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Abstract

We consider the problem of computing a k-sparse approximation to the discrete Fourier trans-
form of an n-dimensional signal. Our main result is a randomized algorithm that computes such an
approximation using O(k log n(loglogn)?™) signal samples in time O(k log® n(loglogn)?™), as-
suming that the entries of the signal are polynomially bounded. The sampling complexity improves
over the recent bound of O(klognlog(n/k)) given in [HIKPI2b], and matches the lower bound of
Q(klog(n/k)/loglogn) from the same paper up to poly(loglogn) factors when k = O(n'~?) for a
constant § > 0.
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1 Introduction

The discrete Fourier transform (DFT) is a ubiquitous computational problem. Its applications are broad
and include signal processing, communications, and audio/image/video compression. The fastest algorithm
for this problem is the Fast Fourier Transform (FFT), which computes DFT of an n-dimensional signal in
O(nlogn) time. The existence of DFT algorithms that are faster than FFT is among the central algorithmic
questions that still remain open.

A general algorithm for computing the exact DFT must take at least linear time. In many applications,
however, most of the Fourier coefficients of a signal are small or equal to zero, i.e., the output of the DFT is
(approximately) sparse. This includes audio, image and video compression, where the sparsity provides the
rationale underlying compression schemes such as MPEG and JPEG. Other applications involving sparse
signals include MRI [Nis10], NMR [MEH09] and ultrasound imaging [KSO1]]. For sparse signals, the Q2(n)
lower bound for the complexity of DFT no longer applies.

The goal of designing efficient DFT algorithms for (approximately) sparse signals has been a subject of
a large body of research [Man92| GGIT02,[AGS03l, [GMS05| Twe 10l [Aka10l, [HIKP12al [HIKP12b, LWCI12,
BCG™ 12, HAKII2, [PR13, HKPV13]. These works show that, for a wide range of signals, both the time
complexity and the number of signal samples taken can be significantly sub-linear in n. From a different
perspective, minimizing the sampling complexity for signals that are approximate sparse in the Fourier
domain was also a focus of an extensive research in the area of compressive sensing [DonQ6, |(CTQ6].

The best known results obtained in those areas are summarized in the following table. For the sake of
uniformity, we focus on results for signals that are not necessarily exactly sparse, and provide the so-called
o /05 approximation guaranteeﬂ In this case, the goal of an algorithm is as follows: given the signal z and
the sparsity parameter k, output Z’ satisfying

&~ &2 <€ min_ |7yl m
k-sparse y
where T denotes the complex DFT of z. The algorithms are randomized and succeed with constant proba-
bility.

’ Reference ‘ Time ‘ Samples ‘ Approximation ‘ Signal model
[CT06, RV08,ICGV12] Q(n) O(klog3(k)log(n)) C=0(1) worst case
[CP10] Q(n) O(klogn) C = (logn)°M | worst case
[HIKP12b] O(klog(n)log(n/k)) | O(klog(n)log(n/k)) any C' > 1 worst case
(GHI™13] O(klog?n) O(klogn) C=0(1) average case,
k=0(yn)
This paper O*(klog®n) O*(klogn) any C' > 1 worst case

Figure 1: Bounds for the algorithms that recover k-sparse Fourier approximations . All algorithms produce
an output satisfying Equation [I| with probability of success that is at least constant. We use O*(f(n)) to
denote a function bounded by f(n)(loglogn)°M).

In summary, it has been known how to either perform the sparse recovery in sub-linear time, or achieve
O(k log n) sampling complexity, or obtain a constant-factor approximation guarantee, or make the algorithm

'Some of the algorithms [CT06, RV08, [CGV12] can in fact be made deterministic, but at the cost of satisfying a somewhat
weaker /2 /1 guarantee. Also, additional results that hold for exactly sparse signals are known, see e.g., [BCG™ 12] and references
therein.



work for arbitrary (i.e., worst case) signals. However, it was not known how to obtain all of these guarantees
simultaneously, or even how to satisfy various subsets of those guarantees.

1.1 Our results

Our main result is an algorithm that, given an arbitrary signal x, computes a k-sparse approximation for any
factor C' > 1 using O*(klogn) signal samples in time O*(klog®n). This assumes that n is a power of
2 and has additional additive error ||z||o/n®(); both restrictions are common in previous work. Thus, the
algorithm essentially provides the “best of all worlds” guarantees, modulo the poly(loglogn) factors and
assuming k < n'~9 for any constant § > 0. The sampling complexity of the algorithm essentially matches
the lower bound of Q(k log(n/k)/loglogn) from [HIKPI12b], again up to the same restrictions.

1.2 Our Techniques

For the rest of this paper, we will consider the inverse discrete Fourier transform problem of estimating a
sparse x from samples of Z. This is an equivalent problem modulo some conjugation, and lets the notation
be simpler because the analysis almost always works with the sparse vector.

Our algorithm follows a similar approach to [GMSO05, [HIKP12b], which try to adapt the methods
of [CCEO02, IGLPS10]] from arbitrary linear measurements to Fourier ones. We use a “filter” that lets us
“hash” the k large frequencies to B = O(k) buckets. This lets us “locate” —i.e., find the indices of — many
of the large frequencies. We then “estimate” the value of z at these frequencies, giving a sparse estimate x
of z. To improve this estimate, we can repeat the process on x — x by subtracting the influence of x during
hashing. This repetition will yield a good sparse approximation y of x.

The methods of [CCF02,|GLPS10] will, multiple times, take a set of B linear measurements of the form

ﬁj = E S;T;

i:h(i)=j

for random hash functions h : [n] — [B] and random sign changes s; with |s;| = 1. This denotes hashing
to B buckets. With such ideal linear measurements, O(log(n/k)) hashes suffice for sparse recovery, giving
an O(klog(n/k)) sample complexity.

To perform sparse Fourier transforms, [GMSO05]] and [HIKP12b] approximate % using linear combina-
tions of Fourier samples. They use filters to compute u = 4 using somewhat more than B Fourier measure-
ments. Choosing a filter involves a tradeoff between the approximation quality and increase in number of
samples. As described in Section for any parameter R > 2, using O(B log R) Fourier measurements we
can get (very roughly) that ||[u — |2 < ||x||2/R. We refer to this error (u — ), which is mostly caused by
elements x; contributing to buckets other than h(i), as “leakage.”

The difference between [GMSO0S] and [HIKP12b] is largely driven by a different choice of filters.
[GMSO03] uses a filter with R = O(1), which gives efficient sample complexity per hashing but involves
lots of leakage. Dealing with this leakage requires multiple logarithmic factors of overhead in the number
of hashes. By contrast, [HIKP12b| uses a filter with R = nOW) | This filter loses one logarithmic factor
in sample complexity, but makes leakage negligible for polynomially bounded inputs. The rest of the algo-
rithm then can proceed somewhat similarly to [GLPS10] and be optimal, giving O(k log n log(n/k)) sample
complexity.

In this paper we observe that setting R = n is often overkill: in many cases the post-filtering
parts of [HIKP12b|] can tolerate a larger amount of leakage (and hence use a filter that performs fewer
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measurements). Moreover, the situations where @ must be large are precisely the situations where the post-
filtering parts of [HIKP12b] can be made more efficient and use o(log(n/k)) hashings. We give a broad
outline of our analysis, starting with a special case.

Similar magnitude heavy hitters. Even with the “ideal” hashing @, we expect an average of around p? =
Err7(z)/B “noise” from the tail in each of the B = O(k) buckets, where Erry, () denotes minj. sparse y || —

yll2. This means that the post-filtering steps of the algorithm must already tolerate average noise of order

1

For intuition, it is useful to consider recovery of a signal where the largest k coordinates are all between
V/Rypw and Ry for a parameter R > 2. Then choosing the filter with O(log R) overhead, i.e. performing
O(Blog R) Fourier measurements, the average leakage will be

L 2 1 o k- (Ru)® +Enf(z) _
E”“‘“HzﬁRgiBHtzﬁ °B < p

This means that the post-filtering steps of the algorithm will succeed, giving a sample complexity of
O(klog Rlog(n/k)). This is a great improvement over the O(klognlog(n/k)) sampling complexity of
[HIKP12b] when R is small, but if R is polynomially large we have not gained anything.

The next insight is that we can use fewer than log(n/k) hashings if the smallest heavy hitter has value
VRp? > 2. Indeed, the bottleneck in [GMSO03, [HIKP12D] is the location phase, where we need to recover
log(n/k) bits about each large frequency (in order to identify it among the n/k different frequencies in the
bucket). While [GMSO05, [HIKP12b| recover these bits one at a time, their methods can actually recover
(log R) bits per hashing in this case because the expected signal to noise ratio in each bucket is Q(R).
This gives a sample complexity of O(klog Rlogpr(n/k)) = O(klog(Rn/k)).

Our algorithm uses the approach we just outlined, but also needs to cope with additional difficulties that
we ignored in the sketch above. First, in the general case we cannot expect all heavy hitters to be in the
range [\/R/ﬂ, Ry?], and the argument above does not give any guarantees on recovery of smaller elements.
Additionally, the sketch above ignores collisions during hashing, which cause us to only recover a constant
fraction of the heavy hitters in each round. We now give an outline of our approach to the general problem.

General vectors. The above algorithm finds most of the large frequencies if they all have value between
v Rp? and Ry? for a known R. More generally, if ||z||3 < Rku?, the same techniques can recover most
of the frequencies of magnitude larger than R° ;2 with sample complexity O(%k log(Rn/k)), for a param-
eter 6 > 0: we perform O(logps(n/k)) hashings that each take O(klog R) samples. Call this algorithm
A(R,9).

Our algorithm will repeat A(R, §) multiple times for some §. After enough repetitions, we will recover
almost every coordinate larger than v/Ry%. The residual will then have norm bounded by O(v/Rk?). Our
algorithm takes the following form: we repeat .A(v/R, §) multiple times, then A(R'/*,6), and so on. After
log log R rounds of this, the residual will have norm O(ku?) and we can perform recovery directly. For this
technique to work with (loglog(Rn))¢ overhead, we will show that log log R repetitions of A(R, ¢) suffice
to reduce the residual norm to v/ Rkpu?, for some § = Q(1/loglog R).

A first attempt might be to set § = 1/2, thus recovering most of the coordinates larger than VREkp?
in each stage. This leads to problems if, for example, the vector has k/2 elements of value R and k/2
elements of value R®u?. Then A(R,1/2) will never recover the first k/2 coordinates, and collisions with
those coordinates mean it will only recover a constant fraction of the second k/2 coordinates. So it takes



Q(log R) > log log R repetitions to reduce the residual from R-%kp? to vV Rky?. This is too slow; we need
to make the number of elements above v/ Ry? decay doubly exponentially.

This suggests that we need a more delicate characterization of A(r, §). We show in our analysis that
coordinates are recovered with high probability if they are “well-hashed,” meaning that the total noise in
the bucket is R’ smaller than the value of the coordinate. Coordinates of magnitude R°y? have a constant
chance of being well-hashed (leading to singly exponential decay), and coordinates that are much larger
than R%;% have a higher chance of being well-hashed (ultimately yielding the required doubly exponential
decay). Our analysis follows this outline, but has to handle further complications that arise from imperfect
estimation phase. For simplicity, we first present the analysis assuming perfect estimation, and then give the
proof without any assumptions.

General vectors: perfect estimation. We classify the elements of the signal into 1/§ “levels” of elements
between [R% 2, R°U+Y 2] for j = 0,...,1/5 — 1, as opposed to a single range like [v/ Ru?, Ru?]. We
then bound the success rate of recovery at each level in terms of the number of elements in various levels
above and below it.

To first approximation, coordinates are recovered and eliminated from the residual if they are well-
hashed, and are not recovered if they are not well-hashed. And in most cases the probability that a large
coordinate j is not well-hashed is dominated by the probability that it collides with a coordinate of magnitude
at least R°|z;|2. In this approximation, if we set my(t) to be the number of |z;|? larger than R 2 after ¢
rounds of the algorithm, then E[m,(t 4 1)] < my(t)my—1(t)/B. Then mo doesn’t decay—coordinates less
than R°u? will not be recovered by A(R, §)—but m; decays exponentially, mo will then decay as 29—t

and in general m, will decay as 2_@). With § = 1/loglog R, we find that m4 /6—1 (which contains all

coordinates larger than v/Ry%) will decay to 1 /R¢in O(loglog R) rounds. As a result, the squared norm of
the residual will be at most O(\/RLLQ). The details of this part of the analysis are presented in Section @

General vectors: actual behavior. In the actual algorithm, coordinates do not just disappear if they are
located, but are estimated with some error. This means large components can appear in the residual where
no component was before, if lots of small components were hashed to a certain bucket. This causes the
my to not obey the nice recurrence in the previous paragraph. To deal with this, we introduce the notion of
splittings of the residual. For analysis purposes, we split each component of the residual into multiple terms
whose total magnitude is the same. We define the m, in terms of the number of components in the splitting,
not the actual residual.

The intuition is that the residual error when estimating an element x; is approximately ||z¢||2, where
C' C [n] is the set that “collides” with 7. Rather than thinking of the residual as a single coordinate with
value ||z¢|]2, we “split” it and imagine duplicating «; for each j € C. Because j € C was not recovered
from the bucket, j was (most likely) not well-hashed. So the contribution of the duplicated x; to my is
comparable to the contribution of the x; that remain after not being well-hashed. Hence the m, obey almost
the same recurrence as in the perfect estimation setting above.

As a result, O(loglog R) repetitions of A(R, 1/loglog R) reduce the residual norm to v/ Rku>. Re-
peating for log log n rounds decreases R from n¢ to O(1), and we can finish off by accepting a log R loss.
The details of this part of the analysis are presented in Section



2 Notation and definitions

We use the notation [n] = {0,1,...,n — 1}. For x € R" the Fourier transform of x is given by
N 1 g
Tj=— Y Wi, @)
\/ﬁ i€[n]

where w is a root of unity of order n. We may also denote the Fourier transform Z of « by F(z). The inverse
transform is given by

1 g
Tj=—= Z wYzT;. 3)
\/ﬁle[n]

By the convolution theorem, Z 5 = \/nZ - 7.
We assume that n is a power of 2.

2.1 Notation

We use f 2 g todenote f = (g) and f < g to denote f = O(g).
We will use (pseudorandom) spectrum permutations [HIKP12b, (GMSO05], which we now define.

Definition 2.1. Suppose that o~ exists mod n. We define the permutation Py opby (Prapl)i = ia(Ha)w*"bi.
We also define y (i) = o(i —b) mod n.

This has the following useful property, proven in Section [I1]
Claim 2.2. (Claim 2.2 of [HIKP12b]). Let F~!(x) denote the inverse Fourier transform of x. Then
(f_l(Pg,mbEE))ﬂ(i) = z;w".
Also, define
® hy (i) = round(m,p(i)n/B) to be an [n] — [B] “hash function” .
e 0,(j) =7(j) — (n/B)h(i) to be the “offset” of j relative to i.
This “hashing” h is approximately pairwise independent in the following sense:

Lemma 2.3 (Lemma 3.6 of [HIKP12a]). If j # 0, n is a power of two, and o is a uniformly random odd
number in [n], then Prjoj € [-C,C| (mod n)] < 4C/n for all C.

In much of the paper, we use |¢| for i € [n] to denote min, ¢y, |i + zn|; this is the “absolute value modulo
n.” So the above lemma, for example, bounds Pr{|oj| < C].

Define

Ermy(e) = min ||z —yll2.
k-sparse y

Our algorithm will start with an input Z* and find progressively better approximations x to 2*. Most of
the analysis will depend only on x := z* — . Our algorithm will involve decreasing the “signal to noise
ratio” R ~ [[[3/ Err}(a*).

We give the pseudocode for our algorithm below (the pseudocode for the function LOCATESIGNAL,
which follows the location function in [HIKPI12b|] quite closely, appears in Section [10] together with its
analysis).



The main algorithm is Algorithm |1} Its performance analysis, which builds upon the analysis of primi-

tives REDUCESNR and RECOVERATCONSTANTSNR, is provided in Section [§]

Algorithm 1 Overall algorithm: perform Sparse Fourier Transform

1: procedure SPARSEFFT(Z, k, ¢, R, p)

N

10:
11:

R A

Y@ 0 >in C™,
Ry <+ R
r < O(loglog R)
fori=0,1,...,7r—1do
X'+ REDUCESNR(z, XV, 3k, R;,p/(2r))

D SPARSIFY (x () + y/, 2k) > Zero out all but top 2k entries
Rit1 < cV/R; > For some constant ¢
end for

X' < RECOVERATCONSTANTSNR (Z, x("), 3k, €, p/2)
return (") +

12: end procedure

Our SNR reduction primitive is given by Algorithm 2] Its analysis is the most technical part of the paper

and is given in Sections [6|and Section

Algorithm 2 Reduce the SNR ||z|3/£2 from R to O(v/R)

1: procedure REDUCESNR(Z, v, k, R, p)

2:

10:
11:

R e A U

B+ ék for sufficiently small o > 0.

XM x

N < O(logy log, R)

fort=0,1,...,N —1do
ke — O(k4™?)
L < LOCATESIGNAL(Z, x\9, B, 0,b, R, aR~2Y)
# < ESTIMATEVALUES(Z, x\, L, B, 3k;, 13, R)
WD ) 4 7

end for

return YV — x

12: end procedure

The SNR reduction primitive given by Algorithm [2]allows us to reduce the problem to the constant SNR

case. The recovery primitive for that case is given by Algorithm[3] Its analysis is presented in Section [5]



Algorithm 3 Recovery when ||z — x||2 < Erry(z)
1: procedure RECOVERATCONSTANTSNR(Z, x, k, €, p)
: R+ 20

2

3 B <+ Rk/(eap) for a sufficiently small constant o > 0

4: Choose o, b uniformly at random in [n], o odd.

5: L + LOCATESIGNAL(Z, x, B, 0,b, R, aep)

6 X' < ESTIMATEVALUES(%, x, L, B, 3k,log(B/(4k)), R)
7: return )’

8: end procedure

The ESTIMATEVALUES and HASHTOBINS primitives are similar to the ones in [HIKP12b], but differ
in that in HASHTOBINS the signal recovered so far is subtracted from the samples as opposed to buckets:

Algorithm 4 Estimation: estimate (x — x ), using 7" rounds of B-bucket, contrast R hashing.
1: procedure ESTIMATEVALUES(Z, x, L, B, k, T, R)
fort=1to7 do
Choose o, b, a € [n] uniformly at random, o odd
u <— HASHTOBINS(z, X, Py 0.5, B, R)

2

3

4

5 jgt) — G;%i)uhmb(i)w_“‘” forall: € L. > Note that G, ;) depends on 0, b, a
6: end for

7 Ti mediant(i’gt)) foralli € L. > Median in real and imaginary axis separately
8: return SPARSIFY(Z, k).

9: end procedure

Algorithm 5 Hashing using Fourier samples (analyzed in Lemma|11.3)

1: procedure HASHTOBINS(Z, x, Pyqp, B, R)

2 G < flat window function with B buckets and contrast R.

3 Compute 3’ = G - P, 44( — X'), for some x/ with [|¥ — X'[| e < 1!,23'}33 > Have ||y/[jo < Blog R
4: Compute uj = /nF (y) /5 for j € [B]
5
6:

return u
end procedure

2.2 Glossary of Terms in REDUCESNR and RECOVERATCONSTANTSNR

In REDUCESNR and RECOVERATCONSTANTSNR, there are a lot of variables with common names and
similar purposes. This section provides a glossary, which may be useful for reference. We have globally:

e 7* € C" is the original input, where we want to recover an approximation to z*.
e k* is the original value of k, for which we expect T* to be approximately k*-sparse.

e R* > ||z*||3/ Errz(x*) is an upper bound on the SNR for the original signal. We have R* =
O(poly(n)) by the input assumption.

and for each different call to REDUCESNR and RECOVERATCONSTANTSNR, we have



e x € C" is our current best guess at «, which will (in all calls) be 2k*-sparse.

e © = x* — x is the “residual” signal that we want to recover in this call. (When analyzing RE-
DUCESNR, we set 2 = z* — y(?) in each inner loop.)

e k = 3k™ is the approximate sparsity of z.

e « > 0 is sufficiently small, but at least 1/(loglogn)®.

e B > k/a to be the number of buckets in each hashing.

e I' to be the number of hashings done inside ESTIMATEVALUES.

e () € C" is the estimation of z in ESTIMATEVALUES for each ¢ € [T].
e i € C" is the median of () over ¢.

e Rwillis a parameter (in REDUCESNR) and sufficiently large constant (in RECOVERATCONSTANTSNR).
It roughly represents the “signal-to-noise ratio”.

d = 1/(401ogy logy R).
v = R~ to be the “contrast” our LOCATESIGNAL requires.

3 Properties of the bucketing scheme

Our algorithm uses filters and various choices of ¢, b, a to “hash” the coordinates of x into buckets. For each
(0,b,a) and each bucket j € [B] we recover an estimate ¢* of the heavy coordinate in that bucket. Also, for
each i € [n] we can recover an estimate Z; of z;.

3.1 Filter properties

Our main tool is a generalization of filters from [HIKP12b] that allows the noise in a single bucket depends
on both the energy of the signal as well as the number of elements that hashed into it.

Definition 3.1 (Flat Window Functions). A flat window function G over C™ has B buckets and contrast R
if, for |i| < n/2, we have

o G; >1/3for|i| <n/(2B).
e 0<G; <1foralli.

o GG; < (%)longor all i for some constant ¢

The filters of [HIKP12b] were essentially the case of R = nPM . We will prove in Sectionthat

Lemma 3.2. There exist flat window functions where |supp(G)| < BlogR. Moreover, supp(G) C
[-O(Blog R),O(Blog R)].

The analysis in this paper will assume we have precomputed G and G and may access them with unit
cost. This is unnecessary: in Section we describe how to compute them on the fly to 1/n¢ precision
without affecting our overall running time. This precision is sufficient for our purposes.

Lemma 3.3. Let (0,a,b) € [n] be uniform subject to o being odd. Let u € CP denote the result of
HASHTOBINS(Z*, X, Py.q.5, B, R). Fix a coordinate i € |n] and define x = x* — x. For each (o,b), we
can define variables C' C [n] and w > 0 (and in particular, C = {j # i : |o(i — j) mod n| < ¢n/B} for
some constant c,) so that



e For all j, as a distribution over (o, b),
Pr[j € C] < 1/B.
e As a distribution over (o, b),

o llzli3 . llz*3
Elw] S pep + ot

e Conditioned on (o, b) and as a distribution over a,

@[|G;b)w_muh(i) — zi]"] S w? + |Jzc|3

Intuitively, C' denotes the elements of x that collide with ¢, and w denotes the rest of the noise. The
two terms of w correspond to leakage of = from other hash locations and to errors in the subtraction of Yy,
respectively. This latter term should be thought of as negligible.

We also define the notion of being “well-hashed,” which depends on another parameter v = R’ from
the glossary:

Definition 3.4. Let 0,b € [n], 0 odd. An element i is well-hashed for a particular o, b and filter G if over
uniformly random a € [n), ‘
E{| Gy uny — 24%] < 7VJa].
Intuitively, a well-hashed element contains little noise in the bucket that it hashed to, relative to its own
energy, and will hence be likely to be recovered in LOCATESIGNAL. This is formalized in Lemma|[10.2]

4 Proof Overview

This section gives the key lemmas that are proven in later sections. Our procedures try to reduce the ¢ norm
of the residual to the “noise level” €2 := Erry. (z*) + ||z*||3/(R*n'?). The polynomial n'° can be arbitrary,
and only affects the running time of the algorithm; we choose a specific constant for simplicity of notation.
The ||*||3/(R*n'?) term is essentially irrelevant to the behavior of the algorithm, and will be ignored when
discussing intuition.

First, we give an algorithm RECOVERATCONSTANTSNR that is efficient when ||z||2 < Erry(z).

Lemma5.1} For z*,x € C" define v = x* — x. Then RECOVERATCONSTANTSNR(Z, x, k, €, p) returns
X' such that
[l 13

10

lz = x'[13 < Errg(@) + ellll3 +

with probability 1—p, using O(}%k‘ log(n/k)loglog(n/k)log(1/(ep))) measurements and (assuming || x|lo <
k) a logn factor more time.

This is relatively straightforward. To see why it is useful, for k = 3k* we have Err? (z) < Errp-(z*).
Therefore, once  is close enough to z* that # = 2* — x has ||z|2 < Err?. (z*), this lemma gives that x + x’
is within (1+¢) Err?. (2*) of #* using only O*(piek log(n/k)log(1/(ep))) measurements. (As stated above,

* (|2
for intuition we are ignoring the negligible ”ZCZIQQ term.)

We then show how to quickly reduce ||z||3 to O(Errz. (z*)):




Lemma For x*, x € C" define x = x* — x and

¢ () + R + R*nl0

Suppose || x||lo < k. Then REDUCESNR(Z*, x, k, R, p) returns X' such that
lz = ¥lI3 < VRE

with probability 1 —p, using O( klog(Rn/k)(loglog(Rn/k))¢) measurements and a log(Rn) factor more
time.

This is the most technical part of our paper. By iterating it loglog R times and finishing off with
Lemma[5.1] we get the final result:

Theorem Let x € C" satisfy ||z||3 < RErr2(x). Then SPARSEFFT(Z, k, R, p) returns a X' such that
lz = X'II3 < (1+ €) Errg () + |z]l3/(R"n'°)

with probability 1—p and using O( -klog(Rn/k)(loglog(Rn/k))¢ log(1/¢)) measurements and alog(Rn)
factor more time.

We now summarize the proof of Lemma Let z = 2* — x, and define

£>< 2 () 4+ 12 ”2>/k

If we hash to B = k/« buckets with flat window functions of contrast R, then the expected magnitude of
the contribution of the tail of z to any bucket is O (au?).

REDUCESNR involves O(log log R) stages. In each stage, we hash to B bins and call LOCATESIGNAL
to get a set L of candidate locations for heavy hitters. We then estimate x; for each ¢ € L as the median z;
of O(1) random hashings to B bins. We then subtract off Z,, where L’ contains the largest &’ coordinatse
of  and £’ starts out ©(k) in the first stage and decreases exponentially. So the recurrence in each stage is
=T —Tr.

This process is somewhat complicated, so we start by analyzing a simpler process in each stage. Let S
denote the set of “well-hashed” coordinates i € [n], i.e. coordinates that are hashed to bins with noise less
than /2 |z;|%. In Section@we analyze the recurrence © — x — xg. Generally, we expect larger elements to
be more likely to be well-hashed, and so the number of them to decay more quickly. We analyze the number
my(t) of i with |z;] > p?~~¢ that remain at each stage ¢, for each level £. We show that these quantities obey
a nice system of equations, causing the my(t) to decay doubly exponentially for the first £ rounds. Then
after t = O(loglog R) rounds, an R~'° fraction of the coordinates larger than ;2v/R remain. This means
that the recurrence  — = — x5 would leave a remainder of norm O(ku?v/R) as desired.

In Section[7] we relate this to the true recurrence © — x — Z . We study recurrences that are admissible,
meaning that they satisfy a similar system of equations to that in Section [6] Admissible recurrences satisfy
composition rules that let us find them sequentially, and using Section [6] we can show the remainder after
log log R iterations of any admissible recurrence has small norm. In a series of results, we show that z —
r—2g, T — = —xr/,and finally x — x — 2/ are admissible. This then proves Lemma|/.11
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5 Constant SNR

Our procedure for recovery at constant SNR is given by Algorithm 3] In this section we prove

Lemma 5.1. For x*, x € C" define x = x* — x. Then RECOVERATCONSTANTSNR(Z, x, k, €, p) returns
X' such that
[l 13

10

lz = x'[13 < Errg(@) + elll|3 +

with probability 1—p, using O(I%k log(n/k)loglog(n/k)log(1/(ep))) measurements and (assuming || x|lo <
k) a logn factor more time.

In what follows we define
& = |lz)l3 + [l=*[)53/(R*n').

and p? = €2 /k. By definition of the algorithm, B = Rk/(eap) for some constants R, a. We will show that,
if R is a sufficiently large constant, then with probability 1 — p,

lz = X'II3 — Errg(z) < ae€®.

For sufficiently small « this gives the result.
A simple consequence of Lemmais that for each ¢, and for random (o, a, b), we have

E (|G, w " une — il’] S I2l3/B + [la*|3/(R*n'") < €/B = eap®/R. )

a,o,b

There are two sources of error in RECOVERATCONSTANTSNR, coming from location and estimation
respectively. The proof of Lemmal5.1] proceeds in two stages, bounding the error introduced in both steps.

5.1 Energy lost from LOCATESIGNAL

Let S contain the largest k coordinates of « and L be the list of locations output by LOCATESIGNAL. In this
section we bound the energy of the vector xg\ 1. Define
Ala'rge = {7/ esS: |.T7,|2 > QEMZ/R}
Asmall = {Z es: ‘.Z'Z|2 < OéE/LQ/R},
so that
H{'E*Asnm,llH2 S aE,u,zk/R S a€£2‘ (5)

For each i € [n]| by @) we have

E (G, )W_Miuh(i) — ai*] S aepp®/R.

a,ob 9 (i

Consider i € Ajyrge, and recall Definition of being well-hashed. By Markov’s inequality applied to (@)
and R > v~ /2, the probability that i € Ajarge 1s not well-hashed is bounded by

capp?/R _ eapy?
Yz T il

(6)

11



Each well-hashed element is then located in LOCATESIGNAL with probability at least 1 — aep by our
choice of parameters. Thus, for i € A;,,4. one has

eapp®
|2

Pr[i ¢ L] < + O(aep).

It then follows that

Elllzs\zll* = 124,ma "] = Elllz 4,002 1]

2
eapp
< > P |2 + aepll||3 < aeps? %
ieAlarge ¢
< 2aep€?.
Combined with (5)) one has
les\oll* < aeg? ®)

with probability at least 1 — p/2 by Markov’s inequality. It remains to consider the effect of pruning in
ESTIMATEVALUES.

5.2 Energyof z — \/

We now analyze the errors introduced in the estimation step. These errors come from two sources: esti-
mation noise and the pruning step in ESTIMATEVALUES. Let #(*) denote the estimate in each hashing in
ESTIMATEVALUES (defined to be zero outside L), and & denote the coordinate-wise median over ¢ of ),
By definition, x’ = Z1/ where L’ denotes the largest 3k elements of . By (@), foreachi € L and t € [T]
during estimation we have

E[l2" — i) $ capp®/R < eapys®
and so by properties of the median (Lemma[9.5),
Efj2; — zif*] < 4B[|z" — :]’] < capy® ©)

for all i. Now, by Lemma[9.1]

lz = X'lI3 = llo = @[3 < Errg(2) + 4z — 2)sur |3 (10)
The first term appears in our output, so it is sufficient to upper bound the last term by O(ae£?) with proba-
bility 1 — p. We write

Iz = 2)surl3 < & = &)s\2ll3 + 1z — ) (snnyore 13- (11

The first term is bounded by (8). It remains to bound this last bit, which is entirely the effect of estimation
error since (SN L) U L' C L. By the fact that [(S N L) U L'| < 4k, Lemma[9.4with T' = O(log(B/4k)),

and (9),

E — 7 A2 < — ) 4ll?
Iz — &) (snryur lI2] ngg}'%:%H(w T)all2

< 4k - (B/4k)°V/T)  maxE[|z; — 22
<k-1-eapy?
= eapt>.
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Hence by Markov’s inequality, with probability at least 1 — p/2 one has ||(z — &) (snr)ur/ 13 < ae?, and
putting this together with (10) and (TT)), we get

lz = X'lI3 < Errj(z) + O(ae)€?

12)
< Err(z) + e€?
with probability at least 1 — p, for sufficiently small constant a.

Proof of Lemma The guarantee on the residual error is provided by (12)), so it remains to verify sampling
complexity. The call to LOCATESIGNAL takes order

1
Blog(Rn/B)loglog Rloglog(n/B)log(1/(aep)) S —klog(n/k)loglog(n/k)log(1/(ep))
pe
samples by Lemma The call to ESTIMATEVALUES takes order
1
log(B/4k)Blog R < —pk‘ log(1/(ep))
€

samples, giving the desired total sample complexity. O

6 Reducing SNR: idealized analysis

6.1 Dynamics of the process with simplifying assumptions

The goal of this section and the next is to prove the following lemma:
Lemma For x*,x € C" define x = x* — x and

=E —t 4 =,
£ rri.(z) + 7 + R0

Suppose ||x||o < k. Then REDUCESNR(Z*, x, k, R, p) returns X' such that
lz = X'II3 < VRE?

with probability 1 —p, using O(I%k log(Rn/k)(loglog(Rn/k))¢) measurements and a log(Rn) factor more
time.

In this section we give a description of iterative process in REDUCESNR under simplifying assumptions,
demonstrating the basic dynamics of the process. We will later give a general analysis.
Define 2 = ¢2/k, and from the glossary (Section recall the definitions

1

0= —7—— = R°
40 10g2 10g2 R 7
We define the following energy levels. Foreach j = 1,...,1/§ — 1 let

Lj=[u? -y, 1Py~ U]

)

and let Lo := [0, x>y~ U*D] and Lys = (112719 00) = [ R, o0).

13



Simplifying assumptions. Recall the notion of well-hashedness (Definition [3.4). The crucial property
of well-hashed elements is that if ¢ € [n] is well-hashed, then an invocation of LOCATESIGNAL locates it
with probability at least 1 — 1/poly(R). This property is proved in Lemma In this section we make
the following simplifying assumption: we assume that each well-hashed element ¢ € [n] is estimated with
zero error and removed from the signal. The elements that are not well-hashed, on the other hand, we
assume simply remain in the system untouched. Let H denote the set of well-hashed elements (which is
close to the list of locations output by LOCATESIGNAL). In this section, therefore, we analyze the recursion
T —T—ay.

For each z; € L; and each ¢ > 1 let 1; ; denote the indicator variable equal to 1 if z; survived up to the
t-th round of the process and 0 otherwise. For each j € [1:1/d] and t > 1 let

D OND DRt
j'>ji€lk]:(z;)? €Ly

Recall that by Definition [3.4|an element ¢ € [n] is well-hashed for a particular choice of o, b € [n], o odd,
and filter G if over uniformly random a € [n],

EHG;%Z‘)L‘)_amuh(i) - $z|2] < 71/2|$i’2.

Lemma 6.1. Let 0,b € [n] be chosen uniformly at random, o odd. Let i € [n] denote an index such that
|zs|% € L. Then the probability that i is not well-hashed at time t is at most of order

a |y 24 30 AT () | 4 amg(2),
i'<i-1

where the number of buckets B satisfies B > k/c.

Proof. Let (") denote all elements of z in levels L;_ and above. Denote the set of such elements by S™.
Let () denote all elements of x in L, j' < j — 1. Since |z;|? € L;, we have |z;]? > v~/ 2.
Define C to be the indices that “collide with” 7 as in Lemma[3.3l We have that

Pr[C' N ST # {} SISTI/B = am;(t).

Condition on the event that CNS™ = {}; since this happens with more than 1/2 probability, the conditioning
only loses a constant factor in expectations and we may neglect this influence. We have by Lemma 3.3] that

23 (13)
(14)

) 1
—1 —aoi 2 2 2 2
E Gt ungy = 2il%) S 1213/ (R2B) + Eflacl} +

Recall that by the definition of ;% = £2/k,

1 1
lzll2/(B*B) + 7gzll2llz < ]2/ (RB) + mr—ggllells < ap®.

Furthermore, recall that by Lemma (1) any given element belongs to C' with probability O(1/B).
Since the energy of an element in L. is bounded above by A~ /+1)u2 by definition of L/, we get that

Ellzcl3lon st = (] <ap® 3 770 my ).
J'<j—-1
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Putting these two estimates together, we get that the rhs of is bounded by
ap® +ap® Y, 70 my (@),
J'<j—1
Therefore, conditioned on C' N ST = {}, we have

Pr[i not well-hashed] = Eg[@[lG;%i)w*aoiuh(i) — ;Y] > 42|

Ea,b,a[\G;b)ww”iuh(i) — ;]
- TPl

1

b 2 —G),
571/2—%20‘“ 144 Z v my (t)

J'<j—1

j'<j—1

Adding the am;_;(1) chance that C'N ST # {} in a union bound gives the result. O
Let S; denote the state of the system at time ¢. By Lemmal6.1] at each time step ¢ we have
Elma(t +1)[S:] < ama(t) - (mo(t))
E[ma(t +1)|Si] < ama(t) - (+'/*mo(t) + ma(t) + R~)
Elms(t +1)[S;] < amga(t) - (v3*mo(t) +7/*m1(t) + ma(t) + R~20) (15)

E[m;(t+ 1)[Si] < am;(t) - (773 2mo(t) + ... + 72 mj_a(t) + my_1(t) + R2°).

Note that Lemma in fact yields the bound without the additive term of R~2°. We analyze the weaker
recurrence (T3) in what follows, since the additional term of R~2° will be useful later in section [7| for
handling location errors. Lemma does not provide any guarantees on the evolution of mg(t). It will be
convenient to assume that mg(¢) is chosen arbitrarily from the range [0, C| for a constant C' > 0 and all
t > 1. Note that the contribution of ;% to the rhs in Lemma disappeared since it is dominated by the
contribution of mq(t).

In what follows we first analyze a related deterministic process, and then show that the randomized
process closely follows its deterministic version with high probability.

6.2 Deterministic process

Let m;(1) € [0, C] for a constant C' > 0, and let md®!(¢) € [0, C] be chosen arbitrarily for every ¢. Further,
let foreacht > 1and j € [1:1/4]

m{ (¢ + 1) = am{(t) - (m{(t))
det(t+ ) get(t) '(’YI/nget(t)—F det( )+R 20)
mie(t+ 1) = amget(t) - (PPme () + 4P () + m3e () + R) (16)

mie (b 1) = am® () - (7P mi () + oy () md () + R).
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We now analyze the evolution of solutions to (16)):

Lemma 6.2. Foreachj =1,...,1/6 andt < j one has elthermdet( ) <272 or m}ietl(t— 1) = 0(Y?).

The same conclusion holds zf the equations for mdet(t) are modified to include a R=2° additive term to
obtain

m;let(t_i_ 1) = amdet(t> ) (7j71/2m36t< B4ty 1/2 det J(t )+mdet (t) + R~2).
forj=1,...,1/6.
Proof. Induction on j and t.
Base: j = 1,7t = 1 Trivial by appropriate choice of a.
Inductive step:(j,¢) Suppose that mdet(t’ ) < < 272" for all j' < jandt' < j'. Then we have
et + 1) < amel () - (772 ) o P (1) + md (1))

<ami(t) - (O(y'/?) + mf, (t) +R™%0)
mde(t) - (O(y?) + md (1)),

IN

where we used the fact that R=20 = O(y1/?).

Thus, if ¢ is the first index such that mdet L(t) = O(+'/?), we are done since m?etl (t) is non-increasing
in ¢; Otherwise by the inductive hypothes1s mdet( t) <272 so

M4 1) < am (1) - (7 () o P )+ md ()
< a0 (06 + mdh (1)
< mdel(t) 272 <27

as long as « is smaller than an appropriate constant.

Thus, we obtain
Lemma 6.3. One has for all j > 1/(40) and any t > cloglog R

d —10
mie(t) < R,

where ¢ > 0 is a sufficiently large constant.

Proof. We use Lemma First note that for ¢ > 1/(46) > 101log, log, R one has 272" < 2-2'*/"#2 827
2-logz" R  R=10_ Thys, if the first case in Lemma [6.2] holds for m;(t), j =t = (1/(26)), we are done.
Otherwise if the second case holds, we have

U+ 1) < am() - (7 2md ) o Pl () + md (1)
< am(0) - (00 + mh (1) = () (001 + mi 1),

and then m4°t (t +1') = AO) — RO /logzlogs R) "and hence miet(t+1') < R~ fort’ = O(log, logy R).
O
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We have proved

Lemma 6.4. Let v = R™% for some parameters R > 1 and § = ©(1/loglog R). Let my(t) € [0,C] be
defined for some constant C, integer { € [0,1/ — 1], and integer t > 0. Suppose it satisfies

L
mes1(t+1) < ampqq(t) (mg(t) + Zﬂyi_lmmg,i(t) + R_20> for > 0.
i=1

for some sufficiently small constant o. Then there exists a universal constant c such that for all t >
cloglog R and ¢ > 1/(49),
my(t) < R710,

6.3 Bound in Expectation

In this section we show similar convergence if the decay is only in expectation, and using a continuous
version of the recurrence.
For all > 0, define the function f,, : C" — [0, 0c0) by

1,.. <
Fa(@) = 2 [{i: [2"]* = n}
to be roughly the “fraction” of heavy hitters that remain above 7.

Lemma 6.5. Let k, R, u? be arbitrary with § = O(loglog R) and y = R®. Consider a recursion © — ' of
vectors © € C" that is repeated N = ©(loglog R) times as 2° — ' — --- — x, and for all ¢ > 0 and
all inputs x satisfies

Evuw<mﬂm(m%+ﬁ+lm%um) a7
T vy

for some sufficiently small parameter .. Suppose that ||2°||3 < Rku? and we know for all i € [0, N] that
fo(x?) < 1. Then
lzV3 < v Rkp?

with probability 1 — O(aN?). Furthermore, with the same probability we also have for all i < N that
"3 < Rkp?
fuz/v(aji) < 1/4i.

N+1

Proof. For simplicity of notation, we will prove the result about x rather than zV; adjusting N gives

the lemma statement.
The only properties of f that we use are (T7)), fo(z) > fp(x) for a < b, and that

|m@=kA fo(@)dn.

The desired claims are made more difficult by increasing the f,(x). Since we know that f,(z) <
fo(x) < C for some constant C', we may set

fo(z) =C forn < p?/y

17



for all x without loss of generality.
Then the ;2 term in may be absorbed by the integral, giving for each z — 2’ that:

forany n > p?/y,  E[fy(2)] S afy(x) (R‘20 L / B ft(x)dt) (18)
T Jo
S afy(z) (19)

where the last step uses that f;(z) < C < 1.
For i > 1 we have

E[f,u?/w(xi)] < (O(a))if/L?/v(x()) Sx a/4i'
for sufficiently small «v, so by Markov’s inequality and a union bound, with 1 — O(«N') probability we have
fu2/~ (x%) < 1/4% for all i < N + 1. This gives the last claim in the lemma statement.

Part 1: We know prove that ||2%||3 < Rkp? for all i. We have that
1 oo o
o= [ n@dn s i [ s
0 w2/
and by (19),
B[ i = [ Bl
I

2/~ w2/
Saf han
w2/
< allz||3/k.

Hence with probability 1 — O(aN?), in all N stages this is at most ||z||3/(Nk) and we have
1
2215 < 2/ + I3/ (NE).

Hence for all 7 < N,

213 S ke /v + [|2°]5 S Rk (20)

Part2: We now prove that
frime @) SR Q1)

with the desired probability.
Define the functions my, : C" — [0, C] for integer ¢ by

mo(z) = fo(z)
my(z) = fy-20,2(x) forl >0

We will show that they satisfy the recurrence in Lemmawith 2 replacing 7. By (18), for £ > 1 we have

o— 1-2¢,,2
Bl ()] S om0 (RQO T ft(x)dt>
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and we know that

’7172@,1*2 /—2 lt2772i72 NZ,YleZ
[ rwaezo@p+ Y [ g [ gl
0 N 2~ —21% 2~2—24
i=1 Y H7Y 122t
-2 A
< CEP /Y + Y ity P mi(a) + Py mya (x)
=1
-2 '
= Py me (@) + )T P mi(e)
=0
SO
-2 '
Elme(x)] S amg(@)(R> +me_1(z) + > 7% Pmi(x))
1=0

14

= amy(z)(R™2° + my_y(z) + 2(72)1'*3/27%@,@-(3:))
=2

for ¢ > 1. But for the expectation, this is precisely the recurrence of Lemma after substituting 2 for .
Since Lemrna only considers N/§ < N? different £ and ¢, by Markov’s inequality the recurrence will
hold in all instances for a sufficiently small constant o/ with probability 1 — O(aN?). Assume this happens.
Since Lemmal6.4|is applied with y — 72, § — §/2, this implies

myss(z™) S R
This gives (21)), because

Friae (@) = fa1/0, (@) = mygs(z™) S BT

Part 3: We now prove that ||z 1|2 < v/Rku? with 1 — O(«) probability conditioned on the above.
We have

1 o oo
e = [T R an S R+ [T gy
0 R1/4,2
Define V to be the latter term. We have by (18) and (21) that

BV) = [ Bl
o

00 B 1 [
< / ozfn(a:N)(R 204 - / ft(mN)dt)dn
R/4,2 M Jo

00 RY4p2 n
_ / afy@ )R+ /0 Syt + / fula™ dt))dn

RY/4,2 yn R1/4,2
)
_ 1 _
S/ Ckfn(.%'N>(R 20+—(R1/4,u2—|—’y77R 10))d17
R1/4,u2 yn
R4,
m

SaR OBk [ ag, @)y
R1/4,LL2
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In the latter term, for fixed [, f,,(z™V)dn = ||z"||3/k this is maximized when the mass of f, is pushed
towards smaller 7. Hence

00 1/4,2 RY42 4|2V |3 /k 1/4,,2
/ afya™) 2 “MS/ Tano gy

RY/4,2 K n RY/42 n
- =113/
= CaRY* 12y Hog(1 + Rl/‘iﬂ )

< CaR1/4+5u2 log R
< avVRp?.

by (20). But then E[V] < av/Rp?, so with 1 — O(a) probability V' < v/ Ru? and
1z 13 S VREp?

as desired. O

7 Reducing SNR: general analysis

Recall our goal:
Lemma|[7.11} For z*, x € C" define v = x* — x and

13 n [l
R R*nm'

¢* = Errg(a) +
Suppose || x|lo < k. Then REDUCESNR(Z*, x, k, R, p) returns X' such that
le = XlI3 < VRE

with probability 1 —p, using O(z%k: log(Rn/k)(loglog(Rn/k))¢) measurements and a log(Rn) factor more
time.

We will show that each inner loop of REDUCESNR satisfies some nice properties (simiar to those of
Lemma that cause the residual to reduce from signal-to-noise ratio R to \/E As in REDUCESNR
and[2.2] we define

e B = k/a to be the size of each hash table, where @ = O(1/ loglog®n)

e T = O(1) to be the number of hashings done in each ESTIMATEVALUES
o & =Brd(a* — ) + TR ¢ o 3/ (RM).

p? =& /k > 1 (Errp(z* — x) + ||#* — x||3/R) to be the “noise level.”
d = 1/(401og, logsy R).

e v = R to be the “contrast” our LOCATESIGNAL requires.

In round ¢ of the inner loop, we define the following variables:

° x(t) € C": the estimate of x* recovered so far.

o . =x* — x(® € C™ The vector we want to recover.
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o k' = k; = ©(k4™"): The number of coordinates to update this round.
e L C [n]: Indices located by LOCATESIGNAL (with |L| < B)

e i € C" for t € T: The estimations of x in each inner loop of ESTIMATE VALUES.

o 7 € C": Z; = median; :Z"gt) is the estimation of x that would result from ESTIMATE VALUES (although

the algorithm only computes z1).
e S C L contains the largest k' /4 coordinates of z .
e I/ C L: The indices of the largest k&’ coordinates of Z,

In the algorithm REDUCESNR, the inner loop replaces z with  — z,. This is then repeated N =
O(loglog R) times. We say that this is a “recurrence” 2 — 2 — Z/, and will prove that the final result 2™V
has |||} < VRE

We will split our analysis of REDUCESNR into stages, where the earlier stages analyze the algorithm
with the inner loop giving a simpler recurrence. In subsequent sections, we will consider the following
different recurrences:

l.x —>xz—2zxg
2. x> x—2g
3.x—zx—xp
4, * —x — T/

and show that each would reduce the noise level after O(log log R) repetitions.

7.1 Splittings and Admissibility

We introduce the notion of splittings. These allow us to show that the error introduced by the estimation
phase is of the same order as the error from coordinates that are not well hashed. Since that level of error is
tolerable according to Section [6] we get that the total error is also tolerable.

Definition 7.1. For z € C", (2,v) is a splitting of x if, for all i € [n], 2* is a vector and v; € R with
129113 + 07 = Jil*.
Analogously to the previous section, we can measure the number of elements of z above any value
n=>0:
Fal2) = IH9) 124 = )|
We will want to deal with “nice” splittings that satisfy additional properties, as described below.
Definition 7.2. We say (z,v) is a concise splitting of x if (z,v) is a splitting of x and also
12813 + v? = |z|? for all i
fo(z) S1
V[I3 < kp?
fuzpy(2) <K'/ (4k)
Y IFE S RPus?
i
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Figure 2: A representation of a splitting of x. In each column,

< |I2'[13 + »7.

For various recurrences  — 2’ and any concise splitting (z, ) of x, we would like to find methods of
assigning splittings (2/,2') to 2’ that satisfy some nice properties. In particular, we will want decay as in

B ft(z)dt>

Lemma

and we will want relatively slow growth in the size of the splitting:

E[max < ZH ||0 (ZHZZHO))] N
E[max( Z ZV ) ] < Vak'ky?

For some recurrences, we will get the stronger condition:

Y¥llo] < Vak'k

Definition 7.3. A recurrence x — x' is

ZH

E[f, ()] < afy(2) (R—” T

n
m

m

E[Z(w) | S Vak'kp’.

D)

(&)

(G")

e admissible if for any concise splitting (z,v) of x, we can assign splittings (z', ') to «’ that satisfy (D))

and (G).

e fully admissible if (2/,v") can also satisfy (G).

Note that we require the input (2, v/) to be a concise splitting, but the result (2’, ') may not be concise.

Analyzing repeated applications of (D) gives the following lemma:
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Lemma 74. Suppose x — 2’ is admissible. Then consider r = log log R repetitions of the recurrence, i.e.
20 — ' — ... = 2", where the jth round is run with k' = kj =k/ 47 and z° has a concise splitting and
12°]13 < Rku?. Then for any parameter p, as long as o = ©(p*/(loglog R)?) is sufficiently small, we get

=" (13 < VREp?

with 1 — p probability.

Proof. Because x — x’ is admissible, there is a corresponding recurrence
(z,v) = (2, V)

of splittings of = and z’ that satisfies (D) and (G)) whenever (z,v) is concise. For this analysis, we will
suppose that it satisfies (D)) and unconditionally, and bound the probability that (z, /) is ever not concise.

The conditions (D) and (G) are only made more true by decreasing 2’ and / in absolute value, so we
may also assume the (2, /) resulting from the recurrence satisfies the first requirement of concise splittings,

IG5 + () = .
At each stage, with probability 1 — O(y/«) we have by Markov’s inequality and a union bound that

wax 0. o) = (Cle'lo) | < Vih
g )
max( S0 -3 ) N

Hence with 1 — O((log log R)+\/) > 1 — p/2 probability, equation set holds for all r stages. Assume
this happens.

Then at any stage j, the resulting (2/,2/) has fo(2') = £ > ,/1(z) o < 2(k + > i< VEek) < 3 and
V)3 < kp? + Ztg j Vkiku? < 3kp?. Therefore the second and third requirements for conciseness are

(22)

satisfied in every stage.
Now, we apply Lemma 6.5|to observe that with 1 — O(aN?) > 1 — p/2 probability, the remaining two
requirements for conciseness are satisfied in all stages and the final splitting (z,v) of =" satisfies

ZHZZH% < VREp®.

Therefore with probability 1 — p, our supposition of conciseness is correct in all stages and the final z"
satisfies

2" (13 < D lIZ5 + 17 S (VR + 3)kp® S VREp?
i
which is our result. -

Given that admissibility is a sufficient condition, we construct tools to prove that recurrences are admis-
sible.

Lemma 7.5. If x — «/ is admissible, v — x is fully admissible, and x; upp(a#) is identically zero then

x — o' + 2% is admissible.
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Proof. For any splitting (z, v/) of -, we have splittings (2, ') and (2%, v7) of 2’ and 27. We would like to
combine them for a splitting of 2/ 4+ z7.

Let A = supp(z¥). Fori ¢ A, we use ((2/)},v]). Fori € A, we use ((2%)!
splitting of o’ + 27 .

By linearity it satisfies (D)) and (G) with a minor loss in the constants. O

v). This is a valid

)

Lemma 7.6. If & — x’ and x — ¥ are both fully admissible, then x — x' + x# is fully admissible.

Proof. For any splitting (z, v/) of -, we have splittings (2, ') and (2%, v#) of 2’ and 27. We would like to
combine them for a splitting of 2/ 4+ z7.

For each coordinate 4, let u = (/) and v = (2#)?, and a = |2} + :cfé| We will find a vector w and
scalar g such that

lw|3 + ¢ > a®
lwllo S llullo + [[vllo
7S W)+ )

i wi >0} S Wil wi =n}| +{i|vi >}

for all thresholds 7. This will only lose a constant factor in (G’)) and (D). In particular, we set w to be the
concatenation of two copies of u and two copies of v, and g2 = 2(v})? + Q(V,L# ). Then

lwll3 + ¢* = 2(lull3 + 1)) +2(I0l5 + (7F)?) = 21ai® + 2027 > o?,

1

so (w, g) is a valid splitting for each coordinate, giving us that 2’ 4 x* is fully admissible. O

7.2 Recurrence r — r — xg
Lemma 7.7. Let S contain the largest k' /4 coordinates of L. Then x — x — xg is admissible.

Proof. Consider any concise splitting (z,v) of x. Let S’ = {i € L : ||2%||2, > u?y~ 1}
We have |S'| < kf,2/,(2) < k'/4 because (z,v) is concise. Since z — x5 can be permuted to be
coordinate-wise dominated by x — x g, it suffices to split x — x .
Fori € S, we set (2/)! = {} and ] = 0; fori ¢ S’, we set ((2/)",v]) = (2%, 1;). We must only
show (D) holds, because (G) is trivial (the growth is zero). That is, we must show that if | 25> > 7 then
5 MQ 1 [
Prji¢ S') S a (R 0+ 4+ — ft(x)dt> =: M. (23)
N Jo

Let M denote the right hand side of (23)). For such an i, |z;|? > |Z;~|2 > p2y~1, and
Pr[i ¢ S'] = Pr[i ¢ L] < Pr[i not well-hashed] + Pr[i ¢ L|i well-hashed]

Define H = {i : ||2||2, > vn}. Then from Lemma[3.3we get a subset C' C [n] and variable w so that i is
well-hashed if
w? + [lzcl3 < eyl

for some constant ¢, which is implied by w? + ||z¢||2 < 7. We have that

PriHNC # {}] S [H|/B < kfyn(2)/B = afy(2)
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and that

=13 [l=*]I3 2

S ap? + |lagl3/B

Efw? + [|lzcyull3)

by the definition of ;2. We know that
, v
legli< Y P =k [ (i)~ Feat
(601212 < 0
Therefore by Markov’s inequality,

Pri not well-hashed] < Pr[C N H # {}] + Pr[w’ + [zc\ g5 > 7]

< afon(z) + ,jnw? ta /0 " 2) = fonl2))dt)

_ ’:77(%2 N Oé/ow Fi(2)dt) < M.

Next, by Lemma|10.2} since we call LOCATESIGNAL with failure probability a R 2", we have
Pr[i ¢ L|i well-hashed] < aR™2° < M.

giving Pr[i ¢ S'] < M for each i, as desired. O

7.3 Recurrence r — z — Ig

Lemma 7.8. Let L be independent of the estimation phase with |L| < B, and A C L be possibly dependent
on the estimation phase with |A| < k'. Then x — x4 — T 4 is fully admissible.

Proof. Let (z,v) be a concise splitting of x. For i € L, we have

(t)

3 = * = |median &) — 2] < 2median 3" — ;[ 24

because we take the median in real and imaginary components separately. We have by jgt) = G;%i)w_“"iu h(3)
and Lemma [3.3] that

~(t
E[#" — i) S w? + llwcl3

for some C with Pr[j € C] < 1/B for all j, and some w with

2
x * *
Elw;] $ ]‘%Jj'; + 27 [2/ (R ™) S ap?, (25)

where the last step uses that ||z|3 < R?ku? because a concise splitting (z, v) of x exists. Then

~(t ;
E[l#" — o] Swi+ D715+ .
ject
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Define
W2 =wi+ > I3+
ject
t._ 9 ~(t) 2 t\2
o= |331 xi|* /()7
SO
E[rf] <1 (26)

even after conditioning on the hash function (o, b).
Forany t € [T] and i € L, let U+ be the concatenation of 7! copies of 2/ for each j € C! and

y,(t) — ﬁ((wf)Q + ZjEC’f yj2) Then we have that

U3+ )2 = h)? 2 207" — aif?
and so by (24), for at least 1 + |7"/2] different ¢ € [T'] we have
2 — 2| < [UO)3+ (). @7)

For each i € A, our (%7, ;) will equal (U*")7, I/-(t*)) for a t* satisfying as well as

2
17 ]lo0 < quant™/®|lU o
t
127l < quagtl/GHU(t)’iHo (28)
7? < quatntl/(i(yi(t))2
t

where quant'/® is the “quantile” defined in Section This is always possible, because the number of ¢
excluded by these additional conditions is at most 3|7"/6| < |T'/2]. Choosing such a ¢t* for each i gives us
a splitting (Z,0) of 24 — T 4.

To show (D)), for any 7 € L and threshold 7 define

m = |{(£,]) : |2 = n}|
m = |{(4,]) : 7] = n}|
mj = |{j:U]"" > n}]
We bound E[m.] using Lemma Since Pr[j € C!] < 1/B and E[7}] < 1 after conditioning on (o, b)
and so fixing C?, for fixed i and ¢ we have
E[my] = E[({(¢,5) : 1] = n,¢ € C{})rf]
E[({(6.5) : 125 = n. ¢ € CH)E[r | (0,0)]
SE[{(6.5) : 12| = n, 0 € C} ]
> Prftec
(£.9):1251>n
> 1/B
(L:9):1251>n

=m/B

N
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We also have mi. = 0 if quant*/ 6, mi = 0and mi. <>, m! always; hence for each fixed index i € L, by
Lemma '
E[mi.] < (m/B)"/°.

But then for T > 12 we have

=E[>_mj.] gz [mi.] < B(m/B)* = m?/B

i€EA €L
Elm/k] S a(m/k)?

which says that
n
E[f,(2)] < alfy(2))? < aann [ s

for each 7, implying (D).

We now show (G’)). For any nonnegative random variable X; ; (which will be either ||[U(*)?||q or (yl.(t) 2
and Y; < quant®/ 6, X it (which will be 1Z¢||o or ﬂ?), for sufficiently large constant 7" we have by Lemma
with § = 1/2 that

E[ max Y] S VE'B maLxIE[XZ ]

Plugging in that, for each fixed 7, by @ and conciseness we have

HIU

ZI!Z”IIOT <E ZHZ”HomaxE[T [ (0] S E D IZNo| Sk/B=a
ject ject ject

gives

E[ max Y " ||#o] $ V& Ba = Vak'k,

A <K
Als €A’

which is the first part of (G’). Similarly, plugging in

E[(")*) < (E[wf) + ||v13/B) maxElr!|(0, )] < an?

gives
E[ max Z 7] S VE'Bap® = Vak'kp?,

A<k
IR

which is the second part.
Therefore (Z, V) is a splitting of x 4 — T 4 that satisfies (D)) and (G’), so x — x4 — T 4 is fully admissible.
O

7.4 Recurrence r — x — T,

The following lemma has a similar proof structure to Lemma

Lemma 7.9. The recurrence x — x — x, is admissible.
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Proof. Recall the set S from Lemmal(7.7] which has |S| = &/4 < |L'|/4 and for which z — zg is admissible.
Let A=L'\ Sand B =S5\ L. We have |A| > 4|B|. Furthermore min;c 4 |Z;| > max;cp |Z;| because
ESTIMATEVALUES chose A over B.

By Lemmal[7.7} z — = — x5 is admissible. Let y = (z — &) + 2(Z — z)p. Using Lemma[7.8| z — y
is admissible. Hence for every splitting (z, v/) of x there are splittings (2°,°) of z — x5 that satisfies (D)
and (G)) and (248, v4B) of y that satisfies (D)) and (G’)).

Fori ¢ AU B, we set ((2')",v)) = ((2°)},v). Fori € A, we set ((2/),]) = ({},0). Finally, we
want to fill ((2')¢,7/}) for i € B. To do this, pair up each i € B with a disjoint set P; of four elements in A.
We know that

2|7 < |2, 13
2z + yil < llzp, +ypil2
2li| < lyil + [lop,ll2 + llyp ll2
Alzil* < 3(|ysl® + llep 113 + [lyp13)
il < Jyil* + e I3 + lyp 113 (29)
Set (2')* to the concatenation of (z47)? and, for all j € P;, (2°)7 and (24P)7. Similarly, set (u{)Q =

W)+ 3 cp, (v9)? 4 (v*5)2. By (@9), this makes (2, ) be a valid splitting of & — z 1.

Then each element of 2%, 248 15 and 4P appears exactly once in (2',2/); hence (2, ') satisfies (D))

and (G) so x — x — xy is admissible. O
Lemma 7.10. The recurrence x — x — Xy, is admissible.

Proof. We have
T—Tp = (33 - :EL/) + ($L/ — :i'L/).

The first term is admissible by Lemma([7.9]and zero over L'. The second is fully admissible by Lemma 7.8
with support inside L'. Hence x — x — Z/ is admissible by Lemma O

Lemma 7.11. For x*,x € C" define x = z* — x and

2 2 )3 ll=*13
—E 170 | B2 g
£ rri.(z) + 7 + R0

Suppose ||x|lo < k. Then REDUCESNR(Z*, x, k, R, p) returns X' such that
lz = X'[13 < VRE

with probability 1 —p, using O(I%k log(Rn/k)(loglog(Rn/k))¢) measurements and a log(Rn) factor more
time.

Proof. The following is a concise splitting (z,v) of x = z* — x(©): place the largest k coordinates of x into
z, and the rest into v. By Lemma , z* — x — z* — 0+ is admissible. Therefore, by Lemma

N satisfies
lz* = x5 < VR

as desired for correctness.
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In each of O(loglog R) rounds we call LOCATESIGNAL and ESTIMATEVALUES with B = k/a =
O(k(loglog R)?/p?) and failure probability R~2°. The sampling complexity of each LOCATESIGNAL is

O(Blog(Rn/B)loglog Rloglog(n/B) max(1,logr(1/p))) < pl2k log(Rn/B)(loglog(Rn/B))*

by Lemma The complexity of ESTIMATEVALUES is bounded by O (B log R) = O(klog R) since we
perform O(1) bucketings using a filter with contrast R. The overall sampling complexity over O(loglog R)
rounds is hence bounded by

0] <pl2klog(Rn/B)(log log(Rn/B))c>

for a constant ¢ > 0. O]

8 Final Result

Repeating Lemma log log R times and applying Lemma|S.1| gives the result:

Theorem 8.1. Let v € C" satisfy ||z||3 < RErr:(x). Then SPARSEFFT(Z, k, R, p) returns a X' such that
lz = X'lI3 < (1+ ¢) Errg (@) + 213/ (R™n"°)

with probability 1—p and using O(ﬁk log(Rn/k)(loglog(Rn/k))¢log(1/€)) measurements and alog(Rn)
factor more time.

Proof. During this proof, we define * := .
The algorithm performs » = O(loglog R) rounds of REDUCESNR. We may assume that all the calls
succeed, as happens with 1 — p/2 probability. We will show that at each stage 4 of the algorithm,
lz* = xP3 < Rig?
for €2 = Err2(x*) + ||2*||3/(R*n'°). This is true by assumption at i = 0, and by Lemma|7.11] in each
iteration REDUCESNR causes
lz* = x® = XI5 < eV/Ri(Errgy (" — xW) + €%)

< eV/Ri(Er} (a*) + €)

< 2cy/R;i&?
for some constant c. By Lemma[9.1]

|l — Sparsify(x' + ', 2k) |3 < Erri(z") + 4f2* — xV = X'|I3

< (1+8cy/Ry)¢?

< R &2

for sufficient constant in the recurrence for R. This proves the induction.
For some = O(loglog R), we have R, = O(1) and so

lz* = x5 < €.

29



Then Lemma shows that the x’ given by RECOVERATCONSTANTSNR satisfies

l2* — X — x'|13 < Errdj. (2% — xM) + ellz — x| + [|2*|3/n'°
< B (r*) + O(c€?)
< (14 O(e)) Errp(z*) + [|z*|3/n°

which is the desired bound after rescaling e.

9 Utility Lemmas

This section proves a few standalone technical lemmas.

Lemma 9.1. Let x,z € C" and k < n. Let S contain the largest k terms of x and T contain the largest 2k
terms of z. Then
lz = 2713 < [lz — 513 + 4]l (z — 2)surl3-

Proof. Note that each term in .S U 7" and 1" appears exactly once on each side. Hence it suffices to show that
lzs\rll3 < lzmsl +4ll(z = 2)s\rll3 + 3ll(z = 2)z]13.
Consider any ¢ € S\ T and j € T\ S. Then |z;| > |2;| by the choice of T, so by the triangle inequality

|z:| < |@i — 2] + |2
< wi = 2zi| + |24

< i = zil + |25 — 2] + [
and so by Cauchy-Schwarz inequality
jif? < 20 + Al — zif* + dfy — 2. (30)

Since |T'| = 2|S|, we can match up each element ¢ € S \ T with a distinct pair P; of two elements of
T\ S. Summing up (30) for j € P; and dividing by two,

|zi* < [lzp |5 + 4l — zi* + 2] (z — 2)p, |13
Summing up over i € S\ T, we have
lzsv7l3 < lemsls + 4l (@ = 2)svrll3 + 21 (@ — 2)n s 3

which gives the desired result. O

9.1 Lemmas on Quantiles

This section proves some elementary lemmas on quantiles of random variables, which are a generalization
of the median.

Definition 9.2. For f > 0, we define the 1 — f quantile quant! of any list z1,...,z, € R to be the
[(1 — f)n]th smallest element in the list.
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Then median = quant®/? for lists of odd length.

Lemma 9.3. Let f > 0 and T be constants. Let X1, ..., X1 be independent nonnegative integer random
variables with E[X;] < e < 1 foralli. LetY satisfy

v < 0 if quant! X; =0
— | Y. X; otherwise

Then E[Y] < /T,

Proof. For each i, we have Pr[X; = 0] > 1 — e. Let B; be a {0, 1}-valued random variable with Pr[B; =
1] = € and jointly distributed with X; such that X; = 0 whenever B; = 0. Then let X{ be a random
variable distributed according to (X; | B; = 1) independent of B;, so that X; = B;X/. Then E[X]] =
E[X;]/E[B;] <1, and we have

v < 0 if quant’ B; =0
— | Y. X] otherwise.

Therefore
E[Y] < E[Y_ X/]Prlquant’ B; # 0]

<TPr} B> 1+ [fT]]

T T — fT
<2, )75

O]

Lemma 9.4. Let f,0 > 0 be constants and T be a sufficiently large constant (depending on f and §).
Let X1 ..., XT € R" be independent random variables with nonnegative coordinates and E[X}] < p
independent of i and t. Then for any k < n,

|rf111|ax Z quantf X1 < kp(n/k)°

Proof. LetY; = quant/, X!. We have for any threshold 7 that
Pr[Y; > 5] = Prl|{t : X! > n}| > 1+ |fT]]

<, T

< (/™"
Therefore E[|{i : Y; > n}|] < n(u/n)/". But then

Bl 31 —B [ mini {5 Yi > )

< /0 min(k, n(p/n) T)dn

:ku(n/k)l/fT/O min(1, w7 du

— kp(n k)T (1 + le_ 1) .
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If T >1/(0f)and T > 2/ f this gives the result. O

Lemma 9.5. For any x1,...,x, € C withn odd we have

E[| mectlian z)?] < 4m?XEHa:t]2]
where the median is taken separately in the real and imaginary axes.
Proof. We will show that if x; € R then

E[(me(tiian )% <2 max E[z?].

applying this separately to the real and imaginary axes gives the result.
Let S be jointly distributed with z as a set of (n + 1)/2 coordinates i with 22 > median; z7. This must
exist by choosing coordinates less than or greater than x;. Then

2
E[(median z;)?] < mean z? < 72 < 2mean 22 < 2 max z2.
I t t)]_iGS Z_n—i—l;’_ i€n] T i
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10 Location

Algorithm 6 Location

1: procedure LOCATESIGNAL(Z, x, B, o, b, R, p)

2: n < DIM(Z).

3 v R1/4010g2 logy, R

4: ¢ < O(loglog(n/B)log(1/p)).

5: T < LOCATE1SPARSESAMPLES(n, 7, c,n/B).

6 u?B} < HASHTOBINS(Z, X, Ps.q, B, R) fora € T.

7: Vg = uf fora € T'and j € [B].
L {}
: for j € [B] do R
10: L + LU {0 Y(LOCATE1SPARSE(vJ, T,~,jn/B,n/B))}
11: end for
12: return L

13: end procedure
14: procedure LOCATEISPARSESAMPLES(n, 7, ¢, W)

15§« y1/10
16: tmaz < O(logy /5 w).
17: git € [n] uniformly for i € [c],t € [tpmaq)-

18: fir € [0171/8,5' 7t /4] an arbitrary integer, for all ¢ € [t;q].

19: return 7' = Usepy, o 1ief 190, 9ix + fi} forall i, .

20: end procedure

21: procedure LOCATE1SPARSE(vr, T, 7, I, w)

22: § /10

23: wy defined to be wdt 1.

24: fi defined to be any integer in [(n/w:)/8, (n/w:)/4].

25: Expects T = Uselt,,o0],icld {(9its Gt + f2) } fOr tae = O(logy ., w)
26:  Define m,@ = ¢(Vg, ,+1./0g;..)-

27: Define m; = median; mgz).

> Dimension of vector

> Estimates of f;i*27/n

28: I < 1, w; + w. > Location in I3 — w1 /2,11 + w1 /2

29: fort:l?"wtmax do
30: 0 men/(2m)—(ftle mod n)

ft
31: lt+1 — i+ o
32: end for
33: return ROUND(l¢, ... +1).

34: end procedure

> Within [—n/2f, n/2fi]

We first show that LOCATE 1 SPARSE solves the 1-sparse recovery problem. This result is independent of the

rest of the machinery in this paper: if v has a single component with 1 — ~1/2

O(log; ., n) samples of .

of the mass, we find it with

Lemma 10.1. Ler 1/, ¢ be larger than a sufficiently large constant. Let v € C", and suppose that there
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exists an i* € [l — w/2,1 + w/2] such that
S VR = 1
JF

Then LOCATE1SPARSE(Dr, T, 7, 11, i + w1) returns i* with all but v log w probability, where the set
T is the output of LOCATE1SPARSESAMPLES(n, v, ¢, w) and has size |T| = O(c(1 +log; 1, w)). The time
taken is O(|T|) = O(c(1 + logy /., w)).

Proof. Note that for uniformly random g € [n], by Parseval’s theorem

E(lvity — o v ! = ) Jui* < 4Y|ugs
A

2

Set b = v1/20. By Markov’s inequality, with 1 — b probability

< /72 /bluie|

[Vt — wI" v

and so

l6(g) — (2%92'* +o(vir))llo = l9(vny) — g9 vixl| o < sin~(\/71/2/b) < 24/71/2/b

where ||a — b||o = min;ez(|a — b — 2mi|) denotes the “circular distance” between a and b. Hence for any
(9it, git + ft), we have that

mgl) = ¢(ﬁgi,t+ft /6gi,t)

Im{" — fei2m/nllo < 44/72/b 31)

with probability 1 — 2b as a distribution over g; ;. Because this is independent for different 4, for any ¢ by a
Chernoff bound we have that (31)) holds for at least 3¢/4 of the mil) with probability at least

satisfies

1- < ;4> (2b)0/4 >1- 20(2b)c/4 =1 (32b)c/4 —1— ’YQ(C),
C

If so, their median satisfies the same propert

Ime — fei*2m/nl|lo < 44/~1/2 /b < 2mbé. (32)

Since there are log; /.12 w < logw different ¢, by a union bound (32) holds for all ¢ with the desired
probability
1— 'y_Q(C) log w.

We will show that this implies that ¢* is recovered by the algorithm.

2To define a median over the circle, we need to cut the circle somewhere; we may do so at any position not within 4+/71/2 /b
of at least ¢/4 of the points.
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We will have by induction that, for all ¢, ¢* € [l —w: /2, l; +w;/2|. This certainly holds at ¢ = 1. Recall
that 4w, < n/f; < 8w, by the construction of f;.

For any ¢, by (32)) we have that o, f; lies within dbn of (f;i* — fil;) (modulo n). Hence (i* — I;) lies
within 0bn/ f; of oy + zn/ f; for |o;| < n/(2f;) and some integer z. But since |i* — I;| < w;/2 < n/(8f)
and 6bn/ f; < n/(4ft), this means that z = 0 and we have that (i* — [;) lies within 6bn/ f; of o;. Since

obn/ fi < 0b8wy < dwy/2 < wy1/2,

i* lies within wyy1/2 of l;4+1 = l; + o and the inductive step holds.
In the end, therefore, i* lies within wy,, /2 = wétmes=1 /2 < 1/2 of I, so it is returned by the algorithm.
O

We now relate Lemma [10.1] which guarantees 1-sparse recovery, to k-sparse recovery of well-hashed
signals.

Lemma 10.2. Let x be a signal, and B and R larger than sufficiently large constants. An invocation of
LOCATESIGNAL returns a list L of size B such that each well-hashed (per Definition i € [n] is present

in L with probability at least 1—p. The sample complexity is O(B log(Rn/B) loglog R loglog(n/B) max(1,logr(1/p)),
and the time complexity is O(log R) larger.

Proof. Consider any well-hashed i and j = h(i). We define the vector 3/ € C" by
Yoy = 20Gr)—jn/B = TeGo,(0)-
Then , ~
5= Yt = Vi,
‘
i.e. 1;} = yAJ/\/ﬁ, SO vie = fooi(Z)/\/ﬁ-
By the definition 3.4 of well-hashedness, over uniformly random a € [n],
’)’1/273@2 > IEHGO—ib)w—aaivg _ x1|2]

If we define v_s; = V[u)\ {4} We have after multiplying by Ggi(i) that

P21 P fn = G2 il > Ellid, — w7 i)

~ 1
= ElJoq — -],
a

- \/ﬁ ol
B[ ,5)al?

Therefore by Parseval’s inequality, ' '
W1/2|U§i|2 2 HUimH%
This is precisely the requirement of Lemma Hence LOCATE1SPARSE will return o7 with all but

~4) log(n/B) probability, in which case i will be in the output set L.
Recall that log; /., B < loglog R. Setting

¢ = O(max(1,log, (log(n/B)/p)))
< max(1, (logp log(n/B) 4+ logr(1/p)) loglog R)
< loglog(n/B) max(1,logr(1/p))
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gives the desired probability 1 — p. , the number of samples is

|T'|Blog R = cBlog Rmax(1,log; ,(n/B))
< Blog(Rn/B)loglog Rloglog(n/B) max(1,logr(1/p)).

The time taken is dominated by HASHTOBINS, which takes sample complexity times log R time. O

11 Filter construction
Claim (Claim 2.2 of [HIKP12b)). Let F~!(x) denote the inverse Fourier transform of x. Then
(F N Prap®)) (i) = wiw®".

Proof.

-F71<Pa,a,b/x\)o'(i7b) \/> Z wig(l b)j Pa’abx)

JE€M]

\/» Z wfa(z b)jx o (jta) —obj

J€ [n]

_ 710’(]4’&)’\
= dw o(j+a)
\F J€[n]

= 2;w""

O]

Lemma 11.1. If G is a flat window function with B buckets and contrast R > 2, then for some constant c,

pE
7 N 2
|i|>cn/2B R B

Proof. Let c be the constant such that G; < (| 5 )t for t = log R. Then

Z G2<2 Z con 2logR

|i|>2¢en/B i= ZCn/B

4 1
< ﬂ (i)QlogR

and rescaling c gives the result. O
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Lemma There exist flat window functions where \Supp(é)\ < BlogR. Moreover, supp(G) C
[-O(Blog R),O(Blog R)].

Proof. Suppose B is an odd integer; otherwise, replace B with B’ = B — 1. The properties for B’ will
imply the properties for B, albeit with a worse constant in the third property.

Define F’ to be a rectangular filter of length B, scaled so F' is the Dirichlet kernel
sin(rBi/n)

F = 22
Bsin(wi/n)

Noting that 2|z| < |sin(7z)| < 7|z| for |z| < 1/2, we have for all i that

|sin(wBi/n)| o

F;| < 33
Bl = 2Bi/n ~ 2Bli (33)
and for ¢ € [-n/2B,n/2B] that
2Bi/n, 2
F| > == 34
1Bl = |Bm’/n‘ T 4

Define I to be I convolved with itself ¢ = ©(log R) times for an even integer ¢, so ||f7’\/||0 < Blog R and
F! = F!, and by (33)

0< F < (l)t (35)
- = \2Bi/
Now, define G to be F’ convolved with a length £ = 2|n/(2B)] + 1 rectangular filter, i.e.

G- ¥

li—il<n/(2B)

so G is F’ multiplied by a scaled Dirichlet kernel. By the last equation, it follows that IGllo < HﬁHo <
Blog R. We would just like to show that G/||G||« satisfies the flat window function requirements.

Since F/ > 0 per (33), we have 0 < G;/||G|lcc < 10 G/||G||« passes the second property of a flat
window function.

For the first property of flat window functions, let a = ZZLZ{)(QB)J F!. We have that G; > a for [i| <
n/(2B) because each of those terms (or their symmetries F” ) appear in the summation that forms G;. So
it suffices to show that GG; < 3a for all 7.

Define S, = Z N [kn/(2B), (k + 1)n/(2B)] for k € Z, so |Sk| < [n/(2B)] for all k. For any ¢,
{j : 17 —i] < n/(2B)} has nonzero intersection with at most 3 different Sj. Hence it suffices to show for

all k£ that
a > Z F ]' .
JESk
To do this, we extend the definition of F, to all x € R. By symmetry, it suffices to consider & > 0. We have

that sin(7x/n) is increasing on [0, /2], so for 0 < x < n/2 —n/B we have

y ;o sin(mz/n) ¢
Fainyn/Fe = <sm<w<x T n/B)/n>> <t
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Therefore, for each j € S,
/ / o
Fj = Fjpoa10/8) = Fij= i1 )1
Let Ty, = {|j — [k/2](n/B)| : j € Sk}. By considering the even and odd cases for k, we conclude that
T}, C [0,n/(2B)] and that for some parameter # > 0 we have

T, =1{6,0+1,...,0+|T| —1}.

Since F” is decreasing on [0, n/(2B)] we have that

IT|-1 17| -1 ln/(2B)]
E / E / 2 / E / E /
JESk JET, J=0 3=0 Jj=0

Therefore G/||G||~ satisfies the first property of a flat window function.
Lastly, the third property of flat window functions. Consider i = an/2B with a > 2 (for smaller 1,
G < 1 suffices as a bound). We have by (33) that

1
G; </ Fl <y " [y GE—
T e e TRy I0):)) L Py

We also have by that
|Glloo > Go> £ min F/ >((2/x)".
li|<n/(2B)
Hence - .
; < (——— = t_ t
Gi/l|Glloo < (2(a — 1)) (O(1/a)) (O(BM))

which is the third property of flat window functions. Thus G//||G|| is the desired flat window function. [J

For a bucketing (o, b), each coordinate j is permuted to an index 7(j) = oj — b, with nearest multiple
of (n/B) being (n/B)h(j). Define the offset of j relative to i to be 0;(j) = 7(j) — (n/B)h(i).
Given a bucketing (o, b), for each bucket j € [B] we define the associated “bucket vectors” v(7) given
by A
057 = G~/ By

This has the property that running the algorithm with offset a yields u € R” given by

uj = Zvi(j)ww = 17(7)(1.

For any bucketing (o, b), we say that a bucket j has noise at most p? if |[v9)||3 < u?. We say that an
index i is hashed with noise at most 2 if, for j = h(i), we have

109 — 3Gy —(nymy; 113 < 1%
We show how to relate the pairwise independence property [2.3]to flat window functions:

Lemma 11.2. Let G be a flat window function with B buckets and contrast R. Then for i # j, there exists

a constant ¢ such that )

R2B’

E(G, ;) - Illoi(4)| > en/B]] <

where I[a > b] is 1 when a > b and 0 otherwise.
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Proof. Note that 0;(j) = w(j) — (n/B)h(i) is within n/(2B) of 7(j) — w(i) = o(j — ). Let f > 1 be the

constant such that
f log R
G, <( ) |
‘= \Bloi(j)|/n

Go,(j) <

Then

max
la—o(i—j)|<n/(2B)

f lOgR
: ()
la—o(i— ])|<n/ (2B) B]a\/n

log R
< ‘ /
~ | Blo(i—j)l/n—1/2
as well as Goi(j) < 1. Define
Yp = min | 1 # o
b "| Blb|/n— 1/2 '

It suffices to show that, for any a # 0 and as a distribution over o,

1
~ R?2B’
Let D =3fn/B < n/B. Note that, for d > 1 and |b| > dD > (2df + 1/2)n/B,

1\ls® 1 1
yb<(2d> ~ RRoed’

Consider the “levels sets” S; : {b | 2'D < |b| < 2"+ D}, for I > 0. Then by Lemma

Elyzq - Illoal > en/B]] <

Proa € S]] <4-2"'D/n < 2'D/n

and
PR = Rt

Hence

oo

E[y2, - I[|ca| > D]] Z (2'D/n)R™%2
1=0
< D/(R*n) S 1/(R*B)

because R? > 2. Since D < n/B, this gives the result. O

Lemma 11.3. HASHTOBINS(Z, X, Py 44, B, R) computes u such that for any i € [n],

Up(s) = Apg) + Z Goy(j) (@ — x) 0"
j

where G is the flat window function with B buckets and contrast R from Lemma and A2 ) < Ix|I13/(R*ntt)

is a negligible error term. It takes O(B log R) samples, and if || x||o < B, it takes and O(B log Rlog(Rn)
time.
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Proof. Let S = supp(G ) so |S| S Blog R and in fact S C [-O(Blog R), O(Blog R)].
First, HASHTOBINS computes

y/:G'Pa,a,bx_X/:G’Pa,a,bx_X+G'Pa,a,bX_X/7

for an approximation Y’ to . This is efficient because one can compute (P q%)s with O(|S|) time
and samples, and P, , ;X is easily computed from X7, for T = {o(j —b) : j € S}. Since T is an
arithmetic sequence and  is B-sparse, by Corollary [12.2} an approximation X’ to X can be computed in
O(Blog Rlog(Rn)) time such that

%i— % [Ixll2

X

T X R*nl3
foralli € T. Since ||G||1 < v7||Gll2 = v7||Gll2 < n||G|loe < nand G is 0 outside S, this implies that

G - Prap(x — X x)H2<HGHlmaX\( Pras(x — X x))I—HGHlmaX!(x X')il < (36)

Define A by A = \/ﬁ@ . Pg7a7b(></—\x’). Then HASHTOBINS computes u € C? such that for all 4,
= \/ﬁf_l( ) (i)n/B — ff ( )h( )n/B + Ah(z)n/Bv

fory =G - P, »Z — x. This computation takes O(||y/||o + Blog B) < Blog(Rn) time. We have by the
convolution theorem that

—

un(iy = VIF NG - Poap(® = X))a(iyn/B + Dniyn/B
= (G = F( aab( X)Dniyn/B + Bhyn/B

= Y Guiyn/Br()F Poap(@ = X))r(j) + Dhgiynss
m(j)€[n]
= Z Go,(j) W™ + Apiyn B

i€[n]

where the last step is the definition of 0;(j) and Claim 2.2 of [HIKP12b] (reproduced here as Clalm
Finally, we note that

3 A — [Ixl2
[Angynssl < [All2 = 1All2 = VG - Prap(x = X)ll2 < 257

where we used in the last step. This completes the proof. O

Lemma Let (0,a,b) € [n] be uniform subject to o being odd. Let uw € CP denote the result of
HASHTOBINS (Z*, X, Py a5, B, R). Fix a coordinate i € |n] and define x = x* — x. For each (o,b), we
can define variables C' C [n] and w > 0 (and in particular, C = {j # i : |o(i — j) mod n| < c¢n/B} for
some constant c,) so that

e For all j, as a distribution over (o, b),

Prj € C] S 1/B.

40



e As a distribution over (0, b),
o < I=ll3 | ll=*13
Elw’] S R2B " Rnll

e Conditioned on (o, b) and as a distribution over a,

B[,y ungy — ol S w? + [lecl3
Proof. By Lemma[2.3] for any fixed ¢ and j,
Pr[j € C] =Prllo(i — j)| <en/B] <1/B

which gives the first part.
Define 2/ = x — . Per Lemma|11.3] HASHTOBINS computes the vector u € C? given by

—Apey = ZG J):c w?
for some A with [|A[|Z, < [lz]|5/(R*n'!). We define the vector v € C" by vyj = #;G,,(j), s0 that

a
Uh (i) — § w vj = Vi,

SO
un(iy = W Go,()%; = Angi) = V()

By Parseval’s theorem, therefore,

El|G, 1w " upiy — i) < 2G,°

a 0 (1)

orti) Ellungy — w*' Go, ] Ah(i)\z]JrIE[Ai(i)])

=2 Oi(i)(llv{m}Hz + Ai(i))

I3 ; 2
fs Renll + Z ‘$jG0i(j)|

J#i
< X3 2
S gl T Z [5G, ()| —|—Z|x]]
jeCU{i} jec

If we define w? to be the first two terms, we satisfy the third part of the lemma statement. Next, we have
that 2 2 2 2 2

Ixllz 5 ]l + [l — X||2) < =l | fle =Xl

Repll = R*nll ~ Repll R2B
o(i —j)| > en/B so 0;(j) > (c — 1)n/B. Hence for sufficiently

large ¢, by Lemmal|[I1.2]

|z — I3
El Y [2iGo) ) <D |y — xiIPEIGE, ) - T[oi(4) > (¢ — 1)n/B]] < TBQ'
JECU{i} J#i
Hence their sum has e H 2
2 Zll2 T —Xli2
E[w ] S/ R*nll + R2B
This proves the second part of the lemma statement, completing the proof. O
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12 Semi-equispaced Fourier Transform

Algorithm 7 Semi-equispaced Fourier Transform in O(ck logn) time
1: procedure SEMIEQUISPACEFFT(z, ¢) >z € C"is k-sparse
2: Round % up to a factor of n.
3 G, G’ < FILTERS(n, k, ¢).
4 Yi %(w * G)in ok for i € [2k].
5: y < FFT(y) > 2k dimensional
6
7
8

T, < y; for |i| < k/2.
: return 7’
: end procedure

The following is similar to results of [DR93,[PSTO1]].

Lemma 12.1. Let n be a power of two and ¢ > 1. Suppose x € C" is k-sparse for some k. We can compute
z, for all |i| < k/2 in O(cklogn) time such that

T — | < Jlzfl2/n.

Proof. Without loss of generality k is a power of two (round up), so 2k divides n.
Let G, G’ be the flat window functions of [HIKPI12a], so that G; = 0 for all |i| 2 (n/k)clogn, |G —
G'll2 <n7¢,
G- { 1 ifli] <k/2
L0 iffi >k
and 6‘\’1 € [0, 1] everywhere. The construction is that G approximates a Gaussian convolved with a rectan-

gular filter and G is a (truncated) Gaussian times a sinc function, and is efficiently computable.
Define

z=—x%xG.

NZD

We have that z; = 7; CAJZ for all 7. Furthermore, because subsampling and aliasing are dual under the Fourier
transform, since y; = 2;;, (21 is a subsampling of z we have for |i| < k/2 that

n/2k—1
-~/ ~ ~
Ti =Y = § Zit2kj
J=0
n/2k—1

= E TiyorjGiyokj
=0

n/2k—1 N n/2k—1 N
= Z TiqonGliyor; + Z Tiyorj(Gigony — Glizarj)
=0 Jj=0
n/2k—1 .
=7+ Z Titorj(Gitorj — Glivorj)
=0

~
Py
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and so

2 = @i < |2]2l|G — G|z < [l 2n

as desired.

The time complexity is O(k log k) for a 2k-dimensional FFT, plus the time to construct y. Because G
has a localized support, each nonzero coordinate i of x only contributes to O(clogn) entries of y. Hence
the time to construct y is O(cklogn) times the time to evaluate GG at an arbitrary position. Because G is
a Gaussian times a sinc function, assuming we can evaluate exponentials in unit time this is O(ck logn)
total. O

This can be easily generalized to arbitrary arithmetic sequences of length k:

Corollary 12.2. Let n be a power of two, ¢ > 1, and o odd. Suppose x € C" is k-sparse for some k, and
S ={o(t —b):i€Z|i| <k}. Then we can compute T, for all i € S in O(cklogn) time such that

@5 — Bl < [lwll2/n".
Proof. Let 0~ ! denote the inverse of ¢ modulo n. Define T; = w g,y ;- Then for all i € [n],

~ 1 o(t—b)j
Lo(i—b) = n Z W b)]l‘j

JEMN]

1 o
— Wi ba]:pj
NG 2

JEN]

1 A )
= g W' b Ty
n. -
j'=0oj€n]

Ay

We can sample from z} with O(1) overhead, so by Lemma we can approximate T, (;_y) = ; for
li| < kin O(cklogn) time. O

To compute G, (;), we take the opposite semi-equispaced Fourier transform.

Algorithm 8 Converse semi-equispaced Fourier Transform in O(k log(n/J)) time

1: procedure CONVERSESEMIEQUISPACEFFT(Z, S, ¢) >supp(x) € [—k/2,k/2]
2: Round % up to a factor of n.

3 G,G" « FILTERS(n, k, ¢).
4: u < INVFFT(Z|_ 1) > 2k dimensional
5: Yin/(2k) $ Wi fori € [2]{}]

1 .
6 T 7= D jcsupp(G)riti=0 mod n/(2k) CGiYitj fori € S.
7: return z’
8: end procedure

Lemma 12.3. Let n be a power of two and ¢ > 1. Suppose ¥ € C™ has supp(z) € [—k/2,k/2], and let
S C [n] have |S| = k. We can compute «, for all i € S in O(cklogn) time such that

|7f — @i < ||z]|2/n"
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Proof. Without loss of generality k is a power of two (round up), so 2k divides n.
Let G, G’ be the flat window functions of [HIKP12a], so that G; = 0 for all |i| = (n/k)clogn, |G —
G'lla <n7¢,

and @z € [0, 1] everywhere. The construction is that G approximates a Gaussian convolved with a rectan-
gular filter and G is a (truncated) Gaussian times a sinc function, and is efficiently computable.

For the y defined in the algorithm, we have that y;,/2x) = Zin/(2x)/n/(2k) by the definition of the
Fourier transform. Setting y; = 0 elsewhere, y is a scaled subsampling . Since subsampling and aliasing
are dual under the Fourier transform, we have that 7; = Z;’i_oo Tit2kj-

Therefore 7 = 7 - Gl sox = ﬁy * G'. Then for any 4,

@) — i = —= |ZG G}y

G = G ll2llyll2

“Vn/2R)]xl2.

fr

Rescaling c gives the result.
The time complexity is O(k log k) for the Fourier transform and O(ck log n) for the summation to form
2, giving O(ck log n) time total. O

12.1 Computing G, G

Our algorithm needs to know, for each R, both @Z for |i| < Blog R and Go, ) for various j. Here we show
how to compute these up to 1/n¢ precision for an arbitrary constant ¢ with no additional time overhead
beyond the already existing log(/2n) factor.

Computing G, for all i is possible in O(Blog?® R) time, because it is a sinc function times a degree
log R polynomial at each position ¢. Since we only need this once for each R, the total time is at most a
log R factor above the sample complexity.

For each hashing in estimation phases, we will need to compute G, ;) for the set L of O(B) coordinates.

We will already know G, which is O(B log R) sparse and dense around the origin. Hence Lemma can
compute G, ;) in O(B log Rlogn) time, which is only log 7 more than the sample complexity to perform
the hashing.
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