHWKRGV�DUH�QHFHVVDU\�WR�FDOFXODWH�ULVN�
DFFXUDWHO\�ZKHQ�WKH�SRUWIROLRV�FRQWDLQ�
VXEVWDQWLDO�SRVLWLRQV�LQ�LQVWUXPHQWV�ZLWK�
RSWLRQDOLW\��RU�ZKHQ�WKH�GLVWULEXWLRQV�RI�WKH�
XQGHUO\LQJ�ULVN�IDFWRUV�DUH�QRW�QRUPDO��+RZHYHU��

D�IXOO�VLPXODWLRQ�RI�D�ODUJH�DQG�FRPSOH[�SRUWIROLR�
LV�FRPSXWDWLRQDOO\�H[SHQVLYH��DQG�PD\�QRW�HYHQ�
EH�DFKLHYDEOH�ZLWKLQ�D�UHDVRQDEOH�WLPH�XVLQJ�WRS�
RI�WKH�OLQH�FRPSXWHUV��

,Q�WKLV�SDSHU��ZH�FRQWUDVW�WKH�XVH�RI�D�4XDVL�
0RQWH�&DUOR��40&��PHWKRG�EDVHG�RQ�ORZ�
GLVFUHSDQF\�6RERO�VHTXHQFHV�ZLWK�WKH�VWDQGDUG�
0RQWH�&DUOR��0&��PHWKRG�EDVHG�RQ�SVHXGR�
UDQGRP�VDPSOLQJ�WR�FRPSXWH�WKH�GLVWULEXWLRQ�RI�
IXWXUH�SRUWIROLR�YDOXH�DQG�WR�PHDVXUH�9D5��

40&�PHWKRGV�ZHUH�ILUVW�LQWURGXFHG�LQ�WKH�
ILQDQFH�OLWHUDWXUH�E\�%R\OH���������DQG�GXULQJ�
WKH�SDVW�GHFDGH�WKH\�KDYH�UHFHLYHG�FRQVLGHUDEOH�
DWWHQWLRQ�IRU�GHULYDWLYHV�SULFLQJ��5HFHQW�SDSHUV�
E\�%R\OH��������DQG�E\�$FZRUWK�HW�DO���������
KDYH�UHSRUWHG�UHVXOWV�RI�FRPSXWDWLRQDO�
FRPSDULVRQV�RI�40&�YHUVXV�0&�PHWKRGV�IRU�
RSWLRQV�SULFLQJ��6WXGLHV�LQGLFDWH�WKDW�IRU�SULFLQJ�
SUREOHPV�40&�PHWKRGV�RXWSHUIRUP�0&�
VLPXODWLRQ��DQG�WKDW�RI�WKH�ORZ�GLVFUHSDQF\�
VHTXHQFHV��/'6��WHVWHG��WKH�6RERO�VHTXHQFHV�
SHUIRUP�EHVW�

+RZHYHU��40&�PHWKRGV�KDYH�QRW�EHHQ�DSSOLHG�
WR�PHDVXUH�SRUWIROLR�ULVN��ZKHUH�WKH�HPSKDVLV�LV�
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RQ�HVWLPDWLQJ�WKH�WDLOV�RI�GLVWULEXWLRQV�DQG�QRW�
WKHLU�DYHUDJHV��7R�WKH�EHVW�RI�RXU�NQRZOHGJH��
WKHUH�DUH�QR�SXEOLVKHG�DUWLFOHV�RQ�WKHLU�
DSSOLFDWLRQ�WR�9D5�HVWLPDWLRQ��+RZHYHU��40&�
PHWKRGV�KDYH�D�VWURQJ�LQWXLWLYH�DSSHDO�IRU�ULVN�
PDQDJHPHQW�SUREOHPV��/RZ�GLVFUHSDQF\�
VHTXHQFHV�VSHFLILFDOO\�DWWHPSW�WR�FRYHU�WKH�VSDFH�
RI�ULVN�IDFWRUV�´HYHQO\�µ�WKXV�DYRLGLQJ�WKH�
FOXVWHULQJ�XVXDOO\�DVVRFLDWHG�ZLWK�SVHXGR�UDQGRP�
VDPSOLQJ��6DPSOLQJ�HYHQO\�VHHPV�WR�EH�D�
GHVLUDEOH�SURSHUW\�QRW�RQO\�ZKHQ�HVWLPDWLQJ�WKH�
DYHUDJH�RI�D�GLVWULEXWLRQ��EXW�DOVR�ZKHQ�VHDUFKLQJ�
IRU�H[FHSWLRQDO�FDVHV�LQ�WKH�WDLOV��

&DOILVFK�HW�DO���������QRWH�WKDW�40&�PHWKRGV�
FRQYHUJH�VORZO\�ZKHQ�DSSOLHG�WR�SUREOHPV�LQ�
KLJK�GLPHQVLRQ��,W�LV�ZHOO�NQRZQ�WKDW�WKH�SURILW�
DQG�ORVV�GLVWULEXWLRQ�RI�DQ�LQVWLWXWLRQ·V�SRUWIROLR�LV�
D�IXQFWLRQ�RI�D�ODUJH�QXPEHU�RI�ULVN�IDFWRUV��
FRPPRQO\�KXQGUHGV��$OWKRXJK�WKH�DSSOLFDWLRQ�
RI�40&�PHWKRGV�WR�SRUWIROLR�9D5�FDOFXODWLRQ�
VHHPV�WR�EH�SUREOHPDWLF��WKH�GLPHQVLRQDOLW\�
OLPLWDWLRQ�KDV�EHHQ�RYHUVWDWHG�LQ�WZR�ZD\V��,W�LV�
FRPPRQ�WR�SURMHFW�WKH�QXPHURXV�ULVN�IDFWRUV�
RQWR�D�UHGXFHG�VHW�RI�ULVN�IDFWRUV�GHSHQGLQJ�RQ�
WKH�FDOFXODWLRQ�PHWKRG�XVHG�DQG�GDWD�
DYDLODELOLW\��DQG�RI�WKLV�UHGXFHG�VHW��RQO\�D�VXEVHW�
ZLOO�EH�LQGHSHQGHQW�ULVN�IDFWRUV��7KH�
GLPHQVLRQDOLW\�RI�SUREOHPV�RI�WKH�VL]H�RI�WKLV�
LQGHSHQGHQW�ULVN�IDFWRU�VSDFH�LV�QRW�D�OLPLWDWLRQ�
WR�WKH�DSSOLFDWLRQ�RI�40&�PHWKRGV�
�.UHLQLQ�HW�DO��������

7KLV�SDSHU�LV�RUJDQL]HG�DV�IROORZV��:H�EHJLQ�ZLWK�
D�EULHI�LQWURGXFWLRQ�RI�VLPXODWLRQ�PHWKRGV�XVHG�
WR�PHDVXUH�9D5��7KLV�LV�IROORZHG�E\�DQ�
H[SODQDWLRQ�RI�VRPH�EDVLF�SURSHUWLHV�RI�0RQWH�
&DUOR�PHWKRGV�DQG�WKH�LGHDV�EHKLQG�ORZ�
GLVFUHSDQF\�VHTXHQFHV��7KH�SUHVHQWDWLRQ�LV�
LQIRUPDO��VLQFH�RXU�LQWHQWLRQ�LV�WR�SUHVHQW�LQ�
VLPSOH��LQWXLWLYH�WHUPV��WKH�EDVLF�SURSHUWLHV�RI�
WKHVH�WHFKQLTXHV�DQG�WKH�EHQHILW�RI�DSSO\LQJ�
WKHP�WR�SUREOHPV�LQ�ULVN�PDQDJHPHQW��$�IRUPDO�
PDWKHPDWLFDO�WUHDWPHQW�FDQ�EH�IRXQG�LQ�
1LHGHUUHLWHU���������7KH�QH[W�VHFWLRQ�SUHVHQWV�
WKH�FDVH�VWXG\��)LQDOO\��ZH�RIIHU�VRPH�FRQFOXGLQJ�
UHPDUNV�DQG�FRPPHQW�RQ�GLUHFWLRQV�IRU�IXWXUH�
GHYHORSPHQW��

Simulation methods for VaR estimation

7KH�9DOXH�DW�5LVN�RI�D�SRUWIROLR�LV�JHQHUDOO\�
GHILQHG�DV�WKH�PD[LPXP�ORVV�WKDW�LV�H[SHFWHG�WR�
RFFXU�DW�VRPH�OHYHO�RI�FRQILGHQFH��α��RYHU�D�
VSHFLILHG�SHULRG�RI�WLPH��

����

ZKHUH� �LV�WKH�XQUHDOL]HG�SURILW�DQG�ORVV�
�83	/��RI�WKH�SRUWIROLR��EHWZHHQ�WRGD\�DQG�WLPH�
�

U�W��LV�WKH�YHFWRU�RI�ULVN�IDFWRUV��DQG� �LV�WKH�
PDUN�WR�PDUNHW�YDOXH�RI�WKH�SRUWIROLR�WRGD\��
8VXDOO\�W�LV�RQH�WR�WHQ�GD\V��DQG�α�LV�����WR�����

,Q�JHQHUDO��VLPXODWLRQ�DSSURDFKHV�WR�HVWLPDWH�
9D5�ILUVW�JHQHUDWH�D�ODUJH�QXPEHU�RI�MRLQW�
VFHQDULRV��1��RQ�WKH�YHFWRU�RI�ULVN�IDFWRUV�U�W��DW�
WKH�WLPH�KRUL]RQ�W��7KH�SRUWIROLR�LV�WKHQ�UHYDOXHG�
XQGHU�HDFK�RI�WKHVH�VFHQDULRV��7R�REWDLQ�DQ�
DFFXUDWH�HVWLPDWH�RI�WKH�SRUWIROLR�GLVWULEXWLRQ�WKH�
SRUWIROLR�LV�HYDOXDWHG�XQGHU�HDFK�RI�WKH�1�
VFHQDULRV��$�QRQ�SDUDPHWULF�HVWLPDWH�RI�9D5�LV�
REWDLQHG�E\�RUGHULQJ�WKH�FKDQJHV�LQ�YDOXH�XQGHU�
HDFK�VFHQDULR�LQ�DVFHQGLQJ�RUGHU��FDOFXODWLQJ�WKH�
FXPXODWLYH�SUREDELOLW\�DQG�LGHQWLI\LQJ�WKDW�
VFHQDULR�ZLWK�FXPXODWLYH�SUREDELOLW\�ORZHU�WKDQ�
��²�α��3DUDPHWULF�DSSUR[LPDWLRQV�RI�9D5�FDQ�DOVR�
EH�REWDLQHG�E\�ILWWLQJ�D�JLYHQ�SDUDPHWULF�
GLVWULEXWLRQ�WR�WKH�VLPXODWLRQ�RXWFRPHV�

6LPXODWLRQ�WHFKQLTXHV�GLIIHU�LQ

� WKH�FKRLFH�RI�WKH�XQGHUO\LQJ�GLVWULEXWLRQ�RI�
WKH�ULVN�IDFWRUV

� WKH�ZD\�LQ�ZKLFK�VDPSOHV�DUH�GUDZQ�IURP�WKLV�
GLVWULEXWLRQ��DQG�

� WKH�PDQQHU�LQ�ZKLFK�WKH�YDOXDWLRQ�IXQFWLRQ�
9�W�U�W���LV�LPSOHPHQWHG��

,GHDOO\��IXOO�YDOXDWLRQ�RI�HDFK�LQVWUXPHQW�LV�
SHUIRUPHG�XQGHU�HDFK�VFHQDULR��DOWKRXJK�WKLV�
PD\�EH�UDWKHU�FRVWO\��7R�DFFHOHUDWH�WKH
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FRPSXWDWLRQ��DSSUR[LPDWLRQV�VXFK�DV�7D\ORU�
VHULHV�H[SDQVLRQV��FDVKIORZ�EXFNHWLQJ�WHFKQLTXHV
RU�PRUH�JHQHUDO�SRUWIROLR�FRPSUHVVLRQ�WHFKQLTXHV�
PD\�EH�XVHG�

+LVWRULFDO�VLPXODWLRQ�GUDZV�VFHQDULRV�IURP�WKH�
REVHUYDEOH�GLVFUHWH�KLVWRULFDO�FKDQJHV�LQ�WKH�ULVN�
IDFWRUV�GXULQJ�D�VSHFLILHG�SHULRG�RI�WLPH��7KH�
0RQWH�&DUOR�VLPXODWLRQ�DSSURDFK��RQ�WKH�RWKHU�
KDQG��VWDUWV�IURP�D�VSHFLILHG�MRLQW�GLVWULEXWLRQ�RI�
WKHVH�FKDQJHV��XVXDOO\�HVWLPDWHG�IURP�KLVWRULFDO�
GDWD��DQG�DSSOLHV�VWDWLVWLFDO�WHFKQLTXHV�WR�GUDZ�
UDQGRP�VDPSOHV�IURP�WKLV�GLVWULEXWLRQ��7KH�PRVW�
FRPPRQ�DVVXPSWLRQ�LV�WKDW�WKH�GLVWULEXWLRQ�RI�
WKH�FKDQJHV�LQ�ULVN�IDFWRUV�LV�MRLQW�ORJ�QRUPDO��EXW�
WKLV�QHHG�QRW�EH�WKH�FDVH�

,Q�WKLV�SDSHU��ZH�IRFXV�RQ�LPSURYLQJ�WKH�
SHUIRUPDQFH�RI�WKH�0RQWH�&DUOR�VLPXODWLRQ�E\�
LQWURGXFLQJ�DQ�DGYDQFHG�VDPSOLQJ�WHFKQLTXH��
6WDQGDUG�0RQWH�&DUOR�PHWKRGV�GUDZ�UDQGRP�
VDPSOHV�IURP�WKH�GLVWULEXWLRQ�XVLQJ�D�SVHXGR�
UDQGRP�QXPEHU�JHQHUDWRU��%\�FRQWUDVW��4XDVL�
0RQWH�&DUOR�PHWKRGV�XVH�GHWHUPLQLVWLF�SRLQWV�
JHQHUDWHG�IURP�D�W\SH�RI�PDWKHPDWLFDO�YHFWRU�
VHTXHQFHV�FDOOHG�ORZ�GLVFUHSDQF\�VHTXHQFHV��7KH�
LGHD�EHKLQG�40&�WHFKQLTXHV�LV�WKDW�E\�FKRRVLQJ�
SRLQWV�LQ�WKH�ULVN�IDFWRU�VSDFH�PRUH�HYHQO\��ZH�
UHGXFH�WKH�QXPEHU�RI�VFHQDULRV�QHFHVVDU\�WR�
DFKLHYH�D�GHVLUHG�OHYHO�RI�DFFXUDF\�LQ�D�9D5�
FDOFXODWLRQ��,Q�WKH�QH[W�VHFWLRQV�ZH�SUHVHQW�D�
EULHI�GHVFULSWLRQ�RI�/'6�DQG�H[DPLQH�WKH�
FKDUDFWHULVWLFV�WKDW�UHVXOW�LQ�DFFXUDWH�9D5�
HVWLPDWLRQ�ZLWK�D�UHGXFHG�QXPEHU�RI�VFHQDULRV��
7KHUHDIWHU��ZH�SUHVHQW�DQ�H[DPSOH�FRPSDULQJ�WKH�
SHUIRUPDQFH�RI�0&�PHWKRGV�WR�WKDW�RI�D�40&�
PHWKRG�EDVHG�RQ�WKH�ORZ�GLVFUHSDQF\�6RERO�
VHTXHQFH�

Monte Carlo methods

/HW�XV�RXWOLQH�VHYHUDO�EDVLF�SURSHUWLHV�RI�WKH�
0RQWH�&DUOR�PHWKRG�WKDW�DUH�QHFHVVDU\�WR�
FRQWUDVW�WKH�UHVXOWV�WR�WKRVH�REWDLQHG�E\�40&�
PHWKRGV�

6LQFH�WKH�VFHQDULRV�DUH�GUDZQ�UDQGRPO\�LQ�
0RQWH�&DUOR�PHWKRGV��VLPXODWLRQV�ZLWK�D�ILQLWH�
QXPEHU�RI�SRLQWV��1��VWDUWLQJ�IURP�GLIIHUHQW�
LQLWLDO�VHHGV��\LHOG�GLIIHUHQW�UHVXOWV��7KXV��ZH�FDQ�
REWDLQ�SUREDELOLVWLF�HUURUV�IRU�WKH�HVWLPDWHV��
7KHVH�HUURUV�DUH�PHDVXUHG�E\�WKH�VWDQGDUG�

GHYLDWLRQ�RI�WKH�HVWLPDWH��σ��RYHU�PDQ\�VLPLODU�
VLPXODWLRQV��&OHDUO\��DV�1�JURZV��ZH�H[SHFW�WKH�
GLIIHUHQFH�EHWZHHQ�WKH�RXWFRPHV�RI�DQ\�WZR�
VLPXODWLRQV��DQG�KHQFH�σ��WR�GHFUHDVH��$�ZHOO�
NQRZQ�UHVXOW�IURP�SUREDELOLW\�WKHRU\�LV�WKDW�WKH�
HUURU�YDULHV�LQYHUVHO\�WR�WKH�VTXDUH�URRW�RI�WKH�
QXPEHU�RI�GUDZV�

7KXV��LI�ZH�LQFUHDVH�WKH�QXPEHU�RI�GUDZV�E\�D�
IDFWRU�RI�IRXU��ZH�FDQ�H[SHFW�WKH�HUURUV�WR�EH�
UHGXFHG�E\�KDOI�

$SSO\LQJ�0&�PHWKRGV�WR�FDOFXODWH�WKH�9D5�DOVR�
\LHOGV�SUREDELOLVWLF�ERXQGV�RQ�WKH�9D5�HVWLPDWHV��
,I�QR�SDUDPHWULF�DVVXPSWLRQV�DUH�PDGH�RQ�WKH�
GLVWULEXWLRQ�RI�WKH�83	/��WKHVH�ERXQGV�DUH�
FRPSXWHG�XVLQJ�UDQN�VWDWLVWLFV�DV�VKRZQ�LQ�
0RURNRII�HW�DO���������

7KH�PDLQ�DGYDQWDJHV�RI�VWDQGDUG�0RQWH�&DUOR�
PHWKRGV�DUH

� WKH\�DUH�JHQHUDOO\�DSSOLFDEOH�WR�DOO�SUREOHPV

� WKHLU�UDWH�RI�FRQYHUJHQFH�LV�LQGHSHQGHQW�RI�
WKH�GLPHQVLRQDOLW\�RI�WKH�ULVN�IDFWRU�VSDFH

� WKH\�DUH�YHU\�SRSXODU�DQG�WKHLU�SURSHUWLHV�DUH�
ZHOO�NQRZQ

� WKH\�\LHOG�SUREDELOLVWLF�HUURUV�DQG�D�SULRUL�
ERXQGV�RQ�9D5�HVWLPDWHV��

7KHLU�PDLQ�GLVDGYDQWDJHV�DUH

� SVHXGR�UDQGRP�QXPEHU�JHQHUDWRUV�WHQG�WR�
JHQHUDWH�FOXVWHUV�RI�SRLQWV

� WKH\�GR�QRW�H[SOLFLWO\�H[SORLW�SDUWLFXODU�
IHDWXUHV�RI�WKH�SUREOHPV

� WKH�UDWH�RI�FRQYHUJHQFH�LV�VORZ�

Quasi Monte Carlo methods and low 
discrepancy sequences

,I�G�LV�WKH�GLPHQVLRQ�RI�WKH�VSDFH�RI�LQGHSHQGHQW�
ULVN�IDFWRUV��WKHQ�VDPSOLQJ�PHWKRGV�JHQHUDOO\�
VDPSOH�IURP�D�XQLW�G�GLPHQVLRQDO�K\SHUFXEH��
:KHUHDV�0RQWH�&DUOR�PHWKRGV�DUH�EDVHG�RQ�
SRLQWV�UDQGRPO\�JHQHUDWHG�IURP�WKH�K\SHUFXEH��
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4XDVL�0RQWH�&DUOR�PHWKRGV�DUH�EDVHG�RQ�
GHWHUPLQLVWLF�VHTXHQFHV�RI�SRLQWV�WKDW�VDWLVI\�WKH�
SURSHUW\�WKDW�WKHLU�HOHPHQWV�HYHQO\�FRYHU�WKH�
K\SHUFXEH��7KH�PHDVXUH�RI�KRZ�HYHQO\�D�
VHTXHQFH�RI�SRLQWV�FRYHUV�WKH�UHJLRQ�LV�FDOOHG�
GLVFUHSDQF\��WKH�PRUH�HYHQO\�WKH�SRLQWV�DUH�
GLVWULEXWHG�LQ�WKH�UHJLRQ��WKH�ORZHU�WKH�
GLVFUHSDQF\��+HQFH��WKHVH�VHTXHQFHV�KDYH�EHHQ�
WHUPHG�ORZ�GLVFUHSDQF\�VHTXHQFHV��

$OWKRXJK�WKH�LGHD�EHKLQG�/'6�LV�VLPSOH��WKH�
PDWKHPDWLFDO�WKHRU\�DQG�WKH�DOJRULWKPV�IRU�
JHQHUDWLQJ�WKH�VHTXHQFHV�DUH�IDU�IURP�WULYLDO��$�
GHWDLOHG�H[SODQDWLRQ�RI�WKH�VROXWLRQV�DQG�
DOJRULWKPV�LV�IRXQG�LQ�6RERO��������DQG�
1LHGHUUHLWHU��������

$�VHTXHQFH�ZRXOG�FRYHU�WKH�K\SHUFXEH�
XQLIRUPO\�LI�WKH�QXPEHU�RI�SRLQWV�LQ�DQ\�SRVVLEOH�
VXEVHW�RI�WKH�K\SHUFXEH�ZHUH�SURSRUWLRQDO�WR�WKH�
YROXPH�RI�WKH�VXEVHW��'LVFUHSDQF\�PHDVXUHV�WKH�
ZRUVW�GHYLDWLRQ�EHWZHHQ�WKH�YROXPH�RI�WKH�VXEVHW�
DQG�WKH�IUDFWLRQ�RI�WKH�QXPEHU�RI�SRLQWV�LQ�WKH�
VXEVHW�RYHU�WKH�WRWDO�QXPEHU�RI�SRLQWV��RYHU�DOO�
SRVVLEOH�VXEVHWV��,Q�SUDFWLFH��KRZHYHU��WKH�
GLVFUHSDQF\�RI�D�VHTXHQFH�LV�QRW�HDV\�WR�
GHWHUPLQH��+HQFH��D�VLPSOHU�PHDVXUH��FDOOHG�VWDU�
GLVFUHSDQF\��LV�JHQHUDOO\�XVHG��6WDU�GLVFUHSDQF\�
FRQVLGHUV�RQO\�WKRVH�VXEVHWV�KDYLQJ�WKH�IRUP�RI�D�
K\SHUFXEH��LQVWHDG�RI�DOO�SRVVLEOH�VXEVHWV�

$Q�LPSRUWDQW�PDWKHPDWLFDO�UHVXOW�LV�WKDW�WKH�

DV\PSWRWLF�IRUP�RI�WKH�VWDU�GLVFUHSDQF\�� ��LV�
GHVFULEHG�E\�WKH�UHODWLRQ�

����

1RWH�WKDW�VWDU�GLVFUHSDQF\�GHFUHDVHV�
DV\PSWRWLFDOO\�DV���1��EXW�LQFUHDVHV�ZLWK�WKH�
GLPHQVLRQDOLW\��G��RI�WKH�SUREOHP��

:K\�GRHV�40&�VLPXODWLRQ�VHHP�OLNH�D�SURPLVLQJ�
WRRO�LQ�ULVN�PDQDJHPHQW"�,Q�ULVN�PDQDJHPHQW��
ZH�DUH�SDUWLFXODUO\�FRQFHUQHG�ZLWK�WKH�EHKDYLRXU�
RI�WKH�WDLOV�RI�WKH�GLVWULEXWLRQ�RI�FKDQJHV�LQ�YDOXH��
,QWXLWLYHO\��LW�VHHPV�WKDW�D�PHWKRG�WKDW�VDPSOHV�
WKH�VSDFH�PRUH�HYHQO\�ZLOO�EHWWHU�GHVFULEH�
EHKDYLRXU�LQ�WKH�WDLOV��:H�DUH�GLVSRVHG�WR�WKLQN�
WKDW�DSSUR[LPDWLRQV�RI�PXOWLYDULDWH�GLVWULEXWLRQV�
ZLWK�EHWWHU�FRYHUDJH�RI�WKH�ZKROH�VSDFH�ZLOO�EH�

VXSHULRU�WR�WKRVH�EDVHG�RQ�SVHXGR�UDQGRP�
QXPEHU�JHQHUDWLRQ�DQG�WKDW�40&�PHWKRGV�ZLOO�
DOORZ�XV�WR�JHQHUDWH�D�VPDOOHU�QXPEHU�RI�
VFHQDULRV�ZLWKRXW�ORVV�RI�DFFXUDF\�LQ�WKH�ILQDO�
DSSUR[LPDWLRQ��

)LJXUH���SURYLGHV�D�FRPSDULVRQ�RI�WZR�
GLPHQVLRQDO�SVHXGR�UDQGRP�YHFWRUV�DQG�SRLQWV�
REWDLQHG�IURP�D�WZR�GLPHQVLRQDO�6RERO�
VHTXHQFH��1RWH�WKDW�WKH�6RERO�SRLQWV�FRYHU�WKH�
XQLW�VTXDUH�PRUH�XQLIRUPO\�WKDQ�GR�WKH�UDQGRPO\�
JHQHUDWHG�SRLQWV��7KXV��WKH�GLVFUHSDQF\�RI�WKH�
6RERO�SRLQWV�LV�ORZHU�WKDQ�WKDW�RI�WKH�SVHXGR�
UDQGRP�SRLQWV��7KH�VWDU�GLVFUHSDQF\�RI�D�6RERO�
VHTXHQFH�LV�RSWLPDO�ZKHQ�1 �Q��Q ���������

�)LJXUH����7ZR�GLPHQVLRQDO�SVHXGR�UDQGRP�
SRLQWV�YV��WZR�GLPHQVLRQDO�6RERO�VHTXHQFHV

6LQFH�SRLQWV�JHQHUDWHG�E\�/'6�DUH�GHWHUPLQLVWLF��
40&�PHWKRGV�GR�QRW�\LHOG�SUREDELOLVWLF�HUURU�
HVWLPDWHV���5HFHQW�SDSHUV�XVH�PRGLILFDWLRQV�RI�

'
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/'6�WKDW�OHDG�WR�SUREDELOLVWLF�HUURUV��H�J���%R\OH�
���������*HQHUDOO\��HUURUV�LQ�40&�HVWLPDWHV�DUH�
PHDVXUHG�DJDLQVW�WKH�WUXH�YDOXH�RI�WKH�GHULYDWLYH�
SULFH�ZKLFK�LV�DVVXPHG�WR�EH�NQRZQ��,Q�
VWUXFWXUHG�H[SHULPHQWV��RQH�PXVW�FKRRVH�VLPSOH�
SUREOHPV�IRU�ZKLFK�WKH�WUXH�YDOXH�FDQ�EH�
REWDLQHG�DQDO\WLFDOO\�RU�FRPSXWHG�ZLWK�D�ODUJH�
QXPEHU�RI�GUDZV��,Q�SUDFWLFH�WKLV�YDOXH�LV�QRW�
NQRZQ�IRU�HYHU\�SRUWIROLR�RU�QHZ�FLUFXPVWDQFH�
WKDW�DULVHV�

,Q�VXPPDU\��WKH�DGYDQWDJHV�RI�40&�PHWKRGV�
DUH�

� WKH\�DUH�EDVHG�RQ�VDPSOLQJ�WHFKQLTXHV�WKDW�
JHQHUDWH�SRLQWV�HYHQO\�ZLWKLQ�WKH�UHJLRQ�DQG�
DYRLG�WKH�FOXVWHULQJ�JHQHUDOO\�DVVRFLDWHG�ZLWK�
0&�PHWKRGV

� WKH\�KDYH�EHHQ�ZHOO�WHVWHG�LQ�WKH�QRQ�
ILQDQFLDO�DQG�ILQDQFLDO�OLWHUDWXUH��IRU�
GHULYDWLYHV�SULFLQJ��

7KHLU�PDLQ�GLVDGYDQWDJHV�DUH

� WKHLU�ODFN�RI�JHQHUDOLW\�ZKHQ�FRPSDUHG�WR�
0&�PHWKRGV�PHDQV�WKDW�WKHLU�HIIHFWLYHQHVV�
PD\�EH�ODUJHO\�GHSHQGHQW�RQ�WKH�SUREOHP�
DQG�H[WHQVLYH�WHVWLQJ�LV�UHTXLUHG

� WKH\�GR�QRW�\LHOG�SUREDELOLVWLF�HUURUV�RU�D�
SULRUL�ERXQGV�RQ�9D5�HVWLPDWHV

� WKHLU�UDWH�RI�FRQYHUJHQFH�GHSHQGV�RQ�WKH�
GLPHQVLRQDOLW\�RI�WKH�ULVN�IDFWRU�VSDFH��G

� WKH\�PD\�EH�LQHIILFLHQW�IRU�SUREOHPV�LQ�YHU\�
ODUJH�GLPHQVLRQV�

Case study

:H�FRPSDUH�WKH�SHUIRUPDQFH�RI�WKH�0&�DQG�
40&�PHWKRGV�WR�PHDVXUH�9D5�IRU�D�VLPSOH�
PXOWL�FXUUHQF\�WHVW�SRUWIROLR��7KH�DFFXUDF\�RI�WKH�
HVWLPDWLRQV�LV�PHDVXUHG�ZLWK�UHVSHFW�WR�WKH�
´WUXHµ�83	/�GLVWULEXWLRQ�RI�WKH�SRUWIROLR��ZKLFK�
LV�FRPSXWHG�ZLWK�QHJOLJLEOH�HUURU�XVLQJ�D�YHU\�
ODUJH�QXPEHU�RI�0&�VFHQDULRV��2XU�PDLQ�
REMHFWLYHV�DUH�WR�PHDVXUH�WKH�VSHHG�XS�REWDLQHG�
IURP�40&�PHWKRGV��DQG�WR�DVVHVV�ZKHWKHU�LW�
GHSHQGV�RQ�WKH�DFFXUDF\�GHVLUHG�LQ�WKH�9D5�
FDOFXODWLRQ�RU�WKH�FRQILGHQFH�OHYHO�XVHG�

,Q�ZKDW�IROORZV��WKH�FRPSDULVRQ�PHWKRGRORJ\�
DQG�WKH�WHVW�SRUWIROLR�DUH�GHVFULEHG��IROORZHG�E\�D�
SUHVHQWDWLRQ�RI�WKH�UHVXOWV��

Comparison methodology

2XU�ILUVW�VWHS�LV�WR�HVWDEOLVK�WKH�´WUXHµ�SRUWIROLR�
GLVWULEXWLRQ��7KH�SRUWIROLR�GLVWULEXWLRQ�LV�
FRPSXWHG�XVLQJ�D�0&�VLPXODWLRQ�ZLWK�D�QXPEHU�
RI�VFHQDULRV�ODUJH�HQRXJK�WR�JXDUDQWHH�WKDW�HUURUV�
DUH�QHJOLJLEOH��)L[LQJ�D�FRQILGHQFH�OHYHO�IRU�9D5��
ZH�FDQ�WKHQ�FRPSDUH�WKH�UHVXOWV�RI�WKH�
VLPXODWLRQV��7KHQ��IRU�D�JLYHQ�VLPXODWLRQ��WKH�
HUURU��ε,�LV�WKH�DEVROXWH�GLIIHUHQFH�EHWZHHQ�WKH�
9D5�HVWLPDWH�DQG�WKH�´WUXHµ�9D5�

5HFDOO�WKDW�1�LV�WKH�QXPEHU�RI�VDPSOHV�GUDZQ�LQ�
D�VLPXODWLRQ��)RU�D�JLYHQ�0&�VLPXODWLRQ��ZH�
GHILQH�WKH�HIIHFWLYH�QXPEHU�RI�VFHQDULRV��
1�α,ε���DV�WKH�PLQLPXP�QXPEHU�RI�VFHQDULRV�
UHTXLUHG�WR�HVWLPDWH�9D5�α��ZLWK�DQ�HUURU�WKDW�
GRHV�QRW�H[FHHG�ε��7R�REWDLQ�1�α,ε���IRU�ERWK�
0&�DQG�40&�VLPXODWLRQV�ZH�DGG�VFHQDULRV�WR�
WKH�VLPXODWLRQ�XQWLO�WKH�HUURU�LQ�WKH�9D5�UHPDLQV�
EHORZ�WKH�GHVLUHG�OHYHO�ZKHQ�PRUH�VFHQDULRV�DUH�
DGGHG��6LQFH�WKH�FRQYHUJHQFH�RI�WKH�9D5�
HVWLPDWHV�ZLWK�ERWK�WHFKQLTXHV�LV�QRW�QHFHVVDULO\�
PRQRWRQLF��1�GRHV�QRW�QHFHVVDULO\�UHSUHVHQW�WKH�
ILUVW�WLPH�WKDW�WKH�HUURU�LQ�WKH�VLPXODWLRQ�IDOOV�
EHORZ�ε�

6LQFH�0&�VLPXODWLRQV�LQLWLDWHG�ZLWK�GLIIHUHQW�
VHHGV�JHQHUDWH�GLIIHUHQW�9D5�HVWLPDWHV��WKH�
HIIHFWLYH�QXPEHU�RI�VFHQDULRV��1�α,ε���LV�LWVHOI�D�
UDQGRP�YDULDEOH��,WV�SUREDELOLW\�GLVWULEXWLRQ�FDQ�
EH�HVWLPDWHG�E\�SHUIRUPLQJ�D�ODUJH�QXPEHU�RI�
VLPXODWLRQV�ZLWK�GLIIHUHQW�LQLWLDO�VHHGV��:H�
GHQRWH�WKH�β�TXDQWLOH�RI�WKLV�GLVWULEXWLRQ�E\�
1β �α,ε���7KXV��IRU�H[DPSOH��10.95 ������������
�β=95%, α=99%, ε=2%) LV�WKH�QXPEHU�RI�
VFHQDULRV�UHTXLUHG�WR�EH�����FHUWDLQ�WKDW�WKH�
HVWLPDWLRQ�RI�9D5�������KDV�DQ�HUURU�RI�DW�PRVW�
����1RWH�WKH�GLVWULEXWLRQ�RI�1�FDQQRW�EH�
GHWHUPLQHG�D�SULRUL�ZLWK�D�VLQJOH�VLPXODWLRQ��EXW�
RQO\�DIWHU�D�QXPEHU�RI�VLPLODU�VLPXODWLRQV�ZLWK�
GLIIHUHQW�LQLWLDO�VHHGV��,Q�FRQWUDVW�WR�0&��WKH�
HIIHFWLYH�QXPEHU�RI�VFHQDULRV�IRU�40&�LV�
GHWHUPLQLVWLF��QRW�D�UDQGRP�YDULDEOH�

:H�GHILQH�WKH�VSHHG�XS�RI�WKH�40&�UHODWLYH�WR�
WKH�0&�VLPXODWLRQ�DV�
Quasi Monte Carlo methods
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Quasi Monte Carlo methods
����

ZKHUH�1
�α�ε��LV�WKH�HIIHFWLYH�QXPEHU�RI�
VFHQDULRV�IRU�WKH�40&�PHWKRG��1RWH�WKDW�ZH�
KDYH�H[SOLFLWO\�PDGH�WKLV�VSHHG�XS�D�IXQFWLRQ�RI�
WKH�9D5�OHYHO��WKH�GHVLUHG�DFFXUDF\�LQ�WKH�9D5�
HVWLPDWLRQ��DQG�WKH�FRQILGHQFH�OHYHO�IRU�WKH�0&�
VLPXODWLRQ�WR�DFKLHYH�D�JLYHQ�DFFXUDF\�

Test portfolio and data

7KH�WHVW�SRUWIROLR�LV�SDUW�RI�D�VXLWH�RI�WHVW�GDWD�
XVHG�IRU�EHQFKPDUNLQJ�LQ�WKH�LQGXVWU\��0DUVKDOO�
DQG�6HLJHO��������,WV�EDVH�FXUUHQF\�LV�86'�DQG�LW�
FRQWDLQV�IRXUWHHQ�SRVLWLRQV��ERWK�ORQJ�DQG�VKRUW��
LQ�IL[HG�UDWH�JRYHUQPHQW�ERQGV��LQ�PDWXULWLHV�
UDQJLQJ�IURP�����GD\V�WR����\HDUV��LQ�ILYH�
FXUUHQFLHV��86'��'(0��)5)��,7/�DQG�-3<��7KH�
PDUN�WR�PDUNHW�RI�WKH�SRUWIROLR�LV�������PLOOLRQ�
86'��

7KH�]HUR�FXUYHV�LQ�HDFK�FXUUHQF\�DUH�PRGHOHG�
XVLQJ����QRGH�SRLQWV��H[FHSW�IRU�WKH�-3<�FXUYH�
ZKLFK�KDV����QRGHV��0DUNHW�GDWD�IRU�WKH�]HUR�
FXUYHV�LV�DV�RI�6HSWHPEHU�����������:H�DVVXPH�
WKDW�WKH�YHFWRU�RI����ULVN�IDFWRUV����
�����������
);��LV�ORJ�QRUPDO�ZLWK�]HUR�PHDQ�DQG�FRYDULDQFH�
PDWUL[�DV�SXEOLVKHG�E\�5LVN0HWULFV70�RQ�WKDW�
GD\��-�3��0RUJDQ�������

$Q�LPSRUWDQW�SURSHUW\�RI�WKH�FRYDULDQFH�PDWUL[�
LV�WKDW�DOWKRXJK�LWV�GLPHQVLRQDOLW\�LV�����LWV�UDQN�
LV�OHVV�WKDQ����EHFDXVH�WKH�PD[LPXP�QXPEHU�RI�
LQGHSHQGHQW�ULVN�IDFWRUV�LV�OHVV�WKDQ�����
�0DWKHPDWLFDOO\��WKLV�PHDQV�WKDW�WKH�PDWUL[�
FRQWDLQV�IHZHU�WKDQ����QRQ�]HUR��QXPHULFDOO\��
HLJHQYDOXHV�DQG��KHQFH��LQGHSHQGHQW�HLJHQ�
YHFWRUV���7KLV�SURSHUW\�LV�DQ�LQWULQVLF�
FKDUDFWHULVWLF�RI�FRYDULDQFH�PDWULFHV�FRPSXWHG�
XVLQJ�H[SRQHQWLDOO\�ZHLJKWHG�PRYLQJ�DYHUDJHV��
VXFK�DV�WKRVH�SURYLGHG�E\�5LVN0HWULFV�70

�-�3��0RUJDQ��������UHJDUGOHVV�RI�WKH�
GLPHQVLRQDOLW\�RI�WKH�RULJLQDO�ULVN�IDFWRU�VSDFH��

$OWKRXJK�WKH�GHWDLOHG�H[SODQDWLRQ�RI�WKLV�SRLQW�LV�
EH\RQG�WKH�VFRSH�RI�WKLV�SDSHU��LW�LV�LPSRUWDQW�WR�
QRWH�WKDW�WKH�GLPHQVLRQDOLW\�RI�WKH�0&�DQG�
40&�VLPXODWLRQ�DULVHV�IURP�WKH�QXPEHU�RI�
LQGHSHQGHQW�ULVN�IDFWRUV��WKH�UDQN�RI�WKH�PDWUL[���
QRW�IURP�WKH�QXPEHU�RI�XQGHUO\LQJ�ULVN�IDFWRUV�

Results

2XU�ILUVW�VWHS�LV�WR�FRPSXWH�WKH�´WUXHµ���GD\�
83	/�GLVWULEXWLRQ�RI�WKH�SRUWIROLR�DQG�WKH�9D5�
SURILOH��)LJXUH���GHSLFWV�WKH�SRUWIROLR�9D5�DJDLQVW�
WKH�OHYHO�RI�FRQILGHQFH��α��7KLV�JUDSK�LV�
FDOFXODWHG�XVLQJ�D�YHU\�ODUJH�QXPEHU�RI�0&�
VFHQDULRV��RYHU�����������+HQFH��IRU�DOO�LQWHQWV��
WKH�HUURUV�DUH�QHJOLJLEOH��)URP�WKHVH�UHVXOWV��WKH�
RQH�GD\�9D5������LV������PLOOLRQ�86'�

�)LJXUH����7UXH�9D5�YV��OHYHO�RI�FRQILGHQFH��α

,Q�ZKDW�IROORZV��ZH�FRPSDUH�WKH�SHUIRUPDQFH�RI�
40&�DQG�0&�IRU�9D5�α���ZLWK�α ����

Monte Carlo simulation

)LJXUH���VKRZV�WKH�HUURU�LQ�9D5������YHUVXV�WKH�
QXPEHU�RI�VFHQDULRV��IRU�WKUHH�VDPSOH�0&�UXQV�
ZLWK�GLIIHUHQW�VHHGV��1RWH�WKDW�WKH�FRQYHUJHQFH�
IRU�HDFK�UXQ�LV�QRW�PRQRWRQLF��$OVR��QRWH�WKH�
GLVSHUVLRQ�RI�WKH�HIIHFWLYH�QXPEHU�RI�VFHQDULRV��
1������
���)RU�H[DPSOH��DW�D����HUURU��WKH�
HIIHFWLYH�QXPEHU�RI�VFHQDULRV��1�������������
YDULHV�EHWZHHQ������DQG������

�)LJXUH����(UURU�YV��QXPEHU�RI�VFHQDULRV�IRU�WKUHH�
VDPSOH�UXQV
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7R�HVWLPDWH�WKH�GLVWULEXWLRQ�RI�WKH�HIIHFWLYH�
QXPEHU�RI�VFHQDULRV��1�α,ε���ZH�SHUIRUP����
VLPXODWLRQV�LQLWLDWHG�ZLWK�GLIIHUHQW�VHHGV��HDFK�
ZLWK��������VFHQDULRV��

7KH�FXPXODWLYH�GLVWULEXWLRQ�IXQFWLRQ�RI�
1������������LV�LOOXVWUDWHG�LQ�)LJXUH����7KH�ILJXUH�
DOVR�VKRZV�WKH�ILW�RI�D�JDPPD�GLVWULEXWLRQ��7KH�
�WK�SHUFHQWLOH�RI�WKH�GLVWULEXWLRQ�JLYHV�WKH�
QXPEHU�RI�VFHQDULRV�UHTXLUHG�WR�HQVXUH�WKH�9D5�
HVWLPDWH�LV�ZLWKLQ����DFFXUDF\������RI�WKH�WLPH��
7KLV�YDOXH�LV� �

�)LJXUH����&XPXODWLYH�GLVWULEXWLRQ�IXQFWLRQ�RI�1

Quasi Monte Carlo simulation with Sobol sequences

)RU�FRPSDULVRQ��ZH�GHWHUPLQH�WKH�QXPEHU�RI�
VFHQDULRV�UHTXLUHG�WR�DFKLHYH����DFFXUDF\�ZLWK�
WKH�40&�PHWKRG��6LQFH�WKH�40&�PHWKRG�LV�
GHWHUPLQLVWLF��WKHUH�LV�QR�QRWLRQ�RI�FRQILGHQFH�
OHYHOV��)LJXUH���LOOXVWUDWHV�WKH�FRQYHUJHQFH�
EHKDYLRXU�RI�40&�VLPXODWLRQ��DV�ZHOO�DV�WKDW�RI�
WKH�DYHUDJH�DQG�RI�WKH��WK�SHUFHQWLOH�IRU�WKH�0&�
VLPXODWLRQ�

�)LJXUH����6RERO�YV��PHDQ�1�DQG����1�IRU����HUURU

)URP�)LJXUH����WKH�HIIHFWLYH�QXPEHU�RI�VFHQDULRV�
IRU�40&�DW�D����HUURU�LV�1
������������� �������
+HQFH��WKH�VSHHG�XS�DW�D����HUURU�LV

��&RPSDUHG�WR�WKH�0&�
PHWKRG��WKH�40&�PHWKRG�UHTXLUHV�DOPRVW�VHYHQ�
WLPHV�IHZHU�VFHQDULRV�WR�FRPSXWH�9D5������ZLWK�
D����HUURU�DW�D�����FRQILGHQFH�OHYHO��)LYH�RXW�RI�
����WLPHV��D�0&�VLPXODWLRQ�ZLWK�URXJKO\�VHYHQ�
WLPHV�PRUH�VFHQDULRV�ZLOO�\LHOG�D�ZRUVH�9D5�
HVWLPDWH�WKDQ�FDQ�EH�DFKLHYHG�E\�WKH�40&�
PHWKRG��+RZHYHU��ZH�GR�QRW�NQRZ�D�SULRUL�ZKHQ�
WKLV�ZLOO�KDSSHQ�

1RWH�IURP�)LJXUH���WKDW�WKH�40&�PHWKRG�
EHFRPHV�OHVV�HIIHFWLYH�DV�D�ORZHU�DFFXUDF\�LV�
UHTXLUHG��:LWKLQ�D����HUURU��WKH�VSHHG�XS�LV�RQO\�

�

)RU�0&�VLPXODWLRQ�ZH�KDYH�SORWWHG�WKH�DYHUDJH�
RI�WKH�GLVWULEXWLRQ�RI�1������ε��LQ�DGGLWLRQ�WR�WKH�
�WK�SHUFHQWLOH�LQ�RUGHU�WR�SURYLGH�D�PRUH�JHQHUDO�
SLFWXUH�RI�LWV�GLVSHUVLRQ��+RZHYHU��LW�LV�PRUH�
PHDQLQJIXO�WR�PHDVXUH�WKH�VSHHG�XSV�GHULYHG�
IURP�WKH�40&�PHWKRG�ZLWK�UHVSHFW�WR�D�KLJK�
FRQILGHQFH�OHYHO�RI�WKH�0&�VLPXODWLRQ�VLQFH�ZH�
DUH�LQWHUHVWHG�LQ�FDOFXODWLQJ�DFFXUDWH�9D5�
HVWLPDWHV�FRQVLVWHQWO\��QRW�RQ�DYHUDJH��7KLV�LV�QRW�
DQ�LVVXH�LQ�GHWHUPLQLVWLF�40&�VLPXODWLRQ�

7DEOH���VXPPDUL]HV�WKH�VSHHG�XSV�REWDLQHG�ZLWK�
WKH�40&�PHWKRG�IRU�9D5������DQG�9D5������
DW����DQG����HUURU�OHYHOV�LQ�WKH�HVWLPDWLRQ��)RU�
9D5�������PRUH�WKDQ����RI�WKH�UXQV�GLG�QRW�
FRQYHUJH�LQ�RYHU��������VFHQDULRV��KHQFH�WKH�
VSHHG�XS�ZDV�HVWLPDWHG�IURP�WKH�JDPPD�
DSSUR[LPDWLRQ�WR�WKH�GLVWULEXWLRQ�RI�1�
�)LJXUH�����

$V�WKLV�H[DPSOH�VKRZV��WKH�40&�PHWKRG�
SURYLGHV�VXEVWDQWLDO�VSHHG�XSV�IRU�9D5�
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FDOFXODWLRQV�RYHU�0&�PHWKRGV��$OWKRXJK�WKH�
40&�PHWKRG�JHQHUDOO\�RXWSHUIRUPV�WKH�0&�
PHWKRG��LW�DSSHDUV�WR�SURYLGH�KLJKHU�EHQHILWV�
ZKHQ�KLJKHU�DFFXUDF\�DQG�D�KLJKHU�FRQILGHQFH�
OHYHO�DUH�UHTXLUHG��7KXV��IRU�H[DPSOH��WKH�VSHHG�
XS�IRU�D�9D5�FDOFXODWLRQ�ZLWK����DFFXUDF\�
LQFUHDVHV�IURP�����WR�����LI�ZH�ZDQW�D�����
FRQILGHQFH�OHYHO�DV�RSSRVHG�D�����FRQILGHQFH�
OHYHO�LQ�WKH�WDLOV�� ���

)LQDOO\��LW�VKRXOG�DOVR�EH�QRWHG�WKDW�WKH�VSHHG�XSV�
IRU�WKH�40&�PHWKRG�DUH�KLJKHU�IRU�β�!������
)RU�H[DPSOH��WKH�VSHHG�XS�IRU�D�9D5������
FDOFXODWLRQ�ZLWK����DFFXUDF\�LQFUHDVHV�IURP�����
WR�����WLPHV�LI�ZH�ZDQW�WR�EH�����FHUWDLQ�RI�WKLV�
DFFXUDF\�� ��

Concluding remarks

:H�KDYH�LQWURGXFHG�D�40&�PHWKRG�EDVHG�RQ�
6RERO�VHTXHQFHV�IRU�9D5�HVWLPDWLRQ��DQG�
FRPSDUHG�LWV�SHUIRUPDQFH�WR�VWDQGDUG�0&�
VLPXODWLRQ��%DVHG�RQ�D�FDVH�VWXG\�RI�D�VLPSOH�
PXOWL�FXUUHQF\�SRUWIROLR��ZH�ILQG�WKDW�WKH�40&�
PHWKRG�SURYLGHV�VXEVWDQWLDO�VSHHG�XSV�ZKHQ�
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