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Abstract

Global illumination researchaimingat thephoto-realisticimagesynthesispushesforward researchin
computergraphicsasa whole. The computationof visually plausibleimagesis time-consumingand
far from beingrealtimeat present.A significantpartof computationin global illumination algorithms
involvesrepetitive computingof visibility queries.

In thethesis,we describeour resultsin ray shooting,which is a well-known problemin thefield of
visibility. Theproblemis difficult in spiteof its simpledefinition:For agivenorientedhalf-lineandaset
of objects,find out thefirst objectintersectedby thehalf-line if suchanobjectexists.A näıvealgorithm
hasthe time complexity ��� N � , whereN is the numberof objects. The näıve algorithmis practically
inapplicablein global illumination applicationsfor a scenewith ahigh numberof objects,dueits huge
time requirements.In this thesiswe deal with heuristicray shootingalgorithmsthat useadditional
spatialdatastructures.Weputstressonaverage-casecomplexity andweparticularlyinvestigatetheray
shootingalgorithmsbasedon spatialhierarchies.In thethesiswe dealwith two majortopics.

In thefirst partof thethesis,weintroducearayshootingcomputationmodelandperformancemodel.
Basedon thesetwo modelswe developa methodologyfor comparingvariousray shootingalgorithms
for a setof experimentsperformedon a setof scenes.Consecutively, we comparecommonheuristic
ray shootingalgorithmsbasedon BSPtrees,kd-trees,octrees,boundingvolumehierarchies,uniform
grids,andthreetypesof hierarchicalgridsusingasetof 30scenesfrom StandardProceduralDatabase.
We show that for this setof scenesthe ray shootingalgorithmsbasedon the kd-tree is the winning
candidateamongall testedray shootingalgorithms.

Thesecondandmajorpartof thethesispresentsseveraltechniquesfor decreasingthetimeandspace
complexity for ray shootingalgorithmsbasedon kd-tree. We dealwith bothkd-treeconstructionand
ray traversalalgorithms.In thecontext of kd-treeconstruction,we presentnew methodsfor adaptive
constructionof thekd-treeusingemptyspatialregionsin thescene,terminationcriteria,generalcost
modelfor thekd-tree,andmodifiedsurfaceareaheuristicsfor a restrictedsetof rays. Further, we de-
scribea new versionof the recursive ray traversalalgorithm. In context of the recursive ray traversal
algorithmbasedon thekd-tree,wedeveloptheconceptof thelargestcommontraversalsequence.This
reducesthenumberof hierarchicaltraversalstepsin thekd-treefor certainray sets.We alsodescribe
onetechniquecloselyrelatedto computerarchitecture,namelymappingkd-treenodesto memoryto
increasethe cachehit ratio for processorswith a large cacheline. Most of the techniquesproposed
in the thesiscanbeusedin combination.In practice,theaveragetime complexity of theray shooting
algorithmsbasedon thekd-tree,aspresentedin this thesis,is about ��� logN � , wherethehiddenmul-
tiplicative factordependson the input data. However, at presentit is not known to have beenproved
theoreticallyfor sceneswith generaldistributionof objects.For thesereasonsourfindingsaresupported
by asetof experimentsfor theabove-mentionedsetof 30scenes.
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Resumen

La investigacíon en iluminacíon global con objetivo la śıntesisde imágenesrealistashaceavanzarla
investigacíon en informáticagráficaensuconjunto.El cálculode imágenesvisualmenteplausibleses
costosoy est́a lejos por el momentode seren tiemporeal. Una partesignificativa del cálculo en los
algoritmosdeiluminacíon globalincluyela computacíon repetitiva deconsultasdevisibilidad.

En la tesisdescribimosnuestrosresultadosentrazadoderayos,problemabienconocidoenel campo
dela visibilidad. El problemaesdifı́cil apesardesusimpledefinicíon: Paraunasemiĺıneaorientaday
un conjuntodeobjetos,hallarel primerobjetointersectadopor la semiĺınea,suponiendoquetal objeto
exista. Un algoritmonäıve tienecomplejidadtemporal ��� N � , dondeN esel númerode objetos. El
algoritmonäıveesprácticamenteinaplicableenaplicacionesdeiluminacíon globalparaunaescenacon
un grannúmerode objetos,debidoa su enormerequerimientoen tiempo. En estatesistratamoscon
algoritmosde trazadode rayosheuŕısticosqueusanestructurasde datosespaciales.Resaltaremosel
casode complejidadmediay en particularinvestigaremosalgoritmosde trazadode rayosbasadosen
jerarqúıasespaciales.En la tesistratamosprincipalmentecondostópicos.

En la primerapartede la tesis,introducimosun modelocomputacionalde cálculo de trazadode
rayosy un modeloderendimiento.Baśandonosenestosdosmodelosdesarrollamosunametodoloǵıa
paracomparardistintosalgoritmosde trazadode rayosparaun conjuntode experimentosrealizados
sobreunconjuntodeescenas.Comparamosconsecutivamentealgoritmoscomunesdetrazadoderayos
basadosenárbolesBSP, árboleskd, árbolesoctales,jerarqúıasdevolúmenesenglobantes,mallasuni-
formesy trestiposdemallasjerárquicasusandoun conjuntode30 escenasde la StandardProcedural
Database.Mostramosqueparaesteconjuntodeescenasel árbolkd esel candidatoganadorentretodos
los algoritmosdetrazadoderayosprobados.

La segunday másextensapartede la tesispresentavariastécnicasparadisminuir la complejidad
espacialy temporalen los algoritmosde trazadode rayosbasadosen árboleskd. Tratamoscon los
algoritmosde construccíon del árbol kd y de recorridodel rayo. En el contexto de la construccíon
del árbolkd, presentamosnuevosmétodosparasuconstruccíon adaptativa usandoregionesespaciales
vaćıasde la escena,criteriosde terminacíon, costegeneraldel modeloparael árbol kd, y heuŕısticas
de áreade la superf́ıcie modificadasparaun conjuntorestringidoderayos. Además,describimosuna
nueva versíon del algoritmorecursivo derecorridodel rayo. En el contexto del algoritmorecursivo de
recorridodelrayobasadoenel árbolkd,desarrollamosel conceptodela sucesíonmáslargaderecorrido
común. Estoreduceel númerodepasosjerárquicosderecorridotransversalenel árbolkd paraciertos
conjuntosderayos.Describimostambíenunatécnicarelacionadáıntimamentecon la arquitecturadel
computador, a saberel mapeode los nodoskd a memoriaparaincrementarel hit-ratio de la cache
paraprocesadoresconunalı́neagrandedecache.La mayoŕıa de las técnicaspropuestasen la tesisse
puedenutilizar en combinacíon. En la práctica,la complejidadtemporalmediade los algoritmosde
trazadoderayosbasadosenel árbolkd, comosepresentaenestatesis,esaproximadamente��� logN � ,
dondela constantemultiplicativa dependedelos datosdeentrada.Sin embargo,por el momentono se
conocequesehayaprobadoparaescenascondistribucióngeneraldeobjetos.Porestasrazonesnuestros
hallazgossonsustentadosporunconjuntodeexperimentosparael conjuntode30escenasmencionado
másarriba.
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Resuḿe

Výzkum v oblastialgoritmů pro fotorealistickou synt́ezuobrazuudává směr výzkumuv oblasticeĺe
poč́ıtačové grafiky. Výpočet obŕazků, kteŕe lze těžko rozpoznatod reality, je velmi časově nárǒcný a
v soǔcasńe dob̌enerealizovatelńy v reálnémčasebezspecíalńıch anákladńych technicḱych prostředků.
Významńa částvýpočtů algoritmů synt́ezyobrazuje tvořenavýpočtemdotaz̊u naviditelnost.

V disertǎcńı práci prezentujemenǎse výsledky týkaj́ıćıch sealgoritmů vrháńı paprsku jako velmi
častǒrěseńehoprobĺemuviditelnosti.Probĺemvrháńı paprskujezad́antakto:prozadanoupolopřı́mkua
mnǒzinuobjekt̊u najdiprvńı objekt,který tatopolopřı́mkaprot́ıná,pokudtakový objektexistuje.Navz-
dory jednoduchostiformulacetohoto probĺemu je algoritmuspro jeho efektivńı výpočet netriviálńı.
Takzvańy trivi álńı algoritmusmá pro N objekt̊u ve sćeňe lineárńı časovou složitost. Pro sćeny, kteŕe
maj́ı velký početobjekt̊u je tentotriviálńı algoritmusnevhodńy vzhledemk jehonéunosńym časovým
nárok̊um. V disertǎcńı práci sezab́yvámeheuristicḱymi algoritmyvrháńı paprsku,kteŕe využ́ıvaj́ı po-
mocńych prostorových datových struktursezam̌eřeńım na průměrnoučasovou složitost. Detailňe se
pak zab́yvámealgoritmy, kteŕe využ́ıvaj́ı hierarchicḱych datových struktur. V disertǎcńı práci zpra-
covávámedvě hlavńı témata.

V prvńı části disertǎcńı prácepopisujemenový model výpočtu a výkonosti pro algoritmy vrháńı
paprsku. S pomoćı těchtodvou model̊u zavád́ıme metodologiipro porovnáváńı růzńych algoritmů
vrháńı paprskupromnǒzinu experiment̊u provedenounamnǒzině testovaćıch sćen.Pot́eporovnáváme
dvańact odlišńych algoritmů vrháńı paprsku,kteŕe využ́ıvaj́ı datové struktury binárńıho strom, kd-
stromu,oktalového stromu,hierarchieobálek, uniformńı mřı́žky a třech typů hierarchicḱych mřı́žek
a to namnǒzině třiceti sćenzeStandard Procedural Database. Ukazujeme,̌zev průměrunejrychleǰśı
algoritmusvrháńı paprskuzevšechtestovańych algoritmů je ten,který využ́ıvá kd-stromu.

Druhá a obśahleǰśı část disertǎcńı prácese zab́yvá technikamipro zmeňseńı časové a pam̌ětové
nárǒcnostialgoritmů vrháńı paprskuvyuž́ıvaj́ıćıch kd-stromu.Zab́yvámesejak vlastńı konstrukćı kd-
stromutak i algoritmypro jehotraverzacipro zadańy vstupńı paprsek.Z algoritmů pro konstrukcikd-
stromupopisujemenové metodys využit́ım volných prostorve sćeňe, kritériapro ukončeńı stavby kd-
stromu,obecńy cenový modelpro stavbu kd-stromua modifikovańy algoritmuspro stavbu kd-stromu
vhodńy z hlediskačasové složitosti pro specificḱe mnǒziny paprsk̊u. Dálepopisujemenový rekurzivńı
algoritmuspro traverzacikd-stromu.Dalš́ı algoritmy týkaj́ıćı sekd-stromuzahrnuj́ı koncepta využit́ı
nejdeľśı spolěcné sekvencelistů či vnitřńıch uzlů kd-stromuv traverzǎcńım algoritmu pro specíalńı
mnǒziny paprsk̊u, což nám umǒzňuje dále sńıžit počet hierarchicḱych traverzǎcńıch kroků. Rovněž
popisujemenovou technikupro mapováńı uzlů kd-stromudo hlavńı pam̌eti poč́ıtačes dlouhouřádkou
vyrovnávaćı pam̌eti, kteŕazvýšujedatovoukoherencipři proch́azeńı kd-stromu.Věťsinualgoritmicḱych
technikpopsańych v disertǎcńı práci je možné vhodňe kombinovat. Z prakticḱehohlediskadosahuje
průměrńa časová složitost algoritmů vrháńı paprskus využit́ım kd-stromu ��� logN � s tı́m, že multip-
likativńı faktorasymptoticḱe složitosti záviśı navstupńıchdatech.Nicméňev soǔcasńe dob̌eneńı znám
teoreticḱy důkaztýkaj́ıćı setétosložitostiprosćeny slibovolnoudistribuci objekt̊u aprotojsouvýsledky
pro všechny popisovańe algoritmyověřeny experiment́alně na ji ž uvedeńe mnǒzině třiceti testovaćıch
sćen.
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Preface

This doctoralthesispresentstheresearchconductedby theauthorat theDepartmentof ComputerSci-
enceand Engineering,Faculty of Electrical Engineering,the CzechTechnicalUniversity in Prague
duringtheperiod1996–1999andat theIGPcompany duringtheperiod1999–2000.

My interestin speedingupvisibility computationsstartedwhile workingonmy MasterThesis,which
dealtwith thesimulationof theopticalphenomena.After graduatingin February1996from theCzech
TechnicalUniversityin Prague,I becameaPh.D.studentwith Pavel Slavı́k asmy supervisor.

At thebeginningof my Ph.D.studiesI devotedmy time to parallelsolutionsfor ray tracing,which
developedinto aninterestin amoregeneralproblem– rayshooting.I presentedmy postgraduatestudy
reportSpatialData Structuresfor Visibility Computationin Juneof 1997,andI continuedresearching
in thisdirection,specializingin rayshootingalgorithmsoverspatialsubdivisions.

Thisdoctoralthesiscoversseveralnew methodsandimprovementsfor rayshootingalgorithmsbased
on spatialsubdivisions. A descriptionof basicand previously developedmethodsis followed by a
descriptionof newly developedmethodsthatdecreasethetimeandspacecomplexity for a rayshooting
algorithmbasedon kd-trees.

For mostof the durationof my Ph.D.studiesI wasresponsiblefor designing,implementing,and
maintainingtheGOLEM renderingsystem [75] developedasindependentsoftware,in which thepre-
sentedray shootingalgorithmswereimplementedandtested.Severalotherpeoplealsocontributedto
thedevelopmentof theGOLEM renderingsystem:Ph.D.studentsJiřı́ Bittner andTomáš Kopal,and
JanPřikryl from theViennaUniversityof Technology. Severalundergraduatestudentsdid theirMaster
Thesesutilizing or increasingfeaturesof the GOLEM renderingsystemundermy supervision:Filip
Sixta, Michal Máša,Libor Dachs,Vladimı́r Nádvorńık, PetrMl ádek,andJaroslav Křivánek. Many
undergraduatestudentsusedGOLEM in their undergraduateterm projects,particularly, in thecourse
on Visualizationgivenby Assoc.Prof. Jiřı́ Žára.

My researchduringtheperiod1996–1999waspartially supportedby thefollowing grants:� CTU GrantNo. 30/98101/336:AdaptiveDataStructuresfor Visibility Computing, 1998.� FRVŠGrantNo. 1252/1998:SolvingVisibility in Large Scenes, whichwassupervisedby Assoc.
Prof. Jiřı́ Žárawith assistancefrom Jiřı́ Bittner, 1998.� AKTION GrantNo. 1999/17,joint Czech-Austrianscientificcollaborationfundingbetweenthe
ViennaUniversityof TechnologyandtheCzechTechnicalUniversityin Prague,1999–2000.
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Chapter 1

Intr oduction

This thesisdealswith heuristicrayshootingalgorithms,namelywith algorithmsbasedonspatialsubdi-
visions,andparticularlywith rayshootingalgorithmsbasedonthekd-tree.In this introductorychapter
we describetheproblemin detailtogetherwith algorithmicsolutionsdevelopedin thepast.

1.1 Moti vation

Theprincipal goalof computergraphicsis imagesynthesisof a scenesimulatinga realenvironment.
The algorithmsfor imagesynthesisare basedon variousprinciples influencingthe quality of their
outputs.A significantresearcheffort in imagesynthesisinvolvesgenerationof photo-realistic images.
By a photo-realisticimagewe meanan imageindistinguishablefrom a photographof a realworld. A
scenesimulatingreality is modeledby geometricobjectprimitivesin three-dimensionalspace;it is not
exceptionalfor thenumberof objectsin asceneto reachhundredsof thousandsor more.

Historically speaking,two main classesof algorithmsfor photo-realisticrenderinghave beende-
veloped: ray-tracing and radiosity [157, 47]. Theseboth classesareusedandsometimescombined
together. Recently, theimportanceof classicalradiosityalgorithmsbasedoncomputingform factorsbe-
tweenpatcheshasdiminishedwith thecomingof Monte-Carlomethodsin globalillumination[20, 149].
Thecommonpropertyof all theserenderingalgorithmsis theirpossiblehightimeandspacecomplexity.
They spendmuchtime repeatedlycomputingvisibility computations,eitherray shootingor visibility
for apairof points.Visibility computationsperformedwithin imagesynthesiscorrespondto thediscrete
samplingof n-dimensionalspace.

1.2 ProblemStatement

Thevisibility for a pair of pointsproblemis moreformally definedasfollows: two pointsU ��� x 	 y	 z�
andV �
� x��	 y�
	 z��� aremutually visible if the line segmentUV with U andV asendpointsdoesnot
intersectany objectlocatedin thescene.Theresultof thealgorithmsolvingtheproblemis of Boolean
type:yes(visible)or no(invisible). Thecomputationof thevisibility for apairof pointsis indispensable
to determinecorrectlytheillumination andshadingof objectsby light sources.

The ray shootingproblemis a moregeneralvisibility problemalonga fixed line: For an oriented
half-line given by its origin anddirectionvector, we want to find theclosestobjectintersectedby the
half-line if suchanobjectexists.Therayshootingproblemis depictedin Fig. 1.1.

1
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Figure1.1: Rayshootingin IE2 space.Theanswerfor ray R is objectB.

1.3 BasicTerminology

In this sectionwe describethebasicterminologyusedwithin thethesis.Thegeometryhandledin the
thesisusesn-dimensionalEuclideanspace,furtherabbreviatedasIEn.

The basicgeometricprimitive usedhereis a ray. The ray R in IEn spaceis an orientedhalf-line
determinedby thepoint of origin OR anddirectionvector �DR. Any pointU lying on the ray half-line
canbecomputedusingaparametricrepresentationof a ray:

U � OR � t � �DR 	 OR 	 �DR � IEn 	 (1.1)

whereparametert is calledsigneddistance(t � R	 t � 0). It is usuallyassumedthat thedirection
vector �DR is normalized( ���DR ��� 1).

An object in IEn is a finite region of IEn spacewith continuous � n � 1� -dimensionalboundaries.
Therearevariousshapesof objects;spheres,triangles,generalpolygons,polyhedra,etc. A surfaceof
theobjectO is its � n � 1� -dimensionalboundary∂O, which doesnot crossitself. A scene��� N � is a set
of N objects.Werequirethatboththenumberof objectsandobjectsthemselvesarefinite. Thenwecan
boundthescenewith thefinite convex spatialregion thatcontainsall theobjects.

Givena scene��� N � , we canformulatethepair of pointsvisibility problemmoreprecisely. For two
pointsU andV it is statedasfollows: pointsU andV aremutuallyvisible if theline segmentUV with
U andV asendpointsdoesnot intersectany objectfrom ��� N � . Contrarily, thetwo pointsaremutually
invisible, i.e., thereis at leastoneobjectfrom ��� N � so that the intersectionexists betweentheobject
andtheline segmentUV.

Similarly, wecanalsomoreformally describetherayshootingproblem.GivenarayR andthescene��� N � , wewantto find out theclosestobjectintersectedby R if suchanobjectexists.Theanswerof ray
shootingis objectOi, thefoundintersectionpoint on Oi is alsorequiredby mostapplications.In order
to distinguisha ray shootingproblemfrom a particulartaskgivenby a specificray R andscene��� N � ,
we referto thelatterasray shootingquery.

A rayshootingalgorithm(abbreviatedto RSAin thethesis)is analgorithmthatcomputestheanswer
to any ray shootingqueryfor a givenscene.Usually, in thepreprocessingphaseanRSAbuilds up an
auxiliary datastructure for a setof sceneobjects.In theexecutionphaseof theRSAthedatastructure
is accessedduringcomputationof theanswerto aparticularray shootingquery.

Thereis oneexceptionalRSAthatdoesnot performany preprocessing.It is calleda näıveRSA and
it usesonly a list of sceneobjects.Whenansweringa ray shootingquery, thenäıve RSAteststhe ray
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with all theobjectsandselectstheonewith theclosestintersectionfound,if suchanobjectexists.The
time complexity of thenäıve RSAis thus ��� N � . In applicationsin computergraphicswheremany rays
areshot,thisnäıveRSAis applicableonly for sceneswith afew objects.For ascenewith ahighnumber
of objectsit makesthe applicationrun unacceptablyslowly. This propertyof a näıve RSAled to the
researchin RSAs.

HeuristicRSAsarebasedon somedatastructuresthatcover thedistancesbetweentheobjectsin the
scene.Sincethedatastructuresstorethepropertiesandgeometricrelationshipsin a space(usuallyin
IE3 space),they areusuallycalledspatialdatastructures. Thesespatialdatastructuresfor variousRSAs
describespatialrelationshipsusinga setof spatialregionsthatarecalledcells. Furtherwe use � asa
symbolfor anarbitrarycell. Thespatialregion(s)coveredby thecell � is givenby thecell boundary
∂ � . If a cell � separatesthespaceinto two disjoint parts,we call it a separating cell. Practically, this
meansthatif wedenotethepartsinducedby thecell ρ andτ, thenfor two pointsU 	 V, U � ρ andV � τ
musthold that theline segmentUV mustcrossthecell boundary∂ � . An exampleof a separatingcell
is aninfinite planethatinducestwo halfspaces.

A morecommoncaseis whenacell andits boundaryis of finite size,in whichcasewecall it closed
cell. Thenthe interior part int ����� of thecell � is finite andis completelyseparatedfrom theexterior
of thecell, denotedext ��� n � . Closedcellsarecommonlyusedin thespatialdatastructuresthatunderlie
a particularRSA. For thesake of conveniencewhenwe speakabouta cell we meanthespatialregion
coveredby theinterior partof thecell, while thesecondmeaningis theelementof a datastructurethat
representsthespatialregion.

A commonexampleof aclosedcell is anaxis-alignedboundingbox, which is illustratedin Fig. 1.2.
This is a parallelepipedwith six faces(in IE3), eachtwo facesareperpendicularto thecoordinateaxes
(theaxesof thestandardbasisof thespace).Thesizeof theaxis-alignedboundingbox is givenby two
extremepointsA andB. A pointU belongsto theaxis-alignedboundingbox, if Ui � Ai andUi � Bi,
assumingAi � Bi for i �! x 	 y 	 z " . We further denoteby symbol #%$&� X � the axis-alignedbounding
box that tightly enclosesentity X, whereX standsfor an objector a cell. For short, #%$ is also the
abbreviation for anaxis-alignedboundingbox.

Figure1.2: Axis-alignedboundingbox in IE3.

Thecellsareorganizedin spatialdatastructures.Basedon theuseof cells in spatialdatastructures
we candistinguishbetweendifferenttypesof cells.Further, therecanbevariousrelationshipsbetween
any two cells.Below, we describesometerminologyto cover theseproperties.

We call a closedcell elementaryif its interior part doesnot intersectthe interior part of any other
elementarycell. An elementarycell is intendedto containthelist of pointersto theobjectsthatintersect
the spatial region coveredby the elementarycell. It can also containother data, for example, the
descriptionof the relationshipto othercells locatedin its neighborhood,its size,position,etc. If the
elementarycell containsat leastonepointerto theobjectintersectingtheinterior of thecell, we call it
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a full elementarycell. Otherwise,we call it anemptyelementarycell. Suchanemptyelementarycell
is usefulin the sensethat thespatialregion of the elementarycell containsno object. The emptiness
of thespatialregion is a pieceof informationthatcanbeusedin a particularRSA, sinceno ray-object
intersectioncanoccurwithin theemptyelementarycell.

If a cell is not elementary, we call it a genericcell. A genericcell cancontainreferencesto other
genericcells, elementarycells, or to the objectsor even otherdatarequiredby a particularRSA. The
cellsandobjectsreferencedin thegenericcell usuallyintersectthespatialregion coveredby thecell.
As weshow later, genericcellsareusedto form spatialdatastructuresincludingthehierarchy.

Having describedthetypesof cells,we canaskaboutthegeometricalrelationshipbetweenany two
cells,andtheir purpose.We call two cellsneighbors if theboundaryof thesetwo cellshasa non-finite
intersection.Theinteriorsof thesetwo cellsaredisjoint. Anotherspatialrelationshipbetweentwo cells
is that if a cell � 1 is completelycontainedin the cell � 2, we denoteit � 1

� � 2. Differentgeometric
relationshipbetweentwo cells is when � 1 partially intersects � 2, i.e., � 1 ' � 2 (� /0, � 1 (� � 2, and� 2 (� � 1. Thelastpossiblegeometricrelationshipis whenthecellsaredisjoint, i.e., � 1 ' � 2 ) /0.

Givenascene� with afinite setof objectsthatarealsoof finite size,we canconstruct#%$&�*�+� asthe
smallest#%$ thatcontainsall theobjectsfrom � . For thecell #,$-�*�.� we canform varioussetsof cells
inside#%$&�*�+� andthenconstructcorrespondingspatialdatastructures.Thesespatialdatastructurescan
bedistinguishedby thetypesof thecellsandthepropertiesbetweenthecells.

A spatialsubdivision(SSD)of acell � S is afinite orderedsetSof cells,suchthatfor eachpointA � � S

thereexistsat leastonecell � , � � S, A � � .

An elementaryspatialsubdivision(ESSD)of a cell � S is aSSD,which is composedof afinite ordered
setSK of closed,disjoint,separating,andelementarycells.Moreover, for eachpointA � � S thereexists
exactlyonecell � , � � SK , A � int ����� or A liesonat leastonecell boundary, A � ∂ � .

A hierarchical spatialsubdivision(HSSD)of a cell � S is a pair of two finite setsSE andSH , whereSE

is asetof elementarycellsandSH is anonemptysetof genericcells.Thecellsin SE andSH correspond
to thenodesof a graph.Moreover, SE is ESSDandeachcell from SE is pointedto at leastin onecell
from SH .

The conceptof SSD is the leastrestrictive and still useful set of cells that can be utilized by an
RSA. The only onecondition is that a point, possiblythe point on the ray, canbe locatedin a cell.
The conceptof ESSDis more restrictive in the sensethat it cannotcontainany type of hierarchical
relationship.On the otherhand,HSSDis requiredto containthe hierarchicalrelationship.All these
spatialdatastructurescanbe thebaseof variousRSAs, andwe have describedthemherejust to point
out theirdifferencesandcommonalities.

Althoughall theconceptsabovecaneasilybeextendedto loweror higherdimensionalspace,in this
thesiswe dealwith RSAsin IE3 only. This is the mostimportantcasefor computergraphics.We do
not discussthepair of pointsvisibility problemseparately, sinceit canalwaysbeconvertedto the ray
shootingproblem:If U andV arethepointsfor testingmutualvisibility, we constructtheray with its
origin in U anddirectionvector �D � V � U . If no intersectionbetweenthe ray andsceneobjectsis
foundbetweenthesetwo pointsusingany RSA, thenU andV aremutuallyvisible. Otherwise,they are
mutuallyinvisible.

Thepair of pointsvisibility problemis lessdemandingthanray shooting,sinceit doesnot require
us to computeexactly the point of intersectionwith the object. The result is of Booleantype and
mustbe alwayscorrect– no approximative result is allowed. If the pointsarenot mutually visible,
thecomputationcanbeacceleratedby caching theobjectsthatarelikely to be intersectedon the line
segmentbetweenthesetwo points. In general,the pair of pointsvisibility problemcanthusbe less
computationallyexpensivethanrayshootingusingspecialtechniquesincludingcachingof objects[164,
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43]. Thesespecialtechniquesarenot the subjectof this thesis. The speedupachieved by using the
specialtechniquesinsteadof simply convertingthepair of pointsvisibility problemto theray shooting
is dependenton theobjectconfigurationin thesceneandthealgorithmused.

However, eachRSAcanbeslightly modifiedfor apairof pointsvisibility problem– whentraversing
somedatastructureandcheckingobjectsfor the intersectionwith a given ray, we canstopwhenever
anintersectedobjectlying at somemaximumdistanceis found. Obviously, this modifiedRSAis more
efficient for answeringpairsof pointsvisibility queries,andin theworstcaseit is of thesameefficiency.

1.4 RelatedWork/Pr evious Results

Ray shootinghasbeenstudiedby the two researchcommunities;from the perspective of computer
graphicsandcomputationalgeometry. In bothgroupsray shootingandothervisibility problemshave
attainedgreatinterestin thelasttwo decades.

1.4.1 Computational Geometry

Computationalgeometrytraditionally addressesthe ray shootingproblemwith the aim of improving
worst-casecomplexity using � -notation,but someattemptshavealsotriedto handleaverage-casecom-
plexity. Theresearchhasbeenparticularlyactive since1989.

More specifically, in computationalgeometrythe ray shootingproblemis understoodasa special
instanceof therange-searchingproblem[6]. A typical range-searchingproblemis definedas:Let Sbe
a setof N entities(points,objects)in IEd andϒ bea family of subsetsof IEd, wheretheelementsof ϒ
arecalledranges.Thegoalof analgorithmsolvingtherange-searchingproblemis to preprocessS into
adatastructuresothatfor queryrangeυ � ϒ, theentitiesin S ' υ canbereportedor countedefficiently.
Rayshootingis only onetypeof geometricrange-searchingproblem.

Theray shootingproblemhasbeensolvedin IE2 andIE3 usingvariousapproachesthatreachsimilar
querytime/space/preprocessing time complexity. Computationalgeometrytechniquesmostly restrict
theshapeof objectsto havecertainpropertiesaccordingto adimensionof space;in IE2 to line segments,
simplepolygonswith N edges,N disjoint simple/convex polygons,in IE3 to convex polytopeswith N
faces,N convex polytopes,terraindescriptionby continuoussurfacefunction(heightfields),triangles,
spheres,andplanarpolygons. The correspondingRSAthenutilizes the specialpropertiesof a given
objectclass.

MathematicaltoolsusedinsideRSAsincludestheparametrisationof oriented/unorientedlines(two-
plane,sphere,andespeciallyPlücker parameterization[166]). Theimportantconceptsusedby compu-
tationalgeometrycoverpartitiondatastructuresincluding � 1/ r � -cutting[7], arrangements[8], geodesic
triangulation[65], Steinertriangulation[14], etc.

Megiddo’s parametricsearch technique[8] is oftenapplied;theray shootingproblemis thentrans-
formedto a segmentemptinessproblem.Let usassumeN objects(preferablypolyhedralandconvex)
in thescene.A line segmentin IE3 (IE2) is checked for intersectionwith objectsusingsomesegment-
intersectiondatastructurethattakes ��� logN � time. Thedetectionisappliedusingabinarysearchtofind
out thefirst objectintersectedthusresultingin ��� log2 N � querytime for ray shooting.Theparametric
searchtechniquehasbeensuccessfullyappliedto trianglesandspheresin IE3. Usually, onesearching
datastructureis pluggedinto anothersearchingdatastructure,anda parametricsearchis performed.
Thespaceandquerycomplexity of thedatastructuresdeterminetheresultingpropertiesof theRSA.

Thereareseveral bestresultsfrom which we cantracethe tradeoff betweenquerytime andspace
complexity. Herewe discussIE3 spaceonly, which is of majorinterestfor computergraphics.Mark de
Berg introducedtheRSA [22] with ��� logN � timecomplexity using ��� N40 ε � storageandpreprocessing
time for any ε 1 0. His Ph.D. thesisincludesspecialcasessuchas ray shootingwith rays from a
fixedpoint or in a fixeddirectionin a spaceof axis-parallelpolyhedra,c-orientedpolyhedra,arbitrary
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curtains,andgeneralpolyhedra.His main ideais to usePlücker representationof ray spacefor both
the input ray andtherepresentationof objects’edgesandthento applya point locationsearchin this
IE5 space.Agarwal andSharir[9] presenteda methodthat for M possiblyintersectingpolyhedrawith
a total of N facesin ���2� M �N � 20 ε � storageandpreprocessingtime reaches��� log2 N � querytime. This
is a significantimprovementover thepreviousapproachgivenby deBerg, if M 3 N. Optionally, they
discussedthe approachwith ��� N10 ε � storageand preprocessingtime that reaches��� M14 4 �N14 20 ε �
querytime. MohabanandSharir[111] presentedanalgorithmwith ��� N30 ε � storageandpreprocessing
time with ��� Nε � querytime for a setof spheres(or otherobjects).More recently, Agarwal et al. [5]
publishedan algorithmwhich, for a setof spheresor moregeneralobjects,has ��� N30 ε � storageand
preprocessingtimeandreaches��� log4N � querytime.

Therehave also beenrecentattemptsto attack the ray shootingproblemfrom the viewpoint of
average-casecomplexity. This includesthe conceptof C-complexity for querysensitive RSA [110].
In this casethe complexity of a ray shootingquery is consideredin relationto the scenecomplexity
alongthespecificraypath.Undersimplifying assumptionsfor objectdescriptionusingball covering,a
PM kd-tree[125], andboundingboxing, it is possibleto achieve ��� N � logN � preprocessingtime with��� N � storage,whentheray shootingquerytime correspondsto theC-complexity of this specificray.
Otherapproachesaimedat average-casecomplexity usetriangulation,especiallyminimumweight tri-
angulationandSteinertriangulation[14]. The ideahiddenbehindthe techniquesis straightforward;
assumingarbitraryraysdonothit any objectin space,thentherayscrossaminimumnumberof bound-
ariesof decompositiononaverage.Unfortunately, thecomplexity of thealgorithmsthatconstructthese
minimum sizedecompositionseven in IE2 belongsto the NP-hardclassor is unknown andthus the
approacheshave to utilize someheuristicsthatcanproduceresultsthatcanbefar from optimum.

Thereareseveralalgorithmicproblemscloselyrelatedto ray shooting;theexistenceof stabbingfor
a givenray andsetof objects,theexistenceof a stabbingline for a givensetof objects,a moving line
segmentamongobstacles,etc. The most recentsurvey paperson ray shootingin the computational
geometryfield werepublishedby Agarwal andErickson[6] andPellegrini [117].

Themainproblemof rayshootingtechniquesdevelopedin thefield of computationalgeometry, par-
ticularly aimingatworst-casecomplexity, is their inapplicabilityin practice.First,this inapplicabilityis
causedby ratherdifficult implementationof thesetechniques,therestrictionto objectclassesrequired
by thesetechniques,the worst-casespacecomplexity reachingat least ��� N3 � , andthe unavailability
of any practicalimplementations.Especially, thespacecomplexity for the underlyingdatastructures
of RSAsseverely limits the useof thesetechniquesto hundred(s)of objectsapproximately, which is
unacceptablefor practicaluse.This restrictionholdsevenfor techniquesappliedto IE2 space.

Similarly, to the bestof our knowledge, thoseaverage-casetechniquesdevelopedin the field of
computationalgeometrythatarepotentiallypromisingfor somepracticaluse,andthataresimplerfrom
theimplementationpoint of view, have notbeenimplemented.

1.4.2 Computer Graphics

Thecomputergraphicscommunityhasdevelopedits own RSAs, startingafter introductionof ray trac-
ing [160]. Thefirst applicationsin computergraphicsthatstronglyrequiredsomeRSAwereray-casting
andray-tracing;at presentmostnew global illumination algorithms[149, 20] aimingat photo-realistic
imagesynthesisalsousesomeRSA. Thealgorithmsfor rayshootingdevelopedwithin thefield of com-
putergraphicsareof a heuristicnature,anddo not follow the conceptof worst-casecomplexity, but
ratheraverage-casecomplexity andpracticalfeasibility.

At presentthereareseveralknown RSAs, asubstantialpartof which is listedbelow. In thepublished
paperstheseRSAsarecalledacceleration techniques, acceleration methods, acceleration schemes, etc.
TheseRSAsusuallyassumethataray-objectintersectiontestis availablefor eachshapeof object,which
allow usto usegeneralshapesof objects,unlike theRSAsdevelopedin thefield of computationalge-
ometry. It is alsocommonlyrequiredthatanaxis-alignedboundingbox tightly (or boundingvolumein
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general,seeSubsection1.6.1)enclosinganobjectfor anarbitraryshapeof theobjectcanbecomputed.
The mostcited survey on RSAswasgiven in Glassner’s book [18] by Arvo andKirk. RSAswere

alsosurveyed by Foley [47] andby Watt andWatt [157]. A morerecentand fuller survey on RSAs
waspresentedin Simiakakis’Ph.D.thesis[132]. TheArvo/Kirk’s survey, althoughvery systematic,is
becomingobsoletesinceit doesnot cover developmentsin thelastdecade.It alsodoesnot containany
quantitativecomparisonof RSAs. Thesameholdsfor othersurveys. Similarly, thesurvey by Simiakakis
doescover developmentssince1995.

Further, we presenta list of algorithmictechniques,datastructures,andissuesthathave beendealt
in thecontext of RSAs, togetherwith themostimportantcitations1:� basicspatialdatastructures

– boundingvolumes[123]
– boundingvolumehierarchy[158, 96, 63, 142]
– spatialsubdivisions5 binaryspacepartitioning(BSP)tree[94, 148, 82, 80]5 kd-tree [105, 30, 15, 144, 145, 82, 80]5 octrees(including Octree-R)[59, 139, 126, 118, 45, 159, 54, 147], andmany others,

(for survey, see [74])5 uniform grid [53, 33, 90, 45,163]5 non-uniformgrid [57]5 hierarchyof grids[93, 100, 90, 25, 26]5 Voronoidiagram[106]
– ray classificationscheme[17, 133, 132, 102]
– ray coherencetheorem[116, 89]� augmentingspatialdatastructures

– macroregions[41]
– pyramidclipping [156]
– proximity clouds[38]
– directedsafezones[124]
– largestcommontraversalsequence[78]� additionalimprovementsfor spatialdatastructures

– ray cache(mailbox)technique[23, 12, 97]
– ray boxingtechnique[136, 163]� specialtechniques

– handlingCSGprimitives[23, 32, 165, 56, 167, 113]
– planetraversal[49]
– hierarchyof 1D sortedlists [51]
– object/raycoherence[64]
– generalizedrays5 beamtracing[87]5 conetracing[11]5 penciltracing[131]
– techniquesfor restrictedsetsof rays5 fixing theorigin of rays(includinghiddensurfaceremoval, i.e., ray casting)[55, 155,

77] andmany others.5 fixing thedirectionof rays[101, 77]

1Thefull list of BibTeX entriescanbefoundat: http://www.cgg.cvut.cz/˜havran
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� specificissues

– terminationcriteriaandheuristicsfor constructingspatialdatastructures[146]
– memorystorage/accessissues[120, 73]
– performancepredictionof RSAs[122]
– accelerationtechniquesto generatethesequenceof images[50, 19, 60, 108, 121, 92, 28, 67,

29, 114]
– coherence[156, 95]
– hybridspatialdatastructures(metahierarchies)[16]
– complexity analysisandcomparisonof RSAs[128, 49, 45,33, 69, 109, 152, 153, 150, 151,

107, 48, 74, 85, 86]

Someof the techniqueslisted above can be combinedtogetherto get a more efficient RSA. For
example, the ray cachetechniquecan be pluggedinto nearly all RSAs. Moreover, a more general
conceptknown as meta-hierarchies, which combinesthe basicspatialdatastructuresinto one, was
proposedby Arvo [16], but noconstructionalgorithmfor suchameta-hierarchyhasbeenproposedyet.

A detailedreview of all thesetechniqueswould be ratherspacedemandingand would requirea
separatereview publicationof major extent. For this reasonwe recall in this chapteronly the most
importantfactsconcerningRSAs, whicharenecessaryfor anunderstandingof therestof thethesis.

1.5 Complexity of RSA

Thetheoreticalcomplexity boundsusing � -notationfor rayshootingproblemwereaddressedin aseries
of papersby Szirmay-KalosandMárton(chronologicallycited: [107, 48, 150, 151, 152, 153]).

Sincetheir resultsare importantfor understandingthe contribution of this thesis,we make a brief
survey of their work here. The interestedreaderis advisedto studythepaper[153] for moredetails.
Most of this sectionfollows themainresultsof thispaper.

Szirmay-KalosandMártonstatethat worst-caseoptimal RSAsareboth difficult to implementand
practically infeasibledue to the their prohibitive memoryandpreprocessingtime complexity. They
presentthe conceptof a “good” RSA, which shouldrun in sublineartime after sub-quadraticprepro-
cessingwith linear spacecomplexity. They show why heuristicRSAsareusedin global illumination
andtheirworst-caseandaverage-casetimecomplexity.

They proposea complementerplane algorithm that solves the ray shootingproblemin ��� logN �
complexity with ��� N8 � spacecomplexity for ageneralclassof convex objectsin IE3. Themainideais
to definerayspaceusingthecomplementaryplaneperpendicularto aninput ray. Therequiredcomple-
mentaryplanefrom asetof suchplanesfor agivenraycanbefoundusingapoint locationsearch.The
numberof topologicallydifferentprojectionsof objectsto theplaneis finite, andthusthewholesearch
spaceof complementaryplanesis alsofinite. Thenumberof objectsprojectedto any complementary
planeis againfinite, which alsoboundsthesearchspace.Thenumberof intersectionswith objectsfor
a singleray is alsofinite, which discretisesthis searchspace.As a result,all the threesearchspaces
(complementaryplane,thepositionof theray projectedon thecomplementaryplane,andtheposition
of the objectalongthe ray path)canbe searchedusingpoint location. This is the classicalproblem
in computationalgeometry, solvable usingbalancedbinary treesin ��� logN � time. As a result, the
proposedRSAreaches��� logN � time with ��� N8 � spacecomplexity, which is very prohibitive for any
practicaluse.

Theirnext resultis thelowerboundof spacecomplexity for any worst-caseRSAworkingin ��� logN �
time complexity. They show thatthis lower boundis Ω � N4 � in worst-case,which is still prohibitive for
any practicaluse. They further show the lower boundof worst-casecomplexity of ray shootingasa
problemitself is Ω � logN � .

They alsoprovideanaverage-caseanalysisof heuristicRSAs. They proposetheconceptof aprovoca-
tive RSA assumingtheray origin is fixedin thespace.Thebasicideaof theprovocative RSAis to sort
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objectsaccordingto their distancefrom theorigin point of a ray in ��� N � logN � time. A ray shooting
query is solved by checkingthe intersectionwith the closestobjectfirst and the farthestobject last,
resultingin ��� N � time complexity in theworstcase.They analyzetheaverage-casecomplexity of this
provocative RSAfor a setof spheresof thesameradiusuniformly distributedin thescene.They show
thattheaverage-casetimecomplexity of aprovocative RSAfor thesceneis formally ��� 1� , andthisalso
holdsfor ascenewith randomlydistributedspheresof varyingradii [107].

They statethatalmostevery heuristicRSAbasedon spatialdatastructureshasa commonideain the
provocativeRSA. Theunderlyingspatialdatastructurestry to representthedistancebetweentheobjects,
not from a singlepoint. To save thedistancefrom all possiblepositionswould requireinfinite storage
space.Thespatialdatastructuresof heuristicRSAsusesomeapproximationthatsubdividesspaceinto
finite spatialregionsfrom wherethe objectscanbe roughly sortedaccordingto their distance.They
supporttheir theoryby resultsof simulationfor randomlydistributedspheresfor uniform grids [53],
ray coherence[116], ray classification[17, 133], andtheVoronoidiagram[106].

They concludewith thestatementthat thefundamentalassumptionof uniformly distributedobjects
in thescenecanbeviolatedin mostcasesin practice.We mayremarkthatmany scenesthatrepresent
the realworld requirea lot of freespacein them. The inhabitablestructuresformedby humansmust
containmuchfreespacejust to allow movementof humansandanimalsandtransportof things(e.g.,
streets,corridors,rooms).

Theunknown multiplicative factorhiddenbehind � -notationandtheassumptionon uniformly dis-
tributedobjectsin thescenedisablesfair comparisonof theheuristicRSAsusingcommonformal com-
plexity tools – � -notation. A significantquantitative differencein performanceof heuristicRSAshas
beenobserved in many papers[144, 109, 49, 44], althoughtheseRSAshave theoretical��� 1� average-
casecomplexity for sceneswith randomlydistributedobjects[153].

Theaverage-caseanalysisfor practicalscenesthathaveadistribution of objectsuncatchableby sim-
ple mathematicaltoolstypically usedfor this purposeremainsanunsolvedproblem.If thedistribution
of objectscannotbe describedby several parameters,it raisesthe questionof whetheran analysisis
a solvableproblemfrom a theoreticalpoint of view at all. For this reason,the performanceof RSAs
is practicallycomparedon setof testscenes,usingfor examplethescenesfrom Standard Procedural
Database(abbreviatedto SPD throughoutthethesis)introducedby Haines[69].

PapersaddressingheuristicRSAsin the pastusedonly a subsetof SPD scenesor a privatesetof
scenes,containingtypically from 3 to 6 scenes.Researchsupportedby experimentson sucha low
numberof scenesis not statisticallyrelevant. Further, thedifferentimplementationof referenceRSAs,
andthe useof hardware-dependenttiming statisticsratherthanhardware-independent characteristics
hasmadea fair comparisonof work publishedin variouspapersratherinfeasible. Additionally, it is
not known whetherSPD scenes– althoughbeingscalable– offer a goodrepresentative setof scenes
suitablefor testingof RSAs. As a resultof all the factorsmentionedabove, thepapersaboutheuristic
RSAspublishedin thepastoftencontainmutuallycontradictorystatements.

1.6 BasicTechniquesusedin RSAs

In this sectionwe presenta short survey of heuristicRSAs, sincetheseare further elaboratedin the
thesis. For a moredetailedstudy the readeris referredto the surveys by Arvo andKirk [18] and/or
Simiakakis[132], or to theoriginal paperscitedhere.

RSAsbasedonbasicspatialdatastructureshavein practicealowertimecomplexity thananäıveRSA.
They useeitherspatialsubdivisions[18, 157], hierarchicalclusteringof objects[25], or a combination
of theseprinciples[100]. Below we describeall commonlyusedspatialdatastructures.
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1.6.1 Bounding Volumes

A näıveRSAtestseveryobjectfor intersectionwith agivenray. Theray-objectintersectiontestitself can
beanexpensive operation,particularlyfor someshapesof objects(NURBsandothersplinessurfaces,
polygonswith many edges,etc.). Thereforeit is advantageousto enclosetightly theobjectin abounding
volumewith a simpleray-objectintersectiontest.Practically, theboundingvolumeof anobjectO is a
cell � for which holdsO ' � ) O. If a ray intersectsthe objects’boundingvolume,an intersection
betweentheray andtheobjectis performed.If a ray doesnot intersecttheboundingvolume,it cannot
intersecttheobjectandthusasubstantialpartof thecomputationcanbeavoidedon average.

A simple boundingvolume is a sphere,which has a particularly simple ray-object intersection
test [61]. The secondpossibility is to usetight #%$ of the object. Another alternative is to usear-
bitrarily orientedrectangularparallelepipeds[18], alsocalledslabs. The requirementsposedon the
propertiesof aboundingvolumeareasfollows:

Tightness: If a ray intersectstheboundingvolume,thentheprobabilitythat theray alsointersectsthe
objectis high.

Efficiency: The time complexity of the intersectiontest betweena ray and the boundingvolume is
small.

Sometradeoff mustbe soughtfor thesetwo requirements.An exampleof boundingvolumeis the
above-mentioned#%$ . Theuseof boundingvolumesfor thedatastructuresof RSAsasdescribedabove
is moregeneral– boundingvolumescanbeusedboth insideboundingvolumehierarchiesandalsoin
thespatialsubdivisionsdescribedbelow.

1.6.2 Bounding VolumeHierar chies

A naturalextensionto boundingvolumesis a boundingvolumehierarchy (abbreviatedto BVH further
in thethesis),whichtakesadvantageof hierarchicalcoherence.Giventheboundingvolumesof objects,
ann-ary rootedtreeof theboundingvolumesis createdwith theboundingvolumesof theobjectsat the
leaves.Eachinterior nodev of BVH correspondsto theboundingvolumethatcompletelyenclosesthe
boundingvolumesof thesubtreerootedatv.

The hierarchyprovidesnaturally the methodfor testinga ray with the objectsin the scene.If the
ray doesnot intersectthe enclosingboundingvolumeat the root node,it cannotintersectany object.
Otherwise,thehierarchyis recursively descendedagainonly for thosenodesof BVH whosebounding
volumeswere intersectedby the ray. The interestingpropertyof BVH is that althougha bounding
volumeof anodealwayscompletelyincludesits child boundingvolumes,thesechild boundingvolumes
canmutuallyintersect.Themethodfor automaticconstructionof BVH wasfirstdescribedby Goldsmith
andSalmon[63]. Theconstructionof BVH proceedsbottom-upandis object-oriented, it doesnothave
thepropertyof ESSDor HSSD, sincetheboundingvolumesoverlap.

1.6.3 Spatial Subdivisions

A numberof basicheuristicRSAsdevelopedin thepastarebasedonspatialdatastructuresthatsubdivide
thespatialregionof asceneinto cells,mostlyusingamethodknown asdivideandconquer. Theresultis
approximative orderingof objectsin spaceaccordingto their distanceamongtheobjects.Thedistance
is somehow encodedinto thepropertiesof thespatialdatastructures,which areusuallycalledspatial
subdivisions. The quality of the distanceencodingand the easeof accessingthe distancein spatial
subdivisions directly effects the performanceof the correspondingRSA, which traversesspatialdata
structuresandfinally producesa resultfor a given ray shootingquery. The basicspatialsubdivisions
weredevelopedby several authors[95, 53, 59] andaredescribedin moredetail below. Thecommon
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principleof all spatialsubdivision structuresis to subdivide thecell � correspondingto thescene#%$
into a setof cells S6 by a setof boundariesSb

∂ 6 . In termsof terminologygiven in Section1.2, the
principle is to createESSDor HSSDfor initial cell � , whereeachelementarycell containsa list of
pointersto objectsfully or partially containedin the cell. The geometryof ESSD/HSSD,for known
spatialsubdivisionsexcludingVoronoidiagrams[106], is inducedby splitting planesperpendicularto
oneof thecoordinateaxes.

Using spatialsubdivisions, the correspondingRSAlocatesthe elementarycells along the ray. If
any intersectionexists betweena given ray andan objectbelongingto theelementarycell, andif the
correspondingintersectionpoint lies inside the elementarycell, then the answerto the ray shooting
query is found. If thereare more objectsfound to be intersectedinside the cell, the closestone is
selected.If no objectwith an intersectionhasbeenfound or if the intersectionpoint lies outsidethe
currentlyprocessedelementarycell, thecomputationproceedsto thenext elementarycell alongtheray.
Thealgorithmidentifying thecellsalongtheray pathis calledthe ray traversal algorithm. An RSAis
thuscomposedof anunderlyingspatialdatastructureanda correspondingray traversalalgorithm.

Somespatialsubdivisionsrequireto have elementarycellsof thesameshapeandsize.Thecommon
propertyof spatialsubdivisions, unlike BVH, is that the elementarycells are always disjoint (non-
overlapping). The constructedelementarycells areeitheraddresseddirectly or from the hierarchical
cells. The constructionof spatialsubdivisionsusuallyproceedsin a top-downway. The conceptof
spatialsubdivisionsis space-oriented.

Sincewe dealwith RSAsbasedon spatialsubdivisionsin detail in therestof thethesis,we continue
below with adescriptionof themostcommonlyusedspatialsubdivisions.

1.6.3.1 BSPTreesand Kd -Trees

A Binary SpacePartitioning (BSP)treeis a spatialsubdivision that canbe usedto solve a variety of
geometricalproblems.It wasinitially developedasa meansof solving thehiddensurfaceproblemin
computergraphics[52]. It is a higherdimensionalanalogyto thebinarysearchtree.TheBSPtreehas
two majorvariantsin computergraphics,whichwe call axis-alignedandpolygon-aligned.

Thepolygon-alignedform [52, 66] choosesaplaneunderlyingthepolygonasthesplittingentity that
subdividesthespatialregion into two parts. Thesceneis typically requiredto containonly polygons,
which is too restrictive for ray shootingapplications.Wedo not dealwith thepolygon-alignedform of
BSPtreehere.For asurvey andapplicationof thetechniquesbasedon thepolygon-alignedform of the
BSPtreeseefor example [43, 112].

In theaxis-alignedform of theBSPtreethesplitting entity is theplanethat is alwaysperpendicular
to oneof coordinateaxes. Theconceptwasfirst usedfor an RSAby Kaplan[94]. Sincethesplitting
planesareperpendicularto thecoordinateaxes,thespatialsubdivision is alsocalleda rectilinearBSP
treeor anorthogonalBSPtree.Sincein mostof thethesis(Chapter4–7)we dealwith theaxis-aligned
form of theBSPtree,we describeit in greaterdetailthanotherbasicspatialdatastructures.

A BSPtreefor a setS of objectsis definedasfollows: Eachnodeν in the BSPtreeis associated
with its axis-alignedboundingbox #%$&� ν � , which is acell. Thecell associatedwith therootof theBSP
treeis the axis-alignedboundingbox #%$ of all objectsfrom S. Eachinterior nodeν of the BSPtree
is assigneda splitting planeHν thatsubdivides #%$&� ν � into two cells. Let H 0ν bethepositive halfspace
andH 7ν thenegativehalfspaceboundedby Hν. Thecellsassociatedwith theleft andtheright child of ν
are #%$&� ν � ' H 0ν and #%$&� ν � ' H 7ν , respectively. Theleft subtreeof ν is aBSPtreefor thesetof objects
S7v �  s ' H 7v (� /0 � s � Sv " , andthe right subtreeis definedsimilarly. Eachleaf nodeνE maycontain
a list of objectsSνE that intersecttheaxis-alignedboundingbox #%$&� νE � associatedwith νE. Whena
leaf containsat leastoneobject,we call it a full leaf. Otherwise,we call it anemptyleaf. Wecall a cell#%$&� νE � associatedwith theleaf νE a leaf-cell. For thesake of convenience,let lchild � ν � denotea left
child of nodeν andsimilarly let rchild � ν � denoteits right child.

An exampleof aBSPtreein IE2 is depictedin Fig. 1.3. In termsof terminologygivenin Section1.2



12 CHAPTER1. INTRODUCTION

theleaf of a BSPtreecorrespondsto theelementarycell of HSSDandtheinterior nodeto thegeneric
cell of HSSD.

Figure1.3: An exampleof theBSPtreein IE2.

The orthogonalityof splitting planesin the BSP tree significantly simplifies the intersectiontest
betweena ray andthesplitting planes.Thecostof computationof thesigneddistancecorresponding
to theintersectionpoint betweena ray andtheaxis-alignedsplitting planeis roughlythreetimeslower
thanfor anarbitrarypositionedplane(for adetailedexplanation,seeSection4.2).

A BSPtreeis usuallyconstructedhierarchicallyin top-down fashion,asoutlinedin thepseudocode,
Algorithm 1. At a currentleaf ν a splitting planeis selectedthatsubdivides #%$&� ν � into two cells. The
leaf thenbecomesan interior nodewith two new leaves. Theobjectsassociatedwith ν aredistributed
into its two new descendants.Theprocessis repeatedrecursively until certainterminationcriteria are
reached.Commonlyusedterminationcriteriaarethemaximumleaf depthandthenumberof objects
associatedwith theleaf.

Algorithm 1 BSPtreeconstruction,recursive versionof thealgorithm.
procedureSubdivide(CurrentNode,CurrentTreeDepth, CurrentSubdividingAxis)
if ( (CurrentNodecontainstoo many objects)
and(CurrentTreeDepth is not toohigh) ) then

Childrenof CurrentNode 8 CurrentNode’sBoundingVolume9
Notethat child : 0;
<max<DividingAxisandchild : 1;
<min<DividingAxisarealwaysequal.=

if CurrentSubdividingAxis= X-Axis then
child : 1;
<min< x 8 mid-pointof CurrentNode’sX-Bound
child : 0;
<max< x 8 mid-pointof CurrentNode’sX-Bound
NextSubdividingAxis 8 Y-Axis

elseif CurrentSubdividingAxis= Y-Axis then
child : 1;
<min< y 8 mid-pointof CurrentNode’sY-Bound
child : 0;
<max< y 8 mid-pointof CurrentNode’sY-Bound
NextSubdividingAxis 8 Z-Axis

elseif CurrentSubdividingAxis= Z-Axis then
child : 1;
<min< z 8 mid-pointof CurrentNode’sZ-Bound
child : 0;
<max< z 8 mid-pointof CurrentNode’sZ-Bound
NextSubdividingAxis 8 X-Axis

end if
for all objectsreferencedin CurrentNodedo

if theobjectis within children’sboundingvolumethen
addtheobjectto thechildren’sobjectlist

end if
end for
Subdivide(child : 0; ,CurrentTreeDepth > 1,NextSubdividingAxis)
Subdivide(child : 1; ,CurrentTreeDepth > 1,NextSubdividingAxis)

end if
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An importantfeatureof theaxis-alignedform of theBSPtreeis its adaptabilityto thescenegeometry
that is inducedby the possibility to positionthe splitting planearbitrarily. Traditionally, the splitting
planeis positionedat the mid-point of the chosenaxis, and the order of axes is regularly changed
on successive levels of the hierarchy[94]. Anothermethodusesadaptive positioningof the splitting
planeswhenthe positionof the splitting planeis chosenalongthe whole rangeusinga surfacearea
heuristic[105] (describedin Chapter4).

Thepositioningof thesplitting planeis sometimesusedto distinguishbetweentheBSPtreeandthe
kd-tree,whichwasintroducedby Bentley [21] in 1975.Conceptually, theBSPtreeandthekd-treeare
equivalent.Theimportantfeatureof thekd-treeis thatit alwayshasaxis-alignedsplittingplanesunlike
theBSPtree. In someliterature,theaxis-alignedform of theBSPtreeis only a typeof kd-treewhere
thesplitting planealwayslies at themid-pointof thecurrentbox resultingin two childrenwith cellsof
equalsize.In someotherliterature,theaxis-alignedform of theBSPtreecanhavearbitrarypositioning
of thesplittingplanesandis thusequalto thekd-tree.In this thesis,aBSPtreerefersto abinaryspace
partitioningin theaxis-alignedform thatalwaysusesmid-pointpositioningof thesplittingplanes.The
kd-treecanhave arbitrarily positioningof thesplitting planes.Thusany BSPtreeis a kd-tree,but not
vice versa.Thepositioningof thesplitting planescansignificantlyinfluencetheperformanceof RSAs
basedonthekd-tree,particularlyfor sparselyoccupiedscenes2. This is describedin detailin Chapter4.

Algorithm 2 TheBSPtreeandthekd-treeray traversalalgorithm,recursive version.
functionRayTreeIntersect(rayR, node, min, max): object
if node is emptythen

RayTreeIntersect8 ”no intersection”
else

if node is a leaf then
Intersectray R with eachobjectreferencedin theleafdiscardingthosefartheraway thanmax.
RayTreeIntersect8 the”objectwith theclosestintersectionpoint”

else
t 8 thesigneddistancealongray to thesplittingplaneof thenode
Near 8 thechild of node for half-spacecontainingtheorigin of R
f ar 8 the”other” child of node– i.e. not equalto near
if ? t @ maxA and ? t B 0A then9

Wholeinterval is on nearcell – recursion.=
RayTreeIntersect8 RayTreeIntersect(R,near, min, max)

else
if t B min then9

Wholeinterval is on far cell – recursion.=
RayTreeIntersect8 RayTreeIntersect(R,f ar, min, max)

else9
Theray intersectstheplane– recursion.=

hitData 8 RayTreeIntersect(R,near, min, t)
9
Testnearcell.=

if (hitDataindicatesthattherewasa hit) then
RayTreeIntersect8 [hitData]

else9
Therewasno hit in thenearcell – testfar cell.=

RayTreeIntersect8 RayTreeIntersect(R,f ar, t, max)
end if

end if
end if

end if
end if

Given a ray and a BSPtree, the ray traversalalgorithm identifieselementarycells along the ray.
2Sparselyoccupiedscene(alsocalledunevenly occupiedscene)is sucha scene,wherethe distribution of objectsin the

sceneis non-uniform.Mostof thespacein thesceneis thenempty.
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Therearea few variantsof the ray traversalalgorithmfor theBSPtree,they arefurtherelaboratedin
Chapter5. Here,we shortly describeonly the recursive ray traversalalgorithmfor BSPtree,which
is outlinedin thepseudocode,Algorithm 2. Thebasicideaof this algorithmis that for eachnodewe
identify oneof four possiblecases:to traverseonly theleft child, only theright child, theleft child first
andthenthe right child, or the right child first andthenthe left child. Whenwe descendto the left or
right child, werecursewith thesamealgorithm.

1.6.3.2 Octrees

An octree(Octaltree)in IE3 is aspatialsubdivision thatis similar to thequadtree[127] in IE2 space.It
is alsobuilt recursively in top-down fashion,but unlike to theBSPtreetheinitial cell � is notsplit into
two cellsbut into eightcubiccells(in IEn spaceinto 2n cells).Thecubiccellsof theoctree,oftencalled
octants, lie atvariousdepthsfrom therootnodeandthusthey vary in size.Theoctreeitself canserveas
therepresentationof a three-dimensionalobject[127]; in this casethe leavesof theoctreearemarked
eitheremptyor full. Theuseof theoctreefor RSAwasintroducedby Glassner[59]. Cells with high
objectoccupancy canberecursively subdivided into smallerandsmallercells,generatingnew cells in
theoctree.

Theaddressingof child nodeswhenaccessingtheinterioroctreenodeis providedby directpointing
or hashing.In theformercasethe interior nodehasto containeightpointersto its descendants.In the
lattercasetheaddressof thechild nodesusedfor hashingis usuallyformedby postfixingor prefixing
theparentaddressby digits from 1 to 8 correspondingto thegeometricalpositionof thechild node,as
depictedin Fig. 1.4. Numberingthenodesthisway (insteadof from 0 to 7) losestheoctalpurity of the
original scheme,but improvesthehashingitself [59].

Figure1.4: Octreespacepartitioning.

Theray traversalalgorithmfor theoctreeis morecomplicatedthanfor theBSPtreeor theuniform
grid (seesubsectionbelow). Eachray intersectingan octreenodecanvisit at most its four of eight
descendants,andthecomputationof their orderto bevisitedalongthe ray pathis thusmoreinvolved
thanfor the BSPtree. The time consumedby a ray traversalalgorithmfor the octreeis given by the
efficiency androbustnessof thealgorithmdeterminingwhichchild nodesareto bevisitedandin which
order. Recently, asurvey [74] dealingwith ray traversalalgorithmsfor theoctreehasbeenpublished.

The octreenaturallyexploits spatialcoherencebecausethe objectsthat arecloseto eachother in
spaceare referencedin leaves that are closeto eachother in the octree. The commontermination
criteria for octreeconstructionarethesameasfor theBSPtree: themaximumallowed depthandthe
minimumnumberof referencesto objectsin theleaves.

Thepropertiesof theoctreethatarerelatedto theRSAcanbecomparedto thepropertiesof kd-tree
(or theBSPtree).However, therearecaseswheretheperformanceof RSAsbasedon theoctreeandthe
RSAbasedon thekd-treesignificantlydiffer. We shouldnotethat thegeometryinducedby theoctree
canbe simulatedby the BSPtree,but the octreehasa moreregular structure.Dependingon the ray
traversalalgorithm, the orderof all the octantsto be visited in the ray traversalalgorithmis usually
determinedeven if the ray canterminatealreadyin thefirst octant.Smalloccupancy of the leavesfor
sparselyoccupiedscenesis thenext disadvantageof theoctree.Theemptyneighborleavesin theoctree
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have to bedeterminedandtraversed,whereasin thecaseof constructionof theBSPtreeit is likely they
would berepresentedby a singleleaf. Thesmalloccupancy of leavesimpliesrelatively largememory
requirementsfor octreerepresentation.

There is a variant of the octreecalled Octree-R[159] that resultsin arbitrary positioningof the
splitting planesinsidethe interior nodes.ThedifferencebetweentheoctreeandOctree-Ris similar to
thatbetweentheBSPtreeandthekd-tree. Thesmartheuristicalgorithmfor positioningthesplitting
planesinside the octreeinterior nodeis appliedindependentlyfor all threeaxes. Then the speedup
betweentheoctree-Randtheoctreecanbe from 4% up to 47%,dependingon thedistribution of the
objectsin thescene[159].

1.6.3.3 Uniform and Non-Uniform Grids

A uniformgrid is anothercommonspatialsubdivisionusedin RSAs. It involvesthesubdivisionof initial
cell � into equallysizedelementarycellsformedby splitting planesthatareaxis-alignedregardlessof
thedistribution of objectsin a scene.In termsof introductoryterminologytheuniform grid is ESSD.
The n-dimensionalgrid resemblesthe subdivision of a two-dimensionalscreeninto pixels. A list of
objectsthatarepartiallyor fully containedin thecell is assignedto eachparallelepipedcell (alsocalled
a voxel in IE3 space).The uniform grid in the context of RSAwasfirst introducedby Fujimoto [53].
The ray traversalalgorithm for a uniform grid hasbeenimproved by several researchers,including
Hsiung[90] andEndl [45].

Figure1.5: An exampleof theuniform grid in IE2.

Sincethe uniform grid is createdregardlessof the occupancy of objectsin the voxels, it typically
forms many morevoxels thanthe octreeor the BSPtree,andthereforeit demandsnecessarystorage
space.Nevertheless,theray traversalalgorithmfor theuniform grid canbeperformedvery efficiently,
sincethevoxelsareof thesamesize.

Theray traversalalgorithm,oftenreferredto as3D-DDA, is analogousto theBresenhamalgorithm
for drawing astraightline in IE2 rasterspaceandthusrequiresasimpleoperationfor eachtraversalstep
(addition,subtraction,andcomparison).

Thedisadvantageof theuniformgrid is thattheoccupancy of mostvoxelscanbeverysmall,particu-
larly for sparselyoccupiedscenes.In thiscasearay typically hasto traversemany emptyvoxelsbefore
hitting the full voxel. Sincein sparselyoccupiedscenesmostobjectsarelocatedin a relatively small
numberof all thevoxels,thefull voxelscontainmany referencesto objects.Thesevoxelsarecostlyto
checkfor intersectionwith theray. Theuniform grid doesnotadaptto thedistribution of theobjectsin
thescene,andin theworst-casetheimprovementof anRSAbasedontheuniformgrid overanäıveRSA
neednotbesignificant.

The uniform grid wasanalyzedby Clearly and Wyvill [33]; they showed that the optimal subdi-
vision for oneaxis is k

�� dvoxel� 3
C

N voxels and the minimum total time per ray thencorrespondsto
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tmin
�� const � 3

C
N for N objectsof thesameshapeandsizethatareuniformly distributedin space.The

parameterdvoxel denotesvoxel density– therequiredratio betweenthenumberof voxelsandthenum-
berof objects.Therequirednumberof voxels is thennr � N � dvoxel. Wecall thismethodfor settingthe
resolutionof the uniform grid a homogeneousmethodsinceit disregardsthe shapeof the scene#%$ .
Theshapeof thevoxel is asmallcopy of thescene#%$ .

In orderto getamoreefficientRSAbasedonauniformgrid,othermethodsfor settinguptheuniform
grid resolutionhave beendeveloped(most of them in the context of hierarchicalgrids as described
below).

In orderto achieveamorecubicshapeof voxelsWoo[163] usesthemethodof settinguptheuniform
grid resolutionthatwe call hereWoo’s method. Let x, y, andz bethesizeof thescene#%$ in all three
axes.Thento getnr voxelsin theuniformgrid thefollowing formulasareused:

c � MAX � x 	 y	 z�D	 nr � N � dvoxel	 u � 3
E

dvoxel� nr

Nx � MAX � 1 	 x
u � c �D	 Ny � MAX � 1 	 y

u � c �D	 Nz � MAX � 1 	 z
u � c �D	 (1.2)

whereNx, Ny, andNz is thenumberof voxelsalongthex, y, andz-axis.

Similarly, Klimaszewski [100] developeda methodto set the resolutionof the uniform grid that
we call herea heterogeneousmethod. In order to get nr voxels, the heterogeneousmethodusesthe
following formulas:

Nz �GF 3 nr � z3

x � y H 	 Ny �IFKJ nr � y
Nz � x H 	 Nx �GF nr

Ny �Nz H (1.3)

The non-uniformgrid wasproposedby Gigante[57]. In the non-uniformgrid the splitting planes
arealsoaxis-aligned,but alongtheaxisthey canbepositionedarbitrarily. Non-uniformgridscanhave
a betterfit of voxels to thescenegeometry, sincefor sparselyoccupiedscenesthey put moresplitting
planesto thespatialregionswith higherobjectoccupancy. Thepositioningof theplanesis performed
accordingto thehistogramof objectsalongthecoordinateaxes. Thedisadvantageof thenon-uniform
grid is thelower efficiency of its ray traversalalgorithm,sincethe3D-DDA algorithmcannotbeused.
Giganteshowedthatfor severaltestedscenestheperformanceof RSAbasedon thenon-uniformgrid is
lower thanthatof RSAbasedon theuniformgrid.

In order to improve further the efficiency of ray traversalalgorithms,a few techniquesof coding
emptyspacearoundeachvoxel have beendeveloped. If a voxel is empty, thenwe candeterminethe
smallestdistancefrom somevoxel to thefirst full voxel in thenumberof emptyvoxelsin all directions.
If the voxel with the encodeddistanceto the empty voxel is visited, a ray traversalalgorithm can
determinethatall theemptyvoxels in thedirectionof theray canbeskipped.This techniquewasfirst
introducedby CohenandSheffer [38]; for eachvoxel it determinesthesmallestdistanceto afull voxel.
A similar but directionaltechniquewaspresentedby Semwal andKvarnstrom[124]. It considersthe
six possibledirectionsto encodethesmallestdistanceto thefirst full voxel. This directionalityallows
us to increasethedistanceto thefirst full voxel. Obviously, both techniquessuffer from large storage
spaceandpreprocessingrequirementsthatstronglydependon thedistribution of objectsin thescene.

1.6.3.4 Hierarchical Grids

A hierarchicalgrid is anotherattemptto avoid the regularity of uniform grids,sincethis regularity is
particularlyinconvenientfor sparselyoccupiedscenes.Thecommonprincipleusedin hierarchicalgrids
is to insertuniformgridsrecursively into otheruniformgrids.Theknown methodsof severalhierarchi-
cal gridsstronglydiffer in theconstructionphase.Hierarchicalgridsalsorequirea morecomplicated
raytraversalalgorithmthanuniformgrids.ThreeRSAsbasedonhierarchicalgridshavebeenpublished.
For a survey, moredetaileddescription,andperformancecomparison,see [135], or for a lessdetailed
survey [85]. Wedescribehereonly thebasicpropertiesof RSAsbasedon hierarchicalgrids.
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Recursive Grids

Recursivegrids (abbreviatedto RG furtherin thethesis)simply bring theconceptof recursivenessinto
uniform grids. Theprinciple is asfollows: constructa uniform grid over thesetof objects,assignthe
objectsto all voxelswherethey belong.Thenrecursively descend;that is, for eachvoxel thatcontains
moreobjectsthana given threshold,constructa grid again. The constructionof grids is terminated
whenthenumberof objectsreferencedin thevoxel is smallerthanathresholdor somemaximumdepth
for grids is hit. This maximumdepthis usuallysetto two or three.Theprinciple is thussimilar to the
BSPtreeor theoctree,but at onestepacell is subdividedinto morethantwo or eightchild cells.

Hierarchy of Uniform Grids

Cazalset al. [25, 26] publishedan RSAbasedon a hierarchy of uniform grids (abbreviated to HUG
furtherin thethesis)thatis similar to recursivegrids.Therearetwo maindifferences.First, theinserted
gridsneednotalign with theparentgrid subdivision. Eachgrid is understoodasanautonomousobject
possiblycontainedin anothergrid. Second,theconstructionof HUG is quitedifferent.In thefirst step,
theobjectsarefilteredaccordingto their sizeinto groups,andthenumberof groupsis usuallyeither
two or three.Let ussupposethreegroupsareconstructedby filtering. Thefirst groupcontainslarge-
sizeobjects,the secondgroupmiddle-sizeobjects,andthe last groupsmall-sizeobjects. Within the
middle-sizeandsmall-sizegroupswe performclusteringaccordingto thedistancebetweentheobjects
in thegroup.Thuseachgroupcontainsseveralclusters.For objectsin thelarge-sizegroupweconstruct
aninitial globalgrid. For all clustersfrom themiddle-sizeandsmall-sizegrouphaving a largeenough
numberof objectswe alsoconstructa grid. Thesegrids areinsertedinto the global grid recursively,
so the smallergrids arecontainedin biggerones. The author’s statementin the introductionto the
papersthat themethodis fully automaticis trueasfar asit goes;however, it doesrequireat leasttwo
parametersto besetinitially (thenumberof groupsanddelta-connectivity).

Adaptive Grids

Klimaszewski andSedeberg describedanRSAbasedonadaptivegrids [100, 98] (furtherabbreviatedto
AG). Thespatialdatastructureprincipally differsfrom RG andHUG within theconstruction.Thefirst
stepof theconstructionalgorithmis clusteringof objectsaccordingto somecriteriabasedon thedis-
tancebetweentwo candidates.A candidatecanbealreadyexistingclusterof objectsor asingleobject.
Thecriteriatake into considerationcandidates’andtheresultingcluster’s surfaceareas.Moreover, the
resultingclustermustbe smallenoughin comparisonwith the #%$ of thewholescene.In thesecond
phaseof thealgorithm,aboundingvolumehierarchy(BVH) is built upover theclusters.Gridsarethen
constructedfor the clusters(leavesof the BVH). The numberof childrenin the interior nodesof the
BVH is small,soit is inconvenientto creategridsfor thesenodes.In thelastphase,socalledsub-voxel
gridsareconstructedfor thosevoxelswherethenumberof objectsis greaterthanagiventhreshold.The
ray traversalalgorithmis thussimilar to thatfor BVH.

1.6.4 Ray-SpaceSubdivisions

SeveralRSAsarebasedon thesubdivision of a ray space. Theray spaceis describedby 5-dimensional
coordinates.Thefirst threecoordinatesof theray spaceareEuclideanIE3 andcorrespondto theorigin
of the ray. Thenext two coordinatesaresphericalσ2 anddeterminethedirectionof the ray. The ray
spacesubdivision thususesIE3 L σ2 space.Let us supposewe have N objectsin the cell, which are
indexedfrom 0 to � N � 1� . Thenwe candefineanassignmentfunctionfor therayspace:

Definition 1 The assignmentfunction fA � x 	 y	 z	 ϕ 	 ρ � for a set of N objectsis the discretefunction
f : IE3 L σ2 M Z 00 N  � 1 " thatsolvestherayshootingproblemdirectly andis definedasfollows:
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fA � x 	 y	 z	 ϕ 	 ρ �O� i P i � k 	 k �RQ 0 	 N � 1S i correspondsto theindex of theclosestobjectintersected
i �T� 1 if theraydoesnot intersectany objectin thecell

The ray space,over which function fA is defined,hasto be discretisedfor any practicaluse. The
spaceIE3 for the origin of the raysis discretisedinto cells. Similarly, σ2 spaceis alsodiscretisedso
thata setof solid anglescompletelycoverstheunit sphere.Becauseof discretisation,onenodeof the
datastructuredescribingthe fA doesnot correspondto a singlehalf-line but to a spatialregion calleda
hyper-cubic region. Theassignmentfunction fA shouldreturnthecandidatelist of indexesof objects
insteadof oneindex to anobjectthatcanbevisible from theorigin point of a ray. For a particularray
shootingquerythecorrectcandidatelist is searchedandall theobjectsin thecandidatelist aretested
for intersectionwith the ray. The objectwith the closestintersectionpoint is thenchosen,if suchan
objectexists.

Theray classificationschemewassuggestedby Arvo andKirk [17] andfurtherelaboratedby Simi-
akakis[133, 132]. Rayspacecanbesubdivided usingsomevariantof binaryspacepartitioning. This
is performedfor primary raysandalso for higherorder rays in ray tracing. The geometryprimitive
correspondingto theapproximationof ray spaceis thepolyhedralvolumedefinedin IE3, alsocalleda
beam.Whatever theimprovementsof thealgorithmbasedontherayspacesubdivisionovernäıveRSA,
themethodsuffers from analgorithmicparadox:theconstructionof thecandidatelists is muchmore
computationallydemandingthanwith spatialsubdivisions. Arvo andKirk reportthe high time com-
plexity of detectingpolyhedralintersectionsandsuggestan approximationwherehypercubicregions
areboundedby cones[18]. Kwon et al. [102] presentedan approachaimedat decreasingthe space
complexity of ray classificationby removing one dimensionof ray space. Nevertheless,the results
presentedby Simiakakis[132] show that theperformanceof ray classificationstronglydependson the
distribution of theobjectsin thescene.Theresultsof Kwonet al. [102] supportthis conclusionfor six
sceneswith uniform gridsandoctrees.

Severalothersimilar RSAsbasedon thedirectionalityof rayshave beenpublished.Thebestknown
technique,by OhtaandMaekawa [116], is basedon the ray coherencetheorem, furtherelaboratedby
Horvath et al. [89]. This theoremboundsthe anglebetweenthe raysstartingon the first objectand
hitting the secondobject. If we considertwo spheresof radiusr1 andr2 andif the distancebetween
their centersis d12, thenthemaximumsizeof theangleφ is:

cosφ � J 1 � 0 � r1
� r2

d12

RSAsbasedontheray-coherencetheoremfor eachobjectandseveralprimarydirections(usuallysix
correspondingto threecoordinateaxes in positive andnegative directions)computethe potentialset
of objectsthat canbe intersected.Theobjectsin thesesetsaresortedaccordingto thedistancefrom
the baseobject. Whena ray shootingquery is to be answered,the ray is testedfor intersectionwith
all theobjectswithin theset,startingfrom theclosestobject.This techniquehasat most ��� N2 � space
complexity.

Unfortunately, all RSAsbasedon ray-spacesubdivision areactuallyanapproximationof worst-case
RSAs, hencethey exhibit highstoragespaceandpreprocessingtimecomplexity.

1.7 Contrib ution of the Thesis

This thesiscoverstwo majortopics.In thefirst partwedevelopanRSAcomputationmodel.Thismodel
allows mappingof any RSAto this computationmodel by using commonalitiesof underlyingdata
structuresandray traversalalgorithmsof all RSAs. Basedon thepropertiesof thecomputationmodel
we developanRSAperformancemodel. Basedon thesetwo models,we presentthemethodologyfor
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comparingvariousRSAsbasedontheresultsof experimentsfor asetof scenes.Usingthismethodology,
we compare12differentRSAsusingasetof 30 scenes.

Thesecondpartof thethesisdescribesseveralnew methodsfor improving RSAsbasedonthekd-tree.
It coversbothconstructionandraytraversalalgorithms.Emphasisis putonthepracticalapplicabilityof
theachievedresultsin computergraphicsapplications.More specifically, thecontribution of thethesis
is: � GeneralissuesconcerningRSAs

– designof a new computationmodelandperformancemodelfor RSAs. Thesemodelshave
enabledthedevelopmentof anew methodologyfor comparingvariousRSAsby experiments
on asetof scenes[83].

– practicalcomparisonof 12 RSAsfor a setof 30 scenes,thedesignof testingproceduresto
shootraysin ascenein thiscomparison[84, 79].� Constructionalgorithmsfor kd-trees

– a new constructionmethodthat usesemptyspatialregions in the scene,resultingin im-
provedperformanceof thekd-treefor RSA.

– anew terminationcriteriaalgorithmfor kd-treeconstruction.
– anew principleusefulin kd-treeconstructionthatsplitsthe #,$ of theobjectintersectedby

thesplitting planeinto two new #%$ s.
– anew generalcostmodelfor kd-treeconstruction.
– anew constructionalgorithmfor thekd-treebasedonthegeneralcostmodelfor apreferred

setof raysfixing eithertheorigin or directionof a ray [77].� Raytraversalalgorithmsfor kd-trees

– a new fastrobustrecursive ray traversalalgorithmfor a kd-treewith theminimumnumber
of conditionsto beperformed[82].

– a new conceptof a longestcommontraversalsequencefor a setof raysbasedon kd-trees,
particularlysuitablefor hiddensurfaceremoval [78].� Memorymappingof thenodesof thekd-treeto increasethecachehit ratio,andthusperformance,

for all traversalalgorithmsfor computerarchitectureswith a largecacheline [72, 73].

1.8 Organizationof the Thesis

Thethesisincludesseveralchaptersdescribingtheauthor’s developmenttogetherwith thedescription
of somepreviouswork. Thesechaptershave beenarrangedinto anorderthatwill bemorelogical for
the readerthan the chronologicalorder in which the author’s paperswereoriginally published. The
thesisshouldbereadfor bestunderstandingin linear order, startingwith theintroductorychapter. The
chaptersincludethe motivation for the problem,previous work, possibledefinitionsandterminology
used,thedetailedelaborationof problems,thedescriptionof new algorithms,andasummaryof results.

The main contentof the thesisis presentedin Chapters2–7. In Chapter2 we dealwith the RSA
computationmodel and performancemodel. Thesemodelsallow us to develop a methodologyfor
comparingvariousRSAsbasedonexperimentswith asetof scenes.Chapter3 presentsacomparisonof
12RSAsfor asetof 30sceneswith differentnumbersof objects.Theperformedcomparisonshowsthat
for thesetof scenesthestatisticallybestRSAis thatbasedon thekd-tree. Chapter4 is devotedto kd-
treeconstructionalgorithmsin detail. It describestheadaptive positioningof thesplitting planeusing
acostmodel,utilizationof emptyspatialregionsin thescene,terminationcriteria,andtheconstruction
for preferredray setsfixing eithertheorigin or directionof a ray. In Chapter5 we describeseveralray
traversalalgorithmsfor thekd-treein detail. It includesasequentialray traversalalgorithm,arecursive
ray traversalalgorithm,andtwo variantsof a neighbor-links basedray traversalalgorithm. Chapter6
dealswith theimproving theray traversalalgorithmfor thekd-treeto decreasethenumberof traversal
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stepsfor restrictedray sets. Chapter7 dealswith a more hardware specificissue;how to map the
nodesof thekd-treeto thephysicalmemoryto improve thedatalocality duringexecutionof a traversal
algorithmworkingover thekd-tree.Finally, Chapter8 concludesthethesiswith ashortsummaryof all
theresultsandseveralpossibletopicsfor furtherresearch.



Chapter 2

ComparisonMethodology

In this chapterwe developanRSAcomputationmodelthatallows usto mapany particularRSAto the
computationmodel.Further, wedevelopanRSAperformancemodelthatestablishesthecorrespondence
betweenthecomputationmodelandtherunningtimeof theRSAfor asequenceof rayshootingqueries.
Basedon theRSAcomputationandperformancemodels,weproposeasetof parametersdescribingthe
useof RSAin applicationsthatallow usto make a fair comparisonof variousRSAsfor thesamesetof
input data.Thischapterfollows thepaper [83].

2.1 Moti vation

Oneof themain problemsin researchon RSAsis how comparethemqualitatively andquantitatively.
Thisshouldbedoneonatechnicallysoundbasis,it shoulddefinetimeandmemorycomplexity, suitabil-
ity for varioustypeof scenes,andparticularfeaturesfor anRSA. In spiteof two decadesof researchon
RSAin thecomputergraphicscommunity, it is not yet clearif someparticularRSAis moreconvenient
and/ormoreefficient thanany otherRSA. SomecontradictorystatementsaboutRSAshave appeared
with theintroductionof new typesof RSAin thepublishedpapers.

Only afew papersdevotedto thecomparisonof variousRSAs[109, 45, 49] havebeenpublisheduntil
now. Moreover, eachpaperthat introducesa new RSAmust,or at leastshould,comparetheproposed
algorithm with somereferencealgorithm. Thereis no commonchoicefor the referencealgorithm,
but in mostcasesa uniform grid (seeSubsubsection1.6.3.3)wasused. The quantitative comparison
betweenareferenceRSAandnewly proposedRSAalwaysdependsonthesoftwareimplementationand
on a particularhardwareplatform. For this reasonany crosscomparisonof theresultspresentedin the
differentpapershasbeenratherproblematicor evenimpossible.

In this chapterwe will try to decreasethegapin understandingof thefunctionalityof variousRSAs
by finding out their commonalities.Thecommonalitiesfoundin all RSAsallow usto describetheRSA
computationmodelin a generalway thatallows usto mapa particularRSAto this computationmodel.
Further, we will definethe performancemodel that establishesthe connectionbetweenthe running
time of theapplicationandthedifferentalgorithmicoperationsthatarethesubjectof thecomputation
model. Thenwe will develop an “ideal RSA” that allow us to computethe answersto ray shooting
queriesin constanttime. The“ideal RSA” resultsin thesmallestpossibletimethatcaneverbeachieved
usinga certainhardwareanda setof ray-objectintersectionroutines. We usethe time consumedby
the“ideal RSA” asa referencetime valuefor all thepartsof thecomputationin a specificRSA. These
partscover thetimeneededto traversethedatastructureonwhichRSAis based,ray-objectintersection
tests,andthe remainingtime consumedby theapplication.Thedesignof thecomputationmodeland
performancemodelallow usto definethesetof thirteenparametersreferredto astheminimumtesting
outputthatshouldbe reportedfor oneexperiment,given a scene,a particularRSA, anda sequenceof
rayshootingqueries.Further, wedescribehow to gettheminimumtestingoutput.Thedefinitionof the
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two modelsandtheminimumtestingoutputis thebasisfor amethodologyfor makingafair comparison
of variousRSAs.

The conceptsproposedbelow form a comparisonmethodologythat allows us to comparevarious
RSAsindependentlyof thehardwareandtheimplementationused.Theinitial conceptof thecomparison
methodologybasedon experimentswas describedin Havran and Žára [86] for the kd-tree, and the
techniquepresentedhereis ageneralisedandextendedversionfor any RSA.

2.2 RSA Computation Model

In this sectionwe introducetheRSAcomputationmodel. We will show thatany RSAcurrentlyknown
or developedin thefuturecanbemappedto this computationmodel.Thecomputationmodelis based
on the definition of algorithmicoperationsin an RSA. Thesealgorithmicoperationsmustalwaysbe
performeddueto thenatureof therayshootingproblem.Wethenusethecomputationmodelto describe
thesetof parametersto bereported,whenanRSAis testedexperimentally.

Theray shootingproblemcanbeunderstoodasaninstanceof geometricrange-searching[6], which
impliesthatsomedatastructureis built to answerthespecificquery. Thedefinitionof theray shooting
implies that every RSAcontainssomewherepointersto objectsthat are to be testedfor intersection
againstagivenray. ThismeansthateachRSAis separatedinto two parts(like all algorithms,see[10]):
thedatastructure(further abbreviatedto DS) containingat leastpointersto thesceneobjectsandthe
ray traversalalgorithmworking over DS. The lifetime of anRSAis composedof two phases,thefirst
oneis calledpreprocessingphaseandit involvestheconstructionof theinitial DS. Thesecondphaseof
anRSAis calledtheexecutionphase. Within theexecutionphasetheRSAanswersgivenray shooting
queries.

More theoretically, an RSAcanbe describedasa specialcaseof a generalRAM model [10, 154],
whereany memorycell can be accessedin constanttime or througha seriesof pointers. A DS is
composedof somedataentries,herereferredto asnodes, which containsomedata.It usuallyinvolves
the pointersto the sceneobjects,the pointersto the othernodesof DS, the descriptionof cells, etc.
Nodesof aDScanbedividedinto two groups:elementarynodesareintendedto containonly pointersto
objects(and,if RSArequiresit, someotherdata),whereasgenericnodesareall othernodes,whichpoint
to othergenericand/orelementarynodes. A specialcaseof elementarynodesareemptyelementary
nodesthatdonot containany pointersto objectsandactas“free spacecontainers”within theDS.

When answeringa ray shootingquery in a particularRSA, the computationproceedsas follows.
Given a ray R, a ray traversalalgorithm begins at a specialstartingnodeof a DS and performsa
sequenceof thefollowing operations:

TRAVERSAL STEP: visit anew nodeof theDS,

NEW NODE: createanew nodeof theDS,

DELETENODE: deleteanodefrom theDSandunlink all pointersto thenodefrom theremaining
nodesof theDS,

TESTOBJECTS: whenaccessinganelementarynodeof theDS, testobjectspointedto in thisnode
for theintersectionwith theray R,

finally finding theclosestintersectedobjectif suchanobjectexists. Therearetwo cases:a DS is or is
notchangedby aray traversalalgorithm.If aDSunderlyingtheRSAis notchangedby theray traversal
algorithm, then the operations“NEW NODE” and“DELETE NODE” arenot performedduring the
executionphase.SuchanRSAis referredto astheRSAbasedon astaticdatastructure.

Thereareseveral RSAsthat modify the underlyingDS on the fly within the executionphase,for
example,rayspacesubdivision techniques[17]. Theoperations“NEW NODE” and“DELETE NODE”
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canbeusedwithin thepreprocessingphaseto build up someinitial DS, however, this DS is modified
duringtheexecutionphase.SuchanRSAis referredto asRSAbasedon adynamicdatastructure.

Sinceevery RSAcanbemappedto this generalRSAcomputationmodel,this enablesusto definea
commonsetof parametersto bereportedwhenany RSAis performedonaninputscene� containingN
objectsover an input sequenceof ray shootingqueries.Thesequenceof ray shootingqueriesinduced
by theapplicationfor aninputscene� is associatedwith a testingprocedure. Thesymbolfor thetesting
procedureis TP. Thetestingprocedureis analgorithmin theapplicationthatgeneratesa sequenceof
ray shootingqueriesto beansweredby a particularRSA. A particulartestingprocedureTP canbethe
resultof aglobalilluminationalgorithmsuchasray tracing,etc., or justanartificial algorithmshooting
raysto obtainsomerequireddistribution of raysin space[84].

We proposeto organizethe set of parametersresulting from the useof a particularRSAon the
input sceneandgivena TP into threesubsets,thefirst two of themhardware/implementation/compiler
independent:� RSAparametersrelatedto staticpropertiesof datastructureDS:

– If anRSAis basedonastaticdatastructure,theparametersdependonthescene� only, and
they areevaluatedat theendof thepreprocessingphase.

– If anRSAis basedon a dynamicdatastructure,theparametersdependon thescene� and
the testingprocedureTP, andthey areevaluatedduring the executionphaseasmaximum
valuesreached.

NG U �WV – maximumnumberof genericnodesin DS,
NE U �WV – maximumnumberof elementarynodesin DS,
NEE U �WV – maximumnumberof emptyelementarynodesin DS(NEE � NE),
NER U �WV – maximumnumberof thepointersto objectsin all theelementarynodesof

DS(NER � N).� RSAparametersrelatedto dynamicpropertiesof datastructureDS, i.e., theuseof DSwithin an
executionphaseof anRSA. Theparametersdependon thescene� andthetestingprocedureTP,
they areevaluatedat theendof theexecutionphase:

rITM U �WV – ratio of ray-objectintersectiontestsperformedto minimum numberof
intersectiontests(rITM � 1 � 0, assumingat leastoneobject is intersected
given � andTP),

ÑTS U �WV – averagenumberof all DSnodesaccessedperray (ÑTS � 1 � 0),
ÑETS U �XV – averagenumberof elementaryDSnodesaccessedperray (ÑETS � ÑTS),
ÑEETS U �XV – averagenumberof emptyelementaryDSnodesaccessedperray(ÑEETS �

ÑETS).� RSAhardware/implementation/compiler dependentparameters.Obviously, theseparametersalso
dependon thescene� andtestingprocedureTP:

TB U sV – time to build initial DS for theRSAin thepreprocessingphase,
TR U sV – runningtimeof theapplicationthatusestheRSA. It involvestheexecutionphase

of the RSAandpossiblyothercomputations.(Obviously, TB is not includedin
TR.)

Weconsidertheparametersin thefirst twosubsetsastheminimumhardware/implementation/compiler
independentparametersto bereported.It is certainlypossibleto extendthesetof parametersby others
(for example,thevarianceof numberof objectsin leaves),but we wantto keepthis setof thesmallest
possiblesizethatstill characterizesanRSAvia thecomputationmodel.

TheparametersTB andTR dependnot only on thehardwareused,but alsoon thequality of imple-
mentation(andprogramminglanguage),the compilerusedandits version,the optimizationswitches
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usedfor compilation,etc. For this reason,all theseexperimentalconditionsshouldbedescribedin de-
tail. Thetreatmentof theseparametersrelatedto theimplementationmakestheproblemof comparing
variousRSAsratherdifficult; we describeoursolutionto theproblemin moredetailbelow.

2.3 RSA PerformanceModel

TheRSAcomputationmodelenablesusto countthenumberof basicalgorithmicoperationsperformed
on averagein an RSA. The RSAcomputationmodeldoesnot defineany cost1 of theseoperationsin
termsof runningtime, it only coversthedescriptionof TB andTR.

In orderto establishtherelationshipbetweenhardware/implementationdependentandindependent
parameters,we furtherdevelopanRSAperformancemodel, which separatesthecostof a ray traversal
algorithmandthe costof ray-objectintersectiontests. The conceptof the performancemodel for an
RSAwasfirst introducedby ClearyandWyvill [33] in thecontext of uniformgrid analysis.Wepresent
herea moregeneralperformancemodelfor any RSAthat is derived from theRSAcomputationmodel
describedabove. TheRSAperformancemodelis basedon thedecompositionof therunningtime TR of
theapplicationthatusesanRSAinto threeparts:� computingray-objectintersectiontests,� traversingtheDSof theRSA, and� theremainingcomputationeffort requiredby theapplication.

Webind thetime-dependentandindependentcharacteristicsby meansof costconsumedby specific
algorithmicoperations.Thenwe canexpressTR as:

TR ��� rITM � rSI � C̃IT
� ÑTS � C̃TS�D�Nrays

� Tapp 	 (2.1)

whererSI is the ratio of thenumberof raysintersectingobjectsto thenumberof all rays(rSI � 1 � 0),
thustheaveragenumberof ray-objectintersectiontestsperray is ÑIT � rITM � rSI . Further, C̃IT U sV is the
averagecostof a ray-objectintersectiontest,C̃TS U sV is the averagecostof the traversalstepof a ray
traversalalgorithmamongthenodesof DS, Nrays is thetotalnumberof raysinducedby atestingproce-
dureTP, andTapp U sV is theremainingtimeof theapplication.ThetimeTapp coversanothercomputation
effort performedin theapplication,for example,in a renderingapplicationTapp might cover the time
consumedto computetheray reflection,lighting, texturing, andothermaterialcalculations.ThusTapp

is alwaysconstantfor aparticularscene� andtestingprocedureTP, providedthesameimplementation
andhardwareis used.

We canrefinethe performancemodelif we considerthe ratio of successfulray-objectintersection
teststo all intersectiontests:

TR � U � Ñsucc
IT � C̃succ

IT
� Ñ f ail

IT � C̃ f ail
IT �D� rSI

� ÑTS � C̃TSVY� Ñrays
� Tapp 	 (2.2)

whereÑsucc
IT is theaveragenumberof successfulray-objectintersectiontestsper ray, C̃succ

IT U sV is the
averagecostof successfulray-objectintersectiontests,Ñ f ail

IT is theaveragenumberof failedray-object
intersectiontestsperray, andC̃ f ail

IT U sV is theaveragecostof failedray-objectintersectiontests.

2.4 Ideal RSA

Having describedthe refinedperformancemodel,we cannow introducethe “ideal RSA” asan RSA
thathasthebestpossibleperformance.Theconceptof the“ideal RSA” servesusastheultimatebut in

1For thesake of convenience,we furtherusethe termcostZ s[ astherunningtime to performsomeparticularalgorithmic
operation.
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practiceunachievablegoal. However, it is importantsincetherunningtime of the“ideal RSA” is used
asthereferencetime valuefor comparingvariousRSAs.

Definition 2 An “ ideal RSA” is an RSAthat for a given ray shootingquerycomputesthe answerin��� 1� timeindependentlyof whetheranintersectedobjectexistsor not. Themultiplicative factorhidden
behindthe � -notationis very small.

SinceSzirmay-KalosandMárton[153] proved thatany RSAworksat leastat time Ω � logN � in the
worst-case,we canaskwhetherthedefinitionof an “ideal RSA” makessense.Inspiredby the ideaof
ParametrizedRayTracing[129], wecanconstructthe“ideal RSA” providedthesametestingprocedure
TP is repeatedlyperformedfor the samescene� . Further, it is requiredthat the applicationcodeis
deterministicin the sensethat the testingprocedureTP in the applicationalwaysgeneratesthe same
sequenceof ray shootingqueriesfor a given scene. This can requirethe settingof initial seedsin
pseudo-randomgeneratorsto thesamevaluein theapplication,etc.

Further, wedescribethetwo proceduresthatform the“ideal RSA”. Thefirst assumptionthatenables
usto executethe“ideal RSA” is thattheapplicationis runat leasttwiceusingthesameTP and � . Each
objectis assignedtheidentificationtagID (integer)in therangeQ 0 	 N � 1S . Thenweconstructthearray
AT whereobjectsareaddresseddirectlyusingIDs of objectsin ��� 1� time.

In the first applicationrun we usesomeconventionalRSAto computethe answersto given ray
shootingqueries.Theresultsobtainedby theconventionalRSAfor thesequenceof input ray shooting
queriesgeneratedby TP aresaved linearly to a temporaryarrayAS usingthe objects’ IDs. Whenno
objectis intersected,thecorrespondingarrayentryis setto a specialID value(IDspec �T� 1). Sincethe
numberof ray shootingqueriescanbehigh, it maybenecessaryto save theresultsof theconventional
RSAto externalmemory. Theprocedurethatmustbeusedin thefirst applicationrun andtheinterface
betweentheapplicationandtheconventionalRSAis outlinedin thepseudocode,Algorithm 3.

Algorithm 3 Thefirst runof an“ideal RSA” thatsavestheresultsof rayshootingqueries. Preprocessingphase"
Assigneachobjecta uniqueID in therangeQ 0 	 N � 1S .
AllocatethearrayAS to storeIDs of objects,thenumberof entriesin AS mustbegreaterthanor equal
to thenumberof all ray shootingqueriesgeneratedby TP. Theindex into thearray – orderof rayshootingquery"
i \ 0 Executionphase"
functionShootRay(rayR): object Computetheresultof thei-th ray shootingqueryby someotherspecificRSA."
Computetheresultfor R usingsomeconventionalRSA.
ObjectO \ theresultof aconventionalRSAfor R
if objectO wasfoundthen

AS U i V]\ ID of objectO
else

AS U i V]\ IDspec

end if
i \ i � 1
ShootRay\ objectO Postprocessingphase"
Possiblysave AS to externalmemory.

In thesecond(repetitive)applicationrun,insteadof callingaspecificRSA, wereadthecorrectanswer
to theray shootingqueryfrom thearrayAS provided that repetitive run(s)of theapplicationresultsin
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thesametestingprocedureTP andusesthesamescene� . If we get theobject’s valid ID, we get the
addressof theobjectthroughthearrayAT andcomputethe ray-objectintersectionpoint exactly by at
mostoneray-objectintersectiontest. This computationis requiredto get the correctsigneddistance
for the currentray shootingquery. If the object’s ID hasthevalueIDspec, thenthe answerto the ray
shootingquery is “no object”, andno ray-objectintersectiontest is computed. Sincethe ray-object
intersectiontest is computedat mostoncefor eachray shootingquery, the “ideal RSA” runsin O � 1�
time. The “ideal RSA” performedin a repetitive run of theapplicationis outlinedin the pseudocode,
Algorithm 4.

Algorithm 4 Thesecondrunof an“ideal RSA” readingtheresultsof ray shootingqueries. Preprocessingphase"
Assigneachobjectits uniqueID in therange Q 0 	 N � 1S . TheseIDs correspondto thefirst run of “ideal RSA”."
AllocatethearrayAS to storeIDs of objects.
PossiblyreadAS from theexternalmemory.
AllocatethearrayAT to storethepointersto objects,sizeof AT is thenumberof objects.
for eachobjectO is specifiedby its ID. do

AT U ID V^\ addressof theobjectO
end for Theindex into thearray – orderof rayshootingquery"
i \ 0 Executionphase"
functionShootRay(rayR): object
ID of object \ AS U i V
i \ i � 1
if ID (� IDspec then

ObjectO \ AT U ID V
Computethesigneddistancefor theray R andtheobjectO.

else
ObjectO \ “no object”

end if
ShootRay\ objectO

For the repetitive run(s)of the “ideal RSA” the time TR becomestheminimum applicationrunning
timeTMIN

R :

TMIN
R U sV]� TMIN

RSA
� Tapp 	 (2.3)

whereTMIN
RSA is theminimumtime devotedto ray shootingonly, furthercalledthe ideal ray shooting

time:

TMIN
RSA U sV]� C̃succ

IT �Nrays� rSI (2.4)

If external memoryis usedto save the array AS, we shouldavoid the time consumedto transfer
thedatafrom this externalmemoryto internalmemoryto minimize the repetitive runningtime of the
applicationTR. Practically2, arrayAS is readfrom a file by blocksto internalmemory, andthetime for
readingtheblocksis not includedin TMIN

R .
2Fromtheimplementationpointof view, the“ideal RSA” is fairly easyto implementin theapplication.
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2.5 Minimum TestingOutput

The resultsof experimentspublishedin the papersintroducingnew RSAswereoften restrictedonly
to timesTB andTR andsomeotherparameters.Basedon thesehardwaredependentparameters,we
couldnot fairly comparenewly introducedRSAswith thosepublishedin thepast. It follows from the
descriptionof thecomputationandperformancemodelthatexperimentsallowing usto fairly compare
variousRSAsmustbeperformedfor thesamescene� andtestingprocedureTP. For thispurposeHaines
introduceda Standard Procedural Database[69]. This databaseenablesusto procedurallygeneratea
setof sceneswith variousnumbersof objects. It alsodefinessomestandardsizesof the scenesthat
shouldpreferablybeusedfor testingRSAs. However, theuseof SPD scenesfor testingRSAshasalso
beenviolated,andresearchpapersoftenshow resultsfor testingperformedonprivatescenes,or ononly
a small subsetof SPD scenes.Sucha researcher’s behavior is a direct violation of researchetiquette,
sincethenatureof scienceis thateveryresearchpapershoulddescribenew techniquesandexperiments
thatwill bereproducibleandverifiableby all following researchers[37]. Therefore,wheneverpossible,
qualitative propertiesof algorithmsshouldalwaysbetestedon non-privateinput data.

Let usdiscusswhy thecomparisonof variousRSAsbasedonly on time TR consumedby thewhole
applicationis ratherincorrect. The first reasonis thatTR alsoincludesTapp, which is constant.If we
want to comparethe ratio of performancesof variousRSAson the samehardwareandwith the same
implementation,insteadof comparingT1

R for RSA1 and T2
R for RSA2 it is more correct to compare� T1

R � Tapp � with � T2
R � Tapp � , sincethenwe consideronly the time consumedby the RSA. Obtaining

the valueof Tapp canbe difficult, asit usuallyrequiresprofiling of the applicationby somesoftware
tool. Weproposeaway avoiding theuseof a profiler in thesectionbelow. Thevalueof TR canbeused
correctlyonly for rankingof RSAs, but it cannotbe usedto expresshow muchan RSAis fasterthan
anotherRSA.

The SPD package[69] also recommendsthat sometime-independentcharacteristicsshould be
reported: Nrays, Ñsucc

IT �Nrays, ÑTS�Nrays. We follow this approachby extending this set of hard-
ware/implementationindependentcharacteristics.

In order to avoid mutually contradictorystatementsin further papersconcerningRSAs, we define
a setof parametersto be reportedfrom the experiments.We call the setof parametersthe minimum
testingoutput. This consistsof threesubsetsasalreadypresented:RSAparametersthat relateto static
propertiesof DS, RSAparametersthat relateto dynamicuseof DS, andRSAparametersdependenton
hardware/implementation.Thehardware/implementationdependentcharacteristicsTB andTR aresup-
plied by threeotherparameters.We normalizethetime portionsdevotedto theparticularphasesto the
ideal ray shootingtime TMIN

RSA to allow usto make a fair comparisonamongdifferentimplementations
anddifferenthardwareusedfor testing. Our maingoal is that theparametersin theminimumtesting
outputshouldallow us to comparethe performanceof variousRSAsindependentlyof hardwareand
implementationissues.Wedefinetheminimumtestingoutputfor anRSAas:

subsetΣ of parametersdescribingthestaticpropertiesof aDSwithin theRSA:

Σ �  NG 	 NE 	 NEE 	 NER " ,
subset∆ of parametersdescribingthedynamicuseof thedatastructureDSwithin theRSA, which also
dependon theinputscene� andtestingprocedureTP:

∆ �  rITM 	 ÑTS 	 ÑETS	 ÑEETS" ,
andsubsetΘ of hardware/implementation/compiler dependentparametersof theRSAthatconcernrun-
ning time,whichalsodependon theinput scene� andtestingprocedureTP:



28 CHAPTER2. COMPARISONMETHODOLOGY

Θ �  TB 	 TR 	 ΘAPP 	 Θrat 	 ΘRUN "W� (2.5) TB 	 TR 	
Tapp

TMIN
RSA

	
Nrays�_� Ñsucc

IT � C̃succ
IT

� Ñ f ail
IT � C̃ f ail

IT �
TR � Tapp

	
TR � TAPP

TMIN
RSA

"`�
TheparameterΘAPP expressesthe ratio of the remainingapplicationtime to the ideal ray shooting

time TMIN
RSA , which is not necessaryfor thecomparisonof RSAs, however, suitablefor otherreasonsas

we will show later. The parameterΘrat (Θrat
�aQ 0 	 1S ) is the ratio of time requiredfor computingthe

ray-objectintersectionteststo time consumedonly by anRSA. TheparameterΘRUN givestheratio of
timeconsumedby anRSAto TMIN

RSA .
The time portionsrelatedto the ideal ray shootingtime TMIN

RSA canbe difficult to measure.In the
next sectionwe deal further with this problem. The valueof TMIN

RSA enablesus to comparedifferent
hardware/implementation/compiler dependentcharacteristics.SubsetΘ containsthevalueof theideal
ray shootingtimeTMIN

RSA only indirectly, sinceit canbecomputedas:

TMIN
RSA � TR

ΘAPP
� ΘRUN

� TR

Tapp

TMIN
RSA

� Nrays b ÑTS b C̃TS

TMIN
RSA

� Nrays bdc Ñsucc
IT b C̃succ

IT 0 Ñ f ail
IT b C̃f ail

IT e
TMIN

RSA

(2.6)

2.6 Measuring the Minimum TestingOutput

The minimum testingoutputallow us to make a fair comparisonof variousRSAs. We pay for it by
additionaleffort neededto get this setof thirteenparametersfor oneexperiment.Thecountersto get
thesubsetsΣ and∆ mustbecodedinsidetheRSAin its preprocessingandexecutionphase,which is
fairly easyto implement.It is advantageousto checkthesecountersfor verificationpurposesaswell,
sincethey canindicateto us an implementationerror of a particularRSA. In order to have a correct
implementationof aparticularRSAgivensometestingproceduresTPandscene� , theparametersNrays

andrSI musthave correctvalueswhentheapplicationrun is over. AlthoughNrays canbeconsideredas
an independentinput quantity, it is often thecasethat thenumberof raysgeneratedis connectedwith
theuseof an RSAandthusNrays is dependenton thecorrectnessof theRSA. For example,this is the
casefor higherorderraysin variousglobal illumination algorithms.Referencevaluesof Nrays andrSI

canbeobtainedby runninganotherRSAthatis known to becorrect.Thesimplestway is to implement
näıve RSA, althoughthenäıve RSAis inefficient.

To obtainsubsetΘ we needtherunningtime TR to bedecomposedinto thethreeportions:thetime
for the ray traversalalgorithmperformedwithin the RSA, the time of the ray-objectintersectiontests
performedwithin theRSA, andtheremainingapplicationtimeTapp. Therearetwo waysto obtainsubset
Θ; two profiling methodsaredescribedbelow.

2.6.1 Software Tool Profiling

Oneway to getsubsetΘ is to useasoftwareprofiler tool. This is acommonmethodfor solvingperfor-
manceissuesin softwareapplications.It enablesusto distinguishthetimesconsumedwithin particular
softwarefunctionalunits, suchasfunctions,procedures,or even the lines of a sourcecode. Thenwe
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cansumthetime devotedto ray-objectintersectiontestroutines,the time consumedby traversingthe
nodesof aDS, andtheremainingapplicationtime.

We alsorequireto profile the run of theapplicationwith “ideal RSA”. In this casewe needto sum
only thetime consumedby ray-objectintersectiontests,whichgivesusTMIN

RSA .
Softwaretool profiling shouldbepreferredfor gettingΘ, sinceit providesor at leastshouldprovide

precisevalues.However, undercertainconditionsthis is notpossible,for oneof thefollowing reasons:
theprofiler is not available,theprofiler doesnot work correctly, theprofiler cannotdeterminethetime
portionsof the requiredRSApartswithin a given implementation,the profiler needssomecompiler
switchesto beused,which influencesTR (a debuggingswitchis usuallyrequired,andthis canincrease
the applicationtime considerably)and the different time portionsof TR. Thereforewe proposean
alternative to obtainsubsetΘ without usingasoftwareprofiler tool below.

2.6.2 Multiple Run Profiling

This profiling methodinvolvesrunningtheapplicationseveral timesandcomputingtheunknown vari-
ablesin Eq. 2.2 from linearequations.Eq. 2.2 containsfour unknown variablesthatexpressthecosts
of distinctalgorithmicoperationsin someRSAapplication:C̃succ

IT , C̃ f ail
IT , C̃TS, andTapp,

In orderto obtainthefour unknown variableswe needfour differentapplicationruns.Thesehave to
usethesamesequenceof ray shootingqueries,but they have to resultin differenttotal runningtimes.
For this purposewe utilize theconceptof the“ideal RSA”, andmodify theray-objectintersectiontests
to beperformedK-times. Thefirst usedequationcomesfrom thecommonapplicationrun, described
by Eq.2.2. Thesecondusedequationis for theapplicationrun,whentheray-objectintersectiontestis
performedK-times,resultingin therunningtime:

TR � K � U sV]�f� K �_� Ñsucc
IT � C̃succ

IT
� Ñ f ail

IT � C̃ f ail
IT � � ÑTS � C̃TS�D�Nrays

� Tapp 	 (2.7)

The third usedequationis the time of the “ideal RSA”, Eq. 2.3. The fourth usedequationis for
thecasewhentheray-objectintersectiontestin the“ideal RSA” is performedK-times,resultingin the
runningtime:

TMIN
R � K � U sVO� K � C̃succ

IT � Ñrays� rSI
� Tapp 	 (2.8)

Theportionsof timeconsumedfor thesefour runsof RSAapplicationis visualizedin Fig. 2.1.

Figure2.1: Visualisationof the runningtimesfor four runsof an RSAapplication. (a) Normal appli-
cation run (Eq. 2.2). (b) Normal applicationrun, ray-objectintersectiontestK-times(Eq. 2.7). (d)
“Ideal RSA” run (Eq.2.3). (d) “Ideal RSA” run,ray-objectintersectiontestK-times(Eq.2.8).Notation:
TIT – time devotedto ray-objectintersectiontests,TTS – time devotedto traversing,Tapp – remaining
applicationtime,TRVF – timerequiredto readthevisibility datafrom afile.

AssumingC̃succ
IT , C̃ f ail

IT , C̃TS, andTapp areof the samevalue in thesefour applicationruns,we can
computetheseunknown variablesby solvingsystemof linearequations.FromEqs.2.3and2.8,weget
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C̃succ
IT andTapp asfollows:

C̃succ
IT � TMIN

R � K ��� TMIN
R

Nrays�_� K � 1�D� rSI
(2.9)

Tapp � TMIN
R � Nrays� rSI � C̃succ

IT (2.10)

FromEqs.2.2and2.7we derive theC̃ f ail
IT andC̃TS:

C̃ f ail
IT �Ig TR � K ��� TR

Nrays�_� K � 1� � C̃succ
IT � Ñsucc

IT h � 1

Ñsucc
IT

(2.11)

C̃TS � g TR � K �i� TR

Nrays
� C̃succ

IT � Ñsucc
IT � C̃ f ail

IT � Ñ f ail
IT h � 1

ÑTS
(2.12)

Wecall theprofiling methodbasedon thefour equationsmultiplerun profiling. It is orientedonly to
thesoftwareapplicationsthatuseRSA.

2.6.2.1 Properties

Multiple run profiling hasonebig advantage,it doesnot requireany softwareprofiler tool. However,
it suffers from several disadvantages.First, it requiresthe multiple ray-objectintersectiontest to be
implementedin routinesfor all the object typesin the application. Second,the time of the multiple
ray-objectintersectiontestis affectedby thecachebehavior of theprocessorusedduringexperiments.
Evenif theray-objectintersectiontestis performedK-times,insteadof beingK-timesslower it is only
K � timesslower, where0 � K � � K. Further, wehavefoundoutduringthetestingof an“ideal RSA” that
cachingandbranchpredictionwithin theprocessoralsoinfluencesthe time of ray-objectintersection
testswithin the“ideal RSA”. Sincein this caseray-objectintersectiontestis alwayspositive (Eqs.2.3
and2.8), the branchesarealwayswell predicted,resultingin lower costC̃succ

IT . Our experimentshad
bestmatchingwith thesoftwaretool profiling usingK � 2. Third, theapplicationmustberun at least
five timesover thesameinput scene.In additionto thefour applicationrunsdescribedabove, onerun
is requiredto save theresultsof RSAinto thevisibility arrayAS for the“ideal RSA” not to influenceTR

in theapplicationruncorrespondingto Eq.2.2.
Thesecondway is to getdirectly someotherestimatesof C̃TS, C̃succ

IT , C̃ f ail
IT , andTAPP. Someof these

may be known or well estimatedfor given hardware,implementation,andcompiler independentlyof
TP and � for someprevious runs of the application. Provided TAPP j TMIN

RSA , we can also assume

TAPP
�� TMIN

R . Third, we canobtaintheestimatefor C̃succ
IT andC̃ f ail

IT whenwe usethesameRSAwith a
differentsettingusedfor theconstructionof datastructureunderlyingtheRSA. For example,if akd-tree
is used,we cansetthemaximumdepthallowedto variousconstantsandthenwe getasetof equations
of type2.2,whichallows usto computeC̃TS.

Although multiple run profiling hasseveral disadvantages,it remainsthe only known way when
software tool profiling is not possiblefor somereason.Below, we improve this methodusingsome
correctionparameters.

2.6.2.2 CorrectedMeasuring SubsetΘ

To obtain more preciseprofiling resultswe can modify the equationsof applicationruns to model
the behavior of cachingand branchpredictionto someextent. We proposeto usethreecorrection
parametersin this modifiedmultiple run profiling. They expressthetime betweentheoperationthat is
expectedto be cachedandthe time of uncachedoperation:r rep

corr , rhit
corr , r f ail

corr , all of themin the range� 0 � 0 	 1 � 0� . First,we correctC̃IT providedthattheray-objectintersectiontestalwayssucceeds:

C̃kIT � C̃IT � r rep
corr (2.13)
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Second,we correctC̃IT of therepetitive successfulray-objectintersectiontest:

C̃k succ
IT � K �l� C̃IT �_� 1 � � K � 1�D� rhit

corr � (2.14)

Third, we correctC̃IT of therepetitive failedray-objectintersectiontest:

C̃k f ail
IT � K �m� C̃IT �_� 1 � � K � 1�D� r f ail

corr � (2.15)

Thenwe canexpressthecorrectedthreeequationsasfollows:

TMIN
R � C̃succ

IT �Nrays� rSI � r rep
corr

� Tapp 	 (2.16)

TR � K � U sVn� �o� Ñsucc
IT � C̃succ

IT �_� 1 � � K � 1�D� rhit
corr �2� � (2.17)� Ñ f ail

IT � C̃ f ail
IT �_� 1 � � K � 1�D� r f ail

corr �2� � ÑTS � C̃TS�p�Nrays
� Tapp 	

and
TMIN

R � K � U sV]� C̃succ
IT � r rep

corr �_� 1 � � K � 1�D� rhit
corr �D�Nrays� ñIT

� Tapp � (2.18)

Similarly to Eqs.2.9–2.12wecanderive theformulasto obtainC̃TS, C̃succ
IT , C̃ f ail

IT , andTAPP. Corrected
measuringis moreprecise,but it requiresusto setthecorrectionparameters.Thesecanbeestimatedby
usingasoftwareprofilerwhencompilingwithoutusingoptimizationswitches,or for adifferentsetting
of K. Anotherway is to usevariousray traversalalgorithms,sincethecorrectsettingof thecorrection
parametersΘIT remainsthesame,becausethenumberof ray-objectsdoesnot differ andΘTS depends
on theray traversalalgorithmused.

2.7 ComparisonMethodology

The establishmentof the subsetsΣ, ∆, andΘ of the minimum testingoutputenablesus to compare
differentfeaturesof RSAs. For theuseof anRSAin anapplication,whenweareconcernedin spaceand
timecomplexity of theRSA, thereareseveraldifferentfeaturesfor usto distinguish:

� : thecomplexity of inputscene� is important,for example,someRSAcanbeefficientfor scenes
with a small numberof objects,althoughslow for sceneswith a highernumberof objects3.
Thesceneinfluencesall parametersin Σ, ∆, andΘ.

RSA: theideabehindRSAhasamajorimpactonperformance.RSAinfluencesΣ, ∆, andΘ.

TP: the testingprocedureis specificto theapplicationused,andtheuseof RSAcanvary greatly.
It only influences∆ andΘ for anRSAbasedon staticdatastructure,otherwise,it alsoinflu-
encesΣ.

HW: typeof hardwareused– this influencesall parametersin subsetΘ, particularlyTB andTR.

COMP: the compiler, its version,and the switchesusedcan influenceTB and TR significantly, and
thusall parametersin subsetΘ. (For example,settingoptimizationswitch “-O2” of theC++
compilerin theUNIX operatingsystemcandecreasetherunningtime by half comparedwith
“-O0”.)

IMPL: implementation– theactualcodingof thealgorithmalsohasa greatimpacton performance,
dependingon the programmer’s experience,etc. Variousimplementationsof thesameideas
canexhibit significantdifferencesin performance.It influencesonly subsetΘ. WhentheRSA
is (re)implementedcorrectly, theparametersin subsetsΣ and∆ arenot influenced.

3Thenotionof scenecomplexity is alsoa specificissue,dealtwith in Section3.3.
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WenotethatHW, COMP, andIMPL canbeintertwinedto someextent,sincea certainimplementa-
tion canbetterfit to acertainhardware,etc. It is obviousthatsomany dimensionsof freedommake the
comparisonof variousRSAsratherdifficult in general,especiallyfor subsetΘ. For example,if wewant
to comparetwo differentRSAs, we have to fix asmany otherpossibledimensionsaspossible,in this
case� , TP, HW, COMP, andIMPL. As theminimumrequirement,we canrequirethesamesceneand
thetestingprocedurewithin theapplicationto beused.Theexistenceof dimensionsHW, COMP, and
IMPL disablethedirectuseof TB andTR for comparingvariousRSAs. Someparametersin subsetΣ, ∆,
andΘ allow us to compareevensuchcases,dueto thegeneralityof theunderlyingRSAcomputation
andperformancemodel.

In general,we canperformthe following comparisonsfor oneexperimentusingthe sameTP and
scene� for two ray shootingalgorithmsRSA1 andRSA2, wherevaluesfor RSA1 aredenotedby super-
script1, for RSA2 by superscript2:� memorycomplexity, we compare� N1

G
� N1

E � with � N2
G
� N2

E � . To a constantfactorgiven by an
implementationof aparticularRSA, it expressesthedifferentmemoryrequirements.� useof hierarchy,we compareN1

G / N1
E andN2

G / N2
E.� useof emptyspace,we compareN1

EE / N1
E andN2

EE / N2
E.� time complexity, wehave severalchoicesdependingon theconditionsfor comparison:

– T1
R � T1

app with T2
R � T2

app for performanceratio, T1
R with T2

R for rankingonly – time can
be useddirectly for comparison,when HW, COMP, and IMPL attributesof RSAsto be
comparedarethesame.For all experimentstheHW/COMP/IMPL attributesmustalways
bestatedexplicitly.

– Θ1
RUN with Θ2

RUN – concernsthetime requiredfor ray shootingin theapplicationrelatedto
ideal ray shootingtime. Assumingthat the implementationof ray-objectintersectiontests
is practicallythe same,this enablesa really fair comparisonindependentof HW, COMP,
andIMPL attributes.TheparameterΘRUN defineshow far thetestedRSAis from the“ideal
RSA”, andthusthe maximumportionof the time that could possiblybe reducedby some
RSAwith higherperformance.It canbeconsideredasthemain index of theperformance.
UnlikecomparingT1

R � T1
app with T2

R � T2
app, it enablesusto comparevariousdifferentRSAs

virtually independentlyof HW, IMPL, andCOMP.
– Θ1

rat with Θ2
rat – wecancomparehow muchof thetime for anRSAis devotedto computing

ray-objectintersectiontests.
– Θ1

RUN �Θ1
rat with Θ2

RUN �Θ2
rat – concernstheportionof time for ray-objectintersectiontests.

It canbeusedvirtually independentlyof HW, COMP, andIMPL.
– Θ1

RUN �_� 1 � Θ1
rat � with Θ2

RUN �_� 1 � Θ2
rat � – concernsthe portion of time for traversingand

manipulatingwith datastructures.It canbe usedvirtually independentlyof HW, COMP,
andIMPL.

– r1
ITM with r2

ITM – an efficient RSAshouldhave a ratio of ray-objectintersectiontestsper-
formedto theminimumnumberof intersectiontests,ascloseto 1.0aspossible.

– Ñ1
TS with Ñ2

TS – anefficient RSAhasthenumberof traversalstepsperrayassmallaspossi-
ble.

– Ñ1
EETS/Ñ1

ETS or Ñ2
EETS/Ñ2

ETS – thisshowsustheutilizationof emptyspacewithin theexecu-
tion phase.It canhave agreatimpacton RSAperformance.

Basedon thesedevelopments,we canformulatea comparisonmethodology for two or moreRSAs.
First,wemapeachtestedRSAto theRSAcomputationmodeldescribedin Section2.2. Whenperform-
ing a setof experimentsfor a setof sceneswe have to measuretheminimumtestingoutputfor all the
experiments.(Thescenesshouldbepublicly available,SPD scenesaresuitable.)Thetestingprocedure
usedwithin theapplicationhasto bethesamefor onesceneandany RSAandmustbewell described.
(Four testingproceduresaredescribedin thenext chapter.) This guaranteesthesamesequenceof ray
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shootingqueriesandthusthe correctnessandreproducibilityof experiments.Then,we cancompare
variousfeaturesof testedRSAsasdescribedabove,for eachsceneusedandalsoasawholesetof scenes
usingbasicstatisticstools(e.g., minimum,maximum,average,variance).It is necessaryto reportfully
the minimum testingoutput for eachsceneandeachexperimentin the researchwork, for example,
whenintroducinganew RSA.

2.8 Discussion

The proposedminimum testingoutputorganizedinto threesubsetshasa total of thirteenparameters,
which canbeconsidereda high number. Nonetheless,we considerthis astheminimumsetof parame-
tersthatshows differentfeaturesof anRSA, sinceit is basedon thegeneralcomputationmodelthatfits
any RSA. Theminimumtestingoutputcontainsbothhardware/implementationindependentandhard-
ware/implementationdependentcharacteristicsthat allow us to make mutualcomparisonsof various
RSAsundercertainconditions.Thedisadvantageof this comparisonmethodologyis theunderlyingas-
sumptionthatthecostsof theray-objectintersectiontestsareof theequalefficiency for variousshapes
of objectsondifferentimplementations.Fortunately, theray-objectintersectiontestsfor objects’shapes
in theSPD packagearemoreor lessstandardized[3, 18, 88]. Thereis a setof standardscenes,anda
well-definedtestingprocedure,namelyray tracingin theSPD package.However, weshow thatat least
thesamescene� andthesametestingprocedureTPmustbeusedto validatethecomparison.

Let usnow discussif it is possibleto manipulatetheminimumtestingoutputby changingthequality
of theimplementation.It is not possibleto influencetheparametersin subsetsΣ and∆, assumingthat
theimplementationof statisticscountersandRSAitself is correct.If lessefficientor moreefficient ray-
objectintersectiontestsareapplied,thenpracticallyall theparametersin Θ areinfluenced,excluding
TB. However, it is virtually impossibleto influencethevalueof ΘRUN �Θrat .

2.9 Conclusion

In thischapterwehaveshown theconceptthatis commonfor all RSAs, i.e., anRSAcomputationmodel
andperformancemodel.Wehavedescribedthe“ideal RSA” thatprovidesuswith thereferencevaluefor
comparingtwoRSAs. Further, wehavepresentedamethodologyfor comparingvariousRSAs. However,
aftertheanalysisweperformedit is clearthatanexperimentalcomparisonof variousRSAsstill remains
a difficult problemin general. The comparisonmethodologypresentedhereenablesus to compare
variousRSAs, assumingthat eachapplicationusesthe samesequenceof ray shootingqueriesfor the
samesetof objects. The constructionof an “ideal RSA”, which givesus the minimum time devoted
to ray shootingonly, alsoshows us the time in the bestpossibleandideal casegiven a hardwareand
implementation.The minimum applicationrunningtime expressesthe minimum time of a particular
applicationthatusesan“ideal RSA” for agivensceneandtestingprocedure.

A by-productof thisdevelopmentis thatwecanmeasurehow farwearefrom theminimumapplica-
tion runningtimeeverachievablein dependenceontheRSAused,giventheapplicationimplementation
thatcomputesthesetof rayshootingquerieson thetestedhardware.For example,it canthenbeshown
whetheror not it is possibleto computea particularglobal illumination tasksuchasray tracingin real
time,givenacertainhardwareanda certainsoftwareimplementation.
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Chapter 3

BestEfficiency Ray ShootingAlgorithm

In thischapterwepresentanexperimentalefficiency studyof severalRSAs. For thispurposewepropose
four testingproceduresthat inducevarioussetsof ray shootingqueriessimulatingthe useof an RSA
in global illumination algorithms. We usethe testingproceduresto producestatisticsfor comparison
basedon the developmentsput forward in the previous chapter. We comparevariousRSAsthat have
beenreimplementedfollowing thepublishedliterature.For reasonsof thespacewereportonly themain
resultsof 1440experimentsfor 30SPD scenesand12 RSAs.

3.1 Moti vation

Looking at the literatureaddressingRSAswe find thatmany recentresultsareeitherlimited to a sub-
setof SPD scenes,or have beenmeasuredon privatescenesets.Additionally, it is not known if SPD
scenes– althoughthey arescalable– is a goodrepresentative setof scenessuitablefor testingvarious
RSAs. Thetimecomplexity of mostdevelopedheuristicRSAsis unknown, or it is formally ��� 1� , which
canbe usedfor no valuablequantitative or qualitative comparison,sincethe timings for performing
experimentsvary greatly. Further, the sameRSAon differenthardwarecanhave betteror worseim-
plementations.As a resultof thefactorsmentionedabove, many paperspublishedaboutRSAscontain
mutuallycontradictorystatements.

Researchersinvolved in RSAshave tried long to find the bestefficiencyRSA, i.e., an RSAthatout-
performsall otherknown RSAsfor any setof ray shootingqueriesandany input scene.As might be
supposed,no suchRSAhasbeenfound to be generallythe bestuntil now. We proposean alternative
in thesearchfor theglobally best-performingRSA: basedon statisticsprovidedby numberof different
RSAstestswe will try to find the statisticallybestRSA.The work presentedin this chapteris part of
anongoinglong-termundertakingcalledtheBES(BestEfficiencyScheme) project,announcedon the
globillummailing list [58] in October1999[79]. Owingto thelong-termnatureof theprojectwereport
in this thesisonly thefirst resultsof experimentsbasedon30 SPD scenesof differentcomplexity.

This chapteris further structuredas follows: Section3.2 gives more detailson the goalsof the
BES project. Section3.3 recallsthe known scenecomplexity measures.In Section3.4 we describe
thedesignof thetestingproceduresused.Section3.5presentstheresultsfrom experimentson 30SPD
scenesof differentcomplexitiesandapossibleinterpretationof theobtainedresultswith regardto scene
complexity measures.Finally, Section3.6makessomeconclusions,andproposesanoutlinefor future
work onBES.

3.2 Project Goals

The basicideaof the BES project is to collect a reasonablesetof testscenesof varying complexity,
andto usethesescenesto measurethehardware/implementation/compiler independentcharacteristics

35



36 CHAPTER3. BESTEFFICIENCYRAY SHOOTING ALGORITHM

of variousRSAs. Thecollectedsceneswill notexhibit self-similarbehavior exposedby theSPD scenes
thataregeneratedalgorithmically. Thescenesandmeasuredresultswill bemadeavailableto thecom-
putergraphicscommunityin asuitableform. Theresultsof theprojectfor collectedsceneswill enable
usto evaluatethepropertiesof SPD scenesfor testing.

TheBESprojectwill helpin clarifying thefollowing points:� BESExistence. The questionwhethera bestefficiency RSAdoesor doesnot exist will be an-
sweredusinga statisticallyrelevant setof scenes.We supposethat theanswerwill be negative
for currentlyknown RSAs, but this still hasto beverified.� AlternativeBESFormulation.A proposalfor analternative definitionof abestefficiency scheme,
basedonhardware/implementationindependentstatisticsfor arelevantnumberof scenes,will be
given.� BESTestingProcedures. Simple testingprocedureswith moderatetime requirementswill be
defined.Theseprocedurescanbeusedbyotherresearcherstopresentthepropertiesof anew RSA.
Theseprocedureswill notbedirectlyglobal-illuminationalgorithmsrequiringothercomputation
thanray shooting– they will just inducedifferentsetsof rayshootingqueries.� BESComparison.A concisesummaryandcomparisonof currentlyusedRSAswill beprovided.
In orderto minimisediscrepancies,all testedRSAsareimplementedwithin auniformframework
(GOLEM renderingsystem[75]).� BESRepository. A collectionof freely availabletestscenesof varyingcomplexity will bemade
availablefor thescientificcommunity. This canmake futureresearchin global illumination and
the visibility field easierand more verifiable, as the lack of commonlyusedscenesmakes it
impossibleto verify theresultswhenreimplementingpreviouslypublishedmethodsfor reference
purposes.� BESPrediction.We will checkhow theproposeddefinitionsof scenecomplexity canhelpusto
predictwhichRSAshouldbeoptimallyselectedin advancefor agivenscene.If suchaprediction
doesnotexist, theway to definesuchpredictorswill beopened.� Hybrid Methods.We will try to find out if it paysoff to constructhybrid spatialdatastructures
for somespatialregionsin a scene.Theconceptof meta-hierarchies [16] wasdefinedtenyears
ago,but we arenotawareof present-dayimplementations.

3.3 SceneComplexity

As we would like to be ableto predictwhich RSAis themostappropriatefor a given scene,we need
a meanscharacterisingthescenewith respectto runningtimesfor differentRSAs. This canbeaccom-
plishedby measuringdifferentscenecomplexity characteristicsandexaminingthecorrelationbetween
thecomplexity characteristicsandrunningtimesfor differentRSAsfor asetof scenes.Thenwecantry
to formulatean RSAselectionalgorithmwhich suggeststheuseof a particularRSAfor a given scene
usinga certaincomplexity measure.TheRSAselectionalgorithmis expectedto selectsucha RSAthat
is likely to performbestof all RSAs.

Thereareseveral waysto estimatescenecomplexity. We cantake into account,for example,the
numberof objects,scenesparseness,sparsenessvarianceandstandarddeviation, non-uniformity, and
soon. We have madeuseof severalmethodsof evaluatingscenecharacteristicsthatwereintroduced
for thispurpose[98, 27, 46].

3.3.1 Count Approach

The prevalentway to characterizescenecomplexity is to take the numberof objectsN in the scene,
often referredto asscenesize. Although this is a very simplistic definition of scenecomplexity – N
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objects–, it raisesthequestion,whethertheuseof this complexity measureis not exaggerated.To the
bestof our knowledgeno answerto thisproblemhasbeengiven.

3.3.2 VoxelisationApproach

A methodof scenecharacterizationbasedon the presenceof objectsin voxels of a uniform grid has
beenproposedby Klimaszewski [99, chapter4].

Theresolutionof thegrid is selectedaccordingto the ��� 3
C

N � rule,usinghomogeneousmethod:

resolutionx � resolutiony � resolutionz �Gq 3
E

dvoxel r N � 0 � 5st	 (3.1)

whereN is the numberof objectsanddvoxel is thevoxel density. (It is usuallyassumeddvoxel � 1 � 0.)
Thenthenumberof voxels in theuniform grid is NV � resolutionx � resolutiony � resolutionz. Theratio
betweenthenumberof emptyvoxelsNE to all voxelsexpressesthecoefficient known assparsenessΨ:

Ψ � NE

NV
(3.2)

Themeanñ givestheaveragenumberof objectsin avoxel:

ñ � 1
NV

NV

∑
i u 1

ni 	 (3.3)

whereni is the numberof objectsin the i-th voxel of a grid comprisingNV voxels. Variancev, the
variability of thedataaroundthemean,andstandarddeviation σ aregivenas:

v � 1
NV � 1

NV

∑
i u 1

� ni � ñ� 2 	 (3.4)

σ � C v � (3.5)

To measuretheunevennessof a distribution, thenonuniformitycoefficient λ is used.The larger it is,
thelargerthedisparitiesof voxel occupancy. λ is definedas:

λ � σ / ñ (3.6)

Additionally, higherordermomentsreportedareknown asskewness:

s � 1/ NV � NV

∑
i u 1

� ni � ñ
σ

� 3 	 (3.7)

andkurtosis:

k � U 1/ NV � NV

∑
i u 1

� ni � ñ
σ

� 4 Vt� 3 	 (3.8)

The objectsshouldbe assignedto the voxels using the intersectionof the objectsurfacewith the
voxel, not theintersectionof theobject’s #%$ with thevoxel.

3.3.3 Integral GeometryApproach

CazalsandSbert[27] investigatedseveral integral geometrytools thatcharacterizeaveragecasescene
properties.Their strategy consistedin probingthescenewith randomentities(linesandplanes)paying
specialattentionto thosestatisticsthat may reveal the spatialdistribution of sceneobjects. A global
line in this context is a ray with its origin outsidethescene.Whenshootinga global line, thegoalis to
find outnotonly theclosestintersectedobject,but all objectsintersectedalongtheray path.

We selectedall therandomline-basedtestsfor our experiments,which allowedusto determinethe
following characteristics:averagenumberof intersectionpointsfor agloballine crossingthescenenG

int ,
probabilityof not intersectingany objectin thescenep0, andrelative averagelengthof a line spanthat
lies in freespaceslen.



38 CHAPTER3. BESTEFFICIENCYRAY SHOOTING ALGORITHM

3.3.3.1 AverageNumber of Intersection Points

Whencastinga global line throughthe whole scene,an averagenumberof intersectionswith scene
objectsnG

int maybedeterminedapriori as:

nG
int � 2 �SAtotal

SA �*#%$&�*�+�p� 	 SAtotal � N

∑
i u 1

SA � Oi �D	 (3.9)

whereSA �*#%$&�*�+�v� is the surfaceareaof a tight sceneaxis-alignedboundingbox andSA � Oi � is the
surfaceareaof the i-th objectin thescene.A posteriori,we cancomputethischaracteristicsby casting
n globallinesto thescene:

enG
int � 1

n

n

∑
i u 1

inti 	 (3.10)

whereinti is thenumberof intersectionswith objectsfor i-th global line. Standarddeviation σenG
int

of this characteristicsis alsoreportedin [27] for castingthesetof globallines.

3.3.3.2 Probability of Zero Intersections

Theprobabilityof a ray not intersectingany objectin thescene,denotedp0, is quitehardto determine
analytically. As we have to castglobal linesanyway in orderto computeothercomplexity characteris-
tics,wecomputetheprobabilityas:

p0 � n0

ntotal
	 (3.11)

wherentotal is the total numberof global lines castandn0 is the numberof global lines that did not
intersectany objectin thescene.

3.3.3.3 FreePath Statistics

While tracinga global line througha scene,every intersectionaddsanadditional“span” to the traced
line. The averagelengthof spansmay give us an insight into the spatialdensityof the sceneunder
investigation.For everygloballine ni castwesumupthespanlengthslk andalsoidentify themaximum
spanlengthlmax. For thetotalof nspansspansthefreepathstatisticis thengivenas:

slen � 1
nspans r lmax

nspans

∑
i u 1

l i � (3.12)

Similarly to enG
int , standarddeviation for free pathstatisticsσslen is in [27] alsoreportedfrom the

experiments.

3.3.4 Inf ormation Theory Approach

Feixaset al. [46] describescenecomplexity asa taskof determiningthemutualinformationtransfer.
In their paperthey presenta numberof complexity measuresfrom informationtheoryquantifyinghow
difficult it is to computevisibility in the sceneaccurately. While working with a scenediscretised
into patches,the paperalso containsa definition of scenecontinuousmutual information, which is
mutual informationindependentof any discretisationof the scene.We have usedcontinuousmutual
informationIC

S to characterizeourscenes.
The scenecontinuousmutual visibility information can easily be determinedusing Monte-Carlo

integrationwith globallines.Thewholequiteinvolvedformulaboils down to:

IC
S w 1

nPP

nPP

∑
i u 1

log x SAtotalcosθU cosθV

πd � U 	 V � 2 y 	 (3.13)
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wherenPP standsfor the total numberof point pairsobserved, SAtotal is the total scenesurfacearea,� U 	 V � is thepoint pair underinvestigation,d � U 	 V � is thedistanceof thosetwo pointsandθU 	 θV are
theanglesbetweenthedirectionvectorandthecorrespondingnormalvectorto theobjects’surfaceat
U andV. As objectsin theSPD scenesusedfor testsheredo notoverlap,for thepurposesof testingin
thischapterwe have SAtotal � ∑N

i u 1SA � Oi � , whereSA � Oi � is thesurfaceareaof i-th objectin thescene.
In thecaseof morecomplex geometry(CSGobjects),thestochasticareaestimationmethodproposed
by Wilkie et al. [161] canbeused.

3.4 TestingProcedures

Thedesigngoalof theRSAtestingprocedures is to emulatetheuseof ray shootingin renderingalgo-
rithms. For the designwe preferto take only surfacegeometryinto accountanddo not performany
lighting or materialcalculations.Thiswaymostof thecomputationtime in thetestsis reallydevotedto
ray shooting,which is thesubjectof ourmainconcern.

Weproposefour differenttestingprocedures.Thefirst threetestsaregeneralmethodssimulatingthe
useof rayshootingin globalilluminationrenderingalgorithms.Thelasttestingprocedureis raytracing
animageasdefinedin SPD asanexampleof simpleandrealrenderingtask.Wedo notuseray tracing
just to geta visually appealingimage;it alsoallows us to find errorswhenimplementinga new RSA,
andit alsoallows subjective evaluationof sceneproperties.

Whena testscenehasquitea varyingobjectdistribution, performingray shootingtestsfor a single
origin of a ray locatedsomewherein thescenemay reveal only local propertiesof the testedRSA. In
orderto testRSAbehavior over thewholescene,the useof uniformly distributedglobal raysis more
appropriate. In order to obtain equalray distributions for all testedRSAsthe sameinitial seedsfor
randomnumbergeneratorshave to beusedin eachtestingprocedure.

Theusualwayof generatinggloballinesis to generatetwo uniformly distributedpointson thescene
boundingsphereandto shoottheraybetweenthesetwo points.Thismethodwouldhoweverbeunfair to
thoseRSAsthatusea ray spacesubdivision method,assumingthesuccessive ray queriesaresomehow
similar [17, 132], seeSection1.6.4. Algorithm 5 shows an alternative uniform global ray generation
schemethat preserves the ray coherency of subsequentraysat the sametime. The basicideaof the
algorithmis to split a sphereinto theB bandsof thesamewidth (andthusthesamesurfacearea)and
assignthesamenumberof pointsto eachband.Thispreservesthesamesurfaceareais alsoassignedto
eachpoint. Thencastingthegloballinesamongall pairsof pointshasuniform line density.

3.4.1 Definition of TestingProcedures

Thefirst of four testingprocedures,denotedTPA, testthepropertiesof RSAfor raysdistributedin the
wholescene.ThesecondtestingprocedureTPB testthepropertiesof RSAin thespace,wherethemost
objectsarepresent.The third testingprocedureTPC simulatesa randomwalk in thespaceweremost
of the sceneobjectsarepresent.The last testingprocedureTPD is the alreadymentionedray-tracing
accordingto SPD. Thetestingproceduresaredesignedasfollows:

Testingprocedure TPA: Shootsonly primaryraysthataregeneratedusingAlgorithm 5 on a sphere
circumscribedto the #%$ of thescene.The #%$ of thesceneis computedasa unionof the #%$ s of all
objectsin thescene.

Testingprocedure TPB: Assignsa tight #,$-� Oi � to eachobjectOi in the scene.For each#,$-� Oi �
computesits centerpointQi andcomputesthecenterof thesphereasQ � 1/ N r ∑N

i u 1Qi. Usingabinary
searchfinds the minimum radiusof a spherewith centerQ containing90% of all Qi. Shootsonly
primaryraysgeneratedon thissphereusingAlgorithm 5.

Testingprocedure TPC: ThesameasTPB, but theraysarerandomlyreflectedusinguniform distri-
bution over the hemispheregiven by the surfacenormalat the hit point. The bouncescontinueuntil



40 CHAPTER3. BESTEFFICIENCYRAY SHOOTING ALGORITHM

Algorithm 5 Systematicallycastingn r � n � 1� raysuniformly distributedon sphere.9
Computen pointsuniformlydistributedon theunit sphere. =

B 8 numberof bands
Subdividesphereby ? B z 1A planesz { const

9
zi { 1 z 2 ? i > 1A�| B, i } 9 0 ~ B z 2 =�= .9

CreateB bandshavingthesamesurfaceareaon thesphere. =
b 8 0

9
currentbandindex =

SAone 8 4 | 3 � π | n 9 requiredsurfaceareaof oneregion=
α 8 0

9
theendangleof thecurrentregion=

for all i } n pointsdo
SAcurr 8 0

9
Currentregion haszero area.Alwaysgeneratepoint at theendof a new region.=

Integratebandsby increasingα or/andb until SAcurr { Sone<�
Pi < z { 0 < 5 �o? 1 z�? 1 z 2i A�| nA
R {�� 1 < 0 z�? �Pi < zA 2,

�
Pi < x { Rcos? αi A , �Pi < y { Rsin? αi A

end for
Transformn pointsto world spacegiventhespherecenter

�
C andradiusR.

for all i } n pointsdo
for all j } n pointsdo

if i �{ j then9
For TPA, TPB, andTPC. =

Shoot(primary)ray betweenpointsi and j on thespherein theworld space.9
Only for TPC spawnhigherorder rays.=

end if
end for

end for

themaximumdepthof recursiondrec � 4 is reached(primaryrayshave drec � 0) or until theray leaves
thescene.

Testingprocedure TPD: Recursive ray tracingexactlyasdefinedin SPD. This taskrequiresacamera
to besetandsurfacematerialsto bedefined.Depthof recursionis thesameasfor TPC, andthenumber
of primaryrayscastis 513 L 513. All otherdetailscanbefound in theReadme.txt file in theSPD
distribution [69].

Obviously, it is alwayspossibleto constructanartificial scenewhereour testingprocedureswill not
fulfill theproposedgoal. However, scenesthatareusedfor practicalpurposeswill not posedifficulties
to our tests.

3.4.2 Invariants

Givena testingprocedureTPandascene� wecandetermineasetof parametersfor every testedscene
thatwill remainconstantregardlessof theRSAused.Theseinvariantscanbeusedto verify theresults
of RSAimplementation.However, we will be awarethat this verificationdoesnot imposea globally
correctRSAimplementation,it merelyprovesthat the resultsarecorrectfor theparticularscene.The
invariantsare:

Nhit��� : numberof primaryrayshitting thesceneaxis-alignedboundingbox (appliesfor TPA-TPD),
Nhit

prim: numberof primaryrayshitting any object(appliesfor TPA-TPD),
Nsec: numberof secondaryrays(reflectedraysfor TPC, reflectedandrefractedraysfor TPD),
Nhit

sec: numberof secondaryrayshitting any object(reflectedraysfor TPC, reflectedandrefractedrays
for TPD),

Nshad: numberof shadow rays(appliesfor TPD only), and
Nhit

shad: numberof shadow rayshitting opaqueobjects(TPD only).

In practiceweobservedthattheinvariantsareequalor thatthey differ justveryslightly dueto numer-
ical precisionproblems.The relative error for shooting106 raysusingsingle-precisionfloating point



3.5. RESULTSAND DISCUSSION 41

arithmeticwasalwaysbelow ε � 107 4 in our experiments,which is acceptableunderthe assumption
that no differencesbetweenimagesobtainedasa resultof TPD for differentRSAsarevisible. Given
the finite precisionarithmetic,we shouldconsiderthat tuning an RSAimplementationto get exactly
the sameresultscan even be impossibleto achieve, sincethe RSAneednot be robust to numerical
imprecision.

3.5 Resultsand Discussion

In this sectionwe describethescenesusedfor theexperiments,their scenecomplexity measures,and
theresultsfor all testingprocedures.

3.5.1 TestScenes

Theprocessof collectingandpreparingtestscenesstartedin October1999andnow in November2000
is still underprogress.We decidedto groupthecollectedscenesaccordingto thenumberof objects,
creating7 groups:GX, X � 0 �2�2� 5, eachGX containing15 sceneswith � 10X � 1, 10X � 1 � objects,and
G6, 10sceneswith morethan106 objects,which is 100scenesin total.

Therearemany WWW sitesoffering 3D modelsusablefor our purposes,but we have encountered
two problems:First, modelsareusuallyavailablein proprietaryformatsandconversioninto openfor-
mats(VRML’97 [2] in ourcase)doesnotusuallyworkverywell. Thisresultsin sceneshaving corrupted
faces,invalid normals,missingtextures,andsoon. Second,onecannever estimatethescenesizebe-
fore actuallydownloadingthemodel. We observed thatmostof the215scenesdownloadeduntil now
typically contain5 � 103–5 � 104 objects.We did not foundany suitablesceneshaving lessthan100or
morethan5 � 105 objectson WWW. While smallscenescanbemodeled,composingmeaningfullarge
scenesis quitea demandingtask. As a result,groupssupposedto containsceneswith highernumbers
of objectsarestill incomplete.Therefore,theprojectcannotprogressat present.

In the experimentspresentedherewe have usedthreegroupsof SPD sceneswith differentobject
counts. SinceSPD scenesarescalable,we decidedto generateindividual sceneswith objectcounts
ascloseaspossibleto maximumcountsrequiredfor scenesize: groupG3

SPD (103 objects),G4
SPD (104

objects)1, andG5
SPD (105 objects).Thescenesizein generatedSPD scenesdependson anoptionalsize

factorSF , wherethe ratio of scenesizesfor SF and � SF
� 1� variesfrom 1 � 2 for “teapot” to 8 � 0 for

“jacks”. Table3.1 lists onescenesizein theSPD scenesfor sizefactorSF � 1 �2�2� 6. Thebold typeset
numbersof objectsdenotescenesselectedinto groups:G3

SPD, G4
SPD, andG5

SPD. A SPD scenefurtherin
thethesisis referredto as“sceneX”,whereX is thevalueof thesizefactor. We decidednot to usethe
sceneentitled“shells” for ourexperiments,asthis is theonly SPD scenecontainingdenselyoverlapped
objects,which shouldnot be the casefor a correctlymodeledscene.Naturally, sucha scenecauses
problemsfor any RSAthatwe tested.

As soonasthe RSAcharacteristicsmeasuredon the downloadedscenesareavailable, they canbe
comparedto datameasuredon theseSPD groups.Thiswaywecanverify thesuitabilityof SPD scenes
for testingRSAs.

Table3.2 shows selectedscenecomplexity measuresfor the 30 SPD scenes.Comparingthe com-
putedcomplexitieswith thetestingresultspresentedbelow, it unfortunatelyseemsthatthereis nodirect
correlationbetweenexisting complexity measuresandRSAperformance.

3.5.2 Results

Weimplementedthefollowing RSAs, whichareall basedon thestaticdatastructures:
1WhenSPD sceneareusedfor testinganRSA, G4

SPD correspondsto thestandardsetof scenesthatis usedfor testing.
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Scene
SF balls gears jacks lattice mount rings sombrero teapot tetra tree

1 11 147 9 20 12 61 1922 57 4 7
2 92 1169 81 81 36 301 7938 244 16 15
3 821 3943 657 208 132 841 32258 561 64 31
4 7382 9345 5265 425 516 1801 130050 1008 256 63
5 66341 18251 42129 756 2052 3301 522242 1585 1024 127
6 597876 31537 337041 1255 8196 5461 – 2292 4096 255

Table3.1: Numberof objectsof SPD scenesaccordingto thesizefactorSF .

Complexity
SceneX Group N SAtotal Ψ ñ σ λ s k nG

int enG
int σenG

int p0 slen σslen IC
S

balls3 G3
SPD 821 588.57 0.49 1.72 12.23 7.12 10.01 99.91 0.92 0.92 0.43 0.995 0.040 1.16 10.194

balls4 G4
SPD 7382 591.71 0.97 1.28 19.20 15.00 17.68 344.85 0.92 0.92 0.47 0.995 0.036 1.12 11.167

balls5 G5
SPD 66431 594.85 0.99 1.01 23.20 22.91 26.68 780.77 0.93 0.93 0.51 0.994 0.033 1.09 11.518

gears2 G3
SPD 1169 32.61 0.81 1.58 5.01 3.18 3.89 15.47 1.36 1.36 1.65 0.787 0.110 0.40 4.833

gears4 G4
SPD 9345 59.61 0.78 2.27 6.08 2.68 2.88 7.49 2.48 2.48 3.65 0.723 0.060 0.23 9.003

gears9 G5
SPD 106435 126.16 0.76 2.82 6.70 2.37 2.40 4.62 5.25 5.25 8.46 0.691 0.025 0.14 12.728

jacks3 G3
SPD 657 26.72 0.47 2.84 3.37 1.19 0.80 -0.76 1.32 0.95 1.72 0.749 0.092 0.31 4.512

jacks4 G4
SPD 5265 57.26 0.58 2.63 3.61 1.37 0.96 -0.61 2.50 1.78 2.89 0.661 0.078 0.27 6.843

jacks5 G5
SPD 42129 118.33 0.63 2.58 3.76 1.45 1.01 -0.58 4.87 3.34 5.05 0.604 0.064 0.19 9.437

lattice6 G3
SPD 1225 14.72 0.00 2.33 1.35 0.58 0.96 -0.20 4.17 3.13 2.63 0.299 0.086 0.18 5.471

lattice12 G4
SPD 8281 24.47 0.00 3.69 1.68 0.45 0.03 -1.12 7.49 5.48 4.07 0.172 0.069 0.13 7.581

lattice29 G5
SPD 105300 52.73 0.02 3.59 1.68 0.47 0.10 -1.01 16.92 11.42 7.65 0.087 0.046 0.07 10.819

mount4 G3
SPD 516 9.25 0.65 3.06 5.29 1.73 1.68 1.73 0.68 0.68 1.09 0.865 0.144 0.38 5.636

mount6 G4
SPD 8196 10.16 0.84 2.36 6.89 2.91 3.24 10.34 0.74 0.74 1.23 0.849 0.119 0.36 6.193

mount8 G5
SPD 131076 10.52 0.93 1.88 9.38 4.99 5.76 35.20 0.79 0.79 1.51 0.847 0.095 0.32 7.649

rings3 G3
SPD 841 362.58 0.69 2.40 5.41 2.25 2.44 5.23 1.16 0.82 1.38 0.867 0.119 1.70 3.763

rings7 G4
SPD 8401 2817.90 0.72 2.69 5.46 2.03 1.94 2.45 2.46 1.53 2.62 0.748 0.071 2.12 6.718

rings17 G5
SPD 107101 32717.00 0.74 2.43 4.93 2.03 2.00 2.99 5.95 3.47 5.57 0.642 0.043 2.56 10.412

sombrero1 G3
SPD 1922 72.86 0.70 2.78 4.60 1.65 1.31 0.35 0.81 0.81 0.78 0.966 0.104 0.43 5.245

sombrero2 G4
SPD 7938 73.51 0.80 2.44 5.32 2.19 1.93 2.07 0.82 0.82 0.80 0.963 0.114 0.42 4.858

sombrero4 G5
SPD 130050 73.70 0.92 1.91 6.96 3.64 3.60 11.40 0.82 0.82 0.79 0.962 0.117 0.42 4.622

teapot4 G3
SPD 1008 115.56 0.64 3.05 7.85 2.58 4.85 36.36 1.01 1.01 1.11 0.795 0.232 1.19 7.101

teapot12 G4
SPD 9264 116.73 0.85 2.20 9.74 4.43 9.21 125.22 1.02 1.02 1.13 0.791 0.255 1.20 7.408

teapot40 G5
SPD 103680 116.87 0.92 1.78 13.19 7.42 19.40 625.33 1.02 1.02 1.13 0.791 0.255 1.20 7.382

tetra5 G3
SPD 1024 13.86 0.63 3.27 5.11 1.56 1.44 1.03 1.15 1.15 1.75 0.610 0.059 0.25 5.006

tetra6 G3
SPD 4096 13.86 0.76 2.74 5.70 2.08 2.15 3.47 1.15 1.15 1.89 0.638 0.043 0.24 6.205

tetra8 G5
SPD 65536 13.86 0.90 1.99 7.02 3.52 4.12 18.44 1.15 1.15 2.14 0.681 0.030 0.22 8.747

tree8 G3
SPD 1023 10006.00 0.50 1.53 23.04 15.02 22.54 509.36 0.94 0.94 0.23 1.000 0.087 7.05 7.220

tree11 G4
SPD 8191 10007.00 0.67 1.37 42.97 31.41 45.86 2188.41 0.94 0.94 0.24 1.000 0.091 8.04 7.548

tree15 G5
SPD 131071 10008.00 0.80 1.60 100.10 62.59 87.38 8379.39 0.94 0.94 0.24 1.000 0.086 7.74 7.587

Table3.2: Scenecomplexity accordingto Section3.3for G3
SPD, G4

SPD, andG5
SPD scenes.

BSP: TheBSPtree[94] usinganefficient recursive ray traversalalgorithm[82]. Thesplitting plane
alwayscreatesequally-sizedchildren. Themaximumalloweddepthwas16, maximally2 ob-
jectswereallowedin anode(seeSubsubsection1.6.3.1),

KD: Thekd-tree,similar to theBSPtree,but thesplitting planeis put accordingto thesurfacearea
heuristic[105]. Theconstructionof thekd-treeis discussedin thefollowing chapter. Thesame
terminationcriteriaasfor theBSPtreewereused,

UG: The uniform grid [53], with resolutionaccordingto [85] (Woo’s method)with voxel density
dvoxel � 3 � 0 (seeSubsubsection1.6.3.3),

BVH: Theboundingvolumehierarchybuilt with costfunction[63] (seeSubsection1.6.2),

AG: Theadaptive grid, BVH over uniform grids[100] (seeSubsubsection1.6.3.4),

RG: Therecursive grid, a grid recursively put in theparentgrid voxelsagain[93] (seeSubsubsec-
tion 1.6.3.4),
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HUG: Thehierarchyof uniform grids[26] (seeSubsubsection1.6.3.4).

O84: Theoctreewith a sequentialray traversalalgorithmbuilt usingmidpointsubdivision [59] (see
Subsubsection1.6.3.2),

O84A: Theoctree-Rusingsurfaceareaheuristic[159] with thesequentialray traversalalgorithm[59]
(seeSubsubsection1.6.3.2),

O89: Theoctreeusingneighborfinding for theray traversalalgorithm[126] usingmidpointsubdivi-
sion(seeSubsubsection1.6.3.2),

O93: Theoctreeusingtherecursive ray traversalalgorithm[54] (seeSubsubsection1.6.3.2),

O93A: Theoctree-Rusingsurfaceareaheuristic[159] with therecursive ray traversalalgorithm[54]
(seeSubsubsection1.6.3.2).

The detaileddescriptionof parametersettingsto build up underlyingdatastructuresof all RSAsis
beyondthescopeof thethesis,sinceit supposesdetailedknowledgeof all RSAs. Wehave consistently
usedthe bestsettingsthat we found during previous experiments[85, 74], with one exception– if
we ranout of memory, we allowed threeiterationsof modifying RSAconstructionparametersettings
to requirelessmemoryandthentestedagain. This occurredfor RG, AG, andHUG. Failuresof this
iterative parametersettingsarereportedin Table3.4.Therearetwo caseswhenresultsarenot reported:
eitherthetestingproceduredid notfinish in 10hours,or thecomputermemorywasstill exhaustedeven
after threeiterationsof settingparametersfor construction. It shouldbe clear that manualtuning of
theseparametersto constructfailure-proofdatastructuresfor all 12 givenRSAsand30 scenesis quite
impractical.

All thetestspresentedin this chapterwereconductedon PCsrunningLinux, kernelversion2.2.12-
20,processorIntel PentiumII, 350MHz, 128MB RAM. Testprogramin theGOLEM renderingsystem
wascompiledusingegcs-1.1.2with “-O2” optimizationswitch. Thetotal numberof experimentswas
1440(12 RSAsby 30 scenesby 4 testingprocedures).With 10 reportableparametersfor every ex-
periment(seeSection2.5) we measured11520hardware/implementationindependentand2880hard-
ware/implementationdependentRSAparameters.We omittedto find out thevaluesΘA, ΘIT , andΘTS

dueto thetime requirementsthatarenecessaryto get thesevalues,sincewe aresatisfiedwith ranking
of testedRSAs.

Due to spacelimitations it is not possibleto reportall the resultsfrom experimentshere. We have
thereforeselectedthemain characteristicsfrom all the experimentsandwe presentherea shortsum-
mary, theresultsfor TPD aregivenin AppendixE, lines48–58.All measuredstatisticsareavailableon
theWWW siteof theBESproject[79].

Table3.3 reportsfor eachtestedscenethetime TB neededto build theunderlyingdatastructurefor
thefastestRSAandtheminimumtime TR over all RSAsneededto run all testingprocedures.Table3.4
reportstheaveragerunningtimeT̃R for agivenRSAandtestingprocedurefor all thescenesandsummary
timesfor columnsandrows. Theparameterm is thenumberof taskswhereexperimentfailed dueto
memorylimits, f denotesthenumberof caseswhentestswerenot finishedwithin thetime limit. The
RSAsaresortedinto T̃R for the total sumincludingall testingprocedures.We canseethat thewinner
in the testson SPD scenesis theRSAbasedon thekd-tree,while theRSAbasedon theBVH hasthe
worstaveragerunningtime, beingin sometestseven morethantwo ordersof magnitudeslower than
theformer.

The total runningtime of the whole experimentwasabout400 hourson a singleprocessor. Tests
TPA–TPC used106 primary rays (exactly 1009� 1008 � 1017072rays), and the numberof bandsin
Algorithm 5was8161.Thegraphsin Fig.3.1andFig.3.2show asummaryof thehardware/independent
parameters.Parametersfor eachRSAaresummedoverall testedscenesandtestingprocedures,andare
normalizedto thehighestvaluefor all RSAs. Thegraphin Fig. 3.3shows for eachRSAits total running
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TestingProcedure
SceneX TPA TPB TPC TPD

RSA TB � s� TR � s� RSA TB � s� TR � s� RSA TB � s� TR � s� RSA TB � s� TR � s�
balls3 KD 0.30 3.72 KD 0.30 13.63 KD 0.30 50.25 KD 0.30 21.4
balls4 KD 1.75 3.51 KD 1.75 17.64 KD 1.75 62.87 KD 1.75 27.06
balls5 KD 16.2 3.82 KD 16.2 31.41 KD 16.2 102.2 KD 16.2 42.0
gears2 KD 0.6 5.01 KD 0.6 10.1 KD 0.6 34.24 KD 0.6 38.96
gears4 KD 2.45 5.71 KD 2.45 12.94 KD 2.45 57.49 KD 2.45 36.24
gears9 KD 22.79 7.91 UG 7.24 18.36 KD 21.89 91.01 KD 22.97 40.59
jacks3 UG 0.04 12.59 UG 0.04 30.51 UG 0.04 74.05 UG 0.04 10.46
jacks4 UG 0.3 16.38 UG 0.3 38.87 UG 0.3 118.8 UG 0.3 19.82
jacks5 KD 12.68 21.76 UG 2.9 46.45 UG 2.9 167.4 UG 2.9 30.69
lattice6 UG 0.1 9.47 UG 0.1 13.36 UG 0.1 48.56 UG 0.1 33.24
lattice12 UG 0.6 12.02 UG 0.6 16.88 UG 0.6 72.96 UG 0.6 39.95
lattice29 UG 8.6 14.53 UG 8.6 19.35 UG 8.6 93.45 UG 8.6 43.65
mount4 KD 0.09 6.83 KD 0.09 11.18 KD 0.09 26.65 KD 0.09 18.88
mount6 KD 1.49 9.11 KD 1.49 15.71 KD 1.49 39.3 KD 1.49 21.06
mount8 KD 25.9 18.45 KD 25.9 37.07 KD 26.9 114.7 KD 25.82 25.14
rings3 KD 0.47 8.14 KD 0.47 30.01 KD 0.47 80.93 KD 0.47 40.39
rings7 KD 2.36 12.61 KD 2.36 38.09 KD 2.36 139.5 KD 2.36 64.76
rings17 KD 23.55 22.23 KD 23.55 61.13 KD 23.55 260.4 KD 23.55 106.6
sombrero1 KD 0.32 6.18 KD 0.3 8.00 KD 0.31 18.21 KD 0.33 3.82
sombrero2 KD 1.37 6.82 KD 1.37 9.16 KD 1.37 20.99 KD 1.37 4.0
sombrero4 KD 26.39 11.83 KD 26.39 16.88 KD 26.39 40.61 KD 26.39 6.9
teapot4 KD 0.38 5.65 KD 0.38 11.56 KD 0.38 35.25 KD 0.38 13.94
teapot12 KD 2.18 6.65 KD 2.18 13.89 KD 2.18 43.12 KD 2.18 15.66
teapot40 KD 22.4 9.54 KD 22.4 23.46 KD 22.4 74.58 KD 22.39 23.85
tetra5 KD 0.1 6.6 KD 0.1 9.33 KD 0.1 19.6 KD 0.1 2.48
tetra6 KD 0.49 7.74 KD 0.49 10.9 KD 0.47 21.96 KD 0.47 2.66
tetra8 KD 10.9 13.69 KD 10.9 19.47 KD 10.9 36.65 KD 10.9 3.57
tree8 RG 0.13 3.72 KD 0.34 20.66 KD 0.34 34.23 KD 0.34 18.39
tree11 AG 1.75 3.82 AG 1.8 29.96 KD 2.04 47.28 AG 1.8 20.61
tree15 RG 358.5 3.72 HUG 10.4 76.37 AG 380.0 68.71 AG 380.0 43.38

Table3.3: TheRSAswith minimumTR � s� for TP�A � B �C �D � , hardware/implementationdependentcharac-
teristicsTB andTR.

time TR andthebuild time TB andthesumof both. Thesecharacteristicsaresummedover all testing
proceduresandscenes.(120experimentsif all thetestswerecompletedsuccessfully.)

3.5.3 Discussion

Below, we commenton thecharacteristicsof eachRSAtested.We sortedall RSAsaccordingto their
time T̃R summedover all tests,we startour discussionwith theslowestRSAandfinish with thefastest
one.WeuseT̃R just for rankingaccordingto Section2.7.Comparingtheresultspresentedin Tables3.3
and3.4,andFigures3.1,3.2,and3.3togetherwith all theextradata[79], wecancommentonthetested
RSAs:

BVH: Hasratherpoor resultsfor all testingprocedurescomparedto otherRSAs. We seethe main
problemin thenatureof theconstructionof BVH. It doesnot keeptrackof spatialcoherency
– wheninsertinga new objectinto theexisting hierarchythereis no globalspatialinformation



3.5. RESULTSAND DISCUSSION 45

TestingProcedure Total

RSA TPA TPB TPC TPD ∑TP� A � B �C �D
T̃R m� f W T̃R m� f W T̃R m� f W T̃R m� f W T̃R m� f W

KD 9.98 0/0 22 26.29 0/0 21 76.27 0/0 23 29.42 0/0 22 142.0 0/0 88

O93A 15.01 0/0 0 40.91 0/0 0 106.8 0/0 0 38.59 0/0 0 201.3 0/0 0

O84A 15.41 0/0 0 41.72 0/0 0 109.0 0/0 0 39.08 0/0 0 205.2 0/0 0

RG 35.09 3/0 2 64.44 3/3 0 134.4 0/2 0 47.84 0/0 0 281.8 6/5 2

HUG 39.63 0/0 0 99.52 0/0 1 268.2 0/0 0 77.38 0/0 0 484.7 0/0 1

AG 63.31 3/0 1 108.6 3/0 1 278.9 3/1 1 136.5 0/0 2 587.3 9/1 5

UG 11.74 0/0 5 372.7 0/0 7 525.5 0/0 6 145.4 0/0 6 1055 0/0 24

O93 16.86 0/0 0 1114 0/0 0 257.5 0/0 0 392.8 0/0 0 1781 0/0 0

BSP 28.63 0/0 0 1291 0/0 0 325.9 0/0 0 560.3 0/1 0 2206 0/1 0

O89 14.49 0/0 0 1127 0/0 0 1421 0/0 0 381.7 0/0 0 2944 0/0 0

O84 17.44 0/0 0 1132 0/0 0 1437 0/0 0 400.2 0/0 0 2987 0/0 0

BVH 1903 0/0 0 4569 0/2 0 5111 0/6 0 3376 0/0 0 14960 0/8 0

∑allRSA 2170 6/0 30 9986 6/5 30 10050 3/9 30 5625 0/1 30 27832 15/15 120

Table3.4: Averagerunningtime T̃R, memory(m) andtime limit ( f ) failures,andnumberof “wins” W
for all testedaccelerationalgorithmsandtestingprocedures.

Figure3.1: ParametersNG, NE, NEE, andNER summedfor all scenesandeachRSA, normalizedto the
worstRSA. A descriptionof theparametersis in Section2.2.

aboutotherstill uninsertedobjects.

O84: Theoctreewith asequentialray traversalalgorithmrequiresmany traversalstepsfrom theroot
node.Subdividing atmidpointsdoesnotwork particularlywell for sparsescenes(“treeX”).

O89: Hasaslightly bettertraversalalgorithmthatoutperformsO84,especiallyfor sceneswith higher
numbersof objects.
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Figure3.2: ParametersNIT , NTS, NETS, andNEETS summedfor all scenesfor eachRSAandnormalized
to theworstRSA. A descriptionof theparametersis in Section2.2.

Figure 3.3: Total times TB � s� , TR � s� , and TB
� TR � s� for each RSA. The number gives the total

build+runningtime (TB
� TR) for all testsfor aparticularRSA.

BSP: Althoughconceptuallythesamestructureasthekd-tree,subdividing atmidpointsagainresults
in poor performancefor sparsescenes.For denselyoccupiedscenesthe BSPtreeperforms
comparablyto thekd-tree.

O93: Due to themostefficient ray traversalalgorithm,this outperformsO84 andO89 even if con-
structedusingthemidpointsubdivision. We canseethat for all midpointsubdivision octrees,
shootingraysinsidetheoctree(TPB, TPC, andTPD) is very time demanding.This is theprice
we pay for traversaldown to the leaf when the intersectedobject is inside or very closeto
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thisnode.

UG: ClassicalRSA. Theemployedsmartalgorithmfor heterogeneousgrid resolutionsettingresults
in the bestperformanceof UG for several scenes.Thesescenesaredenselyoccupiedwith
mostlyregularstructure(“jacksX”, “latticeX”, and“mountX”). In this kind of scenethedown
traversalphasefor hierarchicalspatialdatastructuresis expensive, sincetheray intersectsthe
objectvery closeto the origin of a ray. For sparselyoccupiedscenestheUG hasratherpoor
performanceasit lacksasenseof hierarchy.

AG: As a combinationof the BVH with UG this hasaverageperformance,but the predictionof
memoryneededto constructtheunderlyingdatastructureis difficult for G5

SPD scenes.For one
scenethe computationfailed the time limit due to swapping. Tweakingof the construction
parameterswasnecessaryto getsomeG5

SPD scenesto work on availablememory.

HUG: Consistsof UGs arbitrarily positionedin otherUGs. It hasnot only a slightly betterperfor-
mancethanAG, but alsosmallerandmorepredictablememoryusage.

RG: UG insertedin voxelsof UG recursively showsnegligible performanceimprovementespecially
for TPC. Its performancevaries,but fivetestswerefailedonthetime limit. Tuningtheconstru-
ctionparametersto keepthetestwithin thememorylimit wasdifficult asmemoryconsumption
wasratherunpredictable.

O84A: We canseethatalthougha simpleray traversalalgorithmwasused,a moreappropriatesubdi-
visionprocessimprovedthetotalperformanceby oneorderof magnitudecomparedwith O84.
The improvementis particularlyapparenton sparsescenesin G5

SPD. Unfortunately, the build
timeTB risesrapidly for G5

SPD aswell.

O93A: ThesameimprovementasbetweenO84andO93canbeobserveddueto themoreefficient ray
traversalalgorithm. Again, the build time TB risesrapidly with the numberof objectsin the
scene.

KD: Althoughkd-treeis in principletheBSPtree,thepositioningof thesplittingplaneusingthesur-
faceareaheuristicandfastray traversalalgorithmmakesthishierarchicalspatialdatastructure
into a winner, even if the improvementsfrom O93A arenot significant.Thekd-treeis beaten
in severalcases:for regularartificial scenes(“jacksX”, “latticeX”, and“mountX”) by UG, for
G5

SPD sparsescene(“treeX”) by AG andHUG. However, thedifferencesin performancein all
thesecasesaresmall. Theonly disadvantageis that thebuild time TB for G5

SPD scenes,which
is comparableto the build timesof O93A andO84A, canbe ratherhigh in comparisonwith
thebuild timeof UG. Therefore,if thenumberof rayshootingqueriesis low, usingthekd-tree
probablydoesnotpayoff.

In general,we observe thatusingsurfaceareaheuristic[105] paysoff for both theoctreeandBSP
treeto gettheOctree-Randkd-tree.Also, RSAsbasedonhierarchicaldatastructureswin overtheRSAs
basedon non-hierarchicalonesin mostcases,especiallyfor sparsescenes.Whethertheseresultsand
therankingof algorithmsaccordingto ∑TP � A � B �C �D TR will bemaintainedfor theplannedcollectionof
100downloadedscenesis not currentlyknown.

3.5.4 Preliminary RSA SelectionAlgorithm

Examiningthe resultsof Tables3.2 and 3.3, we would like to presenta preliminaryproposalof an
algorithmfor selectinganRSAto beusedgivena scene:First, constructa uniform grid over the �%� s
of objectsusingtheheterogeneousresolutionsettingwith voxel densitydvoxel � 1 � 0. Thencomputethe
sparsenessparametersδ, s, andk. Whenδ, s, andk arelow (seeTable3.2), thenuseanRSAbasedon
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UG. If thesethreeparametersarein themiddlerange,useanRSAbasedonkd-tree.If theseparameters
arevery high, thenconsidereitheran RSAbasedon kd-treeor RG/AG for even betterperformance,
but beawareof thepossiblehighor evenunrealizablememoryrequirementsfor RG/AG. If noneof the
conditionsabove areapplicable,thenusethe RSAbasedon kd-tree. Here,we shouldstressthat this
preliminaryRSAselectionalgorithmis derivedfrom theresultsof experimentsfor 30 SPD sceneswith
afractalnature.Its validity hasto beverifiedon largerasetof scenes.Knowledgeof whethermostrays
will beshotinsidethescenewill alsobehelpful for selectingtheRSA.

3.6 Conclusionand Futur eWork

In this chapterwe outlinedthegoalsof theBESprojectandits statusin lateNovember2000.Wehave
proposedfour testingproceduresfor testingRSAs, theRSAinvariantsfor particulartestingprocedures,
andan algorithmfor systematicallyshootinguniformly distributedrays. Basedon the measureddata
we have alsooutlineda heuristicto selecta suitableRSAgivena statisticsbasedon scenesparseness.
Evenif theheuristicpredictsreasonablywell for thetestedSPD scenes,wedonotknow if thealgorithm
in its presentform will be applicableto generalscenes,andits successratio. It is only clearthat for
a smallnumberof raysto beshotno constructionof anunderlyingdatastructurefor a particularRSA
paysoff atall.

After testing12 RSAsover 30 SPD scenesof differentcomplexities and4 testingprocedures,we
canconcludethatusingRSAsbasedon hierarchicalspatialdatastructures,particularlyon thekd-tree,
definitelypaysoff – exceptfor denselyoccupiedscenes.This observation supportsour opinion that it
is very unlikely thattherewill beasingleoptimalRSAfor generaluse.

TheBESprojecthasnot yet cometo anend. In orderto provide a soundbasisthatwill helpus to
avoid furtherspeculationsaboutthedesignanduseof differentRSAs, severaltaskshaveto becompleted:
First, we have to make our collectionof 100practicalscenescompleteandrun all the testsagainover
thisset.Thiswill provideuswith avastamountof statisticaldatathatwill have to beanalyzedtogether
with the resultsof experimentsalreadypresentedhere. Whenthe resultsare ready, we will be able
to concludewhetherthe resultsfor theSPD scenespresentedin this chaptercorrelatewith the results
obtainedfor thepracticalscenes.Thiswill alsorevealhow well thedistribution of objectsin thescenes
from SPD actuallysimulatesthedistribution thatoccursin thepracticalscenes.



Chapter 4

Construction of Kd -Trees

In thischapterwedescribeseveralnew methodsfor constructingthekd-treefor RSAsthatarebasedon
thisspatialdatastructure.Theconstructionalgorithmsusethecostmodelthatestimatestheaveragecost
of traversinganarbitraryray throughthekd-tree,combiningthecostof thetraversalstepandthecost
of a ray-objectintersectiontest. Theestimatedcostis thenusedto govern thepositionandorientation
of thesplitting planeduringkd-treeconstruction,which proceedsin top-down fashion.Thestructure
of this chapteris asfollows. We describeour motivationfor selectinganRSAbasedon thekd-treefor
detailedresearch,previouswork, andseveralcontributionsof oursin separatesections.

4.1 Moti vation

Startingwith thischapter, therestof thethesisis devotedprimarily to thekd-tree.Thefirst phaseof the
BESprojectpresentedin theprevious chaptershowed us that the kd-treeis statisticallythebestfrom
commonheuristicRSAs, at leastfor tested30SPD scenes.Therearealsootherreasonsfor selectingthe
kd-treeasthewinning candidateof thefirst phaseof theBESprojectfor detailedresearch:� Thekd-treedoesnot suffer from exhaustive memorycomplexity requirements;We canobserve

from thefirst phaseof theBESprojectthatthenumberof elementaryandgenericcellsis roughly
linearwith thenumberof objects.Moreover, thelimitation onmaximummemoryusagegivenby
hardwareavailablefor thekd-treecanbeencodedin theterminationcriteriafor its construction.� The kd-tree hasalsobeenstudiedwithin the field of computationalgeometry, with promising
resultsfor IE2 andhigherdimensions.Theresearchin computationalgeometryis connectedwith
termpartitionstronglyrelatedto thekd-tree.A partition is abinaryspacepartitioningtreewith a
linearsplitting entity (line in IE2, planein IE3) in generalpositionsuchthateachleaf of thecon-
structedpartitioncontainsat mostoneobject.d’Amore andFranciosa[36] show that is possible
to constructa partition for a setof disjoint isotheticrectanglesin IE2. Mark de Berg et al. [39]
show that for IE2 it is possibleto constructa partition of linear sizefor a setof objectsunder
certainconditionsfor input data.Agarwal et al. [4] discusspracticaltechniquesfor constructing
of thekd-treefor orthogonalrectanglesin IE3. Theseapproacheswith ��� N � logN � preprocessing
andwith linear storageachieve ��� logN � time complexity for point-locationqueries.However,
for generalshapesof objects,no algorithmfor constructinga partition with linear storageand��� N � logN � preprocessinghasbeenfound, even for IE2. Theseresultspromotethe useof the
kd-treefor RSAs, disregardingtheworst-casecomplexity measures.� The kd-treeallows flexible positioningof the splitting planes,which resultsin varioussizesof
theelementarycells.Thecellsadaptwell to thegeometryof thescenes.Accordingto theresults
of thefirst phaseof theBESproject,this featureis particularlyimportantfor sparselyoccupied
scenes,andwe canquantify thesignificantdifferencein performancebetweenanRSAbasedon
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the BSPtreeandan RSAbasedon thekd-tree. Although theBSPtreeis in principle the same
spatialdatastructureasthekd-tree,fixing thepositionof thesplitting planesin thecenterof the
cell causedtheperformanceof anRSAbasedontheBSPtreesometimesto beworseby order(s)of
magnitudethanthatof anRSAbasedonthekd-tree.Weobservedthis for experimentsperformed
within thefirst phaseof theBESproject,whentheperformanceof anRSAbasedon thekd-tree
wasalwaysbetterthanor equalto anRSAbasedon theBSPtree.� Thekd-treeis principallyscalableto IEn spacefor arbitraryn. Thisholdsfor thekd-treeconstru-
ction andray traversalalgorithmsdescribedin this thesis.� The kd-tree can be usedto model topologically many other spatialsubdivisions. This means
that the kd-tree can be constructedin sucha way that it correspondsto the spatial topology
of elementarycells for the uniform grid, non-uniformgrid, both elementaryandgenericnodes
of an octree,Octree-R,and BSP tree. On the other hand,the spatialtopologyof the kd-tree
canbemappedto a moregeneralspatialdatastructure:theboundingvolumehierarchy(BVH).
Unfortunately, the ray traversalalgorithmfor the BVH is much lessefficient than for the kd-
tree,dueto thegeneralnatureof BVH, sincethecellsof thechild nodesof BVH referencedin
onenodecanoverlap. Further, this overlappingof cells within a hierarchicaldatastructuresis
not suitablefor efficiency reasons,seethepoint below andtheresultspresentedin theprevious
chapter.� Thekd-treecontainsno overlappedelementarycells,andthusno two descendantsreferencedin
one interior nodeof the kd-tree. This overlappingof cells occursin the hierarchyof uniform
grids (HUG) by Cazals[26], adaptive grids (AG) [100], and BVH [63]. The overlappingof
cells,which is the overlappingof spatialregions,alwaysinducesan elementary/genericcell �
is to bereferencedin morethanoneothergenericcell. First, suchmultiple referencingleadsto
repetitive testingof elementarycell � for the intersectionwith a ray. It is usuallynecessaryto
solve theray queryfor thewholecell � asif it werethesceneitself. Repetitive computationfor� canbereducedby aray-cache(alsocalledamailbox[23, 12]), wheretheresultof intersection
betweentherayand � is cached.Nonetheless,thetimeneededto accesstheray-cachecannotbe
completelyeliminated.Second,sinceanelementarycell � canalsobeoverlappedwith another
elementarycell �¡  (or several suchcells), thenboth of thesemustbe checked for intersection
within the overlappingspatial region, sincethe object with the closestray-objectintersection
mustbe chosen.Thereforeit mayoccurthata partof thespatialregion coveredby � checked
for intersectionwith theray is not usedat all, that is, thecomputationwithin partof cell � was
useless.Whetherthe computationis uselessfor a particularcell � cannotbe determineduntil
thesecondcell ��  is tested.It would be theoreticallypossibleto traversemorethanonecell in
parallelwithin a ray traversalalgorithm,but this would berathercomplicated.We arenot aware
thatany suchray traversalalgorithmhasbeenpublished.Theresultsof thefirst phaseof theBES
projectsupportour view on cell overlapping:it shouldbe avoided,in ordernot to decreasethe
qualityof encodingthedistanceamongtheobjectsin spatialdatastructures.� Thekd-treeis a hierarchicalspatialdatastructure,i.e., it enablesus to dealwith objectsof var-
ious sizesusingthe level of detail concept.It is particularlyrequiredfor sceneswith unevenly
distributedobjects.The useof a hierarchyin datastructuresfor RSAswasconsideredby some
researchersin thepastasadisadvantage[53] in comparisonwith RSAsbasedonnon-hierarchical
datastructuressuchas the uniform grid. Unfortunately, theseRSAsbasedon non-hierarchical
spatialdatastructuresarevery inefficient for sceneswith unevenly distributed objects. As we
have seenin thepreviouschapter, they canslightly outperformRSAsbasedon hierarchicaldata
structuresfor denselyoccupiedsceneswith a regular structure,but in general,they suffer from
performanceproblems.� Thereare several efficient ray traversalalgorithmsfor the kd-tree. The efficiency of the ray
traversalalgorithmfor the kd-tree is given by the simple representationof information in the
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kd-treenode– sincethe interior nodecontainsthesplitting planeandthustwo child nodes,we
have to decidebetweenfour cases:traverseonly left child, only right child, theleft child first and
thentheright one,or theright child first andthenthe left one. Efficient ray traversalalgorithms
for thekd-treehave beendevelopedin thecontext of theBSPtree,andarefurtherdealtwith in
Chapter5.

Therestof thischapteris structuredasfollows. First,wediscusswhy anRSAbasedonthekd-treeis
moreefficient thananRSAbasedon theBSPtreewith arbitraryorientedsplitting planes.Theproblem
of top-down constructionof kd-treesis in factsimply formulatedin two issues.First,wehave to decide
if to declarethe currentnodecontainingthe referencesto the objectsasa leaf. Whenthe answerto
this questionis negative, we have to put thesplitting plane,andthesecondissueis: whereto position
the splitting plane. We discussmethodsfor positioningthe splitting plane,andwe describein detail
theconceptof a costmodel,andits use.Further, we show how theemptyspatialregionsin thescene
canbe utilized in kd-tree constructionto increasethe performanceof an RSAbasedon the kd-tree.
Then,we dealwith theterminationcriteria– whetheror not thecurrentnodeof thekd-treeshouldbe
alreadydeclaredasa leaf. Further, we generalizethe costmodelandshow several possiblekd-tree
efficiency improvements,andalsotheir limitations. We concludethechapterby a summaryof results
from experimentsthatwe have performed.

4.2 Previous Work

In this sectionwe describethework concerningkd-treeconstructionperformedin thepast. First, we
recallseveralbasicfacts.Therecursiveconstructionof kd-treesin top-down fashionissimilarto thatfor
theBSPtreedescribedin Subsubsection1.6.3.1,namelyAlgorithm 1. Wearenotawareof any method
publishedthatusesa bottom-upapproach,evenif this might bepossibleusingsomeclusteringmethod
andredistributing theobjectsstraddlingthesplitting planebackdown to thechildren. Obviously, the
top-down constructionis morestraightforward. Therecursivenessof thetop-down approachis encoded
so that in eachstepof theconstructionthesetof objectsis taken asthewholesceneandthesplitting
planepositionandorientationis determined.

4.2.1 Orientation of the Splitting Planein the Kd -Tree

Here,we show why we usefor RSAthe kd-tree, which hasaxis-alignedsplitting planes,insteadof
theBSPtreewith arbitrarily orientedsplitting planes.Themainreasonis imposedby theray traversal
algorithmsfor thesetwo spatialdatastructures,whichrequirethatwecomputethesigneddistancefrom
theorigin of a ray to a splitting plane.For example,a planeΠa perpendicularto thea-axis(a � x ¢ y ¢ z)
is describedby theformula:Πa : a � ap � const. A rayR is describedby its origin OR andthedirection

vector £DR. The computationof the signeddistancet for the intersectionof an arbitraryray with the
planeis:

t � ap ¤ OR
a

DR
a

¢ (4.1)

assumingDR
a ¥� 0. Notethatinverseof DR

a canbeprecomputedthatis practicallyimportantfor speed
of computation.For anarbitrarily orientedplanegivenby theequationΠ : a � x ¦ b� y ¦ c � z ¦ d � 0 the
computationof thesigneddistancewith theray is morecomputationallydemanding:

t � a �OR
x ¦ b�OR

y ¦ c �OR
z ¦ d

a �DR
x ¦ b�DR

y ¦ c �DR
z

(4.2)

For the arbitrarily orientedplane,the numberof elementaryarithmeticoperationsis about3 times
higherthanfor theaxis-alignedplane. Note thatunlike Eq. 4.1 thedenominatorin Eq. 4.2 cannotbe
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precomputed.Thecomputationof thesigneddistanceformsonly aportionof thecostof a traversalstep
in theray traversalalgorithm,but it is significantenoughfrom theviewpoint of the total runningtime
of theray traversalalgorithm.To justify theuseof a BSPtreewith arbitrarily orientedsplitting planes
for RSAwe could requirethat we decreasethe total running time significantly (about2-3 times)by
reducingthenumberof traversalstepsor ray-objectintersectiontests.To thebestof our knowledgeno
suchmethodhasbeenpublisheduntil now. Whetheror not theobjectsbelongto onehalfspaceinduced
by thegenerallyorientedsplitting planeis alsomuchmorecomputationallydemanding.Moreover, the
numberof possiblepositionsof thesplitting planewould increasefrom ��� N � to ��� N3 �`� As a result,
thebuild timeof thekd-treeincreasesconsiderably, which is ratherunacceptable.For thesereasonswe
do not dealwith generallyorientedsplitting planesin the restof this thesis,andthuswe staywith the
kd-tree.

Thereareseveralwaysto selecttheorientationof thesplittingplaneprovidedthatit is perpendicular
to oneof thecoordinateaxes.In theaxis-alignedform of theBSPtree(Section1.6.3.1)theorientation
of thesplittingplaneis changedin cyclic order(x ¢ y ¢ z ¢ x ¢2�2�2� ) with theincreasingdepthof thenodein the
kd-tree.Thestartingaxisfor thesplittingis notspecified,but it is usuallythex-axis[94, 148] regardless
of theshapeof scene�%� . Therearealsoseveralotherwaysto orientatethesplitting plane,but since
theusedmethodis intertwinedwith thepositioningof thesplitting plane,we describeit below.

4.2.2 Positioning of the Splitting Plane

During constructionof a kd-treein top-down fashionwe have to solve algorithmicallytheproblemof
splitting the �%� of thecurrentnodeinto two new child nodes.Thisalsocoverstheassigningof objects
into thechild nodes.Oneof our assumptionsis thateachobjectOi hasa finite sizeandthusit alsohas
finite �,�-� Oi � . Sincethesplitting planesin thekd-treeareaxis-alignedandwe have to decidewhether
theobjectslie on the left sideor theright sideof thesplitting plane,it is alsoadvantageousto usethe�,� s of theobjectsfor this decision.Thereareseveralknown methodsfor positioningandorientating
thesplitting planein thekd-tree:

SpatialMedian: In BSPtreeconstructionthesplitting planealwayssplits the �%� associatedwith the
currentnodeinto two halves. Sincetheresultof thesplitting is two �%� s of thesame
size,thenthese�%� s have to be smallerwith the increasingdepthof the nodein the
kd-tree.This approachbalancesthespaceon thesidesof thesplitting plane.

ObjectMedian: Anotherway is to positiona splitting planesothat thenumberof objectslying on its
left sideandright sideis equal.Someobjectscanbeassignedto bothchildren,since
their �,� sstraddlethesplittingplane.Thismethodbalancesthenumberof objectson
thesidesof thesplitting plane.This mayseemnatural,sinceit resemblestheway of
constructinga balancedbinarysearchtreeover a setof numbersin IE1. Onecanthen
supposethat the constructionof sucha balancedbinary searchtreecould be advan-
tageousfor anRSA. Unfortunately, this is a ratherincorrectintuition, andthemethod
hassevereperformancedeficienciescomparedwith othermethods,aswe will show
by theresultsof our experiments.We remarkthat thekd-treeconstructedfor RSAis
not thebinarysearchtreeusedfor a commonrangesearchwithin a one-dimensional
interval. Themaindifferenceis thatin searchstructuresin IE1 suchasrangetrees[40],
thesearchis finishedin ��� logN � time. Within araytraversalalgorithmfor thekd-tree
afterwe descendto thefirst leaf of thekd-tree,this doesnot meanthat thesearchis
finished;whena ray doesnot intersectany objectreferencedin thefirst leaf, the ray
traversalalgorithmcontinuesfinding theleavesalongtheray path.

CostModel: This methodis basedon a furtherrefinementof thecomputationmodelintroducedin
Section2.2 for thekd-tree. This approachis basedon a costmodel, which estimates
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theaveragecostof traversinganarbitraryray throughthekd-treeduringtheconstru-
ction. The methodoutperformsboth spatialmedianandobjectmedianmethodsfor
all testedscenesthat we have testeduntil now, as implementedwithin the GOLEM
renderingsystem.Historicallyspeaking,themethodwasfirst introducedby MacDon-
ald andBoothduringtheGraphicsInterfaceconference[104] in June1989,andwas
further revisedandpublishedin [105]. This costmodelwasalsoresearchedby Sub-
ramanianandFussel[144, 145], who alsopublishedtheanexperimentalcomparison
of the theoreticalcost andmeasuredcost of the hierarchybasedon its termination
criteria[146]. Wedealwith thisconstructionmethodin deepdetailbelow.

The constructionof the kd-treefor the caseof the spatialandobjectmedianneedsno further dis-
cussion.This is not however thecasefor thecostmodel,which we recallanddiscussbelow in detail,
following MacDonaldandBooth[105].

4.2.3 Cost Model for Kd -TreeConstruction

Thecostmodelis a theoreticalmodelthatestimatesthecostof a ray passingthrougha kd-treeunder
severalassumptions.Suchanestimateincludesboththecostfor visiting theinteriornodesandleavesof
thekd-treeandthecostof computingray-objectintersectiontests.In thefollowing text, let X̂ denotean
estimateof quantityX, thatis, wecannotdetermineavalueof quantityX exactly in advance,but wecan
only somehow estimateits value.Thedevelopmentof thecostmodelis enabledby severalsimplifying
assumptions.Oneof theseassumptionsusesgeometricprobability.

4.2.3.1 Geometric Probability

Thedevelopmentof thecostmodelis connectedwith thefollowing observation,known from geometric
probability theory. For moremathematicaldetails,see[138] or the survey by CazalsandSbert[27],
which is moreorientedto applicationsin global illumination algorithms.Geometricprobability tools
for theconstructionof underlyingdatastructuresfor RSAswerefirst usedfor BVH by Goldsmithand
Salmon[63]. Their approachis alsooutlinedin thesurvey by Arvo andKirk [18].

Let X andY bespatialregionsof convex shapesuchthatX containsY, i.e., X § Y � Y. We wantto
expresstheconditionalprobability pY ¨X thatanarbitrary ray intersectsthespatialregionY assumingit
intersectsthespatialregion X. Thearbitraryray is a ray thathasuniform distribution of theorigin and
directionof theray, sotheline densityinducedby raysin thespatialregion X andhenceY is constant.
Further, it is supposedthatthearbitraryrayhasadirectionoutsidethespatialregionX. Thesituationis
depictedin Fig. 4.1.

Figure4.1: Computingthe conditionalprobability that an arbitrary ray hits spatialregion Y onceit
passesthroughspatialregionX.

Stonein [140] (citedaccordingto [63]) showedthatthisprobabilitypY ¨X is proportionalto thesurface
areaof theconvex spatialregionY dividedby thesurfaceareaof theconvex spatialregionX:

pY ¨X � SA � Y �
SA � X � (4.3)
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If we restrictourobservationto X andY to be �%� s, thenwecanexpresspY ¨X asfollows:

pY ¨X � � Yw �Yh ¦ Yw �Yd ¦ Yh �Yd �� Xw �Xh ¦ Xw �Xd ¦ Xh �Xd � ¢ (4.4)

wheresubscriptsw¢ d ¢ andh denotethewidth, depth,andheightof �%� .

4.2.3.2 BasicCostModel Development

Thedevelopmentof thecostmodelherefollows thepaperby MacDonaldandBooth [105]. Thecost
model is basedon several ratherunrealisticassumptionsfor ray shootingin order to apply the for-
mula4.4 in theestimatedquantities:� all raysintersectthe �,� associatedwith therootnodeof thekd-tree,� thedistribution of raysis uniform,� all raysdo not intersectany object.

The last assumptionis very unrealistic,sinceit contradictsthe purposeof any RSA. Nevertheless,
undertheseassumptionswe canestimatethefollowing quantitiesof akd-treeasfollows:

Numberof interiornodesof thekd-treetraversedperray:

N̂TI � Ni

∑
i � 1

SA � i �
SA � root � ¢ (4.5)

numberof leavesof thekd-treetraversedperray:

N̂TL � Nl

∑
l � 1

SA � l �
SA � root � ¢ (4.6)

numberof ray-objectintersectiontestsperray:

N̂IT � Nl

∑
l � 1

SA � l �D�N � l �
SA � root � ¢ (4.7)

wheretheotherquantitiesare:

Ni – numberof interior nodesof thekd-tree,

Nl – numberof leavesof thekd-tree,(Nl � Ni ¦ 1),

N � l � – numberof objectsstoredin leaf l of thekd-tree,

SA � i � – surfaceareaof interior nodei,

SA � l � – surfaceareaof leafnodel ,

SA � root � – surfaceareaof the �,� of thewholescene.

The estimateof the numberof operationsabove performedduring the ray traversalalgorithmcan
be usedto estimatethe averagetotal costof ray shootingunderthe assumptionsabove, if we know
the costsof specificoperationsof the ray traversalalgorithm. For further developmentwe assumea
recursive ray traversalalgorithmfor thekd-treeasoutlinedin Subsubsection1.6.3.1.Thecostof these
operationsis connectedwith a givenimplementationandcanbeobtainedexperimentally. Thenfrom a
generaldefinitionof theperformancemodel(Eq.2.2)we canestimatethetotal costĈT for shootingan
arbitraryray:

ĈT � s� � ĈTI � N̂TI ¦ ĈTL � N̂TL ¦ ĈIT � N̂IT (4.8)

� 1
SA � root � � � ĈTI � Ni

∑
i � 1

SA � i �^¦ ĈTL � Nl

∑
l � 1

SA � l �^¦ ĈIT � Nl

∑
l � 1

SA � l �D�N � l �©�Y¢ (4.9)
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where ĈTI � s� – theestimatedcostof traversinganinteriornodeof thekd-tree,

ĈTL � s� – theestimatedcostof traversinga leafnodeof thekd-tree,

ĈIT � s� – theestimatedcostray-objectintersectiontest.

The estimateof the total cost is ratherthe upperbound,sinceit assumesthat all arbitraryraysdo
not intersectany object,but at thesametime it assumesthatray-objectintersectiontestsarecomputed.
MacDonaldandBoothalsodiscussthevariantwith aray-cachethatavoidsray-objectintersectioncom-
putationfor a ray morethanoncefor thesameobject.Theray traversalalgorithmtestsa ray only once
againstaparticularobject,andtheresultof theray-objectintersectiontestis storedin theray-cache.For
thenext ray-objectintersectiontestwith thesameobjecttheresultis retrievedfrom thecache.Several
researchpapersreportthatuseof the ray-cachedoesnot alwaysincreasetheperformanceof RSAsin
a ray tracingalgorithm[147]. The useof the ray-cachealsoincreasesthe ray-objectintersectiontest
costĈIT of all objects.Even if the ray-cachehelpsfor several scenes,the impacton performancecan
benegligible andtakesa few percentatmaximumof thecomputationtimeconsumedby anRSA. Since
our observationon theuseof theray-cachein theRSAsin ourpreviousexperiment[80] confirmedthat
theimpacton performanceis ratherquestionable,we will not furtherdiscussthisextensionhere.

MacDonaldandBooth[105] claim thevalidity of thepresentedestimatesfor N̂TI , N̂TL, andN̂IT by
a simulationperformedon arbitrarysceneswith arbitrarily built kd-treesfor arbitraryrays. Assuming
that the estimateof the total cost is accurateenough,we canuseit to govern the constructionof the
kd-tree.This meansthatwe choosethepositionsandorientationsof thesplitting planesin thekd-tree
soasto minimizeits total estimatedcost(Eq.4.9). MacDonaldandBoothcall any algorithmthattries
to minimizetheestimatedcostof akd-treefor anRSAasurfaceareaheuristic. Weshouldremarkhere
that surfaceareaheuristicdoesnot necessarilyfind the global minimum of the estimatedcost,but it
rathertriesto decreasetheestimatedcost.

4.2.3.3 Position of the Splitting Plane

In top-down constructionof thekd-treewealwaysconsidersomesetof objectspointedto in an �%� . The
kd-treeconstructionalgorithmis thenreformulatedto find thepositionandorientationof thesplitting
planefor the �%� associatedwith thecurrentlyprocessedinteriornode.MacDonaldandBooth[105], in
orderto minimizeEq.4.9,proceedasfollows,we quote:

Weassumethatonly majorplanes1 areusedassplittingplanesandweignorethepossibility
of anobjectstraddlinga splitting plane(a caseof practicalimportance,but onewe ignore
nevertheless).Wehave to chooseaparameterb to positionthesplittingplane,whereb � 0
correspondsto thelower limit of thesplitting planeandb � 1 is theupperlimit. Choosing
b � 0 � 5 is equivalentto selectingthespatialmedian.

Let uslook at thecostasa functionof this parameterb. We observe thattheinternalnode
andleaf nodecomponentsof this costsavings functionareconstantwith respectto b. For
thepurposesof minimizingcost2, we canminimizethefunction:

f � b� � LSA � b�D�NL � b�v¦ RSA � b�D�_� N ¤ NL � b�2� ¤ SA �N ¢ (4.10)

whereN is thenumberof objectsin thenode,NL � b� is thenumberof objectsto theleft of the
planeatb, and � N ¤ NL � b�2� is thenumberto therightof theplanebecauseof ourassumption
thatnoobjectsstraddletheplane.Thesurfaceareaof theleft andright subnodesareLSA � b�
and RSA � b� , respectively, and the surfaceareaof the node itself is SA. The first term

1By majorplanethey meantheaxis-alignedplane.
2Thiscostcorrespondsto theestimatedcostin Eq.4.9.



56 CHAPTER4. CONSTRUCTION OF KD-TREES

representsthe probability that a ray intersectsthe left subnodemultiplied by the number
of intersectiontestsperformedin the left subnode.Thesecondterm is a similar quantity
for the right subnode.The SA �N term is the amountof work requiredif the nodewere
not subdividedandthusis anamountof work savedby changingtheoriginal nodefrom a
leaf to aninternalnode,hencetheminussign. This lastquantityis a constantwith respect
to b, so it may be removed from the function, resultingin the following function to be
minimized:

f   � b� � LSA � b�D�NL � b�v¦ RSA � b�D�_� N ¤ NL � b�2�D¢ (4.11)

Endof quotation.

We considerthat thedescriptionof thesurfaceareaheuristicis rathersimplifiedandunclear, sowe
will elaborateit in moredetailbelow. Fromnow on we presentanotherview of thepositioningof the
splitting plane.Let usassumethesituationbeforesplitting the �%� associatedwith theinterior nodeby
a splitting plane,e.g., at the root nodeof the kd-tree. The �%� associatedwith the nodeintersectsN
objects.If thenodeis not subdivided,it is actuallya leaf of thekd-tree– thenall its objectshave to be
pointedto in this leaf andthey have to be testedfor intersectionwith a ray. Let CIT � i � be thecostof
theray-objectintersectiontestfor the i-th object. Thecostof suchanunsubdivided nodeνE for a ray
shootingqueryis then:

ĈνE � N

∑
i � 1

CIT � i � (4.12)

Figure4.2: Onesubdivision stepin akd-tree

If the �%� is subdividedasdepictedin Fig.4.2,thenit is replacedby anew treestructure– theinterior
nodeνG with two leavesνE

L andνE
R. Theestimatedcostof thenew treestructureĈνG is givenasthesum

of threeterms– ĈTS, ĈL, andĈR. ThetermĈTS is theestimatedcostof traversingthe interior nodeof
thekd-tree,eithertheleafor theinterior node.It doesnot incorporateany ray-objectintersectiontests,
but thedecisionwhetherto visit eithertheleft child or theright child or bothchildren.Moreover, ĈTS

involvesthepointing to thechild nodeswithin a ray traversalalgorithm. Thecostsof visiting the left
andright childrenshouldcontaina factorwith theconditionalprobabilitythata ray hits the �%� sof the
leavesνE

L or νE
R onceit visits theparentnodeνG. TheestimatedcostĈνG of theinteriornodeνG is then

expressedasfollows:
ĈνG � ĈTS ¦ pL � ĈL ¦ pR � ĈR (4.13)

where ĈTS – estimatedtraversalcostof interiornodeνG,

pL ¢ pR – probabilityof a ray intersectingtheleft or right child node,respectively,

ĈL ¢ ĈR – estimatedcostof theleft andright subtree,respectively.

Undertheassumptionof uniformly distributedrayswe cancomputetheprobabilityof a ray hitting
the �%� of the left andright child nodeusingEq. 4.1, i.e., pL � SA �*�,�-� lchild � νG �2�`�2ª SA �*�%�&� νG �`� ,
pR � b� � SA �*�%�&� rchild � νG �2�«�2ª SA �*�,�-� νG �«� . Further, we canestimatethe costof the left and right
subtree,supposingthey will be constructed. The simplestinput for the estimateis to considerthe
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numberof objectscontainedin thespatialregionscorrespondingto thesubtreesto beconstructedĈL �
fC � NL � andĈR � fC � NR � , whereNL andNR arethe numberof objectsin the left andthe right child,
respectively. If we further choosethe estimateto be linear function,e.g., fC � k � � k, andsupposethe
objectsdo not straddlethesplitting plane,we canrewrite theestimatedcostin Eq.4.13to beEq.4.11.
For thesake of convenience,we give thenamecostfunctionto any formulathatestimatesthecostof a
kd-tree,e.g., Eq.4.13.

4.2.3.4 Position of a Splitting Planewith Minimum Cost

As describedabove, surfaceareaheuristiccorrespondsto thecomputationof costfunctionfor all pos-
sible positionsof the splitting planefor all its threepossibleorientations,andto the selectionof the
positionthathasthe lowestestimatedcost. MacDonaldandBooth[105] claim that thepositionof the
splittingplanewith thelowestestimatedcosthasto lie betweenthespatialandobjectmedian,assuming
thatno objectsareintersectedby asplitting planeat thesametime. In thiscasethey prove thatthecost
value f   � bOM � � f   � bSM � , wherebOM andbSM arethepositionsof theobjectandspatialmedian.For
furtherdiscussion,let themedianinterval beaninterval betweentheobjectandspatialmedian,andlet
theminimumcostsplitting planebeasplitting planethatminimizesthevalueof somecostfunction.

Theproof of f  
� bOM � � f  
� bSM � is simple. Thevalueof f  �� bOM � � f  
� 0 � 5� � N � LSA � 0 � 5� because
LSA � 0 � 5� � RSA � 0 � 5� . Sincethevalueof LSA � b�^¦ RSA � b� � 2 � LSA � 0 � 5� is a constantindependentof
b, thevalueat thespatialmedianis f  ¬� bOM � � � LSA � b�O¦ RSA � b�©�Y�N ª 2 � N � LSA � 0 � 5� . It canalsobe
provedthatthevalueof thecostfunctionin themedianinterval is lower thanthevalueof costfunction
outsidethemedianinterval, sotheminimumis insidethemedianinterval.

The assumptionthat objectsdo not overlap in the projectionto the coordinateaxis is unrealistic
for a generalscene. If we want to minimize the cost function (Eq. 4.11) correctly for objectsthat
possiblyoverlapin projection,the full rangeof the �%� alongthe axis shouldbe searched.Although
the rangeis continuous,certaindiscretepointscanbe usedto simplify the searchfor the minimum
cost.Without lossof generality, let usconsideronly onepossibleorientationof thesplitting plane,for
instanceperpendicularto the x-axis. Objects’ �,� s canalsobe usedinsteadof real objects. Fig. 4.3
shows anexampleof ascenewith four objectsandthecorrespondinggraphof theestimatedcost.

Figure4.3: The valueof the cost function in IE2 for four objectsalongthe axis. Objects’boundary
positionsplay thekey role in selectingthepositionof thesplitting planewith minimumcost.

Assumingthe numberof objectsstraddlingthe splitting planeis NSP anda linear costestimateis
used,we canformulateanothervariantof thecostfunctionfor surfaceareaheuristicas:
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CνG � 1
SA �*�,�-� νG �D� �SA �*�,�-� lchild � νG �2�p�D�_� NL ¦ NSP �^¦ SA �*�%�&� rchild � νG �2�D�D�_� NR ¦ NSP �©�Y¢ (4.14)

Thecostfunctionthatusesa linearestimateof thecostfor child subtreesis a piece-wisecontinuous
linearfunction.Thediscontinuitypointsaregivenby theobjects’boundariesalongtheaxis.Thenum-
berof objectsbetweentwo adjacentobjectboundarypositionsremainsconstant,andthecostfunction
dependson theprojectedsurfaceareaonly, which is a linear function in respectto thepositionof the
splitting plane,which is b. This impliesthat theminimumvalueof thecostfunctioncanbefoundjust
at positionscorrespondingto objectboundaries,i.e., usinga finite numberof splitting planepositions.
Sincethecostfunctionhasdiscontinuitiesof thefirst order, its valuehasto beevaluatedto beminimum
at thediscontinuitypoint thatcorrespondsto takingtheminimumnumberof objectsin �,� sassociated
with theleft or theright child nodes.

We call the algorithm for positioninga splitting planethat minimizesthe cost function given by
Eq.4.14anordinary surfaceareaheuristic(abbreviatedto OSAH).Thealgorithmcomputesthevalue
of thecostfunctionEq. 4.14for eachpositionof all objectboundarieswithin the �%� to besplit in all
threeaxes.As a result,it selectsthepositionof thesplitting planewith theminimumvalueof thecost
function.

4.2.4 Termination Criteria

Thecostmodelgivesusa recipefor positioningthesplitting planein this interior node,but it doesnot
tell uswhetherwe shouldproceedto subdividing thenodefurther, or shoulddeclarethenodeasa leaf.
Any nodeν in the kd-treehassomebasiccharacteristics:its depthd � ν � from the root node, �%�&� ν �
associatedwith ν, andthe numberof objectsN intersecting�%�&� ν � . The constructionof the kd-tree
implies that the numberof objectsintersectingthe node’s �%� decreaseswith increasingdepthof the
node. The positioningof the splitting planeon the objectmedianimplies that the numberof objects
will beonehalf of it, but thisconstructionmethod,aswehaveremarked,is notsuitablefor anRSA. The
numberof objectsalsoneednotdecreasesignificantlyin eachsubdivision step,sincesomeobjectscan
straddlethesplitting plane.We now facethequestion:to subdivideor not to subdivide? This issuein
thecontext of hierarchicalspatialsubdivisionsis usuallycalledterminationcriteria.

We can view the terminationcriteria in termsof the kd-tree cost model (Eq. 4.9). We want to
getan averageheightof thekd-treethat resultsin some“pseudo-minimum”total costof thekd-tree.
Whentheaverageheightof thekd-treeis increased,theaveragenumberof traversalstepsis increased
andthe numberof ray-objectintersectiontestsis expectedto decrease– it may be possibleto reach
somepseudo-minimumcostpointdependingon themaximumalloweddepthof thekd-tree.Below we
discusssomecommonterminationcriteria.

4.2.4.1 Ad Hoc Termination Criteria

Ad hoc terminationcriteria weredevelopedwith the introductionof RSAsbasedon theBSPtree[94]
andoctree[59]. They areeasilyformulated,asalreadymentioned:thecurrentnodeν becomesa leaf
whenthenumberof objectsintersectingthe �%�&� ν � is lower thanor equalto a fixedconstantNmax, or
its depthd � ν � in thekd-treereachesanotherfixedconstantdmax. Thesetwo constantsarespecifiedby
auser.

The valuesof thesetwo constantsNmax anddmax are left to the user’s experienceandpracticein
renderingsystemsbasedonrayshooting(MentalRay[137]). Nmax is usuallyone[94], wearenotaware
of any recommendationsfor maximumleaf depthdmax. In softwarepackagessomedefault valuesare
provided,MentalRay[137] hasthedefault valuesdmax � 24 andNmax � 4 regardlessof thenumberof
objectsin thesceneandotherscenecomplexity characteristics(seeSection3.3).
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Figure4.4: Thecostin dependenceondmax, measuredvaluesfor TPD andG4
SPD. Left topshowsratioof

ray-objectintersectiontestsperformedto minimumnumberof intersectiontests.Left bottomshows the
numberof traversalstepsper ray. Right top shows theaveragerunningtime per ray, andright bottom
shows thecostnormalizedto theidealray shootingtime. (SeeChapter2 for details.)

Settingthe maximumleaf depthdmax limits the memoryusedby the kd-tree,sinceit restrictsthe
numberof kd-treenodesto a constant,morepreciselyto 2dmax. Whendmax is too low, thenumberof
objectsin the leavesremainshigh even if furthersubdivision stepscouldbring performanceimprove-
ment. It hasbeenshown by SubramanianandFussel[146] that the estimatedcostof a kd-treefor a
particularscenehassomecritical point with regardto dmax. Thedependenceof themeasuredcoston
dmax is shown in Fig. 4.4for SPD scenesfor G4

SPD.
We canseefrom the graphsthat increasingthe maximumleaf depthdmax behindthe critical point

(dmax ­ 16 ® 2), which is specificfor eachscene,doesnot bring any significantimprovementin the
total cost. It can even happenthat the total cost increases,as it clearly doesfor the scene“rings”.
SubramanianandFussel[146, 143] do not discussany methodhow for detectingthecritical point or
any algorithmfor terminationcriteria utilizing this propertyof the kd-tree. We dealwith this issue
below.
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4.2.4.2 Automatic Termination Criteria

SubramanianandFussel[146, 143] coinedthe termautomaticterminationcriteria, which shouldnot
requireany userspecificconstants,but they did not proposeany particularalgorithm. Motivatedby
theideaof automaticterminationcriteria,wehavedesignedanautomaticterminationcriteriaalgorithm
basedon thecostmodel,andwe will describeit in Section4.5.

4.3 Analysis of the Cost Model

In this sectionwe perform the initial analysisof the cost model that is requiredfor a betterunder-
standingof the following sections.Theanalysisconcernsthepuregeometryview of thesplitting and
minimizationof thecostof thewholekd-tree.

4.3.1 Splitting Geometryof an Axis-Aligned Bounding Box

Thecostfunctionof surfaceareaheuristiccanbeinvestigatedfrom thepurelygeometricviewpoint of
splitting the �%�&� ν � associatedwith theinteriornodeν into two halves.Until now weassumedthatrays
areuniformly distributedin space,whichenablesusto useEq.4.4for thegeometryof thesplit �%�&� ν � ,
asdepictedin Fig. 4.5. Let the sizeof �%�&� ν � be describedby width w, heighth, anddepthd. The
splitting planeis positionedto beperpendicularto thecoordinateaxisthatcorrespondsto thewidth, so
the �%� associatedwith theleft child hasits right boundaryatadistancewL from theleft sideof �,�-� ν � .

Figure4.5: Geometryof split node’s �,� .

Let us denotethe surfaceareasof all �,� s that are inducedby the geometryof the split �%�&� ν � :
SA �*�%�&� ν �¯� � 2 �_� w� h ¦ h � d ¦ d �w� bethesurfaceareaof thenode�,�-� ν � , SA �*�%�&� lchild � ν �2�2� � 2 �_� w� h ¦
h �wL ¦ wL � d � thesurfaceareaof �%�&� lchild � ν �2� associatedwith theleft child of ν, SA �*�%�&� rchild � ν �2�o� �
2 �_� w� h ¦ h �_� w ¤ wL �`¦ d �_� w ¤ wL �2� thesurfaceareaof the �%�&� rchild � ν �2� associatedwith theright child
of ν, andSA � SP� � 2 � d � h thesurfaceareaof thesplittingplanerestrictedto �,�-� ν � . Obviously, it holds
for thenotationabove that b � wl ª w. We cancomputethe probabilitiesof all four possibletraversal
casesthatoccurin therecursive ray traversalalgorithm:

pLO � � SA �*�%�&� lchild � ν �2��� ¤ 1
2
�SA � SP�2�2ª SA �*�%�&� ν �°� (4.15)

pRO � � SA �*�%�&� rchild � ν �2��� ¤ 1
2
�SA � SP�2�2ª SA �*�%�&� ν �°� (4.16)

pLR � pRL � 1
2
� SA � SP�2ª SA �*�%�&� ν �p�D¢ (4.17)

where pLO – probabilityof a ray hitting theleft child nodeonly,

pLR – probabilityof arayhitting theleft child first andtheright child afterwards,

pRO – probabilityof a ray hitting theright child nodeonly,

pRL – probabilityof arayhitting theright child first andtheleft child afterwards.
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Obviously, pL ¦ pR ¦ pLR ¦ pRL � const ± 1 � 0. Thesizeof �,�-� ν � canbearbitrary, providedh ± 0,
d ± 0, andw ± 0. Assumingobjectsassociatedwith �,�-� ν � do not overlap in the projectionto the
coordinateaxesandtheobjectsareuniformly distributedin space,we caninvestigatethevalueof the
costfunctionwith regardto thechoiceof orientationof thesplitting plane.Without lossof generality
we furtherassumeh ² d ² w.

If �%�&� ν � is split on the largestsideof sizew, thentheaveragenumberof child nodeshit by a ray
Nw

TV is asfollows:

Nw
TV � � SA �*�%�&� lchild � ν �2���°� w�^¦ SA �*�%�&� rchild � ν �2�°�°� w�2�2ª SA �*�%�&� ν �p� (4.18)� 2 � h � d ª SA �*�%�&� ν ���^¦ 1

Similarly, if thesplitting planeis orientedat �,�-� ν � sothat it splits thesideof sized andh, we get
theaveragenumberof child nodeshit by a ray as:

Nd
TV � � SA �*�%�&� lchild � ν �2���°� d �v¦ SA �*�%�&� rchild � ν �2���°� d �2�2ª SA �*�%�&� ν ��� (4.19)� 2 �w� hª SA �*�,�-� ν ���v¦ 1

Nh
TV � � SA �*�%�&� lchild � ν �2���°� h�v¦ SA �*�%�&� rchild � ν �2���°� h�2�2ª SA �*�%�&� ν ��� (4.20)� 2 �w� d ª SA �*�,�-� ν ���v¦ 1

Sincewe assumedh ² d ² w, we caneasilyprove that Nw
TV ² Nd

TV ² Nh
TV . For example,for the

sizeof the �%� d � 2 � h ¢ w � 3 � h we getNw
TV � 4ª 22 ¦ 1 �� 1 � 18, Nd

TV � 6ª 22 ¦ 1 �� 1 � 27, andNh
TV �

12ª 22 ¦ 1
�� 1 � 55. We can then supposethat it shouldbe advantageousto split the �,� in the axis

correspondingto the largestsideof the �%� . Sincethe distribution of objectsin the projectionto the
chosenaxis is not generallyuniform, and objectsmay overlap, we cannotrely on this assumption.
However, we seethat theestimatedcostis biasedwith thegeometrygivenby �%�&� ν � . Theorientation
of the splitting planethat resultsin the minimum estimatedcost cannotbe chosenin advance; the
costfunctionmustbeevaluatedin all threeaxesfor theboundariesof theall objects,thuspossiblyat
3 � 2 �N � 6 �N positionsfor N objects.At leastwehaveshown thattheselectionof anaxisof thesplitting
planeis crucialfor minimizingtheestimatedtotalcostof thekd-tree,andthusthisorientationcannotbe
chosenin advance.Theorientationof thesplitting planechangedin cyclic order[94, 148] in BSPtree
construction,startingwith thex-axis,is thusonly onepossibleway, which mayberatherinconvenient
especiallyfor theoblongshapeof thescene�%� .

4.3.2 The Kd -Treewith Minimum Total Cost

Even if the cost model is basedon someunrealisticassumptions,we canaskwhetherit is possible
to constructa kd-tree that accordingto Eq. 4.9 hasthe minimum estimatedcost from all kd-trees.
Obviously, this taskis not solved by selectingtheminimum costsplitting planeusingEq. 4.14 in the
currentlyprocessedinterior node,sinceit usesa linear estimatefor the costof the subtreesthat have
not yet beenconstructed.Thelinearestimateis valid only for thecasewhenthesubtreeis not further
subdivided,i.e., for a leaf. Therefore,it is possibleto computetheestimatedcostof thenodeν correctly
accordingto Eq. 4.9 after the processof the kd-tree constructionis finishedfor the whole subtree
rootedat ν.

In order to get the global minimum estimatedcost for the whole kd-tree accordingto Eq. 4.9, it
is necessaryto take into accounteachpossiblepositionof the splitting planefor all nodeswithin the
construction(atmost6 �N positionsfor N objectspointedto in thecurrentnode).For all thesepositions
wehave to constructleft andright subtrees,bothof themagainwith theminimumestimatedcost.Then
wecancombinetheobtainedcostsusingEq.4.13to computetheestimatedcostof thecurrentnode.As
thefinal step,wemustselectasplittingplanethatcorrespondsto theminimumtotalestimatedcost.This
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algorithmis of a recursive nature,andthis causestheproblemof obtainingthekd-treewith minimum
total costaccordingEq. 4.9 to beNP-hard. Proving this statementformally correctlywould be rather
difficult andlengthy, it requirespolynomialtime reductionfrom thhekd-treeconstructionalgorithmto
aproblemwhoseNP-hardnesshasalreadybeenproven.

4.4 Construction of Kd -Treeswith Utilization of Empty Spatial Regions

The assumptionthat splitting planesdo not intersectobjectslimits the positionof the splitting plane
with minimum cost to the medianinterval. It canbe supposedthat both sidesof the splitting plane
containsomeobject(s),whichobviouslyholdsfor therootnodeof thekd-tree,becauseweusethetight�,� s of all objects.It is not thecasefor non-rootinterior nodesof thekd-tree;thesplitting planeneed
nothaveany objectsononeof its sides.If asplittingplaneis positionedsothatonechild nodecontains
noobjects,thechild is not furthersubdividedandit is declareda leaf. Wecall suchapositioningof the
splitting planecuttingoff emptyspace. Thecomplementaryview to cuttingoff emptyspaceis that the
splitting planeis thefaceof aboundingvolumeenclosingtheobjectsin thenode.

SubramanianandFussel[144, 145] first noticedtheutilizationof emptyspacein thekd-tree,but their
view of the useof emptyspacewithin the hierarchyis inconsistent.First, they presentthe following
opinion,quotedfrom theirpaper[145]:

To sumthingsup, thecreationof emptyvoxels is itself a sourceof inefficiency in thefirst
placesinceno ray-objectintersectioncanbe found in suchregions,but the fact that they
arenotsubdividedany furtheris adesirablefactorsinceit helpsthestructureadaptitself to
thelocationsanddensitiesof theprimitivesin theinput scene.

.... Thevoid spacerepresentsa measureof threedimensionalspacethatcontainsno useful
information.

Endof quotation.

They also provide a “void areameasure”in the kd-tree that we considerrather incorrect. They
proposeto constructtight �,� s for all theobjectspointedto in the left andright child, andto compute
the“void areameasure”asthedifferenceof volumeof the �%� of theoriginal nodeminusthevolumes
of the tight �%� s of the child nodes.Sincethe child nodesarefurther subdivided, someemptyspace
within thehierarchycanbe includedin the total sumfor thewholekd-treeseveral times(at mostsix
times,since�%� hassix facesin IE3). They alsoclaimthattheir “void areameasure”is ausefulmeasure
of performanceof the kd-treewhenusedfor ray shooting. On the otherhand,they apply tight �%� s
includedinto theinteriornodes,weagainquotethepaper[145]:

..... By surroundingcollectionsof objectscompletelywith boundingvolumes,large sec-
tionsof objectspacecanbeprunedaway, drasticallyreducingtheraysearchspace.This is
becauseif a ray missesthis boundingvolume,its contentsneednot beexamined.Bound-
ing volumesaremoreeffective thanspacepartitioningstructuresin this respect,since,in
general,they provide tighterenclosuresaroundobjectcollections.

.... Spacepartitioningstructuresareadaptive, concentratingthepartitioningin thevicinity
of objects. Sinceall the partitioning planesare axis-aligned,they have the potential to
createlargevoid spaceswhich area sourceof inefficiency. Boundingvolumehierarchies,
on theotherhand,optimizeray tracingby culling away largesectionsof objectspaceand
provide acompactrepresentationfor theobjectsatevery nodeof thehierarchy.

... Thusboundingvolumesshouldbeusedonly wherethey resultin culling a largeamount
of void space.
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Endof quotation.

Their two views to auseof emptyspacearecontradictory. First, they wantto useemptyspaceusing�%� s includedinto the interior nodes,which canbe relatively costly to checkfor intersectionwith a
ray. Second,they wantto avoid thecreationof emptyleaves,evenif this canbeunderstoodasanother
variantof the �%� s in theinterior nodes.

4.4.1 Theoretical Remarks

Beforewedescribeimprovedversionsof kd-treeconstructionusingcuttingoff emptyspace,wepresent
our motivation for this concept.Therecursive ray traversalalgorithmon thekd-treeconstructedwith
“good” utilizationof emptyspaceshouldbehave for any ray asfollows: afterdescendingnot verydeep
from the root nodeto thefirst leaf containingtheorigin of a ray, only emptyleavesof possiblylarge
sizeshouldbetraverseduntil thefirst full leaf with oneobjectis hit andthe ray intersectsthis object.
In this casethe ray neednot be testedfor intersectionwith any otherobjects.With increasingsizeof
theemptyleaves,the ray musttraverseonly a few leavesto get to thefirst full leaf; so thecostof the
kd-treefor ray shootingis decreased.The emptyleavescontainuseful informationexactly by virtue
of their emptiness;sincethey areempty, thespatialregion that they cover canbeskippedwithin a ray
traversalalgorithm. No objectscanbe intersectedin emptyleaves,andthis is thesourceof potential
efficiency improvement.Thebasicunderlyingideain this context of visibility is asfollows: whenan
objectfrom a viewpoint is visible (alongahalf-line), theremustbeemptyspacein front of thisobject.

Let us describehow kd-tree constructionwith utilization of emptyspatialregionscould proceed.
After localizing emptyspacein kd-tree we canorganizeemptyspaceto stay in the leaves in upper
levels of thekd-treehierarchyandthensplit the leaves,whereobjectsarelocatedandtheprobability
thata ray will intersecttheobjectis high. Onecanthenproposea generalalgorithmfor constructing
thekd-treewith “good” utilization of emptyspatialregions:

1. For agivenscene³ of N objects,identify all “emptyspace”within thescene�%� . Representthis
emptyspacein thesetSER of non-overlapping�,� s. For suchasetSER holds∑i ´ SER

Vol �*�%� i � �
const, whereVol �*�%� i � is thevolumeof �%� i . Theoptimizationcriteriato searchtheoptimumset
SER canbederivedfrom Eq.4.4,sincefor anarbitraryray we wantto get theminimumnumber
of emptyspatialregionsto beintersected:

Sopt
ER �¶µ°· SER; ∑

i ´ Sopt
ER

SA �*�%� i �¹¸ ∑
j ´ SER

SA �*�%� j �«º
2. selectthesubsetsel� Sopt

ER � of empty �,� s from Sopt
ER, which representsmostof theemptyspacein

thehierarchy.

3. constructthekd-treeover sceneobjectsandempty �%� s from sel� Sopt
ER � , whichusessomevariant

of surfaceareaheuristic.Try not to split boththeobjectsandtheempty �%� s. Oneway couldbe
to considerthe �%� sof sel� Sopt

ER � asobjects.

When the objectswere non-overlapping �,� s, an RSAusing the correspondingkd-tree could be
efficient. After locating the first full leaf a ray traversalalgorithm terminates,sincethe ray-object
intersectionmustoccur. If �%� sonly approximateobjects– intersectionoccurswith acertainprobability
– it is difficult to predict the advantageof surfaceareaheuristicthat useemptyspatialregions over
OSAH.This is alsothecasewhenthe �%� sassociatedwith theobjectsoverlap.

The outline of the kd-tree constructionmethodthat usesthe empty spacegives us several other
subproblems.One of them is how many empty spatial regions exist for Sopt

ER, given a scene³�� N �
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containingN objects. Let us supposethat the sceneconsistsof non-overlappingobjectshaving the
shapeof �%� . Sincethe numberof facesfor objects’ �,� s is finite, the boundarybetweenthe empty
spatialregions andobject spatialregions containsa finite numberof cornersandedges,and is thus��� N � . Thenumberof possibleemptyspatialregionsis thenalso ��� N � .

A difficult problemis the algorithmfor constructingthe setSopt
ER. The problemwasstudiedin IE2

by Lingaset al. [103] (cited accordingto [42]), andis calledtheMinimumEdge LengthRectangular
Partition Problem. They formulateit asfollows: given a rectilinearfigure,partition it into rectangles
with the minimum total lengthof new boundaries.Lingaset al. [103] show that this problemis NP-
hard. Althoughwe do not prove it hereformally, we cannotexpectthat in IE3 spacetheproblemwill
notbeNP-hard.Moreover, we have to describetheemptyspaceboundaryasthecomplementaryspace
of the �%� s associatedwith the objectsin the scene.We canusesomeheuristicalgorithmto get an
approximative solutionfor Sopt

ER, but for IE3 spacewe arenot awarethat any suchalgorithmhasbeen
published.For IE2 someheuristicsarepresentedby Du andZhang[42].

Althoughtheuseof emptyspaceasdescribedabovehasits potential,thetimecomplexity of kd-tree
constructionwould becomeunacceptablefor practicalapplications.Insteadof usinga generalconcept
for cuttingoff emptyspace,wedescribebelow threesimplermethodsbasedon thecostmodel.

4.4.2 Early Cutting Off Empty Space

Cutting off empty spacecan occur when the estimatedcost computedaccordingto Eq. 4.13 is the
minimum found. For this reasoncomputationof thecostfunctionshouldbeperformedon thewhole
rangeof the �%� for all threeaxesto find outtheminimumestimatedcost.Wecall thiscaseearlycutting
off emptyspace. It occurswhenthegeometrytermof thespaceto becut off outweighstheotherterms
in the cost function, resultingin a reductionin the total cost. Assumingthe left child nodeis empty,
Eq.4.13simplifiesto:

ĈνG � ĈTS ¦ pR � ĈR (4.21)

Early cutting off emptyspacecreatesnew emptyleavespossiblyin upperlevels of the kd-treehi-
erarchy: large empty spatialregions canbe skippedduring the ray traversalalgorithm as described
above.

4.4.3 Late Cutting Off Empty Space

Mostly, the terminationcriteria for kd-treeconstructionasalreadymentionedarea fixed numberof
objectspointed to in the leaf and the maximumdepthof the leaf in the hierarchy. It seemsto be
uninterestingto split a leaf nodecontainingoneobjectonly. Below we show that this caseshouldalso
beinvestigated.

Let nodeν of kd-tree is associatedwih �%�&� ν � representingthe whole scenethat consistsof one
objectonly. Thecostfunction(Eq.4.12)is thenexpressedas:

Ĉ1
ν � 1

∑
i � 1

ĈIT � i �D� (4.22)

Let ussupposethe �%�&� ν � is split by a planein sucha way that theobjectremainsin theright child
nodeonly, whereasthe left child nodeis empty. Then using the cost function Eq. 4.21 we get the
following new costfunction:

Ĉ2
ν � ĈTS ¦ pR �_� 1

∑
k � 1

ĈIT � 1�o� � ĈTS ¦ pR � ĈIT � (4.23)

Thepositionof thesplitting planeinfluencesonly thelasttermin thecostfunction,Eq.4.23. Since
thetraversalcostĈTS is included,thecostĈ2

ν couldalsobehigherthantheoriginalcostĈ1
ν. Theselection
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of theminimum costusingeitherEq. 4.23or Eq. 4.22 is thussensitive to ratio betweenĈTS andĈIT

unlike theearlycuttingoff emptyspace.Obviously, thecuttingoff emptyspacemethoddiscussedhere
shouldbeappliedonly if Ĉ2

ν ² Ĉ1
ν. Sincethisoccursin theleavesof thekd-tree,in thelatephaseof the

kd-treeconstruction,wecall themethodlatecuttingoff emptyspace.
Therealvaluesof CTS andCIT dependon the implementationof a ray traversalalgorithmandray-

objectintersectiontests.We dealwith efficient ray traversalalgorithmsfurther in Chapter5. Thetime
of the ray-objectintersectiontestCIT dependson a particularalgorithmand implementation,and is
relatedto the object’s shape.Simplegeometricalobjectslike spheresandtrianglescanbe testedfor
intersectionat a costcomparableto CTS, however, CIT for thesesimpleobjectsis still higherthanCTS

for anefficient recursive ray traversalalgorithm.Complex objectslike NURBShaveCIT by order(s)of
magnitudehigherthansimpleobjects,thereforelatecuttingoff emptyspacetypically paysoff for them.
SinceSPD scenesconsistof simplegeometricalobjectsonly, cuttingoff emptyspaceneednotdecrease
theestimatedcostconsiderably.

In Fig. 4.6wecanseethedifferencebetweenlateandearlycuttingoff emptyspacemethods.When-
ever possible,earlycuttingoff emptyspaceshouldbepreferred,sinceit createsthekd-treewith fewer
nodes,andthustheray traversalalgorithmis in anaveragecasemoreefficient undertheassumptionof
uniformly distributedrays.

Figure4.6: A spatialregion with emptyspaceanda correspondingkd-tree. Late cutting off empty
space(left) is lesseffective thanearlycuttingoff emptyspace(right).

We cancomparelatecuttingoff emptyspacefor a singleobjectwith theuseof boundingvolumes
in the interior nodes[145] of thekd-tree. Usually, astheboundingvolumeof a singleobject is taken
its �%� . This boundingvolumeis checked for intersectionwith a ray beforetheray-objectintersection
testis performed.For thekd-tree,theuseof �%� s is particularlysuitablesincetheshapeof an �%� fits
thegeometryof thekd-tree. Even if efficient algorithmsfor computingan intersectionbetweena ray
and �%� areknown (for asurvey, see [112]), thecostof theintersectiontestis relatively highcompared
with thecostof traversalstepCTS. It requiresat leastfrom two to six intersectiontestswith theplanes
of an �%� thatareperpendicularto thecoordinateaxes,andothercomputationaleffort, evenif the �%�
is not intersected.Unlike the �,� usedasaboundingvolumeandput in theinteriornodeof thekd-tree,
latecuttingoff emptyspaceputssplitting planesonly for theobjects’sides(at mostsix planesin IE3),
wherethis is advantageousfrom theviewpoint of the costmodel. In theworst case,all six bounding
planescanbe put aroundtheobject,which is unlikely to occur, sincein this casethe useof �,� asa
boundingvolumeis lesscostly.

We canalsocomparethe useof boundingvolumesfor a setof objectseither in the leaf or in the
interior node. Further, we againassumethatwe useastheboundingvolumean �%� pointedto in the
nodeν. Whentherecursive raytraversalalgorithmreachesthenodeν, it is requiredto haveacomputed
entry andexit signeddistancefrom the origin of a ray with the �%� . This is necessarysincethe �%�
usedastheboundingvolumeis thentakenasarootof thesubtreeof thekd-treethatis furtherbuilt. As
for thesingleobject,theuseof the �%� astheboundingvolumeis insensitive to thesizeof theempty
spacesaved on eachsideof the �%� usedastheboundingvolumein respectto thesizeof the �%�&� ν �
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associatedwith thenodeν.

4.4.4 Two-PlaneCutting Off Empty Space

In addition to early and late cutting off emptyspacemethods,we canaskaboutthe existenceof an
algorithmassomecheapalternative to thealgorithmproposedin Section4.4.1.This algorithmshould
find large emptyspatialregionsandcut themoff from therestof thekd-treehierarchy. Theproblem
with the kd-tree is that whenever a node is subdivided, empty spatial regions on both sidesof the
splitting planecannotever beconnectedagainto oneleafnode,seeFig. 4.6(left). If possible,we want
to detectthesesituations,andtry to promotethesplitting that resultsin thecreationof emptyleaves,
but we wantto usethecostmodelfor ourdecision.

Therefore,we further proposeandanalyzea simplemethodthat searchesfor an interval of empty
spaceon oneaxis only. The techniqueis an extensionof early cutting off emptyspace,andfurther
promotesthe creationof empty leaves in the upperlevels of the kd-tree hierarchy. The underlying
geometryis depictedin Fig. 4.7.

Figure4.7: Two-planecuttingoff emptyspace.(a) Spatialregion with emptyspaceinsidetheinterval
alongtheaxis. (b) RFcutting. (c) LF cutting.

Whenakd-treeis constructedasdepictedin Fig. 4.7(b) or (c), we canrefinethecostmodelaccord-
ingly. Further, we assumethat two subdivision stepsareperformedasdepictedin Fig. 4.7 (b). In this
case,thecostfor parentnodeνP correspondsto Eq. 4.14. Thentheemptyspaceis cut off in thenext
step,sothecostof thenodeis:

ĈRF � ĈTS ¦ SA �*�,�-� νR �»�2ª SA �*�%�&� νRF �p�D� ĈR

Thenthetotalestimatedcostfor theparentnodebecomes:

ĈRF
νP � SA �*�%�&� νL �p�2ª SA �*�,�-� νP �p�D� ĈL ¦ SA �*�,�-� νR �D�2ª SA �*�%�&� νP �p�D� ĈR ¦ (4.24)� SA �*�%�&� νRF �D�2ª SA �*�%�&� νP �p�v¦ 1�D� ĈTS

Similarly, whenthekd-treeis constructedasshown in Fig. 4.7 (c), we canestimatethecostfor this
wayof splittingas:

ĈLF
νP � SA �*�,�-� νL �D�2ª SA �*�%�&� νP �D�D� ĈL ¦ SA �*�%�&� νR �D�2ª SA �*�%�&� νP �D�D� ĈR ¦ (4.25)� SA �*�%�&� νLF �»�2ª SA �*�%�&� νP �p�^¦ 1�D� ĈTS

We computethe cost function usingEq. 4.25 andEq. 4.26 only whenthe emptyspaceinterval is
identifiedwithin thesearchfor theminimumcostevaluatingEq.4.14.WeselectthecaseLF or RFthat
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usestwo predeterminedsplitting planepositionsonly if it hasthecostlower thanthecostaccordingto
Eq.4.14for theboundariesof all objects’alongtheaxis. We canseethat this methodis alsosensitive
to theratio betweenthevalueof CTS andCIT , like lateemptyspacecuttingoff.

It is obviousthattwo-planecuttingoff emptyspacecanalsobethecaseof two successivesubdivision
stepsin OSAH.In thiscaseit requiresbothsplittingplanesto have aminimumestimatedcostindepen-
dently. The combinationof two subdivision stepsinto oneequationfurther promotesthe creationof
emptyleaves;it revealsthegeometrywith theemptyspaceonestepin advance.

4.5 Automatic Termination Criteria

As we describedthetermin Subsection4.2.4.2,automaticterminationcriteriaareterminationcriteria
that do not requireany usersetting. In this sectionwe dealwith the designof automatictermination
criteria.Lookingat thegraphsin Fig. 4.4wecouldrequirethatthey resultin a kd-treewith at leastthe
critical performancepoint asdepictedon thegraphs.

A simpleautomaticterminationcriteria algorithmcanfollow the curveson thesegraphs. We can
constructa kd-treefor somemaximumleaf depthdmax andcomputetheestimatedcostof thekd-tree
C � dmax� usingEq. 4.9. Thenwe subdivide all the leavesof the kd-treeonestepfurther (if possible)
to the maximumleaf depth � dmax ¦ 1� , andwe computethe new estimatedcostC � dmax ¦ 1� of this
deepenedkd-tree.WhenC � dmax ¦ 1� is sufficiently lower thanC � dmax� , thejustperformedsubdivision
stepimprovestheestimatedcostandthekd-treecanbefurtherdeepenedto depth � dmax ¦ 2� . Otherwise,
we shouldnot continuesubdividing.

However, incrementallyincreasingmaximumleaf depthdmax for the whole kd-tree construction
is not the only way to get the pseudo-minimumof the estimatedcost. Actually eachnodeν to be
potentiallysubdivided hasits own historyof splitting that is associatedwith all thenodeson thepath
betweentherootnodeandthenodeν. Settingonly onemaximumleafdepthdmax for thewholekd-tree
is not very appropriateto theproblem.Automaticterminationcriteriashouldkeeptrackof thehistory
of splitting thenodesof thekd-tree.

We shouldremarkthatonesubdivision stepneednot necessarilybring an improvementin costim-
mediately. It is possiblethat the estimatedcost increasesdue to a currentsubdivision step,even if
thesplitting planewith minimumcostis selected.This canbe causedby two possiblereasons.First,
thesplitting planecouldnot separateenoughobjects.In this case,mostobjectsareintersectedby the
splitting plane,thusa recursive ray traversalalgorithmcanrequireonemoretraversalstep. Second,
the linearcostestimateof theunsubdivided child nodeis just anestimate.If a subdivision stepis un-
successful,it doesnot meanthat furthersubdividing of thecorrespondingchild nodescannotdecrease
the total estimatedcostof the kd-treeconsiderably. If many unsuccessfulsubdivision stepsoccuron
the pathbetweenthe root nodeandthe currentnode,this would indicatethat objectsin thesespatial
regionsweredifficult to separate.Avoiding further subdivisionsstepsin this casecould decreasethe
costof thekd-tree.

We observed duringexperimentswith the terminationcriteriaalgorithmthatusingsomemaximum
leaf depthdmax is a usefulfeatureof the terminationcriteria algorithm. First, the useof dmax bounds
the maximummemoryrequirementsfor the kd-treerepresentationby limiting the numberof kd-tree
nodesto aconstant.Second,since�%� sassociatedwith objectscanoverlap,they neednotbeseparable
by a splitting planeat all. In this casethe numberof objectscannotbecomelower thanor equalto a
constantNmax. If the objectswith the shapeof �%� do not overlapin the projectionto all coordinate
axesandthe kd-treewith oneobject in every leaf is required,the maximumdepthof a leaf nodefor
thebalancedkd-treeis dmax � logN. Whenwe assumearbitrarily distributedobjectsin thescenewith
possibleoverlappingof objects,then the maximumleaf depthdmax to achieve the critical costpoint
couldbehigher. To boundthisquantitywe proposeto expressthemaximumleafdepthas:

dmax � k1 � logN ¦ k2 (4.26)
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The valuesof constantsk1 andk2 canbe chosenaccordingto experimentson somesetof scenes
to achieve the critical performancepoint. We found by averagingfor experimentson 30 SPD scenes
(groupG3

SPD, G4
SPD, andG5

SPD) that onepossiblesettingof theseconstantsin the GOLEM rendering
systemis k1 � 1 � 2 ¢ k2 � 2 � 0.

Further, we discussthesettingof theconstantNmax. Our observation is basedon thecasewhenwe
accessa leafwith Nmaxobjectsduringaray traversalalgorithm.Assumingthatthecostof traversalstep
CTS is sufficiently lower thanthecostof ray-objectintersectiontestCIT , it shouldbeadvantageoushave
Nmax � 1. Thenin the idealcasein theconstructedkd-treethe leavescontaineitheroneor no object.
First, theemptyleavesaretraversedquickly. Second,full leaveswith oneobjectarealsoadvantageous
for efficiency reasons.If a leafwith oneobjectis checkedfor ray-objectintersectionandtheintersection
exists, no further ray-objectintersectionsneedto be performed. Placingoneobject to leaves is not
alwayspossible,sinceobjectsor/and �%� s associatedwith the objectscanoverlap. Therefore,during
the constructionwe have to detectthesebranchesof the kd-tree wherefurther deepeningdoesnot
bring any improvementof thewholecostof thekd-tree. In orderto detectthesecaseswe alsousethe
costmodel.

Let usdescribetheuseof thecostmodelin automaticterminationcriteriaalgorithm.Whenthenode
ν with N objectsis subdivided,its resultingestimatedcostĈνG is computedaccordingto Eq.4.13.When
thenodeν is declareda leaf, its costĈνE is expressedby theEq.4.12.Thenwe canexpresstheratio of
thesetwo costs,whichshows thequality of thesubdivision step:

rq � ĈνG

ĈνE

(4.27)

� ĈTS ¦ ĈIT �_� SA �*�%�&� lchild � νG �2�p�D�NL ¦ SA �*�%�&� rchild � νG �2�p�D�NR�2ª SA �*�%�&� νG �»�
ĈIT �N

The higher the quality of the subdivision stepthe lower rq: for a successfulsubdivision stepwe
assumerq ² 1 � 0. For example,if a nodewith �%� of cubic shapethat containsuniformly distributed
objectsis subdivided in its spatialmedian,thenfor CTS � 0 we get thequality of thesubdivision rq �
2ª 3. If rq is a constantgreaterthanconstantrmin

q (we canset rmin
q to oneor someconstantslightly

lower thanone),we canconsiderthesubdivision stepunsuccessful.However, the casethat rq ± rmin
q

canoccuronly transiently, andthequality of subdivision steprq canimprove againin thesubsequent
subdivision steps.Therefore,we shouldkeeptrackof thenumberof unsuccessfulsubdivision stepson
thepathfrom theroot nodeto thecurrentnode. If thenumberof theseunsuccessfulsubdivision steps
is higherthantheallowedfixedconstantFmax, we declarethenodeasa leaf, sincefurthersubdivision
stepsareunlikely to decreasethetotalestimatedcostof thekd-tree.Weproposeto computeFmax from
themaximumleaf depthdmax, sincefor sceneswith highernumberof objectsthe numberof allowed
unsuccessfulstepscould be higher, anddmax is derived from the numberof objects. We proposeto
computeFmax asfollows:

Fmax � K1
f ail ¦ K2

f ail � dmax (4.28)

We found one possiblesetting for the constantsempirically in the GOLEM renderingsystem:
K1

f ail � 1 � 0, K2
f ail � 0 � 2 andrmin

q � 0 � 75.

Theautomaticterminationcriteriaalgorithmdescribedhereis anempiricalalgorithmbasedon ex-
perimentsusingtestscenesG3

SPD, G4
SPD, andG5

SPD. Wedonot claim its optimality or thebestsettingof
constantsgiven above. Suchsettingof constantsis implementationdependent,andparticularly, it de-
pendsontheratioCTSª CIT . Theadvantageof theproposedalgorithmfor automaticterminationcriteria
is thatit doesnot requireany userintervention,it limits maximummemoryusage,andit resultsin akd-
treewith lower or comparablecostwith thekd-treebuilt with adhocterminationcriteria. We verified
experimentallytheperformanceof kd-treesbuilt with automaticterminationcriteria(Section4.10.2).
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4.6 Further Resultsand Problems

Thedevelopmentof thecostmodelandthesurfaceareaheuristichasbeenconditionedby severalrather
unrealisticsimplifications.Thefirst is theestimateof thecostof thechild subtreeto besubdivided; the
estimateis linearwith a numberof objects,which correspondsto theworst-casecomplexity measure.
We have shown thevalidity of this linearcostestimateonly for thecasewhenthenodeis not further
subdivided, however, the goal is that the time complexity of the RSAbasedon the kd-treeshouldbe
muchlessthanlinear.

Thesecondsimplificationis thatwe approximateobjectsby their �%� s, regardlessof their tightness
to theobjects.Thentheobjectsneednot intersectthe �%� sof theleaveswherethey arereferenced,and
thiscanalsoinfluencetheconstructionof thekd-tree.

The third simplificationis theassumptionthatanarbitraryray doesnot intersectany object,which
againcorrespondsto the worst-casecomplexity measure.This is obviously not true in general,since
thecaseof theexistenceof anintersectionbetweena rayandanobjectis acommonresultof anRSA.

The fourth simplification is the assumptionof the uniformity of ray distribution, which can be
stronglyviolatedin general.Raydistribution dependsgreatlyon theapplication.

Further, we presentourstudyin whichwe try to avoid thesesimplifying assumptions.Thethird and
fourth simplificationmentionedabove areelaboratedin separatesectionsbelow, sincethescopeof the
text is ratherlarge.

4.6.1 Cost Estimate

Until now we have supposedthat the worst casein the linear cost estimateis valid – when a node
containingobjectsis not further subdivided, which correspondsto declaringthe nodeasa leaf. For
nodesof the kd-tree with many objects,suchan estimateseemsunrealistic. Sincethesenodesare
furthersubdivided,their costis decreased.

Estimatingthecostof nodeν, which is to besubdivided,is however difficult for generalscenes.We
cansolve theproblemin severalways.Thefirst solutionis preciseandcostly;we canreally construct
a subtreefor nodeν, then evaluateits estimatedcost using Eq. 4.9. This leadsto a combinatorial
explosion of the constructionalgorithm, as we statedin Section4.3.2, and this is not usablefor a
practicalalgorithm.

Thesecondsolutionis thatwecanusefor anestimatetheresultsmeasuredontheSPD scenes.Since
thesescenescanbegeneratedwith variousnumbersof objectsby specifyingthesizefactorSF , we can
get thefunctionC � f � N � , whereC is thecostof thekd-treeconstructedusingEq. 4.14,andN is the
numberof objects. Thesefunctionsfor all the SPD scenesareplotted in Fig. 4.8. For constructing
kd-treesin theexperimentswe appliedautomaticterminationcriteria.

Unfortunately, all themeasuredsceneshave completelydifferentfunctions f � N � , which cannotbe
expressedby a single function of one variableN. We also failed with the following approach:we
computedthe estimatedcost f̂¼½� N � for a particularscene³ as the function of one variableN. We
appliedtheestimateduringtheconstructionof thekd-treefor thescene³ , however, theresultingcost
of the kd-tree washigher than for the linear estimate. This is probablydue to the fractal natureof
thegeneratedSPD scenes– increasingthenumberof objectsneednot imply a similar distribution of
objectsin thescene.

In our third attemptto solve the problem,we can try to estimatethe cost from Eq. 4.9 underthe
following assumptions:a BSPtreewith a spatialmedianmethodis built over a setof uniformly dis-
tributedobjects.The input for theestimateof nodeν is thenumberof objectsN andthesurfacearea
SA �*�%�&� ν �¾� of the �%� associatedwith ν. We canestimatetheaveragedepthfor theconstructedBSP
treeasd̃ � logN ¦ k1, k1 ± 0, sincesomeobjectscanresidein morethanoneleafat thesametime. For
simplicity we assumethat �,�-� ν � is of cubicshapewith edgesizew. ThenthesurfaceareaSA �*�%�&� ν �p�
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Figure4.8: Thecostin dependenceon thenumberof objectsfor SPD scenesfor TPD for differentsize
factors.ThegraphsrITM � f1 � N � , ÑTS � f2 � N � , TR ª Nrays � f3 � N � , andΘRUN � f4 � N � .
is 6 �w2. The estimatedcostĈ � ν � of nodeν is the sumof threeestimatedcosts: the costof travers-
ing interior nodesĈTI � ν � , thecostof traversingleavesĈTL � ν � , andthecostof ray-objectintersection
testsĈIT � ν � .

Thenumberof leavesin theBSPtreeat theaveragedepthd̃ is Nl ­ 2d̃, andthenumberof interior
nodesis Ni ­ 2d̃ ¤ 1. We cancomputethe estimatedcostĈTI � ν � consideringthe costof the nodes
separatelyat different depthsof the kd-tree. A nodeν at oneparticulardepthd in the kd-tree has
thesameshapeandthusits surfacearea�%�&� ν � is constant,regardlessthepositionof ν in thekd-tree
becausewe assumea spatialmedianmethod. The shapeof �,� associatedwith a nodeat depthd
for which holdsd � 3 � i ¢ i � µ 0 ¢ 1 ¢ 2 ¢2�2�2�¿º is cubic again. Table4.1 shows that thesurfaceareaof �%�
associatedwith theonenodeandall thenodesasa functionof thedepthin thekd-tree.

Thenusingthesumfor ageometricsequencewe canderiveĈTI � ν � :
ĈTI � ν � � 1

SA
� ĈTS � Ni

∑
i � 1

SA � i � � 1
SA
� ĈTS � d̃ À 3∑

i � 0

8i � �SA ÁÂ� 36ª 6� i � � ĈTI �KÃ logN � k1 Ä À 3
∑
i � 0

48i Å ĈTS �Æ��� N ¦ k1 �
(4.29)

Similarly, wecanderive thatĈTL � ν � � 1
SA � ĈTS � ∑Nl

i � 1 SA � l � Å ĈTS �Æ��� N ¦ k1 � . Sincein a leaf theaver-
agenumberof objectsis constant,providedthatthedistribution of objectsin thescenespaceis uniform
andno objectis intersectedby a ray, it holdsthatĈIT � ν � � 1

SA � ĈIT � ∑Ni
i � 1SA � i �D�N � l � Å ĈIT �Æ��� N ¦ k1 � .

To conclude,the linear estimateof costĈ � ν � Å ��� N ¦ k1 � is thusvalid andk1 is unknown underthe
conditionsstatedabove. However, themultiplicative factorhiddenbehind � -notationis unknown.
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d Ni SA �*�%�&� ν �p� Ni �SA �*�%�&� ν �D� ∑d
j � 0 Ni � SA �*�,�-� ν �D�

0 1 6 �w2 6 �w2 6 �w2

1 2 4 �w2 8 �w2 14�w2

2 4 2 � 5 �w2 10�w2 24�w2

3 8 1 � 5 �w2 12�w2 36�w2

4 16 1 �w2 16�w2 52�w2

Table4.1: Thesurfaceareaof a nodeaccordingto thedepthd, assumingtheinput of cubicshape(size
of sidew) andspatialmedianmethod.

4.6.2 ReducingObjects’ Axis-Aligned Bounding Boxes

Thenotionof �%� s for sceneobjectssignificantlysimplifiesthekd-treeconstruction.Sinceobjectscan
straddleasplittingplane,it canoccurafterseveralsubdivisionstepsthatsomeobject’s surfaceneednot
intersectthecurrentnode�%� of thekd-treehierarchy, althoughthe �%� s of someobjectsintersectthe�%� associatedwith thecurrentnodeof thekd-tree.This is depictedin Fig. 4.9(a).

Figure4.9: (a) Splitting duringthekd-treeconstructioncanresultin referencesto objectsthathave no
intersectionwith the leaves. (b) Whenthe �,� associatedwith anobjectstraddlestheslitting plane,it
doesnot guaranteethat the objectalsostraddlesthe splitting plane. (c) Split clipping – reducingthe�%� sof theobject,oneon theleft andoneon theright of thesplitting planeby clipping.

Although �%� s of objectsfit well for kd-tree construction,thereareseveral disadvantagesarising
from thesimpleuseof �%� s insteadof objects’surfaces.First, objectsthatcannothave anintersection
with a ray arealsotestedin someleaves. Second,objectsonly virtually presentin the interior nodeν
influencethe estimatedcostof ν andthusthe whole processof kd-treeconstruction.We have found
threepossiblewaysto dealwith thisproblembasedonmorecomplex intersectionroutinesbetweenthe
surfaceof anobjectand �%� associatedwith thecurrentlyprocessednodeof akd-tree.

First, we canpostprocessall leavesof the kd-treeandcheckusingan intersectiontestbetweenan�%� associatedwith a leaf andanobject’s surface.For eachleaf of thekd-treewe canthusremove the
redundantreferencesto objects. We call this methodleaf pruning. In this casewe do not avoid the
problemof influencingthekd-treeconstructionby objectsthatonly virtually intersectthe �%� s of the
interior nodes. In the postprocessedkd-treewe canalsoget subtreeswith emptyleavesonly. These
branchesof thekd-treewouldbeconsolidatedto emptyleavesusinganotherpostprocessingstep.

Second,wecanapplytheintersectiontestbetweenthe �%� of thekd-treenodeandsurfaceof anob-
jectnotonly to leavesbut alsoto interiornodes.In eachinteriornodeν, excludingtherootnode,before
evaluatingthecostfunctionwe checkwhetherall theobjectsbelongto �%�&� ν � . Wedo this intersection
alsofor leaves,whichcorrespondsto leafpruning.In thisway we canguaranteethata minimumsetof
objectsis consideredfor thecurrentlyprocessednodewhenevaluatingthecostfunction.However, this
methodaspresentedalsosuffersfrom anotherproblem.An objectis consideredto straddlethesplitting
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plane,whenthe �,� associatedwith theobjectsstraddlethesplitting plane.It neednot hold asshown
in Fig. 4.9(b). Thismethodcanbefurtherimprovedby testingtheobjects’assignmentto left andright
subtreeof theobjectsstraddlingthesplitting planefor eachsplitting planepositiontested.This way is
apparentlycostlyandredundantsincetheintersectiontestslackany computationcoherency for adjacent
positionsof thetestedsplitting plane.

Third, we cansolve theproblemin onestepadvance. If thepositionof a splitting planeis known,
we alsoknow the objectsstraddlingthe splitting plane. For theseobjectswe canreducethe �%� s on
bothsidesof thesplitting planewhenever possible,asdepictedin Fig. 4.9 (c). This requiresa special
intersectionmethodfor all shapesof objects,since,for agivenobjectO, its current�,� , andtheposition
andorientationof a splitting plane,we want to constructtwo tight �%� s associatedwith the object’s
spatialregion taken on the left andon the right of thesplitting plane. Thesereduced�%� s for the left
andright sideof the splitting planemustbe passedwith the referencesto the objectsfor the left and
right child nodes.Wecall thismethodthatclips the �%� sof objectswith regardto asplittingplanesplit
clipping. Principally, split clippingworksbestof all thealgorithmsdescribedhere.

Thedescriptionof thealgorithmsfor leaf pruningandsplit clipping,which handlestheintersection
testsbetweenanobjectanda plane,for particularshapesof objectsis beyondthescopeof this thesis.
However, we have designedandimplementedthesealgorithms[80], the resultsfrom theexperiments
aresurveyedin Subsection4.10.4.

4.7 GeneralCost Model

In thedevelopmentof thesurfaceareaheuristicwe assumedthata ray doesnot intersectany objects.
Although suchan assumptionis ratherunrealistic,the developedOSAH significantly improves the
performanceover thespatialmedianmethodfor sparselyoccupiedscenes.In thissectionweextendthe
costmodelto includethepossibility thata ray traversalalgorithmterminatesin its child nodebecause
theray intersectsanobject.Thusinsteadof usingtheupperboundof anestimatein theworstcase,we
usetheaveragecaseestimatebasedon morerealisticassumptions.

Wecall theproposedextendedcostmodelthegeneral costmodel(abbreviatedto GCM furtherin the
text). Insteadof formulatingthetotal costof thewholekd-treewe dealdirectly with thepositioningof
a splitting planeinsidetheinterior node,i.e., with thecostof a subdividednode(Eq.4.14).During the
recursive ray traversalalgorithm(Chapter5) thereareexactly four ways,in which anarbitraryray can
traverseaninterior nodeof a kd-tree;theleft child only (subscriptLO), theright child only (subscript
RO), the left child first andthe right child afterwards(subscriptLR), andthe right child first andthe
left child afterwards(subscriptRL). Thenwe canexpressthenew estimatedcostasthesumof thefour
estimatedcostsfor thedistinct traversalcases:ĈLO, ĈLR, ĈRL, andĈRO. Further, we assumethata ray
canintersectanobjectin oneof its child nodeswith a probability pT . For thesake of convenience,a
ray that in �%�&� ν � , associatedwith a nodeν, intersectsanobjectwill becalledthehit ray with respect
to ν. Similarly, we call a ray thatdoesnot intersectany objectin �%�&� ν � themissray with respectto ν.
Let usdenotethecasefor hit raysby superscriptT andthecasefor missraysby superscriptN. If we
have a setof raysintersecting�%�&� ν � , then pT for thenode�%�&� ν � canbeestimatedasthenumberof
hit raysdividedby thenumberof all raysshotinside �%�&� ν � .

Thenwe canestimatethetotal costĈGCM
new of aninteriornodeν to besubdividedasfollows:

ĈGCM
new � ν � � ĈLO ¦ ĈLR ¦ ĈRO ¦ ĈRL (4.30)

ĈLO � pLO �_� pT
L � ĈT

L ¦Ç� 1 ¤ pT
L �D� ĈN

L � (4.31)

ĈLR � pLR �_� pT
L � ĈT

L ¦Ç� 1 ¤ pT
L �D�_� ĈN

L ¦ pT
R � ĈT

R ¦È� 1 ¤ pT
R �D� ĈN

R �2� (4.32)

ĈRO � pRO �_� pT
R � ĈT

R ¦Ç� 1 ¤ pT
R �D� ĈN

R � (4.33)

ĈRL � pRL �_� pT
R � ĈT

R ¦Ç� 1 ¤ pT
R �D�_� ĈN

R ¦ pT
L � ĈT

L ¦È� 1 ¤ pT
L �D� ĈN

L �2�D¢ (4.34)
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where pLO – (pLR, pRO, andpRL) is describedin Section4.3.1,

pT
L – probabilityof a ray hitting anobjectin theleft child node,

pT
R – probabilityof a ray hitting anobjectin theright child node,

ĈT
L – estimatedcostof subtreein left child only for hit rays,

ĈN
L – estimatedcostof subtreein left child only for missrays,

ĈT
R – estimatedcostof subtreein right child only for hit rays,

ĈN
R – estimatedcostof subtreein right child only for missrays.

Thegeneralcostmodelcanbeevenmoredetailed,whenwedistinguishtheestimatedcostsbetween
hit andmissraysfor all the traversalcasesLO, RO, LR, andRL. Conversely, if we do not distinguish
betweentheestimatedcostof hit andmissrays(ĈN

R � ĈT
R ¢ ĈN

L � ĈT
L ), thecostmodelsimplifiesto the

formulas:

ĈLO � pL � ĈL (4.35)

ĈLR � pLR � � pT
L � ĈL ¦Ç� 1 ¤ pT

L �D�_� ĈL ¦ ĈR �©� � pLR � � ĈL ¦Ç� 1 ¤ pT
L �D� ĈR� (4.36)

ĈRO � pR � ĈR (4.37)

ĈRL � pRL � � pT
R � ĈR ¦Ç� 1 ¤ pT

R �D�_� ĈL ¦ ĈR�©� � pRL � � ĈR ¦Ç� 1 ¤ pT
R �D� ĈL �Y¢ (4.38)

whereĈL is theestimatedcostof theleft nodeandĈR is theestimatedcostof theright node.

Sincethe generalcostmodelmorerealisticallydescribethe useof a kd-tree in an RSA(for aver-
agecaseandassumingrecursive ray traversalalgorithm),it could give usa moreefficient RSAbased
on the kd-tree. Obviously, we shall pay for this by increasedcomputationalcostduring the kd-tree
construction.

Theformulationof thegeneralcostmodelbringsusat leasttwo subproblems.Thesearetheestima-
tion of thecostof anodeν distinctly for hit andmissrays,andtheestimationof theprobability pT that
a ray intersectsanobjectinsidethenode.Wediscusstheseissuesbelow.

4.7.1 Estimating Blocking Factor

Thefirst subproblemarisingwith thegeneralcostmodelis to estimatetheprobability thata ray inter-
sectsanobjectin thenodeν, i.e., inside �%�&� ν � . This probabilityis requiredto beevaluatedfor theleft
andright child of ν in Eqs.4.31–4.34for all testedpositionsof thesplitting planewhenevaluatingthe
costfunction.Theproblemwasdiscussedby Reinhardet al. [122] for theleavesof spatialhierarchies.
Theprobability pT thata ray hits anobjectaccordingto thatpaperis referredto astheblocking factor.
The input datagivena nodeν is the �%�-� ν � associatedwith ν andthesetof N objectspointedto in ν.
Theobjectsneednot lie in �%�&� ν � completely, but only partially. Theoppositecaseis alsopossible;the
tight �%� of all objectscanbesmallerthan �%�&� ν � sincetheobjectswereseparatedby splitting planes
in previoussubdivision step(s).In thelattercasetheprobabilitythata ray intersectsanobjectis lower.

First,we recallthemethodusedby Reinhardetal. [122] for theleavesof thespatialhierarchy. They
take the �,� sof objectsandcomputetheblockingfactorfrom theprojectedsurfaceareasof objects�%�
insidetheleaf �%� for all threeaxes.Thegeometryof theproblemis depictedin Fig. 4.10.

TheblockingfactorpT is thencomputedas:

pT � N

∑
j � 1

SAx �*�%�&� O j �p�v¦ SAy �*�%�&� O j �p�v¦ SAz �*�%�&� O j �p�
SAx �*�%�&� νE �p�^¦ SAy �*�,�-� νE �D�^¦ SAz �*�%�&� νE �p� ¢ (4.39)

whereSAa �*�%�&� O j �t� is the projectionareaof the j-th object �%� to the planeperpendicularto the
a-axis, a � µ x ¢ y ¢ z º . Similarly, SAa �*�%�&� νE �`� is the surfaceareaof the leaf-cell in projectionto the
planeperpendicularto thea-axis. In orderto considertheoverlappingof objectsin theprojectionthey
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Figure4.10: A cell in projectionto thez-axis. (a) Oneobjectin a cell. (b) Two objectsin a cell that
overlapin projectionto theplaneperpendicularto they-axis.

computetheprojectedsurfaceareaof theintersectionfor eachpair of objectsandthey addor subtract
it from thetotal surfaceareacoveredby theobjects.Themethodis thuslimited to thesmallnumberof
objectsin the leaf, sincecomputationof overlappingN objectssuffers from combinatorialexplosion.
Wecanremarkthatthe �%� associatedwith anobjectservesonly asanapproximationof theobject,and
thetightnessof objectto its �,� wouldalsobeinvolved in thecomputationof theblockingfactor.

To estimatepT in generalfor many objectsin the noderemainsa problem. Onesimpleway is to
samplethe spaceof the nodewith Nrays raysandrecordthe terminatingpositionof the raysandthe
entryandexit pointsfor given �,� . Thenumberof sampleraysNrays mustbehigh enough,assuming
the raysareuniformly distributed. If we sort successfulray intersectionpointsalong the axis to be
subdivided,we canestimatefor eachpositionof thesplitting planetheblocking factor pT for the left
andright child. Thisalgorithmfor blockingfactorcanbecostlysincemany ray-objectintersectiontest
canbe computed.Efficient samplingassumesanotherkd-treeis constructedin advanceandusedfor
thesamplingrays. In orderto achieve someprecisionfor theblocking factorestimate,thenumberof
samplingraysshouldbesufficiently high;weassumeat leastof theorderNrays � 102. If theconstructed
kd-treehasNIN interior nodes,thetotal costof theestimatealgorithmcouldbeunacceptablyhigh. We
implementedthis algorithm,andthe resultsof applyingit to the generalcostmodelarepresentedin
Subsection4.10.5.

4.7.2 CostEstimate for Hit and Miss Rays

Thesecondsubprobleminducedby thegeneralcostmodelis thecostestimatefor hit andmissrays.Let
uspresentargumentsfor thevalueof the ratio betweencostsof hit raysandmissrays. First, thecost
of hit rayscouldbehigherthanfor missrays,sincein theformercaseit mustincludeat leastoneray-
objectintersectiontest.Second,thecostof hit rayscouldbelower thanfor missrays,sincein thelatter
casea ray traversalalgorithmhasto performmany traversalstepsandpossiblyseveral unsuccessful
ray-objectintersectiontests.Thequestionis whetherit is possibleto predictsimply theratio between
the costof hit andmissrays. We performeda setof experimentson SPD scenes(G3

SPD, G4
SPD, and

G5
SPD). The resultsaresurveyed in Table4.2, andwe reportthesubset∆ of minimum testingoutput.

Thesuperscriptmissdenotesthecasefor missrays,thesuperscripthit denotesthecasefor hit rays.
Theresultsin Table4.2show thatfor thetestedscenestheaveragenumberof ray-objectintersection

testsper ray ÑIT is on averagelower for missraysthanfor hit rays. The sameholdsfor the average
numberof traversalstepsper ray ÑTS. Unfortunately, thevalueof the ratio betweenthecostfor miss
raysandhit raysis not constantandthuscannotbedeterminedin advance.For example,for thescene
“lattice” thecostfor hit raysis lower thanfor missrays,sincethemissraysmusttraversemorenodes
to getout of thescene�%� . In general,the ratio betweenthecostof hit raysandmissraysis difficult
and/oralmostimpossibleto predict.
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Scene Group N Ñhit
IT Ñmiss

IT Ñhit
TS Ñmiss

TS Ñhit
ETS Ñmiss

ETS Ñhit
EETS Ñmiss

EETS

balls3 G3
SPD 821 6.52 -26% 21.4 -24% 4.11 -10% 0.956 +0%

balls4 G4
SPD 7382 7.37 -30% 30.9 -25% 5.61 -9% 1.54 +8%

balls5 G5
SPD 66341 8.25 -35% 40.7 -27% 7.10 -14% 2.12 +2%

gears2 G3
SPD 1169 3.71 -9% 19.8 -18% 3.58 -26% 0.733 -51%

gears4 G4
SPD 9345 4.11 -34% 26.6 -30% 4.28 -40% 1.09 -68%

gears9 G5
SPD 106435 4.44 -38% 32.5 -33% 4.67 -45% 1.09 -70%

jacks3 G3
SPD 657 9.40 -55% 33.4 -28% 5.87 -13% 1.48 +85%

jacks4 G4
SPD 5265 12.4 -55% 50.8 -25% 8.73 -25% 2.18 +89%

jacks5 G5
SPD 42129 14.7 -60% 67.2 -27% 11.2 -18% 2.80 +92%

lattice6 G3
SPD 1255 3.59 +13% 33.8 +19% 5.61 +34% 2.17 +65%

lattice12 G4
SPD 8281 4.12 +4% 41.9 +5% 6.60 +14% 2.78 +26%

lattice29 G5
SPD 105307 4.33 -10% 56.0 -13% 7.74 -8% 3.55 -6%

mount4 G3
SPD 516 4.08 -48% 15.4 +2% 2.81 +12% 0.786 +87%

mount6 G4
SPD 8196 4.36 -39% 21.6 -5% 3.66 +5% 1.36 +52%

mount8 G5
SPD 131076 4.03 -43% 24.9 -30% 4.23 -20% 1.60 +4%

rings3 G3
SPD 841 9.63 -29% 26.0 -16% 4.82 -4% 1.29 +57%

rings7 G4
SPD 8401 11.2 -31% 43.9 -18% 7.55 -9% 2.76 +30%

rings17 G5
SPD 107101 11.2 -33% 63.9 -15% 10.6 -8% 4.39 +26%

sombrero1 G3
SPD 1922 3.04 -56% 24.7 -50% 4.80 -53% 2.92 -51%

sombrero2 G4
SPD 7938 3.05 -56% 29.9 -52% 5.53 -53% 3.68 -50%

sombrero4 G5
SPD 130050 3.43 -56% 41.4 -44% 7.18 -54% 5.00 -52%

teapot4 G3
SPD 1008 5.20 -31% 23.3 -13% 4.71 -7% 2.00 +26%

teapot12 G4
SPD 9264 4.57 -36% 33.8 -19% 6.19 -15% 3.23 +5%

teapot40 G5
SPD 103680 5.03 -37% 45.6 -23% 7.82 -19% 4.61 -50%

tetra5 G3
SPD 1024 5.53 -79% 23.4 -61% 4.50 -60% 3.08 -50%

tetra6 G4
SPD 4096 5.68 -81% 31.3 -64% 5.75 -63% 4.28 -54%

tetra8 G5
SPD 65536 5.91 -96% 51.1 -68% 8.95 -67% 7.39 -63%

tree8 G3
SPD 1023 4.70 -31% 17.0 -35% 4.28 -30% 0.465 +11%

tree11 G4
SPD 8191 4.86 -34% 20.7 -33% 4.82 -27% 0.842 +10%

tree15 G5
SPD 131071 5.75 -60% 27.9 -31% 6.27 -29% 1.41 +6%

Average – – – -40.3% – -28.7% – -22% – 4%

Table4.2: The∆ subsetof minimumtestingoutputmeasuredfor missandhit raysfor testingprocedure
TPD for G3

SPD, G4
SPD, andG5

SPD scenes.Valuesfor miss raysare taken relatively in % relatedto the
valuesfor hit rays.

Sincethecostestimatefor hit raysandmissraysis not easilypredictable,we areforcedto useone
of thefollowing ways:� disregard the conceptof distinguishingbetweenthe costsfor hit andmissrays,andthususea

simplerform of GCM, i.e., Eqs.4.35–4.38.In thecaseweusefor examplea linearcostestimate,
but theblockingfactoris estimatedvia sampling.� similarly to theestimationof pT ¢ we canevaluatethecostsexperimentallyassuminga sampling
kd-treeis built in advance.Thesamplingkd-treeis not thekd-treewe build up now, but it can
betakenasa roughapproximationof it with similar characteristics,sinceit wasconstructedwith
asimilaralgorithmfor thesameinputdata.Thenthenumberof traversalstepsandthenumberof
ray-objectintersectiontestscanbeestimatedwell enough.Theerrorof suchanestimateremains
unknown.

A simpleway of estimatingthecost for hit andmissraysgiven a nodewith the objectsremainsa
difficult problem.We thusimplementedthesamplingstrategy for estimatingthecosts.Theresultsof
applyingtheseestimatesto thegeneralcostmodelarepresentedin Subsection4.10.5.
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4.8 PreferredRay Sets

Thebasiccostmodel(Eq.4.9)andthusthesurfaceareaheuristicalgorithmsdevelopeduntil now have
beenbasedon the assumptionthat rays are distributed uniformly in ray space. This enablesus to
computetheprobability thatanarbitraryray hits the �%�&� ν � associatedwith thenodeν usingEq. 4.4.
If an RSAis appliedfor examplein a global illumination renderingalgorithm,thealgorithmcanalso
imply for a givensceneandviewpoint someparticularray distribution. Thequestionis if it is possible
to usethis knowledgeabouttheexpectedray distribution to build up a kd-treesothatanRSAbasedon
the kd-treeandthis ray distribution hasimproved performance.Further, we breakthe assumptionof
uniformity of ray distribution andchangetheabove presentedequationsto consideronly a certainray
setwith aparticularray distribution.

Wefocusonthreetypesof raysetsthatcorrespondto parallel,perspective,andsphericalprojections.
For theseraydistributionsweshow how Eq.4.4is changedfor aparticularraydistribution. Theideaof
thekd-treeconstructionfor preferredray setswasintroducedby HavranandBittner [76, 77].

4.8.1 Parallel Projection

Probablythemostintuitive setof raysis formedby fixing theirdirection.Rayswith thesamedirection
areinvolvedin theparallelprojectionof thescene[157].

In this casethe raysareperpendicularto theprojectionplaneΠP. Let us supposethat the ray dis-
tribution on ΠP is uniform. Additionally, we canrestrictthepreferredsetof raysto a certainviewport.
Theprobabilitythata ray hits the �%�&� ν � associatedwith anodeν of thekd-treecanthenbeexpressed
usinga surfaceareaof theprojectionof the �%�&� ν � to ΠP clippedto theviewport. Thecorresponding
geometryis depictedin Fig. 4.11.

Figure4.11:Parallelprojectionof an �%� to theplaneΠP.

Let viewportWR bearectangularwindow ontheprojectionplaneΠP. Let SR
PAR
ΠP

� WR � beasetof rays
perpendicularto ΠP andintersectingWR. Thesilhouetteedgesof an �,�-� ν � projectedontoΠP form a
convex polygonPC �*�%�&� ν �É� . Optionally, we candefinePC �*�%�&� ν ��� asa convex hull of all thevertices
of �%�&� ν � projectedto ΠP. In orderto determinethepolygonPclip

C �*�%�&� ν �Ê� � WR § PC �*�%�&� ν �°� lying
onΠP, aclipping algorithmmustbeapplied[157]. Let SAPAR � X � bethesurfaceareaof theentity X on
theplaneΠP andlet �%�&�*³+� betheaxis-alignedboundingbox containingthewholescene³ . Similarly
to Eq.4.4we canexpresstheprobabilitythata ray from SR

PAR
ΠP

�WR � hits the �%� onceit passesthrough�,�-�*³.� asfollows:
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p �*�%�%� � SAPAR � Pclip
C �*�%�&� ν �°�2�

SAPAR � PC �*�%�&�*³+�p�2� (4.40)

Eq.4.40canbeusedto replacedirectly theprobabilitiesin Eq.4.9for bothleft andright child nodes.
We call the surfaceareaheuristicmodified for parallel projectiona parallel surfacearea heuristic
(abbreviatedto PARSAH).

4.8.2 Perspective Projection

We form anotherpreferredray setby fixing theorigin of therays. Similarly asfor parallelprojection,
we focusonly on rayspassingthrougha certainviewport. Theorigin of rays(viewpoint) OR andthe
viewport definea viewing frustum, seeFig. 4.12. Assumingthat the rays are uniformly distributed
on the viewport, the correspondingray setSR

PER
ΠP

� WR � containsrays involved in the commonlyused
perspective projectionthatintersectstheviewportWR.

Figure4.12:Perspective projectionof �%� to theplaneΠP.

Let PC � X � be the polygonobtainedby projectingan axis-alignedboundingbox X perspectively to
theplaneΠP andSAPER � PC � X �2� thesurfaceareaof thepolygonPC � X � ontheprojectionplane.In order
to computetheprojectedsurfaceareaof �%�&� ν � , which is associatedwith thenodeν, a clipping to the
viewing frustummustbeapplied,Pclip

C �*�%�&� ν �p� � WR § PC �*�%�&� ν �°� , similarly to theparallelprojection.
The conditionalprobability that a ray from SR

PER
ΠP

�WR � hits the �%� onceit passesthroughthe axis-
alignedboundingboxof thewholescene�%�&�*³.� canbeexpressedas:

p �*�%�,� � SAPER � Pclip
C �*�%�&� ν �°�2�

SAPER � PC �*�%�&�*³+�°�2� (4.41)

We call the surfaceareaheuristicmodified for perspective projectiona perspectivesurfacearea
heuristic(abbreviatedto PERSAH).

Theclippingof �%� to theviewportmustbealwaysapplied,hencethespeedof theclippingis crucial
for the build time TB of the kd-tree. In the following text, we outline the algorithmsof clipping and
computingthesurfaceareaof theprojected�%� .
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Viewing Frustum Clipping

A generalalgorithmdeterminingthe surfaceareaof the projectionof an �%� to projectionplaneΠP

canbeasfollows: Projectall theverticesof the �%� to ΠP andconstructa convex hull of theprojected
vertices.This convex hull correspondsto a certainpolygon. Thenclip thepolygonwith respectto the
viewport andcomputeits surfacearea.

Obviously, theprojectionof all eightverticesandconstructionof theconvex hull of the �%� for aspe-
cific viewpoint is bothcostlyandcomputationallyredundant.We needto constructonly theprojection
of thesilhouetteof the �%� , sincethenthemaximumnumberof projectedpointsis six andtheminimum
is four. Accordingto themutualpositionof theviewpoint andthe �%� wecanidentify twenty-sevenre-
gionsfor whichtheprojected�,� hasthesamesequenceof silhouetteedges.Theseregionsareinduced
by six planesthatdeterminethe �%� . Givena viewpoint OR andan �%� thecorrespondingsequenceof
silhouetteedgescanbedeterminedby a tablelookupandeasilyprojectedto ΠP.

The sequenceof silhouetteedgesis clipped in object spaceby the Sutherland-Hodgmanalgo-
rithm [157] usingthefour planesthatboundtheviewing frustum.Theresultof clippingis asequenceof
connectededgeswith atmosttenvertices.Theverticesareprojectedonto theprojectionplane,forming
aconvex polygon.Finally, thesurfaceareaof thepolygonis computed.

A specialcaseoccurswhenthe viewpoint lies insidethe �,� . Obviously, every ray originatingat
suchaviewpointmustalwaysintersectthe �,� andhencetheconditionalprobabilityusedin Eq.4.41is
equalto one.Whenthiscaseoccurs,it coulddegeneratetheresultof thecostfunctionusedin PERSAH
andwemustuseanothermethodto positionthesplittingplane,eitherspatialmedianmethodor OSAH.

4.8.3 SphericalProjection

Anothersetof raysis inducedby thoseinvolvedin sphericalprojection. As with perspectiveprojection,
theorigin of theraysis fixed.Theraysinducedby sphericalprojectionarenotuniformly distributedon
a projectionplane,but on a spherewith its centerat theorigin of a ray. Let usdenotethesetof raysof
sphericalprojectionSR

ΠP
SPH, notethatno viewport needbedefinedin this case,thustheclipping phase

presentin perspective projectioncanbeomitted. A kd-treebuilt accordingto sucha setof rayscould
beusedto accelerateray queriesfor point light sources[157].

Sincethe ray distribution in SR
ΠP
SPH is uniform for the sphere,the task is to computea solid angle

Ω inducedby the frustumenclosinga given �,� with respectto thecenterof projection. This taskis
similar to thecomputationof thepoint-to-polygonform factor[62]. Nevertheless,in ourcaseit involves
determininga region boundedby Jordan’s curve [47] on a unit sphere.The solid angleinducedby a
given �%� canbecomputedasthesumof all solid anglesfor visible facesfrom a givenviewpoint. The
solid angleΩ of a rectanglewith heighth andwidth w positionedwith onecornerat the origin and
perpendicularto thez-axiscanbecomputedin thefollowing way (seeFig. 4.13):

l �fË x2 ¦ y2 ¦ c2 � cosβ � c
l
� dA � dx � dy � dΩ � dA � cosβ

l2 � dΩ � c � dx � dyË � x2 ¦ y2 ¦ c2 � 3 (4.42)

Thesolidangleis thencomputedby integration:

Ω � sr� �ÍÌ w

x� 0
Ì h

y� 0

c � dx � dyË � x2 ¦ y2 ¦ c2 � 3 (4.43)

Solvingthis integral with thesubstitutionu � x
c andv � y

c resultsin:

Ω � sr� � arctan
w� h

c �ÏÎ c2 ¦ h2 ¦ w2
(4.44)

The computationof the solid anglefor a rectanglewith onecornernot positionedin the origin is
performedby moregeneralsolutionof theequationabove. Thenwe cancomputethesolid angletaken
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by all threefacesof the �%� that canbe visible from a viewpoint. The conditionalprobability with
respectto the �%�&�*³.� of thewholescene³ is then:

p �*�%�%� � Ω �*�%�%�
Ω �*�%�&�*³.�D� (4.45)

We call the surfaceareaheuristicmodified for sphericalprojection(Eq. 4.45) a sphericalsurface
areaheuristic(abbreviatedto SPHSAH).

Figure4.13:Computationof sphericalprojectionfor rectangle.

It is obviousthatfor aviewpoint locatedinsideagiven �%� thecorrespondingsolidangleis Ω � 4 � π,
thus the probability p �*�%�%� is equalto one. In this case,similarly PERSAH,it is necessaryto use
anotherway for positioningthesplitting plane.

4.8.4 Discussion

Below we discussthepropertiesof surfaceareaheuristicfor preferredray sets.
First,we discussparallelsurfaceareaheuristicfor thenormal £NΠP � � x ¢ y¢ z� of theprojectionplane

ΠP. Wecaneasilyprove thatthekd-treeconstructedwith PARSAH with anormalwhere Ð x Ð � Ð y Ð � Ð zÐ
correspondsto the kd-treeconstructedwith OSAH. (Eq. 4.14). Thereareexactly eight vectorson a
unit spherewith theseproperties.Hence,thecostestimateof thekd-treeconstructedfor PARSAH with
othervectorsthantheseeightvectorscanbepotentiallydecreased,andthusanRSAbasedon thekd-
treeassumingthe requiredray distribution with othervectorsthantheseeight vectorswould be more
efficient.

Oneproblemcanarisewith theclippingof theprojected�%� , whentheconstructedkd-treeis usedfor
raysoutsidetheviewing frustum. SincetheprobabilityusingEq.4.40is zero,theconstructedkd-tree
candegenerate,andthis cannegatively influencethecostfor a ray traversingthis partof thekd-tree.
Wehavefoundtwo solutionsto thisproblem.Thefirst detectsthesituationandthenfor thesecasesuses
OSAH for any nodeof thekd-treethat is partially or fully outsidetheviewing frustum.Theneventhe
nodeson theboundaryof theviewing frustumwill beconstructedusingOSAH.Thesecondsolutionis
simpler;we canapproximatetheperspective projectionby sphericalprojectionfor all caseswherethe
solidangletakenby theviewing frustumis small.For socalledparaxial rays(maximumanglebetween
any two raysup to 5o) theapproximationis sufficiently precise.Thentheray distribution for spherical
andperspective projectionis similarandno clipping is performed.
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4.9 Time Complexity Analysis

Until now we have not analyzedthetime complexity of kd-treeconstruction.We show below that for
N objectsin thescenethetime complexity for constructionalgorithmsabove is ��� N � logN � , but with
variousmultiplicative factorshiddenbehind � -notation. For analysiswe assumethat the constructed
kd-treehasa numberof leaveslinearwith N. This correspondsto theuseof theautomatictermination
criteria algorithmdevelopedin Section4.5, wherethe computationof dmax is derived from N. Since
eachobjectis referencedatO � NER ª N � leaveson average,thenumberof leavesis at most ��� NER � . For
ad hoc terminationcriteria the numberof leaves is dueto the constantvalueof dmax formally ��� 1� ,
which is notusablefor any analysisatall.

For thekd-treeconstructionbasedonthespatialmedianmethod(seeSubsection4.2.2)givenanode
ν with N objectswe put thesplitting planeto a known position. If we do not sortobjectsaccordingto
their mutualpositionbeforetheconstruction,we musttestall theobjectsto find if they belongto the
right or left node,thusin ��� N � time. The total numberof objectsassociatedwith the interior nodes
for onedepthof thekd-treealsolinearwith N, andthedepthof kd-treeis ��� logN � , thusresultingin��� N � logN � for thewholekd-tree.Whenwesorttheobjectsbeforesplittingtherootnode,sortingtakes��� N � logN � time,which resultsagainin ��� N � logN � for kd-treeconstruction.

For thekd-treeconstructionbasedonthesurfaceareaheuristicalgorithmswefirst sorttheboundaries
of �,� s associatedwith the objectsin the scenealongall threeaxes. Sortingitself takes ��� N � logN �
time. In IE3 for eachsubdivision step,wehave threelists of sortedboundariesandwe evaluatethecost
function for eachpossiblepositionof the splitting plane. Whenwe selectthe splitting planeΠ to be
used,wesubdivide thelists into two halves,duplicatingthe �%� sof objectssplit by Π. Both testingand
splitting of lists takes ��� N � time. Thedepthof thekd-treeconstructedis also ��� logN � , which again
resultsin ��� N � logN � time complexity for kd-treeconstruction.

The running time consumedto perform particularoperationsof surfaceareaheuristicalgorithms
within thekd-treeconstructioncanvary greatly. It includesthecomputingof theestimatedcost,esti-
matingblockingfactorandthecostsof subtrees,projectingandclippingwithin thegeneralcostmodel,
etc. Thetime neededto constructthekd-treeis expectedto besavedwithin theexecutionphaseof an
RSAbasedon thekd-tree,which is justifiedby thenumberof ray shootingqueries.We discussthese
experimentalresultsin thenext section.

4.10 Summary of Resultsand Discussion

In this sectionwe survey the experimentalresultsconcerningkd-treeconstruction.The experiments
wereperformedon the above-mentionedG3

SPD, G4
SPD, andG5

SPD test scenesfrom SPD package,see
Section3.5 for more characteristicsof the scenes.Preferably, we report the experimentalresultsin
the form of minimum testingoutputs(Section2.5) – for eachexperimenta setof 13 parameters.To
decreasethespacetakenby tableswe decidedto useonly testingprocedureTPD whenever applicable.
Theresultsof thefirst phaseof theBESproject(seeChapter3) indicatethat theresultsof usingTPA,
TPB, andTPC aresufficiently similar. TheTablesin AppendixE show theminimumtestingoutputfor
eachsceneandtestedRSAsbasedon thekd-treewith a particularconstructionalgorithm. Theresults
in thissectionjust summarizetheresultsfor aparticularconstructionalgorithm3.

Someof thepresentedmethodsfor kd-treeconstructioncanbe combinedtogether, andthis is also
sometimesnecessary. Obviously, late cutting off emptyspaceandtwo-planecutting off emptyspace
mustbecombinedwith ordinarysurfaceareaheuristic(OSAH).In kd-treeconstructionwith theuseof
a generalcostmodelit would bepossibleto usetheray distribution for somepreferredray set,but we
show theresultsonly for thetestingprocedureTPD (seeSubsection3.4.1).Theterminationcriteriaare
just anotherpartof thekd-treeconstructionalgorithm,split clipping of objects’ �%� s hasto beapplied

3Theline 0 in theTablesin AppendixEshows theresultfor a “näıve RSA”.
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on thefly, andleaf pruningin postprocessing.We thusdo not reportall thepossiblecombinationsof
themethodsdescribedin thischapter, but only thereferencealgorithmandanew methodthatallowsus
easycomparison.If notstatedotherwise,wecompareΘRUN of thepresentedRSAwith referenceoneto
comparethetime devotedto ray shootingonly. For theall testingpresentedin thischapterwe usedthe
recursive ray traversalalgorithmTAB

rec (describedin Section5.4).

4.10.1 Positioning of the Splitting Plane

Let ussummarizetheresultsfor positioningof thesplittingplane,asstatedin Section4.2.2.Theresults
arefully given in AppendixE, let us describethe settingsfor the experiments.The settingis always
describedfor a line X, whichcorrespondsto denotationin AppendixE:

Line 1: kd-treeconstructedwith aspatialmedianusingadhocterminationcriteria(dmax � 16,Nmax �
2) andchangeof thesplitting planeorientationin cyclic order(x,y,z,x.. . ).

Line 2: kd-tree is constructedwith an object medianusing ad hoc terminationcriteria (dmax � 16,
Nmax � 2) andchangeof thesplitting planeorientationin cyclic order(x,y,z,x.. . ).

Line 3: kd-treeconstructedwith anobjectmedianusingadhocterminationcriteria(dmax � 16,Nmax �
2). Theorientationof thesplitting planeis takensoasto split thesmallestpossiblenumberof
objects.

Line 4: kd-treeconstructedwith OSAHusingadhocterminationcriteria(dmax � 16,Nmax � 2).

Line 5: kd-treeconstructedwith OSAH usingadhocterminationcriteria(dmax � 16, Nmax � 2). The
searchof theminimumcostsplittingplaneis restrictedto themedianinterval.

Line 6: kd-treeconstructedwith OSAH usingad hoc terminationcriteria (dmax � 16, Nmax � 2) and
changeof thesplitting planeorientationin cyclic order(x,y,z,x.. . ).

For thefollowing discussiononkd-treeconstructiontechniques,weselectasareferencetheconstru-
ctionalgorithmgivenby line 4 thathasachievedthebestresultsonaverage.Theresultsaresummarized
in Table4.3.

Line Avg CountBetter Best BestName Worst WorstName

4 referencealgorithm

1 +1804% 0 +25% jacks5 +36604% tree15
2 +354% 2 -7% lattice29 +1755% teapot40
3 +577% 1 -3% lattice29 +2764% teapot40
5 -3% 24 -12% tetra5 +5% gears9
6 +7% 11 -8% mount4 +88% sombrero4

Table4.3: Summarytablefor positioningof thesplitting plane.

The spatialmedian(line 1) alwaysachieved worseperformancethanthe referencealgorithm. On
averagefor 30 SPD sceneswas1804%slower thanthereference(line 4), in thebestcase25%slower
(“jacks5”), andin the worst case36604%slower (“tree15”). The lack of performanceis particularly
remarkablefor large scenesand for sparselyoccupiedscenes(“treeX”). For highly occupiedscenes
(“gearsX”) thedecreasein performanceis only small.Themaximumleafdepthsetto 16doesnotallow
theBSPtreeto adaptwell for highly occupiedspatialregions.

The object medianwith changeof the splitting planeorientationin cyclic order (line 2) was on
averageof higherperformancethanthespatialmedian.However, it wason average354%slower than
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thereference,in thebestcase7%faster(“lattice29”), andin theworstcase1755%slower (“teapot40”).
With increasingnumberof objectsthemethodreachesworseperformance.

The object medianwith arbitrary changeof the splitting planeorientation(line 3) shows similar
characteristicsasabove (line 2), but hasevenworseperformance.It wason average577%slower than
thereference,in thebestcase3%faster(“lattice29”) andin theworstcase2764%slower (“teapot40”).
Moreover, thetime requiredfor constructionis alsohigherthanthetimefor line 2, sinceit requiresthat
we evaluatethepossibleplanepositionin theobjectmedianfor all threeaxes.

OSAH restrictedto medianinterval (line 5) achieved practically the sameresultsas the reference
solution(line 4). TheconstructedBSPtreeshave practicallythesamenumberof leaves,andthe tim-
ings differ only slightly. On average,it was3% fasterthanthe reference,in the bestcase12% faster
(“tetra5”), andin theworstcase5%slower (“gears9”).

OSAH with changeof the splitting planeorientationin cyclic order (line 6) was on average7%
slower thanthereference,in thebestcaseit was8% faster(“mount4” and“teapot4”),andin theworst
case88%slower(“sombrero4”).Theinterestingpropertyof thisconstructionalgorithmis thereduction
of thebuild time,which is particularlynoticeablefor G5

SPD sceneswith highnumberof objects.

4.10.2 Termination Criteria

Herewe summarizethe resultsfor the terminationcriteria. We testedthe terminationcriteria for this
setting:

Line 7: kd-treeconstructedwith OSAH usingadhocterminationcriteria(dmax � 8, Nmax � 1).

Line 8: kd-treeconstructedwith OSAH usingadhocterminationcriteria(dmax � 8, Nmax � 2).

Line 9: kd-treeconstructedwith OSAH usingadhocterminationcriteria(dmax � 16,Nmax � 1).

Line 10: kd-treeconstructedwith OSAHusingadhocterminationcriteria(dmax � 16,Nmax � 2).

Line 11: kd-treeconstructedwith OSAHusingadhocterminationcriteria(dmax � 24,Nmax � 1).

Line 12: kd-treeconstructedwith OSAHusingadhocterminationcriteria(dmax � 24,Nmax � 2).

Line 13: kd-tree constructedwith OSAH using automaticterminationcriteria (k1 � 1 � 2, k2 � 2 � 0,
K1

f ail � 1 � 0, K2
f ail � 0 � 2, andrmin

q � 0 � 75).

As a referencealgorithmfor the following discussingwe take the algorithmgiven by line 13, the
automaticterminationcriteria,sincein practiceit achievedthebestperformanceonaverage.Theresults
aresummarizedin Table4.4.

Line Avg CountBetter Best BestName Worst WorstName

13 referencealgorithm

7 +2977% 0 +19% mount4 +30321% tree15
8 +2979% 0 +18% mount4 +30259% tree15
9 +19% 6 -12% rings3 +225% tree15
10 +22% 3 -12% rings3 +228% tree15
11 +7% 6 -12% tree8 +44% gears9
12 +5% 7 -10% tree8 +20% jacks4

Table4.4: Summarytablefor theterminationcriteria.
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Theresultsfor thekd-treespecifiedby line 7 and8 arepracticallysimilar, andthesettingNmax � 1
producesa highernumberof leavesfor thekd-treespecifiedby line 7. Comparingtheresultsof these
ad hoc terminationcriteria with reference(automaticterminationcriteria), settingspecifiedby line 7
and8 wason average2977%slower, in the bestcase19% slower (“mount4”), andat the worst case
30321%slower (“tree15”). Settingdmax to 8 is thusinsufficient even for a smallnumberof objectsin
thescene(G3

SPD), particularly, it decreasestheperformancefor G4
SPD andG5

SPD scenes.
The resultsfor the kd-tree specifiedby lines 9 and10 arealsoquite comparable,and the setting

Nmax � 1 againresultsin ahighernumberof leaves.Comparingwith thereference,line 9 is onaverage
19%slower thanthereference,in thebestcase12%faster(“rings3” and“tree8”, fasterthanreference
for 6 scenes),andat theworstcase225%slower (“tree15”). Thekd-treespecifiedby line 10 achieved
slightly worseresults,it wason average22%slower, in thebestcase10%faster(“rings3”, fasterthan
thereferencefor 3 scenes)andin theworstcase228%slower (“tree15”). For largescenes,thesetting
of themaximumleafdepthto Nmax � 16 wasinsufficient,particularlyfor sparselyoccupiedscenes.

The resultsfor kd-tree specifiedby line 11 and12 show that settingNmax � 24 achieves the best
resultsof all ad hoc terminationcriteria tested. The kd-tree specifiedby line 11 is on average7%
slower thanthe reference,in thebestcase12%faster(“tree8”, fasterthanthe referencefor 6 scenes),
andin theworstcase44%slower(“gears9”).Thissettingof adhocterminationcriteriatriesto continue
thesubdivisionevenif thisneednotimprovethetotalperformance,aswecanseefor thescene“gears9”.
Thekd-treespecifiedby line 12 is onaverage5%slower thanthereference,in thebestcase10%faster
(“tree8”, fasterthanreferencefor 7 scenes),andin theworst case20%slower (“jacks4”). Unlike for
dmax � 8 ¢ 16, for dmax � 24 thesettingNmax to 2 (line 12) insteadof settingNmax to 1 (line 11) improves
theperformanceon average.

We canalsocompareautomaticandad hoc terminationcriteria generally. The ad hoc termination
criteria result in kd-treeswith higher performancethan automaticterminationcriteria for 22 out of
180 experiments. However, in the bestcasethe improvementis only 12% and in the worst casead
hocterminationcriteriaare30321%slower. If we requireto useadhocterminationcriteria,we canon
averagerecommendtheuseof thebestresultsachievedfor Nmax � 2 anddmax � 24,however, weshould
beawareof theincreasedaveragebuild time TB andmemoryconsumedby thekd-treecomparedwith
theautomaticterminationcriteria.

4.10.3 Cutting Off Empty Space

Herewe summarizetheresultsfor cuttingoff emptyspacemethods.We usedthefollowing settingfor
theexperiments:

Line 14: kd-treeconstructedwith OSAH andautomaticterminationcriteria,but slightly modifiedac-
cordingto thepaperby SubramanianandFussel [145]. Theprobabilityof intersectingtheleft
andright child nodesis takentwo tights �%� senclosingobjectson theleft andright sideof the
splitting plane.Wehave implementedthisothervariantof surfaceareaheuristiconly to verify
theresultspresentedby SubramanianandFussel.

Line 15: kd-treeconstructedwith OSAH usingautomaticterminationcriteria. In addition, late cut-
ting off emptyspaceis applied,with thesetting:ĈIT � 0 � 7 andĈTS � 0 � 3. The limit for the
maximumnumberof planesto beputwithin latecuttingoff emptyspacewassetto 3.

Line 16: kd-treeconstructedwith OSAH usingautomaticterminationcriteria. In addition,two-plane
cuttingoff emptyspaceis applied,with thesetting:ĈIT � 0 � 7 andĈTS � 0 � 3.

Line 17: kd-treeconstructedwith OSAH usingautomaticterminationcriteria. In addition,both late
andtwo-planescuttingoff emptyspaceis applied,with thesetting:ĈIT � 0 � 7 andĈTS � 0 � 3.
Thelimit for themaximumnumberof planesto beputwithin latecuttingoff emptyspacewas
setto 3.
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As a referencealgorithmfor thefollowing discussionwe take theRSAspecifiedby line 13– it is the
standardalgorithmfor the kd-treeconstructionwithout the additionalimprovements.The resultsare
summarizedin Table4.5.

Line Avg CountBetter Best BestName Worst WorstName

13 referencealgorithm

14 +9% 4 -4% tree8 +26% teapot4
15 +2% 5 -2% tre11 +13% rings3
16 +0% 9 -14% gears4 +13% rings3
17 -4% 22 -18% sombrero1 +25% rings3

Table4.5: Summarytablefor cuttingoff emptyspacefor automaticterminationcriteria.

Thekd-treeasdescribedby line 14 is on average9% slower thanthereference,in thebestcase4%
faster(“tree8”, fasterthanreferencefor 4 out of 30 scenes),in theworstcase26%slower (“teapot4”).
In addition, the build time is increasedon averageby 20%. The useof this surfaceareaheuristicis
questionable.

Thekd-treeasdescribedby line 15 is for given settingof ĈIT andĈTS on averageslower thanthe
referenceby 2%. For5 outof 30scenesit performsfaster, in thebestcaseis 2%fasterthanthereference
(“tree11”), in theworstcaseis 13%slower (“rings3”).

Thekd-treeasdescribedby line 16 is on averageof thesameperformanceasthereferencesolution.
In the bestcaseit is 14% faster(“gears4”),andin the worst caseis 10% slower (“’ rings3’). For the
givensettingof theconstantsit is fasterfor 9 outof 30 scenestested.

Thekd-treeasdescribedby line 17 – acombinationof split clipping andlatecutting– is onaverage
4%fasterthanthereference.In thebestcaseit is 18%faster(“sombrero1”),in theworstcaseit is 19%
slower (“rings3”). For thegivensettingof theconstantsit is fasterfor 22 scenesoutof 30 tested.

The resultsfor kd-treesasdescribedby lines 15, 16, and 17 do not correspondwith the results
thatwereachievedin thepreviousexperiments[134]. However, thesepreviousexperimentsweretested
for theadhoc terminationcriteriasetting:dmax � 16 andNmax � 1. Thereforewe have performedthe
experimentsfor thefollowing setting:

Line 18: kd-treeconstructedwith OSAH,andlateemptyspacecuttingoff is applied,with thesetting:
ĈIT � 0 � 7 andĈTS � 0 � 3. Thelimit for maximumnumberof planesto beputwithin latecutting
off emptyspacewassetto 3. Ad hocterminationcriteriawereused:dmax � 16 andNmax � 1.

Line 19: kd-treeconstructedwith OSAH, andtwo-planecuttingoff emptyspaceis applied,with the
setting: ĈIT � 0 � 7 and ĈTS � 0 � 3. Ad hoc terminationcriteria were used: dmax � 16 and
Nmax � 1.

Line 20: kd-treeconstructedwith OSAH, andboth two-planeandlatecuttingoff emptyspaceis ap-
plied, with the setting: ĈIT � 0 � 7 and ĈTS � 0 � 3. Ad hoc terminationcriteria were used:
dmax � 16 andNmax � 1.

To evaluatetheseexperimentswe usedasthereferencealgorithmthealgorithmspecifiedby line 9,
whichusesthesameterminationcriteria.Theresultsaresummarizedin Table4.6.

For the kd-tree specifiedby line 18 we got results that correspondto the previous finding by
Sixta [134]. On average,the performancewas improved by 9% comparedwith the referencealgo-
rithm. In thebestcaseit was20%faster(“sombrero2”),andin theworstcase2% faster(“tetra6” and
“rings17”). Sofor all 30 testedsceneslatecuttingoff emptyspaceimprovedtheperformance.
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Line Avg CountBetter Best BestName Worst WorstName

9 referencealgorithm

18 -9% 30 -20% sombrero2 -2% tetra6
19 -9% 29 -18% sombrero2 +0.5% lattice29
20 -9% 30 -20% sombrero2 -2% tetra6

Table4.6: Summarytablefor cuttingoff emptyspacefor adhocterminationcriteria.

Similarly, for thekd-treespecifiedby line 19 we alsogot improvedresults.On average,theperfor-
mancewasimproved by 9%, in thebestcaseit was18% faster(“sombrero2”),andin the worst case
0.5%slower (“lattice29”). For 29 outof 30 scenestheperformancewasimproved.

For thecombinedsolution(line 20) theperformanceimprovementcorrespondsto thatpresentedfor
line 18. Combiningof thetechniques(line 20)did notbringany improvement.

To conclude,bothcuttingoff emptyspacemethodsdoesimprove theperformanceof theRSA, when
this is possible,i.e., for thekd-treebuilt with adhocterminationcriteria.On theotherhand,theresults
obtainedfor automaticterminationcriteriashow that it is not likely to improve theperformanceof an
RSAbasedon thekd-treewith theseadditionalcuttingoff emptyspacemethods.

4.10.4 ReducingObjects’ Axis-Aligned Bounding Boxes

Herewe summarizetheresultsof applyingthetechniquesintroducedin Subsection4.6.2.We usedthe
following settings:

Line 21: kd-treeconstructedwith OSAHusingautomaticterminationcriteria(asfor line 13). In addi-
tion, leafpruningwasusedasapostprocessing.

Line 22: kd-treeconstructedwith OSAHusingautomaticterminationcriteria(asfor line 13). In addi-
tion, split clipping wasapplied.

Asareferencealgorithmfor thefollowing discussionweagaintakethealgorithmspecifiedby line13,
sinceall theimprovementstry to increasetheperformanceof thisalgorithm.Theresultsaresummarized
in Table4.7.

Line Avg CountBetter Best BestName Worst WorstName

13 referencealgorithm

18 -6% 18 -41% teapot12 +19% gears9
19 -8% 29 -35% jacks5 +11% gears9

Table4.7: Summarytablefor reducingobjects’ �%� s.

Thekd-treespecifiedby line 21 is onaverage6%fasterthanthereference.In thebestcaseit is 41%
faster(“teapot12”),andin the worst case19% slower (“gears9”). For 18 out of 30 testedscenesit is
fasterthanthereferencealgorithm,but thebuild time is alsoslightly increased.

Thekd-treespecifiedby line 22is onaverage8%fasterthanthereferencealgorithm.In thebestcase
it is 35%faster(“jacks5”), andin theworstcase11%slower (“gears9”).For 22 outof 30 testedscenes
it is fasterthanthereferencealgorithm.

It might be expectedthat ΘRUN and thus the whole running time TR shouldalways be decreased
by leaf pruning or split clipping. We have shown above that this is not the case. It always holds
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that thenumberof intersectiontestsper ray is decreasedwhenthe ray traversalalgorithmfor the ray
shootingproblemis usedfor all ray shootingquerieswithin the testingprocedureTPD. To test the
visibility for a pair of pointswe have usedmodifiedray traversalalgorithmthat stopswhenany ray-
objectintersectionis found(seeSection1.3)andthecorrespondingpoint of intersectionlies at mostat
somesigneddistancefrom theorigin of theray. This enablesthat thenumberof traversalstepsin the
kd-treeto beincreased,however, thenumberof ray-objectintersectiontestscanalsobeincreased.We
seethatmodifying theray traversalalgorithmfor visibility for apairof pointsinfluencestheresultsfor
leafpruningandsplit clipping.

4.10.5 GeneralCostModel

Herewe describethe resultsfor thegeneralcostmodel(GCM). We implementedandtestedthealgo-
rithmswith thefollowing settings:

Line 23: kd-treeconstructedfor a variantof GCM that estimatesonly the blocking factorusingthe
samplingkd-tree – a resultingkd-tree is constructedusingEqs.4.35–4.38.The numberof
samplingraysNrays wasdeterminedasNrays � 0 � 3 Ñ N with the conditionsNrays � 100 and
Nrays ¸ 1000,whereN is the numberof objectsin the node. Automatic terminationcriteria
wereused.Theestimatedcostof hit ray Ĉhit wascomputedasĈhit � 1 � 5 Ñ Ĉ, whereĈ is the
costof missrayscomputedasa linearestimatetakinginto accountthenumberof objects.

Line 24: like line 23, but the costwasalsoestimatedin the samplingkd-tree, disregardingthe dif-
ferencebetweenthe costof hit andmissrays. The costof the subtreefor oneray wasthus
computedasĈ � 1ª Nrays�_� ĈIT �NIT ¦ ĈTS �NTS� for Nrayssamplingraysin thesamplingkd-tree,
whereNIT wasthetotal numberof ray-objectintersectiontestsandNTS wasthetotal number
of traversalstepsfor all samplingrays.

Line 25: like line 24,but distinguishingbetweenthecostsfor hit andmissrays.

As a referencefor thefollowing discussionwe againtake thekd-treespecifiedby line 13, sincethe
generalcostmodel is intendedto increasethe performanceover thekd-treeconstructedwith a linear
costestimate.Theresultsaresummarizedin Table4.8.

Line Avg CountBetter Best BestName Worst WorstName

13 referencealgorithm

23 -1% 17 -12% tree11 +30% gears9
24 +17% 3 -5% tetra6 +123% rings17
25 +131% 1 -1% sombrero1 +2637% rings17

Table4.8: Summarytablefor generalcostmodel.

Thekd-treespecifiedby line 23 hasapproximatelythesameperformanceasthereference.It is on
average1%fasterthanthereference,in thebestcaseit is 12%fasterthanthereference(“tree11”),and
in the worst case30% slower (“gears9”). For 17 out of 30 scenesthe generalcostmodel improved
the performance,but the build time for the kd-tree includesthe samplingandthusit is considerably
increased.

The kd-treespecifiedby line 24, which tries to estimatethe costvia sampling,is on average17%
slower thanthereferencesolution.In thebestcaseit is 5%faster(“tetra6”), andin theworstcase123%
slower (“rings17”). We canremarkthat costestimatealgorithmbasedon the samplingasdescribed
above doesnotperformwell for thesceneswith objectswhose�%� soverlap.
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Thekd-treespecifiedby line 25hasevenlowerperformancethanthekd-treespecifiedonline 24. On
averageit is 131%slower, in thebestcaseit is 1% faster(“sombrero1”),andin theworstcase2637%
slower (“rings17”).

Thesummaryresultsof theimplementedestimatesonthesamplingkd-treetreeshow thatthegeneral
costmodelfor mostSPD sceneshasapproximatelythe sameperformance,but for several scenesthe
kd-treeconstructedwith GCM hassignificantlylower performance.With increasingmodelprecision
andestimationof thecostvia samplingtheresultingperformanceis evendecreased.

To conclude,theexperimentsperformedhereon a generalcostmodelvalidatethe linear costesti-
mate. To the bestof our knowledge,linear costestimateachieves the bestresultsfor RSAbasedon
thekd-tree. Thealgorithmproposedherefor generalcostmodel,which estimatesthecostof thekd-
treeto beconstructedfor a givensetof objectsusingthesamplingon anotherkd-tree,in severalcases
completelydegradestheperformance.

4.10.6 Preferred Ray Sets

To testthekd-treebuilt for thepreferredray setswe usedtheautomaticterminationcriteriaalgorithm
for theconstructedkd-trees,sinceit guaranteesapproximatelythesamenumberof leavesandthusthe
performanceof theRSAfrom thisviewpoint. Theuseof testingproceduresTPA–TPD (seeSection3.4.1)
hasnosense,sincewerequiresomeparticularsetof rayswith acertainraydistribution. Therefore,tests
wereperformedasfor thetestingprocedureTPD, but with thedepthof recursionsetto 1, thusshooting
only socalledprimaryraysto thescene(numberof raysNrays � 513 Ñ 513),which correspondsto the
preferredraysetsonly. Thisholdsfor perspective,parallel,andsphericalprojection.Thesphericalpro-
jectionusesaviewport sizeof perspective one,andfor parallelprojectionweconstructedaviewport to
coverroughlythesameportionof thescenein theprojectedimageasfor theperspectiveprojection.For
all threeprojectionswe show theresultsbetweenthekd-treeconstructedusingOSAH asthereference
andthekd-treeconstructedfor thespecialsurfaceareaheuristicintrinsic to theprojection.

First,we comparedPARSAH with OSAHfor parallelprojection.Weusedthefollowing settings:

Line 26: kd-treeconstructedfor OSAHwith automaticterminationcriteria,theraysinducedbyparallel
projectionwereused.

Line 27: kd-tree constructedfor PARSAH with automaticterminationcriteria, the rays inducedby
parallelprojectionwereused.

To compareline 27 with line 26, we canconcludethat the kd-tree built using PARSAH was on
average6%fasterthanOSAH.In thebestcaseit is 46%faster(“jacks3”),andin theworstcaseit is 71%
slower (“rings17”). The kd-treeconstructedwith PARSAH resultsin lower performanceparticularly
for sceneswith objectswhose�%� soverlap.Theperformanceimprovementalsodependson thevector
thatspecifiestheprojection.

Second,we comparedthe kd-treesconstructedfor PERSAHwith OSAH for raysinducedby per-
spective projection.Weusedthefollowing settings:

Line 28: kd-treeconstructedfor OSAHwith automaticterminationcriteria.Raysinducedby perspec-
tiveprojectionwereused.

Line 29: kd-treeconstructedfor PERSAHwith automaticterminationcriteria. Raysinducedby per-
spective projectionwereused.

Line 30: kd-treeconstructedfor SPHSAHwith automaticterminationcriteria. Raysinducedby per-
spective projectionwereused.

The kd-treeconstructedwith PERSAH(line 29) wasfasterfor 11 scenesthanthe referencealgo-
rithm (line 28). For scenes“lattice6”, ”rings3”, ”lattice12”, ”rings7”, ”lattice29”, and“rings17”, the
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useof PERSAHobviously resultsin somedegeneratedkd-trees.For thescene“latticeX” this is under-
standable,sincetheviewpoint lies insidethescene�%� . If we considerall thescenes,thenthekd-tree
constructedwith PERSAHis on average621%slower thanthe reference.In the bestcaseit is 27%
faster(“tree15”),in theworstcase15330%slower (“lattice29”). If we remove thedegeneratedkd-trees
for thescenes“latticeX” and“ringsX”, it is onaverage4%faster, in thebestcase27%faster(“tree15”),
andin the worst case18% slower (“tetra5”). The advantagesof PERSAHover OSAH arequestion-
ablefor automaticterminationcriteria,asthetime requiredfor constructingthekd-treeis significantly
increased.

Thekd-treeconstructedasspecifiedby line 30 but for raysinducedby perspective projectionwas
fasteronly thanthekd-treeconstructedfor OSAHfor threescenes(“mount4”, “balls4”, “mount8”). On
average,it is 5293%slower. In thebestcaseit is 11%faster(“mount4”), andin theworstcase153829%
slower (“tree15”)). Carefully examiningthe resultswe againobserve that for several scenesthe kd-
treesconstructedwith SPHSAHagaindegenerate– thescenes“sombrero1”,“lattice12”, “sombrero2”,
“tree11”, “jacks5”, “rings17”, andparticularlythescene“tree15”’.

Third, we examinedthe resultsfor the rays inducesby sphericalprojection. We usedthe follow-
ing settings:

Line 31: kd-tree constructedfor OSAH with automaticterminationcriteria. Rayswere inducedby
sphericalprojection.

Line 32: kd-treeconstructedfor SPHSAHwith automaticterminationcriteria. Rayswereinducedby
sphericalprojection.

In general,theresultsachievedfor sphericalprojectionareverysimilar to thoseobtainedby perspec-
tiveprojection,sincethedistributionsof ray setsinducedby thesetwo projectionsaresimilar.

The kd-treeconstructedasspecifiedby line 32 is on average5217%slower thanthe kd-treecon-
structedfor OSAH. In the bestcaseit is 12% faster(“lattice29”), andin the worst caseby 153422%
slower (“tree15”). It againincludessomedegeneratedcasesas for PERSAH,for the scenes‘’ som-
brero1”,“lattice12”, “sombrero2”,“tree11”,andparticularly“tree15”.

The preprocessingtimesfor OSAH andPARSAH without clipping arequite comparable,sincein
thiscasetheparallelprojectioncorrespondsto multiplying thesurfaceareaof the �%� facesby elements
of theprojectionvectordefiningthepreferredsetof rays.

Thepreprocessingtimeto constructakd-treewith OSAHandPERSAH/SPSAHdiffer significantly.
Even if the clipping algorithmfor PERSAHis performedin an incrementalway and it thusutilizes
thecoherenceof clipping for subsequentcuttingplanesalongthetestedaxis, thebuild time differsby
oneor two ordersof magnitudecomparedwith OSAH.To decreasethebuild time requiredby kd-tree
constructionwith SPHSAHweusedtheapproximation[24] for arctanin Eq.4.44.

Parallel Projection in Close-Up

The most promisingresultsfor the useof kd-treesfor preferredray setswere obtainedfor parallel
projection(PARSAH). Thereforewe conductedmoreexperimentswith PARSAH, namelyasregards
the sensitivity of the constructionof the kd-tree to the direction of ray shootingqueries. We used
the scene“tree11” with the following initial projectionsettings: viewpoint � � 4 � 5 ¢ 0 ¢ 1 � 5� , lookat �� 0 ¢ 0 ¢ 1 � 5� , upvector � � 0 ¢ 0 ¢ 1� . This correspondsto the normalof the projectionplane £N � � 1 ¢ 0 ¢ 0�
andazimuth � 0. In theexperimentstheobserver movedaroundthetree.That is, lookat andupvector
remainedconstantandbothviewpoint and £N changedaccordingto theazimuth in the range � 0 ¢ π ª 2� .
Settingazimuth to π ª 2 correspondsto viewpoint � � 0 ¢ 4 � 5 ¢ 1 � 5� and £N � � 0 ¢ 1 ¢ 0� .

First, we comparedthe kd-treesbuilt using OSAH and PARSAH. The kd-tree constructedwith
PARSAH correspondto theazimuth( £N). Fig. 4.14(a) shows therunningtime TR which alsoincludes
othercomputation(shading,the renderedimagescorrespondto ray casting).Fig. 4.15(a) depictsthe
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averagenumberof ray object intersectiontests. Fig. 4.16 (a) shows the averagenumberof traversal
stepsperray. Thecurvesfor PARSAH arereferencedasPARSAH-A.

Second,wetestedthesensitivity of thekd-treeconstructedfor afixedazimuth � π ª 360for shooting
theprimaryraysfor otherdirectionsthanthis for which kd-treewasconstructed.Fig. 4.14(b) shows
the runningtime for views specifiedby the azimuth,Fig. 4.15(b) depictsthe averagenumberof ray
object intersectiontests,andFig. 4.16 (b) shows the averagenumberof traversalstepsper ray. The
curve for PARSAH is referencedasPARSAH-B. Wecanobserve thattheperformanceimprovementof
the RSAbasedon the kd-treeconstructedwith PARSAH is restrictedto angulardivergenceof π � 2ª 3
from theusedfor construction.

The performanceimprovementsare rathersignificant. Both the numberof intersectiontestsand
the numberof traversalstepsare reducedby more than one half for the testedscene. The kd-tree
constructedwith PARSAH for £N � � 1 ¢ 0 ¢ 0� degenerates,becauseoneprincipal axis is not taken into
accountat all. For this reasonwe selectedasthe referencefor Fig. 4.15 (b) the kd-treeconstructed
for azimuth � π ª 360. The differencebetweenthe kd-treeconstructedusingOSAH andPARSAH is
visualisedin Fig. 4.17.

4.11 Conclusionand Futur eWork

In this chapterwe have shown in detail theconstructionof thekd-treebasedon a top-down approach.
Thealgorithmspresentedfor kd-treeconstructionareheuristics,solvinga problemwith a simpleand
intuitive recursive character:whenandwhereto put thesplitting planefor an �,� containinga setof
objects.Thesolutionto theproblemis not trivial: we show how to decreasetheestimatedcostof the
kd-treeto bebuilt upfor theworstandaveragecasecomplexity, undercertainsimplifying assumptions.
However, we cannotclaim any optimality of ourmethods.

Thepresentedtechniquesappliedin kd-treeconstructioncanbe combinedtogetherin someways.
A techniqueof preferredray setsrequiressomeknowledgeaboutthe ray distribution of ray shooting
queriesin advance.The time consumedby kd-treeconstructionis a tradeoff with theperformanceof
answeringray shootingqueries.Thelongerthebuild time themoreefficient wouldbethekd-tree.The
upperboundof expectedaverage-casecomplexity of anRSAbasedon thekd-treefor ray shootingcan
bedeterminedby usingacostmodelwhenthekd-treeis built.

Futureresearchwork concerningkd-treeconstructionfor RSAscould includea studyof moreeffi-
cientalgorithmsfor estimatingthecost,theblocking factor, andthecomputationof thecostitself. A
moreintelligentmethodfor searchingandutilizing emptyspatialregionsis a realchallengethatshould
alsobestudied,andtheautomaticterminationcriteriaasdescribedshouldalsobefurtherelaboratedor
changeusingRussianrouletteor othermathematicaltools dealingwith probability. Anotherpossible
researchtopiccoulddealwith building upakd-treewith someclusteringmethod.Herewehavealways
discussedthekd-treeconstructionusinga top-down approach.For sceneswith veryvaryingsizeof ob-
jectsit maybepossibleto find setsof objectswith roughlythesamesizethatoccupy particularspatial
regions,to build up thekd-treesfor suchobjectssets,andthento take thesekd-treesasobjectswithin
thekd-treeconstructionof a “global” kd-tree. Due to the formulationof the costfunction in surface
areaheuristicalgorithms,thesetsof objectsseemto beinitially disjoint from therestof thescene,and
thekd-treeis thenbuilt moreor lessfor clustersof theseobjects.Clusteringcouldfurtherimprove the
performanceof an RSAbasedon the kd-tree in thesesparselyoccupiedscenes,but this needsto be
verifiedexperimentally. A studyof thedegeneratedkd-treefor preferredray setsis anotherinteresting
topic for research,which could combineordinaryandpreferredray setsurfaceareaheuristics. The
importantissueof further researchin thekd-treeconstructionis to whatextentandat which costit is
possibleto improve theperformanceof RSAsbasedon thekd-tree.
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(a) (b)
Figure4.14:TherunningtimeTR thatincludesshadingin dependenceon angle;OSAH andPARSAH-
A/B. (a) PARSAH-A andOSAH.(b) PARSAH-B andOSAH.

(a) (b)
Figure4.15: ratio of ray-objectintersectiontestsperformedto minimum numberof intersectiontests
rITM in dependenceonanglefor OSAHandPARSAH-A/B. (a)PARSAH-A andOSAH.(b)PARSAH-B
andOSAH.

(a) (b)
Figure4.16:Numberof traversalstepsperrayNTS in dependenceonangle;OSAHandPARSAH-A/B.
(a) PARSAH-A andOSAH.(b) PARSAH-B andOSAH.
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(a)

(b)

Figure4.17: Visualizationof the kd-treebuilt for a preferredray set for scene“fluid”. (a) depictsa
kd-treebuilt usingOSAH.(b) shows a kd-treeconstructedfor PARSAH. For thesake of visualclarity
maximumleafdepthdmax wassetto 10.



92 CHAPTER4. CONSTRUCTION OF KD-TREES



Chapter 5

Ray TraversalAlgorithms for Kd -Trees

In this chapterwe dealwith ray traversalalgorithmsfor RSAsbasedon thekd-tree. First, we describe
threetypesof ray traversalalgorithms:sequential,recursive, andthosewith neighbor-links. Thenwe
analyzetherecursive ray traversalalgorithmanddevelopa new morerobust versionof it. Finally, we
presenta summaryof the resultsof our experimentalcomparisonof the ray traversalalgorithmsfor
G3

SPD, G4
SPD, andG5

SPD scenes.

5.1 Moti vation

Givenakd-tree,whichapproximatelyrepresentsthedistancebetweenobjectsin thescene,we needan
algorithmthat for a givenray R identifiesthesequenceof thekd-treeleavesintersectedby R. We call
this algorithmthe ray traversal algorithm. It shouldbe efficient, robust, andassimpleaspossibleto
implement.

The first ray traversalalgorithmfor the kd-tree wasdevelopedby Kaplan [94], togetherwith the
first useof theBSPtreeto accelerateray tracing. Thealgorithmbasedon repetitive computationof a
point-locationsearchalongtheray pathwithin thekd-treewaslatercalledthesequentialray traversal
algorithm. Further, Jansen[91] introduceda recursiveray traversal algorithm thatsignificantlydiffers
from thesequentialalgorithmin theway it identifiesthenodesof thekd-treeto bevisited. This algo-
rithm recursively descendsthebranchesof thekd-treealongtheray path,startingat theroot node,and
visits eachnodeat mostonceperray. Theefficiency androbustnessof therecursive ray traversalalgo-
rithm wasfurtherimprovedby Havranetal. [82]. MacDonaldandBooth[105] describedaraytraversal
algorithmthatusesneighbor-links startingon the facesof leavesof thekd-tree,furtherelaboratedby
HavranandBittner [80]. Here,we call it theray traversal algorithmwith neighbor-links.

5.2 BasicTerminology

In this sectionwe describesometerminologyusedin this chapter. The input of the ray traversalal-
gorithm is a ray R anda kd-treethat is constructedfor a particularscene³ . Thesetwo input entities
give two basicinput configurationsaccordingto themutualpositionof theorigin of a ray andtheaxis-
alignedboundingboxof thescene�%�&�*³.� . Thefirst configurationis whentheorigin of a ray is located
outside�%�&�*³+� . Wecall thisa raywith externalorigin. Whentheorigin of a ray is locatedinsideor on
theboundaryof �%�&�*³.� , we call it a raywith internalorigin.

GivenarayR andan �%� intersectedby R,wecandistinguishtwo importantpointsalongtheraypath
andthustwo signeddistances.ThepointwhereR entersthe �%� is calledentrypointA; thiscorresponds
to theentrysigneddistance. Thepoint whereR leavesthe �,� is calledexit point B; this corresponds
to theexit signeddistance. A ray traversalalgorithmcanuseknowledgeof whetherit processesa ray
with internalor externalorigin andpossiblysomeadditionaldatastructures.

93
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Eachray traversalalgorithmhasits own prosandcons,resultingin variousaveragecostsof one
traversalstepC̃TS andaveragenumberof traversalstepsper ray (parameters̃NTS, ÑETS, and ÑEETS

of subset∆ of the minimum testingoutput,seeChapter2). A correctly implementedandrobust ray
traversalalgorithmshouldvisit eachleaf alongthe ray pathexactly oncefor an arbitraryray. In this
caseonly ÑTS from subset∆, andTR, Θrat , andΘRUN from subsetΘ of theminimumtestingoutputcan
beinfluencedby thepropertiesof theray traversalalgorithm. Whena ray traversalalgorithmrequires
someadditionaldatastructuresusedonly for traversalpurposes,subsetsΣ and∆ canalsobeinfluenced.
TheC-pseudocodesof all raytraversalalgorithmsdescribedin thischapteraregivenin theAppendices.

5.3 Previous Work

In this sectionwe describein detail all threetypesof ray traversalalgorithmsfor kd-treesdeveloped
in thepast.

5.3.1 SequentialRay TraversalAlgorithm TAseq

The sequentialray traversalalgorithm designedby Kaplan [94] is simply the repetitive application
of a point-locationsearchin the kd-tree along the ray path. We denotethe sequentialray traversal
algorithmby TAseq.

Let usdescribeTAseq. WedenotebyU thepointalongtheray. ThepointU is usedto locatecurrently
visitedleafof thekd-tree.First,TAseqdeterminesaninitial pointU alongtheray, whichservesto search
thefirst leaf to be visited. If a ray hasan externalorigin, thepoint U is equalto theentry point A of�,�-�*³.� . If a rayhasaninternalorigin, thenU is equalto theorigin of theray. Thepoint-locationsearch
is appliedto geta leaf νE, wherefor thepointU holds:U � �%�&� νE � . If the leaf νE is not empty, the
objectspointedto in νE aretestedagainsttheray for intersection.If any intersectedobjectsarefound,
theobjectwith theclosestintersectionpoint is selected,andit is checkedwhethertheintersectionpoint
lies in the �,�-� νE � . If this is thecase,theTAseq is finished.If theleafνE is emptyor noobjectis found
to be intersectedor the intersectionpoint lies outside�%�&� νE � , theexit point B for �,�-� νE � alongthe
rayis determined.PointB is slightly movedforwardalongtheraypathto ensurethenext point-location
searchfinds the next leaf. Thenthe ray traversalalgorithmrecurses,point location is appliedagain,
etc. TAseqcontinuesuntil theclosestobjectalongtheray pathis found,or exit point B getsoutsidethe�,�-�*³.� – thusno objectis intersected.TheC-pseudocodeof TAseq is givenin AppendixA.

TAseq requiresus to know the �%� s associatedwith all leavesvisitedalongtheray path,evenwhen
theleavesareempty. This is necessaryfor two reasons:to determinetheexit point for �%� alongtheray
path,andto testif thepointof intersectionbetweentherayandanobjectlies in the �%� associatedwith
a leaf. Thefirst wayis to storethe �%� sdirectly in theleaves,whichrequiressix floating-pointvariables
in eachleaf in the kd-tree. The secondway is to computethe sizeof the �%� associatedwith a leaf
duringapoint-locationsearch,progressively restrictingthesizeof the �,�-�*³.� of thescene³ , however,
this increasestheaveragecostof ray traversalstepC̃TS.

The obvious disadvantageof TAseq is that it performsmany traversalstepswithin a point-location
search.Even if it is very likely that two successive point-locationsearchestraversea commonsubse-
quenceof interior nodesstartingat the root node,TAseq disregardsthis fact andalwaysperformsthe
point-locationsearchagain,alwaysstartingat theroot node.Whena ray traversesNl leavesbeforethe
objectintersectedis found,thenit visits theroot nodeNl -times.Althoughthecostof onetraversalstep
C̃TS is small, many interior nodesaretraversedredundantlyfor the ray, so the informationaboutthe
distancebetweenobjectsencodedin thekd-treeis notutilized well.
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5.3.2 RecursiveRay TraversalAlgorithm TAA
rec

A recursive ray traversalalgorithmtries to avoid thebasicdisadvantageof thesequentialray traversal
algorithm– eachinterior nodeandleaf of thekd-treealongthe ray pathis visited exactly once. Ob-
viously, theaveragecostof traversalstepC̃TS for the recursive ray traversalalgorithmmustbehigher
thanthatfor thesequentialalgorithm.Thecostmodelfor kd-treeconstructiondescribedin theprevious
chapterwasbasedon theassumptionthattherecursive ray traversalalgorithmis used.

Here,wedescribeavariantof therecursivetraversalalgorithmthatwasfirst introducedbyJansen[91],
which wasdiscussedin moredetailby Arvo [15], andwasalsorepublishedby Sung[148]. We further
denotethisvariantof therecursive ray traversalalgorithmby TAA

rec.
The pseudocodeof the recursive ray traversalalgorithmTAA

rec wasoutlinedin Chapter1 asAlgo-
rithm 2. Whena ray enterstheinterior nodeof thekd-tree,which hastwo child nodes,thenit decides
if bothof themareto betraversedandin whichorder. It classifiesthechild nodesof thecurrentinterior
nodeto betraversedaccordingto thepositionof theorigin of theraywith regardto thesplittingplaneas
“near” and“f ar” child nodes.Whentheray traversesonly the“near” child node,thenit descendsto this
nodeandTAA

rec recurses.Whentheray hasto visit bothchild nodes,thenTAA
rec savesthe information

aboutthe “f ar ” child node,descendsto the “near” child nodeandthenrecurses.Whenno object is
foundto beintersectedinsidethe“near” child node,the“f ar” child nodeis retrievedandTAA

rec recurses,
startingat the“f ar” child node.

The detailedC-pseudocodeof the efficient implementationof TAA
rec is given in AppendixB. The

efficient implementationusesthetraversalstackto avoid recursion.Thestackis usedto save the“f ar”
child nodeif bothchild nodesareto bevisited.

TAA
rec uniformly decideswhichchild nodesareto betraversedandin whichorder. It alwayscomputes

thesigneddistancet to thesplittingplanein thecurrentlyvisitedinteriornode.Theentryandexit signed
distancesa andb for thecurrentnodeareknown from previous traversalsteps,sincethey correspond
to thesigneddistanceswith thesplitting planesthatwerecomputedin previoustraversalsteps.For the
root node,theentryandexit signeddistances(it alwaysholdsa ² b, a is theentrysigneddistanceand
b is the exit signeddistance)arecomputedby an explicit algorithmfor the intersectionbetweenthe
ray andthe �%� [162]. Basedon the relationof the signeddistancesalongthe ray patht, a, andb it
is possibleto determinewhetherto traverseonly the“near” child (thecase: � t ² a� or � t ± b� ), or the
“near” child first andthenthe“f ar” child (thecase:a ² t ² b).

5.3.3 TraversalAlgorithms with Neighbor-Links

Here,wedescribetwo variantsof a raytraversalalgorithmwith neighbor-links. Historically, theideaof
usingtheneighbor-links for a ray traversalalgorithmin thekd-treewasintroducedin [105]. However,
no clearresultsof experimentsor sometheoreticalanalysiswerepresented.

Theray traversalalgorithmwith neighbor-links is basedon additionaldatastructures,i.e., neighbor-
links startingon the facesof �%� s associatedwith thekd-treeleaves. We describetheconstructionof
theseadditionaldatastructuresandthecorrespondingray traversalalgorithm.

5.3.3.1 Moti vation

It is supposedthat a leaf νE of the kd-tree can containat leastthe list of objectsthat intersectthe�%�&� νE � associatedwith νE. As we have seenfor the caseof the sequentialray traversalalgorithm,
a ray traversalalgorithmscanrequireadditionaldatastoredin the kd-tree leaves– for exampledata
describing�%�&� νE � explicitly. Otherwise,thecostof the traversalstepis increased,sincethe �%� s of
leavesvisited would hadto be computedon the fly during the point-locationsearch.A ray traversal
algorithmthat usesneighbor-links mustalwaysstoretheseadditionaldatastructuresexplicitly inside
thenodesof thekd-tree.
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Theray traversalalgorithmwith neighbor-links is anothermethodfor eliminatingrepetitive visiting
of theinteriornodesfor theleavesalongtheraypath,asoccursin thesequentialraytraversalalgorithm.
Unlike therecursive ray traversalalgorithmit requiresadditionaldatastructuresin theleavesof thekd-
tree.Theray traversalalgorithmwith neighbor-links canalsoavoid thedown traversalphaseneededto
locatethefirst leaf if theorigin of arayis locatedinsidethe �,�-�*³.� . Thisdown traversalphaseoccursin
boththesequentialandtherecursive ray traversalalgorithm.In applicationswith anRSA(for example,
in global illumination algorithmsfor higherorderrays)it occursquite frequentlythat theorigin of ray
OR is locatedon thesurfaceof anobjectOi in a known leaf νE, sinceOR andOi weretheanswerto a
previous ray shootingquery. It is often thecasethat this higher-orderray intersectsanobjectcloseto
its origin andthusthedown-traversalphasefrom theroot nodecanform a large portionof thewhole
timeconsumedby ray traversalalgorithm.

Thedisadvantageof raytraversalalgorithmswith neighbor-links is theincreasedcostof onetraversal
stepC̃TS comparedwith the sequentialandthe recursive ray traversalalgorithm. If many leavesare
likely to bevisitedalongtheraypath,particularlywhennoobjectis intersected,thenC̃TS canoutweigh
the numberof traversalstepsperformedin the total costof an RSAbasedon the kd-tree. For these
ray shootingqueriestheray traversalalgorithmwith neighbor-links is thusslower thana recursive ray
traversalalgorithm.Below, wedescribetwo variantsof traversalneighbor-links.

5.3.3.2 Ray Traversal Algorithm with SingleNeighbor-Links TASNL

Let usdescribeasimplerversionof a ray traversalalgorithmwith neighbor-links, whichwecall theray
traversal algorithmwith singleneighbor-links (denotedby TASNL).

In a kd-treeeachleaf νE is associatedwith its axis-alignedboundingbox, �%�&� νE � . Each �%�&� νE �
hassix facesof a rectangularshapethatwe call leaf-faces. Let F � νE � denotea leaf-faceof the �%�&� ν �
associatedwith theleaf νE. For thesake of conveniencewe herecall an �%� associatedwith a leaf the
leaf-cell. If two parallelleaf-facesassociatedwith theleaf-cellsof two leaveshavesomeintersectionof
rectangularshape,thentheleavesarecalledneighborleaves.

Given a leaf-faceF � νE � andits neighborleaves therearetwo mutualgeometricrelations. Firstly,
thereis only oneneighborleafν correspondingto theleaf-faceF � νE � – aleaf-faceF � νE � is completely
containedin the faceof the neighborleaf-cell F � ν � : F � νE �O§ F � ν � � F � νE � . Secondly, the leaf-face
F � νE � canhave intersectionwith thefacesof severalneighborleaves.

For a given leaf-faceF � νE � we call a neighbornodethe nodeν of the kd-tree with the smallest�,�-� ν � for which onefaceof �%�&� ν � containsF � νE � completely. Theneighbornodeis eithera leaf or
aninterior nodeof thekd-tree.

A single neighbor-link is a link from a leaf-face to its neighbornode. Using theselinks TASNL

canavoid many traversalstepsof interior nodesthatwould have beenperformedin thesequentialray
traversalalgorithm.Wehave to constructtheselinks andstorethemfor all thefacesof all leavesin the
kd-tree.Fig. 5.1(b) shows anexampleof singleneighbor-links for ascenein IE2.

Construction Algorithm

Theconstructionof singleneighbor-links is straightforward. For eachfaceof eachleaf in thekd-treea
singleneighbor-link is setup. Thisrequiresthatwestoresix pointersin eachleafof thekd-tree,regard-
lessof whetheror not the leaf is empty. For a given leaf-faceF � νE � thekd-treeis searched,starting
from therootnodeof thekd-tree.In eachstepthesearchcontinuesin thesubtreethatcorrespondsto a
cell intersectingthefaceF � νE � . If thefaceF � νE � is split by theplanereferredin thecurrentlyreached
node(i.e., it intersectsbothsubtrees),thesearchis terminated.A singleneighbor-link to theneighbor
nodeobtainedby thesearchis storedwithin theleaf-facethealgorithmwasapplied.TheC-pseudocode
of thealgorithmfor constructingsingleneighbor-links is givenin AppendixD.
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Assumethatakd-treehasn leavesandits averagedepthis ��� logn� . For eachfacethedown traversal
takes ��� logn� stepson average.It is appliedon 6 � n faces.Hencethecomplexity of thealgorithmis��� n � logn� .

Figure5.1: (a)Scenein IE2. (b) A kd-treewith singleneighbor-links. (c) A kd-treewith neighbor-links
trees.

5.3.3.3 Ray Traversal Algorithm with Neighbor-Links TreesTANLT

The ray traversalalgorithmTASNL usesneighbor-links to locatea neighborleaf for a ray leaving the
leaf-faceof the currentleaf. Single neighbor-links point either to leaves or to interior nodesof the
kd-tree. We denotea singleneighbor-link thatpointsto an interior nodeof thekd-treeasan indirect
neighbor-link. After anindirectneighbor-link is used,thesearchdown to thenext leaf on theray path
continuesasin thesequentialray traversalalgorithm.Eachindirectneighbor-link in thekd-treecanbe
replacedby aneighbor-links tree, whichsolvesthesearchproblemmoreefficiently. Thecorresponding
ray traversalalgorithmis morecomplicatedandinvolvestheconstructionof additionaldatastructures.
Wecall it theray traversal algorithmwith neighbor-links trees(denotedby TANLT ).

Let us discussthe motivation for replacingindirect neighbor-links with neighbor-links trees. Al-
thougha leaf-faceis two-dimensional,a searchwith an indirect neighbor-link is performedin three
dimensions.This is thepotentialinefficiency spotof TASNL. An auxiliary spatialdatastructurecalled
a neighbor-links treeenablesus to replacethe three-dimensionalsearchby a two-dimensionalsearch.
Further, wediscusstheconstructionof neighbor-links treesin detail.

A neighbor-links tree is a two-dimensionalkd-tree that is formedby pruning the splitting planes
in the neighbornodeto a given leaf-face. The prunedsplitting planesareeitherparallel to the plane
supportingtheleaf-faceor they donot intersecttheleaf-face.Thefirst way, pruningthesplittingplanes
parallelto theplanesupportingtheleaf-face,eliminatesonedimensionfor apoint-locationsearch.The
secondwayis basedontheprojectionof theneighborleaf-facesto theplanesupportingagivenleaf-face
thatdecreasesthenumberof nodesin aneighbor-links treeandthusthenumberof traversalsteps.Only
splitting planes(projectedaslinesto theplane)intersectingtheleaf-faceareusedin theneighbor-links
tree. This pruningcorrespondsto clipping the two-dimensionalkd-treeagainsta rectangleformedby
theleaf-face.

Thealgorithmconstructingtheneighbor-links treereplacesanindirectneighbor-link for a leaf-face
F � νE � by thecorrespondingneighbor-links tree.Startingfrom thenodethat theindirectneighbor-link
pointsto,aconstraineddepth-first-search (DFS)onthekd-treeis performed.Only subtreescorrespond-
ing to thecells that intersecttheleaf-faceF � νE � arevisitedduringtheDFS.Only thenodeswherethe
facesintersectthe leaf-faceF � νE � areaddedto theneighbor-links tree. An exampleof a kd-treewith
neighbor-links treesfor ascenein IE2 is depictedin Fig. 5.1(c).

Two-dimensionalclipping of a neighbor-links tree is depictedin Fig. 5.2. On the left sideof this
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Figure5.2: Building of neighbor-links tree:left - unclipped,right - clipped.

figure a leaf-faceis shown (smallerrectanglewith thicker edges)for which the neighbor-links treeis
built. The large rectangleis a projectionof the correspondingneighbornodesubtreeonto the plane
supportinga givenleaf-face.Thenumbersmarkingthesplitting planesdenotethedepthof thenodein
the subtree(the root nodeof the subtreeis at depthzero). Note that the first splitting plane(the root
nodeof the subtree)alwaysintersectsthe leaf-facewhich the neighbor-links treeis built for. On the
right sideof Fig. 5.2 a neighbor-links treeis constructedby clipping thesubtreeagainstthe leaf-face,
which resultsin theminimumnumberof splitting planesin theconstructedneighbor-links tree. Three
grey rectanglescorrespondingto neighborleaves depict partsof the leaf-facewherethe traversal is
acceleratedowing to theclipping.

5.3.3.4 Ray Traversal Algorithm for Neighbor-Links

The ray traversalalgorithm for the kd-tree using neighbor-links follows the sequentialray traversal
algorithm.It replacestheredundantpoint-locationsearchthatalwaysstartsfrom therootof thekd-tree
by thatonethatstartsin thenodepointedto by a neighbor-link. It alsorequiresto explicitly storethe�,� of leavesdirectly in leaf nodestructure.The ray traversalalgorithmconsistsof two components:
theexit-facedeterminationandthepoint location.

Assumethe ray traversalalgorithmstartsin a certainleaf νE. Whena ray doesnot intersectany
objectpointedto in νE, we requireto locatethenext leaf νE

next sothat �%�&� νE
next � is piercedby theray.

First,we determinetheexit-faceF � νE � that is intersectedby theray in its positive direction.Knowing
theexit-faceF � νE � , theexit-point B lying alongthe ray pathandon theexit-faceF � νE � is computed.
Thenwe follow the neighbor-link correspondingto the exit-faceF � νE � , thusobtaininga nodeνnext .
Whenνnext pointsto a leaf, we follow this leaf directly (νE

next
Å νnext ). Otherwise,therearetwo cases

accordingto useof eitherTASNL or TANLT .
TASNL: The nodeνnext correspondsto an indirect neighbor-link and we perform a point location

searchfor exit point B in thekd-tree,but startingat νnext .
TANLT : The nodeνnext correspondsto the root nodeof a neighbor-links tree. We performa point-

location searchfor exit point B to determinethe next leaf νE
next , but startingat the root nodeof the

neighbor-links tree(νnext ), comparingthecoordinatesof theexit-point B to thesplitting planesof the
interiornodesof theneighbor-links tree.

If the ray-traversalis terminatedin a leaf νE
T by an intersectingobjectat a point I , thenthe leaf νE

T
canbe usedto start the ray-traversal for all the raysspawned from the point I (higherorder rays in
global illumination algorithms,etc.). In this casethe initial down-traversalphaseto the first leaf is
avoided. Most of the traversalstepsareeliminatedwhenthe ray traversalalgorithmvisits only a few
leavesalongtheray.

If theorigin of a ray lies outside�%�&�*³+� , theentrypoint A of theray with respectto �%�&�*³+� mustbe
computed.Theentrypoint A is usedto locatethefirst leaf whose�%� is piercedby theray. Theleaf is
foundusingthepoint-locationsearchin thekd-treestartingat theroot node.
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5.3.3.5 Algorithm Analysis

The ray traversalalgorithmwith neighbor-links treesrequiressomememoryto storethe two-dimen-
sionalkd-trees,andthusadditionalpreprocessing.On theotherhand,it furtherdecreasestheaverage
numberof traversalstepsper ray, which canbe particularlyusefulwhencomputingthe resultof ray
shootingqueriesfor higherorder rays in global illumination algorithms. The startingleaf to initiate
thetraversalis alsoknown whentheviewpoint for primaryraysin a global illumination algorithmlies
insidethe �,� of thescene.

MacDonaldandBooth [105] haveshown thattheaveragenumberof neighborleaf-cellsperleaf-face
is alwayslower thantwo for anoctree.It seemsdifficult to analyzethecaseof akd-treewith arbitrarily
positionedsplitting planes.Nevertheless,we have found [80] experimentallythat this numberis on
averageboundby a smallconstant(smallerthanfour) independentlyof thedepthof thekd-tree. This
observation is important,sinceit boundstheaveragesizeof neighbor-links treesaswell astheaverage
numberof point-locationsearchtraversalsteps(traversalstepswithin theneighbor-links tree).Assum-
ing that thenumberof leavesin kd-treeis n (whenusingautomaticterminationcriteria,n � O � N � for
N objects),the constructionof neighbor-links treesin TANLT also takes ��� n� time, requiring ��� n�
memory.

5.4 New RecursiveRay TraversalAlgorithm

In thissectionwedevelopanew recursive ray traversalalgorithmTAB
rec thatis robustandmoreefficient

thanTAA
rec, i.e., it hassmallerexpectedcostof onetraversalstep. This algorithmwasintroducedby

Havranetal. [82].
Beforewe startwith a descriptionof the new recursive ray traversalalgorithmwe classifyall the

possibleconfigurationsbetweenarayandthekd-treeinteriornodegeometrythatcanoccurwhenaray
entersthe interior node. This classificationallows us to analyzethe problemsarisingwith TAA

rec and
subsequentlyto designanew morerobustray traversalalgorithm.

5.4.1 TraversalClassification

Whenvisiting aninteriornodeν of thekd-tree,wemustdecidewhichchild node(s)of ν areto bevisited
andin which order. Therecursive ray traversalalgorithmdecidesamongsometraversalcasesinduced
by thegeometryof theproblem.Theinputof a thealgorithmis a ray R, theaxis-alignedboundingbox�%�&� ν � , thepositionandorientationof asplittingplaneΠ thatsplits �%�&� ν � into two new �,� sassociated
with thechild nodes.Fromthis input datawe cancomputethe intersectionpoint I betweenR andΠ,
theentrypointA andtheexit pointB betweenR and�%�&� ν � . TherelationshipsbetweenI , A, andB then
specifywhichchild nodesareto bevisitedandin whichorder.

Let usclassifyall possibletraversalcases.Theclassificationis depictedin Fig. 5.3 for oneorienta-
tion of thesplitting plane. In the left columnthe originsof raysarelocatedbelow the splitting plane
(negative, caseN), in the middle columnabove the splitting plane(positive, caseP), andin the right
columntheoriginsof raysareembeddedin thesplittingplane(zero, caseZ). A localcoordinatesystem
referencedto the splitting planeis taken for classification.We call thechild nodebelow the splitting
planeleft andabove thesplitting planeright.

Theclassificationdepictstherayswith externalorigin with athick cross,andpossibleinternalorigin
is denotedby a thin cross.A raycanhave aninternalorigin (a ² 0) in all thecasesdepictedin Fig. 5.3,
excludingcasesN5 andP5,becausethesewouldbecomeequivalentto casesP1andN1, respectively.
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Figure5.3: Classificationof mutualpositionsbetweena ray andakd-treeinterior node.

5.4.2 Analysis of TAA
rec

Herewe analyzeTAA
rec andshow our motivationfor designinga new recursive ray traversalalgorithm.

Thetraversalstepbasedoncomparingthesigneddistancesin TAA
rec suffersfrom therobustnessproblem

if theorigin of a ray is embeddedin thesplitting plane(traversalcasesZ1 andZ3 in Fig. 5.3). In this
caseTAA

rec cannotcorrectlydeterminewhetherto traverseeither the left or the right child. This can
leadto anincorrectselectionof thechild nodeto betraversedin thenext step.ThetraversalcasesN2
andP2 arealwayssolved correctly, becausethesigneddistanceis computedasan overflow (positive
or negative) andthe“near” child is selected.For caseZ2 any of thetwo child nodescanbeselectedto
obtainacorrectresult.

Whenan incorrectchild to visit is selectedfor casesZ1 andZ3, the resultof theRSAis incorrect.
The impacton thevisualquality of animagein a global illumination algorithmthatusesTAA

rec canbe
significant.For example,in raycastingwhentheviewerpositionandthustheorigin of theprimaryrays
is embeddedin thesplittingplaneof therootnodeof thekd-tree,thenthepartof theimageis incorrect
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(in the worst-caseit is completelymissing). We have found two ways to deal with the robustness
problemof TAA

rec. First, we can add two more conditionsto TAA
rec to recognizethe occurrenceof

caseZ1 andZ3 (if ¤ ε ² t ² ε), whereε is a small positive constant)andthenonemoreconditionto
distinguishbetweenZ1 andZ3. Thisapparentlyfurtherincreasestheaveragecostof traversalstepC̃TS.
Second,wecanlook at theproblemof aray traversalalgorithmfrom adifferentperspective,anddesign
anew recursive traversalalgorithm.We follow thissecondwaybelow.

5.4.3 Designof a Recursive Ray TraversalAlgorithm TAB
rec

Uniformity of thealgorithmdeterminingbetweentraversalcases,andlackof robustness,canbeenseen
asthemaindisadvantagesof TAA

rec. Therefore,weanalyzetheproblemof traversingarayin thekd-tree
morethoroughly, anddesigna new recursive ray traversalalgorithm,furtherdenotedby TAB

rec. It has
lowerexpectedaveragecostfor onetraversalstepC̃TS and,in addition,it alwayssolvesall thetraversal
casesdepictedin Fig. 5.3correctly.

5.4.3.1 Theoretical Considerations

The ideabehindimproving the efficiency in TAB
rec is statisticaloptimization,andmakinguseof the

perpendicularityof thesplittingplanesto thecoordinateaxes.Traversalcasesoccurringlessfrequently
canbeperformedwith a highercost,andtraversalcasesoccurringmorefrequentlywill beperformed
with a lower cost. Themosttime-consumingtraversalcasesof TAA

rec areN4 andP4; the“f ar” child is
pushedontothestack.Theprobabilityof thesetraversalcasesis importantfor theefficiency of theray
traversalalgorithm.

We shouldthusestimatetheprobabilityof varioustraversalcases.We estimatethemusingthegeo-
metricprobabilitytoolsalreadydescribedin Subsubsection4.2.3.1.We assumethat �%�&� ν � associated
with an interior nodeν is split in the spatialmedian(seeSection4.2.2),subdividing the �%�&� ν � into
halves– this correspondsto theBSPtreeconstructionasdepictedin Fig. 5.4. Let thesizeof �%�&� ν � in
IE3 bew Ñ d Ñ h. For thesake of simplicity of theanalysis,we furtherassumethat the �%�&� ν � is cubic
in shape(w � d � h). In IE3 we needthreesubdivision stepsto gettheleavesassociatedwith the �%� s
cubicin shapeagain.

Figure5.4: Three-stepsubdivision of �%� usingaspatialmedian.

We candeterminetheprobabilitiesthata ray piercesthe left node(pLO) only, the right node(pRO)
only, andbothof them(pLR ¢ pRL). We demonstratetheuseof geometricprobabilityto computepLR ¦
pRL, which correspondsto the traversalcasesN4 andP4. Further, we denotepLR� RL � pLR ¦ pRL,
as shown in Subsection4.3.1, pLR � pRL, since this correspondsto the casewhen a ray intersects
the splitting planeinside the �,� . The probability of intersectingthe splitting planeput in the first
subdivision steppI

LR� RL (w � d � h, a � wª 2) is computedas:

pI
LR� RL � d � h

w� h ¦ w� d ¦ d � h � 1
3

(5.1)

The probability pI I
LR� RL of intersectingthe splitting planeput in the secondsubdivision step(h � d,

a � b � hª 2) is:

pI I
LR� RL � a � h

a � d ¦ d � h ¦ a � h � 1
4

(5.2)
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Similarly, the probability pI I I
LR� RL of intersectingthe splitting planeput in the third subdivision step

(a � b � c � hª 2) is:

pI I I
LR� RL � a � b

b� h ¦ a � h ¦ a � b � 1
5

(5.3)

Sincetheprobabilitiesarerationallinear functions,it canbeshown that they have no local extreme
for any of w, d, h, a, b, andc. Sincethesubdivision stepsaremutually independentstartingwith the�,� of cubicshape,we cancomputetheaverageprobability pLR� RL asfollows:

pLR� RL � 1
3
�_� pI

LR� RL ¦ pI I
LR� RL ¦ pI I I

LR� RL � � 47
180

�� 0 � 261 (5.4)

Whenaraytraverseswithin therecursive ray traversalalgorithmthewholekd-treewithout intersect-
ing an object,it canbeshown that, for rayswith uniform distribution probability, pLR� RL dependson
thesumof thesurfaceareasof �%� facesin thekd-treeformedby thesplitting planes.Let us remark
that thestatisticallyworstcaseoccursfor thespatialmediansubdivision of thecubiccell: w � d � h,
a � b � c � wª 2. In this casethe facescorrespondingto the splitting planesarealsouniformly dis-
tributed in the kd-tree,so the probability of intersectingthe splitting planesby uniformly distributed
raysis thehighestpossible.

5.4.3.2 Experimental Statistics

Wesupportourtheoreticalconsiderationsby theresultsof experimentsfor testingprocedureTPD, which
wereperformedon severalscenesfrom G4

SPD (seeSection3.5 for moreinformationaboutthescenes).
Table5.1showsthestatisticsof thetraversalcases,andtheunderlyingkd-treeswerebuilt with ordinary
surfaceareaheuristic.

Scene

Probability balls4 tetra6 mount6 gears4 Average

pN1� P1 0.296 0.18 0.434 0.439 0.337

pN2� P2 0.0004 0.0 0.0002 0.0004 0.0003

pN3� P3 0.328 0.39 0.292 0.345 0.339

pN4� P4 0.244 0.208 0.205 0.158 0.204

pN5� P5 0.133 0.221 0.07 0.057 0.12

pZ1� Z2 � Z3 0.0 0.0 0.0 0.0 0.0

Table5.1: Traversalcasestatisticsfor SPD scenesfor TPD.

Pop operationsfrom stackarenot includedin the table to get the probabilitiesin correspondence
with thetheoreticalanalysis.Thesepopoperationsareperformedwith a lowerprobabilitythanpN4� P4,
sincewhena ray hitsanobjecttheremainingnodesstoredin thestackarenotused.

We canseethat pN4� P4 ² pLR� RL, which enablesus to designa new ray traversalalgorithmwith
improvedperformanceif casesotherthanN4 andP4aresolvedefficiently in thenew algorithm.

5.4.3.3 NewRecursive Ray Traversal Algorithm TAB
rec

Theuseof thesigneddistancesfor classifyingthetraversalcasesin TAA
rec leadsto therobustnessprob-

lem. For this reasonalgorithmTAB
rec discardstheconceptof “near” and“f ar” child nodesandsimplifies

thedecisionphasein thetraversalstepto thefollowing traversalcases:
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� visit theleft child only,� visit theleft child first andtheright child afterwards,� visit theright child first andtheleft child afterwards,� visit theright child only.

Theoretically, thesefour traversalcasescould be distinguishedby performingat least Ô log24Õ � 2
comparisons,which takesa lowernumberof conditionsthanthenumberof conditionsusedin TAA

rec.
ThealgorithmTAB

rec usesfor thedecisionstepa decompositionof the traversalcasesbasedon the
mutualpositionof theentry/exit point andthesplitting planepositiongiventhesplitting planeorienta-
tion. Without lossof generality, wefurtherassumethatthesplittingplaneis perpendicularto thex-axis.
Weshow thedifferencebetweenTAA

rec andTAB
rec on thetraversalcaseN1, seeFig. 5.5.

Figure5.5: TraversalcaseN1.

Algorithm TAA
rec: First, thesigneddistancet to thesplitting planeis computed.Thenthe“near” and

“f ar” childrenaredetermined;in Fig. 5.5 the “near” child is below the splitting planeandthe “f ar”
child is above thesplitting plane.If thesigneddistanceis smallerthanzero(t ² 0 � 0), the“near” child
is selected.

Algorithm TAB
rec: If theprojectionof entrypoint A to thecurrentaxis(x-axis,which correspondsto

theorientationof thesplitting plane)is lessthanor equalto thepositionof thesplitting plane(xA ¸ xI )
andtheprojectionof exit point B to thecurrentaxis is lessthanor equalto thepositionof thesplitting
plane(xB ¸ xI ), thechild below thesplitting plane(left) is selected.

ThealgorithmTAB
rec doesnot requirethesigneddistanceto thesplittingplaneto distinguishbetween

traversalcases.This is enabledby the orthogonalityof the splitting planesin the axis-alignedform
of the kd-tree. TAB

rec thenusesa comparisonbetweenthe coordinatesof the entry/exit point andthe
positionof thesplitting plane.

Theclassificationof traversalcasesis simplifiedto acomparisonbetweenrealnumbersin TAB
rec. The

penaltypaidfor this low costtraversalstepis theneedto computeall coordinatesof thenew exit point
lying on thesplitting planefor thetraversalcasesN4 andP4. This is themosttime consumingpartof
TAB

rec. As wehaveshown above,thecaseN4 andP4occurswith sufficiently low probability(p
�� 0 � 26)

so that the total efficiency of TAB
rec canbe improved in comparisonwith TAA

rec. TheC-pseudocodeof
theefficient versionof TAB

rec is givenin AppendixC.

5.4.3.4 Handling Singular Traversal Cases

ThealgorithmTAB
rec dealswith thesingularcases(Z1, Z2, andZ3) correctly, becausetheclassification

is basedon acomparisonof thesplitting planepositionandtheentry/exit point coordinates.
The issueof calculationimprecisionis importantfor computingthesigneddistanceto thesplitting

planeandthusnew exit point coordinates.Naturally, during thedescendingphaseto thefirst leaf the
signeddistanceof a new exit point is smallerthanfor thecurrentexit point. An incorrectresultwould
occurdueto thefinite representationof realnumbers,andthereforewe shouldanalyzethis case.Let u
denotethedifferencebetweenoneof thecoordinatesof theorigin of a ray andthesplitting plane,and
let DR

a denotethecomponentof the ray directionfor thea-axis. For thenormalizedvectorof the ray
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directionalwaysholdsDR
a ¸ 1 � 0. Thesigneddistanceto thesplitting planeis computedas: t � uª DR

a .
From knowledgeaboutthe representationof real numbers[1] it can be shown that imprecisioncan
arisefor ÐDR

a ÐØ× 1 and Ð u ÐØÙÚÐDR
a Ð . We canshow by contradictionthat this problemwith calculation

imprecisiondoesnot arisein TAB
rec, sincethe rangefor u andv asstatedabove cannotoccur in the

traversalcasesN4 andP4.

5.4.4 ComparisonbetweenTAA
rec and TAB

rec

Thetime complexity of traversalcasesin TAA
rec andTAB

rec canbeexpressedin termsof thearithmeti-
cal operationsrequired. Table5.2 shows the traversalcomplexity for all traversalcasesin the algo-
rithm TAA

rec.

Arithmeticaloperation
Traversalcase � ² ® Ñ ª Inc

Dec

N1 � P1� 5 4 1 0 1 0
N2 � P2� 5 3 1 0 1 0
N3 � P3� 5 3 1 0 1 0
N4 � P4� 9 5 1 0 1 1
N5 � P5� 5 5 1 0 1 0
Z2 5 3 1 0 1 0
pop 3 1 0 0 0 1

Table5.2: Traversalcomplexity for thealgorithmTAA
recin termsof arithmeticoperations.

Table5.3givesthetraversalcomplexity in termsof arithmeticaloperationsfor all traversalcasesin
thealgorithmTAB

rec.

Arithmeticaloperation
Traversalcase � ² ® Ñ ª Inc

Dec

N1 � P1� 2 3 0 0 0 0
N2 � P2� 2 3 0 0 0 0
N3 � P3� 2 3 0 0 0 0
N4 11 5 3 2 1 1.3
P4 11 4 3 2 1 1.3
N5 � P5� 2 3 0 0 0 0
Z1 2 4 0 0 0 0
Z2 � P3� 2 3 0 0 0 0
pop 3 1 0 0 0 0

Table5.3: Traversalcomplexity for thealgorithmTAB
rec in termsof arithmeticoperations.

Below, wecompareTAA
rec andTAB

rec basedontheaveragenumberof arithmeticaloperationsrequired
for onetraversalstep.Theprobabilitiesfor differenttraversalcasesareobtainedby averagingtheresults
of experimentsfor severalscenes.

Sincethe recursive ray traversalalgorithmalso includesthe pop operation,this mustbe included
in the statisticsunlike for Table5.1. That is why the probability valuespresentedin Table5.1 differ
from thosepresentedin Table5.4. Sinceobjectscanbe hit during the traversal, the probability for
pop operationppop is smaller than probability pN4� P4. The probabilitiesin Table 5.4 are the most
unfavorablefor algorithmTAB

rec, which includesthehighestpN4� P4.
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Probability Withoutpop With pop

pN1� P1 0.308 0.262
pN2� P2 0.0002 0.0002
pN3� P3 0.294 0.25
pN4� P4 0.261 0.2236
pN5� P5 0.134 0.114
pZ1 � 2 � 3 0.0 0.0
ppop – 0.15
∑ p 1.0 1.0

Table5.4: Probabilitiesusedfor comparisonof TAA
rec andTAB

rec.

Table5.5shows a comparisonof TAA
rec andTAB

rec basedon thenumberof arithmeticaloperationsto
be computed.The numberof theseoperationswascomputedasa weightedsumof thecountsof the
arithmeticaloperationsshown in Table5.2 andTable5.3 usingtheweightsgiven in Table5.4. In the
statisticallyworstcase,thetheoreticalspeedupof theTAB

rec over TAA
rec achievesavalueof about1 � 2.

Arithmeticaloperation

Algorithm � ² ® Ñ ª Inc
Dec

TAA
rec [-] 5.60 3.07 0.85 0.0 0.85 0.37

TAB
rec [-] 4.01 3.03 0.67 0.45 0.22 0.29

TAA
rec

TAB
rec

[-] 1.40 1.01 1.27 – 3.79 1.28

Table5.5: ComparisonbetweenTAA
rec andTAB

rec basedon numberof arithmeticaloperations.

We alsocomparedTAA
rec andTAB

rec experimentally. The resultsof experimentsareincludedfor all
G3

SPD, G4
SPD, andG5

SPD SPD scenesin AppendixE, andaresummarizedin thenext section.Obviously,
theparametersTR, Θrat , andΘRUN of theminimumtestingoutput(seeSection2.5)differ. In summary,
the costof onetraversalstepof TAB

rec wasdecreasedby 22% on averagecomparedwith TAA
rec. The

results[82] of us from experimentsthat were performedon different computerarchitecture(MIPS
R4400,200MHzrunningIrix 6.2)showedusthatthecostof thetraversalstepof TAB

rec canbedecreased
evenmore,by 47%loweron averagethanfor TAA

rec, but it reachedfrom 53%to 35%in dependenceon
theinput scene.Theresultsof thepreviousexperimentsarepresentedin Table5.6.

We do not want to speculatewhy theresultsof experimentsperformedon variouscomputedarchi-
tecturesdiffer, sincethis is aprobleminherentto thepointsHW andCOMP, seeSection2.7.A possible
reasonis that MIPS architecturecanexecutebetterthe part of TAB

rec, which computestraversalcases
N4 andP4,sincemostof thecomputationcanbeperformedusingmorethanonefloatingpoint unit.

Theray traversalalgorithmTAB
rec handlesall thetraversalcasescorrectlyandalwaysperformsbetter

thanTAA
rec. An interestingpropertyof TAB

rec is that the entry andexit points,which in TAB
rec, unlike

TAA
rec, arealwayscomputed,canbeuseddirectly for ray-boundingboxculling [136].

5.5 Summary of Results

In thissectionwesummarizetheresultsof experimentsonall ray traversalalgorithmsdescribedabove.
Sincethe testingprocedureTPD is the same,the input setof queryrays,the parametersin minimum
testingoutputinfluencedby theray traversalalgorithmareonly thefollowing:
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Scene

Algorithm balls4 tetra6 mount6 gears4

TR � TAA
rec� [s] 94.21 7.86 122.4 307.7

TTS � TAA
rec� [s] 45.58 4.34 52.97 58.52

TTS � TAB
rec� [s] 21.71 2.81 24.83 32.22

rTS � TAB
rec

TAA
rec

� [-] 0.48 0.65 0.47 0.55

Table5.6: ExperimentalcomparisonbetweenTAA
rec andTAB

rec for MIPS R4400,200MHzrunningope-
ratingsystemIrix 6.2.ParameterTR refersto thetotal runningtimeof ray tracing(TPD), TTS to thetime
devotedto traversingthekd-tree(TTS � � 1 ¤ Θrat �D� TR � ΘRUN

ΘAPP� ΘRUN
), andrTS shows theratio betweenthe

timesdevotedto traversingthekd-treefor TAA
rec andTAB

rec.

� SubsetΣ: NG – for TANLT thenumberof genericnodesis increasedby thenodesof neighbor-links
trees,� Subset∆: ÑTS – theaveragenumberof traversalstepsperray,� SubsetΘ: TR, Θrat , andΘRUN – thetime portionof RSAdevotedto traversingthekd-tree,since
theaveragecostof traversalstepsC̃TS andÑTS is specificto ray traversalalgorithms.The time
devotedto traversingthekd-treeis TTS � � 1 ¤ Θrat �D� TR � ΘRUN

ΘAPP� ΘRUN
.

The resultsof experimentsare fully given in Appendix E, let us describethe settingsused. The
settingis alwaysdescribedfor a line X, whichcorrespondsto denotationin AppendixE. Thefollowing
ray traversalalgorithmsweretested:

Line 33,38,and43: – TAseq– sequentialray traversalalgorithm(Section5.3.1),

Line 39,44,and34: – TAA
rec – recursive traversalalgorithm(Section5.3.2),

Line 40,45,and35: – TAB
rec – recursive traversalalgorithm(Section5.4.3),

Line 41,46,and36: – TASNL – traversalalgorithmwith singleneighbor-links (Section5.3.3.2),

Line 42,47,and37: – TANLT – traversalalgorithmwith singleneighbor-links trees(Section5.3.3.3).

We decidedto verify the time requiredby ray traversalalgorithmson kd-treesbuilt with different
numberof leaves.We usedthefollowing threedifferentsettingsto build up thekd-treeson theselines
in AppendixE:

Line 33,34,35,36,and37: – settingCT1 – OSAH + ad hoc terminationcriteria with this setting:
maximumleaf depthdmax � 16 and the numberof objectsin leaves Nmax � 2 (Subsubsec-
tion 4.2.4.1),

Line 38,39,40,41,and42: – settingCT2– OSAH+ adhocterminationcriteriawith thissetting:max-
imum leafdepthdmax � 18 andthenumberof objectsin leavesNmax � 2,

Line 43,44,45,46,and47: – settingCT3– OSAH + automaticterminationcriteriawith this setting:
k1 � 1 � 2, k2 � 2 � 0, rmin

q � 0 � 75,K1
f ail � 1 � 0, andK2

f ail � 0 � 2 (Section4.5).

The experimentswere performedusing the testingprocedureTPD, in total for one ray traversal
algorithmwe performed30 Ñ 3 � 90 experiments.Theray setsinducedby TPD containrayswith both
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externalandinternalorigin. Theknown originsof higherorderrayswereusedto initiate thetraversal
whentestingtheray traversalalgorithmswith neighbor-links (TASNL andTANLT ).

Below, we comparethe ray traversalalgorithmsquantitatively. As a referencefor comparisonwe
take therecursive ray traversalalgorithmTAB

rec, sincein mostcasesit achievedthebestresults.Wecan
summarizetheresultsof theexperimentsasfollows:� TAseq – the slowest ray traversalalgorithmfor all experimentsperformed. It was in all cases

slower thanthe referencealgorithmTAB
rec. The time for traversingthe kd-tree(TTS) was60%

higheron averagethanthetime for thereferencealgorithm,in thebestcase12%(“gears9”with
CT3 setting),and in the worst case153%(“lattice29” with CT1 setting). The time TR wasin-
creasedby averageby 37%,at leastby 8%,andat mostby 100%in comparisonwith TAB

rec. The
averagenumberof traversalstepsper ray wasconsiderablyhigher thanfor the referencealgo-
rithm, on averageby 135%,at leastby 69%(“mount4” with CT1setting)andat mostby 215%
(“jacks5” with CT1setting).� TAA

REC – thetraversalalgorithmwith reasonableperformance.It wasalsoslower thanreference
ray traversalalgorithmTAB

rec for all 90 experiments.The time for traversingthe kd-tree(TTS)
was16%higheron averagethanthereferencealgorithm,in thebestcase5%(“tree15”with CT2
setting),andin the worst case36% (“tetra8” with CT1 setting). The time TR wasincreasedon
averageby 10%,at leastby 4% andat mostby 20%. Theaveragenumberof traversalstepsper
ray waspracticallyequalto thereferencealgorithmfor all theexperiments,sonovisualartefacts
dueto thelackof robustnessof thealgorithmwerefound.� TASNL – theraytraversalalgorithmwith singleneighbor-links performedbetterthanthereference
algorithmfor 20outof 90experiments.Theimprovedcasescovertheexperimentsfor sceneswith
many secondaryrays,wherethealgorithmTASNL eliminatesthedown-traversalphaserequired
by therecursive raytraversalalgorithm.However, theperformanceof TASNL for othersceneswas
lower thanfor the referencealgorithm. The time for traversingthe kd-treeTTS was8% higher
on averagethanthe referencealgorithm. In thebestcase,TTS of TASNL wasdecreasedby 18%
comparedwith thereferencealgorithm(“mount8” with CT1setting),andin theworstcaseit was
increasedby 75%(“lattice29” with CT1setting). The time TR wasincreasedon averageby 6%
comparedwith thereferencealgorithm,in thebestcaseit was10%lower, andin theworstcase
it was62%higher. Theaveragenumberof traversalstepsperray ÑTS wason averagedecreased
by 16% (“jacks3” with CT1 setting),at leastby 1% andat mostby 49% (‘lattice29” with CT2
setting).� TANLT – for 18 out of 90 experimentsthe ray traversal algorithm with neighbor-links trees
achieved betterperformancethanthe referencealgorithm. For onecasetherewasnot enough
memoryto constructtheneighbor-links treesfor oneexperiment(thescene“lattice29” with CT3
setting).Thetime for traversingthekd-tree(TTS) was17%higheron averagethanthereference
algorithm.In thebestcaseTTS wasdecreasedby 16%(“mount4”, “mount6”, and“mount8” with
CT3 settingand“mount4” with CT1 setting),and in the worst caseit was increasedby 307%
(“teapot40”with CT1setting).Thetime TR wasincreasedon averageby 12%thanthereference
algorithm,in thebestcaseit was9% lower, andin theworstcaseby 198%higher. Theseresults
contradictwith theresultsof TASNL, sincetherunningtimesfor TANLT shouldbebetterthanfor
TASNL. It wasprobablycausedby swappingvirtual memoryto thedisk andlack of robustness
andprecisionin measuringtheusertimeof theprocessin theUNIX environment,sincethecon-
structionof neighbor-links treesrequiredsomeadditionalmemory. Thenumberof traversalsteps
per ray ÑTS wason averagedecreasedby 24%whencomparedwith the referencealgorithm,at
leastby 8%(“tree8” with CT1setting)andatmostby 50%(scene“lattice29” with CT2setting);

It is alsointerestingto compareTANLT directly with TASNL. Concerningsubset∆ of the mini-
mumtestingoutput,thetime TR of TANLT wasincreasedon averageprobablydueto theabove-
mentionedswappingof memorythatwasallocatedfor neighbor-links trees.Theaveragenumber
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of nodesallocatedfor neighbor-links treeswasaboutsix nodesper leaf of thekd-tree, i.e., one
nodefor eachleaf-face.

For thesakeof clarity, all theaverage,minimum,andmaximumvaluesaresummarizedin Table5.7,
whereTAB

REC is takenasthereferencealgorithm.

Parameter

Algorithm T̃TS m� TTS� M � TTS� T̃R m� TR� M � TR � ÑTS m� ÑTS� M � ÑTS�
TASEQ 60% 12% 153% 37% 8% 100% 135% 69% 215%

TAA
REC 16% 5% 36% 10% 4% 20% 0% 0% 0%

TAB
REC - - - - - - - - -

TASNL 8% -18% 75% 6% -10% 62% -16% -1% -49%

TANLT 16% -16% 307% 12% -9% 198% -24% -8% -50%

Table5.7: A summarycomparisonof ray traversalalgorithms,whereTAB
REC is taken asthe reference

– average,minimum and maximumvaluesfor TTS, TR, and ÑTS for all 90 experimentsfor one ray
traversalalgorithm.TestingprocedureTPD wasused.SymbolM denotesthemaximum,mtheminimum
achieved.

Thedifferenceof performancefor all ray traversalalgorithmswhentestingon thekd-treesbuilt for
the different terminationcriteria (CT1, CT2, andCT3) wasnot significant. We only verified that the
higherthenumberof nodesin thekd-tree,thelower theperformanceof TASEQ comparedwith TAB

REC.

5.6 Conclusionand Futur eWork

In this chapterwe describedthreetypesof ray traversalalgorithmsfor thekd-tree,onevariantof the
sequentialraytraversalalgorithm,two variantsof therecursive raytraversalalgorithm,andtwo variants
of the ray traversalalgorithmwith neighbor-links. All thesealgorithmsfor a given ray anda scene
identify thesamesequenceof leaves,but they differ in numberof visitedinterior nodesandin theway
in which theleavesaredetermined.

For the testedscenes,the ray traversalalgorithmwith the bestperformancewasthe recursive ray
traversalalgorithmTAB

REC. For sceneswith thelargestnumberof higherorderraysit wasoutperformed
by ray traversalalgorithmswith neighbor-links. The recursive ray traversalalgorithmTAA

REC, which
suffers from a lack of robustness,andsequentialray traversalalgorithmTASEQ werealways slower
thanTAB

REC.

Futureresearchwork could includethedevelopmentof otherray traversalalgorithmswith a lower
averagecostof onetraversalstepandthe smallestpossiblenumberof traversalsteps.For individual
rays,thenumberof traversalstepsfor thecaseof therecursive raytraversalalgorithmandthealgorithm
with neighbor-links treescannotbedecreased.Thelimitation is thatwehave to visit eachleafalongthe
ray path,andwe have alreadyreachedtheminimumnumberof traversalsteps.It possiblyremainsto
decreasefurther thecostof onetraversalstep,which neednot only bean implementationissue,aswe
have shown by thedesignof therecursive traversalalgorithmTAB

rec.
A morepromisingtopic for researchis analgorithmthatselectsonefrom all implementedraytraver-

salalgorithmsfor aparticularrayshootingqueryto achievethebestpossibleperformance.Theselection
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algorithmfor a particularray shootingqueryhasthe input known or estimatedpropertiesof the input
ray with respectto thesceneconfiguration:is it probablethat theray intersectanobject?What is the
probabledistanceof an intersectionpoint? Is the ray with internalor externalorigin? Whenwe have
a ray with internalorigin, is it known which leaf of the kd-treecontainsthe origin of the ray? The
researcheffort in this direction is intertwinedwith the applicationsfor which the RSAbasedon the
kd-treeis used.
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Chapter 6

LongestCommonTraversalSequencesfor
Kd -Trees

In this chapterwe describetwo methodsutilizing spatialcoherencefor a particularsetof ray shooting
queriesthat decreasethe averagenumberof traversalstepsper ray and thus the total running time
consumedby theRSA. Thesemethodsusetheconceptof thelongestcommontraversalsequencefor the
kd-treeintroducedby HavranandBittner [78].

6.1 Moti vation

We describedvariousray traversalalgorithmsin greatdetail in the previous chapter. Until now we
have assumedthatsolvingeachsingleray shootingqueryis anindividual taskindependentof solving
otherray shootingqueries.In global illumination algorithmsit is often the casethat setof rayshave
similar directionsandorigins. This occursfor primary andhigherorderraysspawnedwith the same
point of origin, raysbetweentwo patchesthatareusedto computea form factor, etc. This raisesthe
questionwhetherit is possibleto usesuchknowledgeaboutthesimilarity of raysto furtherimprove the
efficiency of an RSA. Thebasicideaof suchan improvementfor RSAsbasedon a spatialsubdivision
is illustratedin Fig. 6.1. Rayslying within a certainconvex shaftmustpiercethe samesequenceof
genericandelementarycellsof aspatialsubdivision. Wecall thisphenomenontraversal coherence.

Figure6.1: Theconceptof traversalcoherencein two dimensions.An arbitraryray RX lying between
raysRA andRB piercesthesamesequenceof elementarycells.

We describetwo techniquesutilizing theconceptof traversalcoherence.Our first techniquedeter-
minesa longestcommontraversal sequencefor thekd-tree(furtherabbreviatedto LCTS) for a given
convex region (shaft) Ýv³ consistingsolely of leavesof the kd-tree. We call the resultingLCTS the
simpleLCTS (SLCTS). The SLCTS (if it exists) canbe usedfor all rayscontainedwithin Ýv³ . As
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will beshown later, if no intersectedobjectis foundusingthecurrentSLCTS, the ray traversalalgo-
rithm usessomeconventionalray traversalalgorithm,suchastheonewith neighbor-links presentedin
Subsubsection5.3.3.3.

Thesecondtechniqueusesamoreelaboratetreatmentof theinformationgainedduringtraversingof
thespatialhierarchy. It determinesahierarchical LCTS (HLCTS), whichcorrespondsto asequenceÞ
of nodesof thespatialhierarchy. Thesenodesform a cut of thehierarchyat the level wheretheorder
of traversednodescanno longerbepredeterminedfor all rayslocatedwithin Ýv³ . For any ray located
in Ýv³ we canavoid traversalstepsfrom theroot of thehierarchyto thenodesin Þ .

As weshow later, theLCTS conceptcanbefurtherimproved.Oneextensionprunesadjacentempty
elementarynodesof a spatialsubdivision. Another extensiondeterminesa terminationobject (if it
exists)thatis hit by all rayslocatedin Ýv³ .

The restof the chapteris organizedas follows: In Section6.2 we describethe previous work re-
latedto the approachpresentedhere. In Section6.3 we presentthe LCTS constructionalgorithmin
detail. Section6.4describesutilizing LCTS for ray shootingbetweentwo patchesandhiddensurface
removal basedonraycasting.Section6.5presentsresultsbasedonapracticalimplementation.Finally,
Section6.6concludesthechapterwith severalpossibledirectionsfor futureresearch.

6.2 Previous Work

Several papersrelatedto the LCTS concepthave beenpublished.Conceptsof generalizedrayshave
beenintroduced;conetracing[11], beamtracing[87], andpencil tracing[131]. Arvo andKirk [17]
presenteda ray classificationmethodwhichsubdividesthefivedimensionalray space.For eachcell of
this subdivision, a sortedlist of objectsis constructedanda ray is testedfor intersectiononly with ob-
jectscorrespondingto theelementarycell that is intersectedby theray. SimiakakisandDay presented
a techniquethat improvesthespacecomplexity of ray classificationby adaptively subdividing the ray
space[133]. Thememorycomplexity of thisapproachwasimprovedby Kwonetal. [102] by reducing
theray spacefrom five to four dimensions.Theray coherencetheorem[116] is a generalizationof the
light buffer [70] approach.It usesdirectionalityof raysanda binarysearch.HainesandWallace[71]
utilized the conceptof a shaft; the ray-objectintersectiontestsarerestrictedto objectsthat intersect
a shaftconnectingtwo patches.Teller andAlex [155] subdivide the viewing frustumby combining
Warnock’s visibility algorithmandbeamtracing.Similar useof coherencewaspresentedby Gonźales
andGisbertfor an octree[64]. Pyramidclipping of a spatialsubdivision aimedat a parallel imple-
mentationfor a ray traversalalgorithmwaspresentedby van der Zwaanet al. [156]. The technique
of directedsafezonesutilizing freeadjacentelementarycellswithin a uniform grid waspublishedby
Semwal [124]. Recently, Genettietal. [55] presentedanapproachfor adaptive supersamplingin object
space,usingpyramidalrays. All the methodsmentionedutilize somecoherenceconcept,which was
surveyedby Gröller [68].

Thealgorithmpresentedin thischapteris acombinationof directionaltechniqueswith ahierarchical
spatialsubdivision, i.e., with thekd-tree.Theproposedcombinationtakesadvantagesof bothrecursive
andneighbor-links ray traversalalgorithmsof thekd-treefor acertainsetof rays.

6.3 LCTS Construction

The LCTS is constructedfor a convex shaftdefinedby a setof boundaryrays. Typically, theserays
form theedgesof a frustum(if they sharetheorigin) or theedgesof a tunnel(if theraysareparallel).For
eachof theboundaryraysa traversal history is stored.This informationis usedto constructtheLCTS
thatis commonto all raysbelongingto theshaft.Wedistinguishbetweentwo typesof LCTS. Thefirst
type– asimpleLCTS (SLCTS) exploits traversalcoherenceusingonly leafnodesof thehierarchy. The
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secondone– ahierarchicalLCTS (HLCTS) alsousestraversalcoherencein thehierarchicalnodes,but
requiresmorecomputationaleffort to constructthetraversalhistory.

6.3.1 SLCTS

Theconceptof SLCTS is depictedin Fig. 6.1 for a uniform grid. Similarly for kd-tree,we assumea
convex shaftdefinedby severalraysthattraversethesamesequenceÞ of elementarycellsof akd-tree.
Thenan arbitraryray lying within the shaft traversessequenceÞ aswell. The origin of the ray has
to bepositionedin theshaft. Therearesomepotentialproblemsto be solved for SLCTS asdepicted
in Fig. 6.2:

Case1: No commonsequenceof leafnodesexist (Fig. 6.2,case1).

Case2: Having someinitial sequenceof elementarycells Þ for theraysdefininganLCTS, sothelast
commoncell for themis known. If a ray doesnot hit any objectin Þ , which cellshave to be
traversedthen?(Fig. 6.2,case2).

Figure6.2: Two potentialproblemsof SLCTSto besolved.Thenumbersmarkthedepthof thecutting
planesin thekd-treehierarchy.

We usea simplesolutionto thefirst problem;we apply any ray traversalalgorithmfor thekd-tree
describedin Chapter5. Thesecondproblemcanbesolved for thekd-treeby usingof a ray traversal
algorithmwith neighbor-links (seeSubsection5.3.3).Whenno objectis intersectedusingsequenceÞ ,
thentheraytraversalalgorithmcontinuesto thenext leafalongtherayusingeithersingleneighbor-links
or neighbor-links trees.Theray traversalalgorithmwith neighbor-links startsat thelastcell of Þ .

It is worth mentioningthat theconceptof SLCTS is applicablenot only to the kd-tree,but to any
spatialsubdivision. Then it is advantageousif the ray traversalalgorithmfor the spatialsubdivision
cancontinuefrom someelementarycell (lastcell of SLCTS) to thenext cell alongtheray without the
down-traversalphase(e.g., uniformgrids).

6.3.2 HLCTS

The secondproposedmethodusesthe HLCTS and also exploits the traversalcoherenceof interior
nodesof thekd-treehierarchy. We describethedetailsof HLCTS constructionandthecorresponding
ray traversalalgorithmbelow.

6.3.2.1 Traversal Trees

A traversalhistory for a given ray canbe storedby meansof a traversal tree. The traversaltreeis a
binary tree,whereeachnodeτ of the traversaltreecorrespondsto a nodeν in the kd-tree that was
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visited in thescopeof the traversal. Additionally, the nodecontainsinformationabouttraversingthe
nodethat reachesoneof thefollowing traversal states: LEFT, RIGHT, LEFT/RIGHT, RIGHT/LEFT,
andTERMINATION. The traversalstateTERMINATION correspondseitherto piercedleaf-nodesof
thekd-treeor interiornodesthatwerepushedon thetraversalstack,but astherayhasbeenterminated,
thesenodeswerenot usedfor furthertraversal.Othertraversalstatesexpresstheorderof thetraversal
of thekd-tree“below” nodeν. Additionally, a nodeτ of thetraversaltreecontainsa pointerto anexit-
plane, whichis aplaneboundingthe �%�&� ν � associatedwith nodeν alongtheraypath(seeFig. 6.3(a)).
Theuseof apointerto theexit-planewill bedescribedfurther.

Figure6.3: (a)Exit plane– therayleavesthemarkedleafnodeatthefacein theexit planethatis formed
by thecuttingplaneof therootnode.(b) Traversaltreecorrespondingto theray. Notationfor nodesof
traversaltree:L – LEFT, LR – LEFT/RIGHT, R – RIGHT, RL – RIGHT/LEFT, T – TERMINATION.

If nodeτ is not a leaf, thenits left child containsa pointerto the kd-treenodeν1 that wasvisited
first duringtraversing.Theright child of τ (if any) containsa pointerto thekd-treenodeν2 pushedon
thetraversalstackandthusvisitedlateror unvisited(if therayhasbeenterminatedbeforereachingthis
node).SeeFig. 6.3(b), whichdepictsanexampleof a traversaltreestructure.

6.3.2.2 Constructing Initial HLCTS

The initial HLCTS is constructedusingn traversaltrees(n ± 1) determinedfor n boundaryraysof
a given convex shaft. Using convexity, it canbe proved by contradictionthat the traversalstatesfor
somenodesof thekd-treearethesamefor all rayswithin theshaft,if thecorrespondingtraversalstates
for all boundaryraysareequal.Traversingof thesenodescanbeavoidedby descendingthehierarchy
andconstructinganorderedsequenceof nodeswherethetraversalstatesfor theboundaryraysareno
longerequal.TheHLCTS canbeseenasa cut on thekd-treeat thelevel wherethetraversalstatecan
no longerbe precomputedfrom the traversalhistoriesof the boundaryrays. Fig. 6.4 (a) depictsthe
boundaryraysof a frustum.

TheHLCTS constructionalgorithmperformsa constraineddepth-first-search(DFS) in parallelon
all n traversaltrees. If the traversalstatesassociatedwith all n currently reachedinterior nodesare
equal,thealgorithmis appliedrecursively first on the left child andthenon theright child (if any). If
thereachednodesareleavesof thetraversaltrees(state=TERMINATION) or thetraversalstatesarenot
equal,theHLCTS is enlargedusingthekd-treenodeassociatedwith thereachednodes.Additionally,
eachHLCTS entrycontainsn pointersto theassociatednodesof the traversaltrees(seeFig. 6.4 (b)).
Their usewill beexplainedfurtherin thetext.

Oncetheinitial HLCTS hasbeenconstructed,it canbeusedby theray traversalalgorithmto initiate
the traversal for all rays within the correspondingshaft. The traversalstackcan be filled using all
nodesof theHLCTS. Note that ray traversalalgorithmsusuallyassumethat theentryandexit points
areknown for thecurrentnode. UsinganHLCTS thesemustbecomputedexplicitly for eachvisited
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Figure6.4: HLCTS constructionanduse:(a) Underlyinggeometry, two boundaryraysRA andRB, the
rayRC betweenboundaryrays,andtheregionsdefinedby therays.(b) HLCTS L1 generatedfrom two
traversalhistoriesTHA andTHB correspondingto boundaryraysRA andRB. (c) HLCTS L2 generated
from traversalhistoriesof differentnumberof roots,usingTHA andTHC traversalhistoriesandHLCTS
L1. THA is accessedusingL1, THC containsfour rootnodesgeneratedfrom L1. Notation: ß X – cutof
thetraversalhistorycorrespondingto HLCTS X. TH – traversalhistory;THA , THB for boundaryrays,
THC for a ray betweenboundaryrays.

nodeof theHLCTS, sincethey have not beendeterminedrecursively asin thecommonray traversal
algorithm.Thepointersto exit planein nodesof traversaltreesareusedto solve thisproblem.
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6.3.2.3 Constructing GeneralHLCTS

TheHLCTS for a givenshaftcanberefinedfurtherby constructingHLCTS for its sub-shafts.Never-
theless,if theray traversalalgorithmdoesnot startat theroot nodeof thekd-tree,thetraversalhistory
no longercorrespondsto a singletree.Instead,thetraversalhistoryis storedasa sequenceof traversal
treeswith their rootscorrespondingto thenodesof theHLCTS thatwereusedto asinitial nodesfor
traversing.WeconsiderconstructingHLCTS for then traversalhistorieswith thefollowing properties:

Property1: All traversalhistorieshavebeengeneratedfrom thesameHLCTS andthusthey correspond
to sequencesof traversaltreesof thesamelength.

Property2: Only e traversalhistorieshave beengeneratedfrom thesameHLCTS, sayL. Othern ¤ e
historieshave beengeneratedbefore,but they have beenusedto establishL.

Thefirst casecanbesolvedsimply, by applyingthepreviously mentionedalgorithmon all n-tuples
of theroot nodes.If thealgorithmis implementedusinga stack,thesen-tuplescanbeinitially pushed
on thestackin reverseorder.

In thesecondcasetheinformationstoredwithin L is used.Although � n ¤ e� “old” traversalhistories
correspondto sequencesof traversaltreesof length l ¸àÐ L Ð , eachentry of L containspointersto the
traversal tree nodesthat correspondto this HLCTS entry. Using thesepointersthe “old” traversal
historiescanbeaccesseddirectly at the “level” correspondingto L. Thusthealgorithmis appliedon
n-tuplesof traversalhistorynodes,wheree entriescorrespondto rootsof the traversaltreesgenerated
usingL. Other � n ¤ e� entriesaredeterminedusingappropriatepointersstoredwithin entriesof L. The
problemandits solutionareillustratedin Fig. 6.4(c).

6.3.3 Further Impr ovements

Below wepresentseveralimprovementsthatcanbeusedin thescopeof theconstructionof bothSLCTS
andHLCTS.

6.3.3.1 Unification of Empty Leaves

Although the kd-tree is built adaptively with respectto the scenegeometry, it can happenthat the
LCTS containsa subsequenceÞ   of entriescorrespondingto emptyleavesof thescenekd-tree. This
is depictedin Fig. 6.5. TheLCTS constructionalgorithmcanbemodifiedto detectthis situationand
to replaceÞ%  with asingleentry. Thisapproachis analogousto directedsafezones[124] thatwouldbe
constructedon thefly.

Figure6.5: Unificationof emptyleaves. For two rayswith commonorigin threeemptyleavescanbe
found.

The modificationof the LCTS constructionalgorithmis straightforward. If a new LCTS entry X
that correspondsto an empty leaf nodeis to be added,it is first checked whetherthe last entryY of
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the constructedLCTS correspondsto an empty leaf of the kd-tree. If this is the case,the LCTS is
not enlargedby X � Insteadthe “exit-plane-node”of X is usedto replacethe exit-plane-nodeof Y � In
this way thespatialextentcorrespondingto Y is enlargedproperlyfor all rayswithin theshaft.This is
necessaryfor thecorrectbehavior of theray traversalalgorithm.

6.3.3.2 Termination Object

A remarkablereductionof traversalstepsfor raysin a givenconvex shaft Ýv³ canbeobtainedby deter-
miningasingleconvex terminationobjectthatis hit by all raysin Ýv³ . This is possibleonly if theorigin
of theraysis somehow restricted.Thisholdsfor examplefor apyramidalshaft(frustum)whereall rays
originateat thesamepoint.

If thereis a terminationobject,traversinga kd-treecanbeeliminatedcompletely. UsingLCTS we
canperformasimpletestthatoptionallydeterminestheterminationobjectfor theLCTS. Thepresented
approachis conservative, sinceit doesnotalwaysdeterminetheterminationobjectevenif it exists,but
it never givesa wronganswerif no terminationobjectexists for a givenshaft. Theterminationobject
O existsif all of thefollowing conditionshold:

Condition1: All boundaryraysof the shaft hit the sameobject O andare terminatedin the same
cell � .

Condition2: ObjectO is convex andit is theonly objectintersectingthecell � .

Condition3: Thecellsvisitedbeforereachingthecell � areempty.

If theunificationof emptyleavesdescribedabove is applied,thelastconditionreducesto oneof the
following cases:

Condition3a: Cell � correspondsto thefirst entryof theLCTS.

Condition3b: Cell � correspondsto thesecondentryandthefirst entrycorrespondsto anemptyleaf
(unificationof emptyleaves).

6.3.3.3 Initial Leaf Sequencefor HLCTS

This improvementis applicableto HLCTS only. If theHLCTS correspondsto a pyramidalshaft(frus-
tum), it canbeexpectedthatthefirst entriesof theHLCTS correspondto leavesof thekd-tree.In such
acasethis initial leaf sequenceof HLCTS formsanSLCTS.

With eachHLCTS wekeepasinglevaluen thatdenotesthenumberof leavesat thebeginningof the
HLCTS. If n � ÐHLCTSÐ , thesequencecorrespondsto a sequenceof leaf nodesof thekd-tree. In this
caseit formsanSLCTS andcannotberefinedany longer.

TheHLCTS constructionalgorithmcanbemodifiedto copy thefirst n leafnodesfrom the“parental”
sequencewithoutperformingany matching.ThepreviouslymentionedHLCTS constructionalgorithm
is appliedstartingat the � n ¦ 1� -th nodeof the HLCTS. Similarly, index n can be exploited in the
ray traversalalgorithmwherethefirst n nodescanbevisitedwithout usingany traversalstack. If the
traversalis terminatedbeforereachingthe � n ¦ 1� -th node,stackinitialization is completelyavoided.

6.4 Application of LCTS

Rayshootingwith theLCTS conceptcanbeusedin many globalillumination techniques(for asurvey,
see[149, 157]) basedon discretesamplingof spacevia rays,e.g., ray tracing,photontracing,Monte
Carlomethods,shadow determination,form factorcomputation.We discussheretwo techniquesthat
canbeusedin amoregeneralway, namelypatch-to-patchvisibility andhiddensurfaceremoval.
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6.4.1 Patch-to-patchVisibility

For the purposesof computingpatch-to-patchvisibility factors,the HLCTS is moresuitable,sinceit
canoccurthatthereis no SLCTS for sometwo patches.

The taskis to determinemutualvisibility usingray shootingfor a given two patchesin the scene.
We createconvex hulls of bothpatches,thenwe determinea setof raysthat form boundaryraysof a
convex shaftbetweentheseconvex hulls. Weconstructthetraversaltreefor eachray in thesetandthen
thecorrespondingHLCTS, which is subsequentlyusedfor anyraybetweenthepatches.

This applicationof HLCTS is similar to theconceptof shaftculling [71], but therearemajordiffer-
encesin thewayof obtainingthedesiredsetof cellsintersectingtheshaft.In shaftculling, intersection
testsbetweenshaftsandcellsareperformed,whichcanbecostly. TheHLCTS techniqueusesonly ray
shootingandthenonly non-geometriccomputationsfor HLCTS construction,which is lessexpensive.
Theresultsof applyingthesetwo techniquesarenot thesame.Generally, HLCTS determinesasuperset
of cellsdeterminedby classicalshaftculling, but in muchmoreefficientway.

6.4.2 Hidden SurfaceRemoval

Hiddensurfaceremoval that usesray shootingis usually called ray casting. For this purpose,both
HLCTS andSLCTS aresuitable;a significantreductionof traversalstepscanbeachieved by usinga
terminationobjectasmentionedin thepreviouschapter.

Thecommonorigin of rays(viewpoint) inducesthattheinitial sequenceof commonnodesin LCTS
is likely to be a sequenceof leaves(SLCTS). The moreparaxialrays,the longer the initial SLCTS.
Assumingthecellsarefartherfrom theviewpoint, theraysarelesslikely to generatethesamesequence
of kd-treeleaves. Thusthescenegeometry, thekd-treeproperties,andtheimageresolutioninfluence
thelevel of utilizationof traversalcoherence.

Thereareseveralwayshow to exploit theLCTS conceptfor hiddensurfaceremoval. We candeal
with animageasaone-dimensionalarrayof one-dimensionalarrays(scanlineapproach,usingtraversal
coherencein onedimension)or asa two-dimensionalarray(usingtraversalcoherencein two dimen-
sions).SincebothSLCTS andHLCTS techniquescanbeapplied,wehave exactly four cases:

SLCTS-1D: Scanlinewith SLCTS – this approachis basicallyundersamplingon a scanline,creating
SLCTS for two adjacentsamplesand using this SLCTS to computesamplesbetween
them.This schemeis depictedin Fig. 6.6(a).

HLCTS-1D: Scanlinewith HLCTS – this approachcanbe implementedas above, but a betteruti-
lization of traversalcoherencecombinesHLCTS with bisection. The initial HLCTS is
incrementallyrefined.Theschemeis depictedin Fig. 6.6(b).

SLCTS-2D: Two-dimensionswith SLCTS– thesamplingcanbeperformedasundersamplingnx Ñ ny

pixels. Having the sequenceof traversedleaves for the four cornersof a rectangle,the
SLCTS is createdandusedfor all the raysinsidethe rectangle.TheSLCTS-1D canbe
seenasspecialcasefor ny � 1. Theschemeis depictedin Fig. 6.6(c).

HLCTS-2D: Two-dimensionswith HLCTS – thebisectionis appliedin two dimensions;theaxis for
splitting is regularly changed.At the beginning four rayscorrespondingto thepixels in
the imagecornersarecast. In onebisectionstep,four raysarecastagainandtwo new
rectanglesarecreated.SeeFig. 6.6(d).

We shouldpoint out that all thesesamplingschemescan be appliedmore successfullywhen the
imageresolutionis highwith respectto thespacesubdivisionprojectedto theimageplane.In thiscase,
many areasin theimagehave a commontraversalsequence,whichoftenform SLCTS. An exampleof
suchaprojectionis depictedin Fig. 4.17.
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Figure6.6: Hiddensurfaceremoval samplingpatternsfor LCTS: (a) SLCTS-1D (b) HLCTS-1D (c)
SLCTS-2D (d) HLCTS-2D. Thenumbersmarktheorderin which theraysarecast.

NotethatSLCTS canalsobeusedwith bisection,but sincetherayscorrespondingto cornerpixels
arefar from beingparaxial,they do notgenerateany SLCTS. We have verifiedexperimentallythatthe
undersamplingmethodasdescribedhereis moreefficient for theSLCTS concept.

6.5 Results

We implementedall the samplingtechniquesdescribedabove for hidden surface removal and the
HLCTS approachfor rayshootingbetweentwopatches.For testing,weagainusedtheSPD scenes[69],
but wereporthereonly asubsetof G4

SPDscenes(8 outof 10scenes)dueto a lackof space.Thekd-trees
for all G4

SPDsceneswerebuilt usingtheordinarysurfaceareaheuristicwith latecuttingoff emptyspace
(seeChapter4) for adhocterminationcriteriawith thissetting:dmax � 16 andNmax � 2.

Thebasicscenepropertiesandthenumberof leavesof theconstructedkd-treesarelistedin Table6.1.
More dataon thescenes,describingtheir scenecomplexities,werepresentedin Subsection3.5.1.

Scene
balls4 gears4 lattice12 mount6 rings7 teapot12 tetra6 tree11

objects 7382 9345 8281 8196 8392 9264 4096 8191
spheres 7381 9345 2197 4 4195 - - 4095
polygons 1 - - 8192 1 9264 4096 1
cones - - - - 1 - - 4095
cylinders - - 6084 - 4195 - - -
kd-treeleaves 5253 13830 25689 8554 12924 2387 2972 3426

Table6.1: Propertiesof testingscenesandkd-treesbuilt for experiments.

6.5.1 Patch-to-patchVisibility

We have observed that it is difficult to predict whetherHLCTS constructionpaysoff for patch-to-
patchvisibility. If only a low numberof raysbetweenthe patchesis cast,thenthe time requiredfor
HLCTS constructionis not recoveredlater. For tensandhundredsof raysbetweenthepatches,HLCTS
constructioncanbe worthwhile, particularlywhenthe patchesareincrementallyrefinedasoccursin
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hierarchicalradiosityalgorithms.Thereductionin thenumberof traversalstepsdependson theshape
and the positioningof the constructedshaft in the sceneand the configurationof the objectsin the
scene.Themoreelongatedtheshaft,andthedeeperthekd-tree,thebetterimprovementof efficiency
canbeachieved.

We do not provide hereany quantitative resultsfor two reasons,sincewe found that the results
achieved experimentallyvary greatly, dependingon the above-mentionedconditions. First, the SPD
scenesarenot composedof planarprimitives– sothey areinconvenientfor testingpatch-to-patchvis-
ibility. Second,we arenot awareof any standardandwell describedalgorithmthat providesa setof
pairsof patchesfor a givenscenein a similar way ashiddensurfaceremoval providesa setof rays,as
describedbelow.

6.5.2 Hidden SurfaceRemoval

We testedhiddensurfaceremoval usingray shootingwith the recursive ray traversalalgorithmTAB
rec,

the ray traversalalgorithmwith neighbor-links treesTANLT , andLCTS traversalalgorithmsSLCTS-
1D, SLCTS-2D, HLCTS-1D, andHLCTS-2D. Sinceapplyingany LCTS techniqueinfluencesonly
the numberof traversalsteps,the averagecostof onetraversalstepandthusthe whole runningtime
(i.e., ÑTS, ÑETS, ÑEETS of subset∆ andTR, Θrat , andΘRUN of subsetΘ of minimumtestingoutput,see
Chapter2), we presenthereonly a subsetof theparameters,which neverthelessenablesusto evaluate
theresultsgivenby LCTS techniques.

The ratio of the numberof intersectionteststo minimum intersectiontestsrITM and the average
numberof traversalstepsÑTS for primaryraysfor 1024Ñ 1024imageresolution,andfor all thetraversal
methods,is shown in Table6.2.Therecursive ray traversalalgorithmTAB

rec wasusedasa referencefor
comparison.Therunningtimesin thetwo tablesincludetheconstructionof LCTSs, whicharebuilt on
thefly, sono additionalpreprocessingis performed.Table6.3shows thesensitivity of thedifferentray
traversalalgorithmsto theresolutionof theimagefor thescene“teapot12”.

Note that for thesetestson hiddensurfaceremoval the ray traversalalgorithmwith neighbor-links
treesTANLT is not efficient comparedto a recursive ray traversalalgorithm.Thefirst reasonis that the
costof onetraversalstepfor TANLT is slightly higherthanfor therecursive ray traversalalgorithm.The
secondreasonis that for hiddensurfaceremoval for the testedscenes,raysarecastfrom outsidethe
scene,somany emptyleaveshave to betraversedbeforehitting anobject.

Fig. 6.7visualizesthetraversalcoherencefor thescene“mount6” andthemethodSLCTS-2D. It is
obviousthatmostpixelsin theprojectionhave at leastonecommoninitial leafnode.

All theexperimentswereconductedon theSGI O2, MIPS R10000,180 MHz, 256 MBytes RAM,
runningthe Irix 6.3operatingsystem.All theray traversalalgorithmstestedwereimplementedwithin
theGOLEM renderingsystem[75].

6.5.3 Discussion

Successfuluseof theLCTS conceptfor patch-to-patchvisibility is conditionedby thenumberof rays
shotbetweenthepatches.Similarly, theapplicationof LCTS for hiddensurfaceremoval via raycasting
dependson imageresolution.

Let usdiscussin detailthepropertiesof hiddensurfaceremoval usingray shootingwith LCTS. The
performanceimprovementis scenedependent,but this is thecasefor all heuristicRSAs. It follows from
theresultsthathierarchicaltraversalstepsto thefirst leafaresuccessfullyavoided,andthetotalnumber
of traversalstepsis decreasedtypically by morethan60%(for scene“lattice12” asmuchas78%).This
correspondsto an improvementin performanceby 20%on average,sincemostof thecomputationis
thendevoted to ray-objectintersections.(The total running time TR doesnot include the remaining
applicationtime, the ratio of the time of RSAto the time of thewhole ray tracingis scenedependent,
andreachesfrom 40%to 75%for theusedtestscenes,see[86] andtheresultsin AppendixE.)
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(a) (b)

(c)

Figure6.7: Visualizationof thetraversalcoherenceof SLCTS-2D for thescene“mount6” (a) Normal
ray tracing.(b) Blendedwith thecolor for pixels: white– samplingpixels,red– pixelsfor which there
exists a commontraversalsequencewith at leastone leaf, green– pixels for which the terminating
objectwasfound,blue– pixelsfor which it is known thatno objectcanbehit, black – pixelsfor which
no LCTS wasfound. (c) A zoomedin partof image(b), wherethesamplingpatternis bettervisible.

Note that the recursive ray traversalalgorithmTB
rec (seeSection5.4) for an arbitraryray usedasa

referenceis highly optimizedfor SGI architecture.This meansthat the improving theperformanceof
therecursive ray traversalalgorithmby another20%on averageusingtheLCTS conceptis significant.

Specialattentionshouldbe given to the settingof the undersamplingresolutionfor SLCTS ap-
proaches.We canobserve a tradeoff betweenundersamplingresolutionandthe possibleexistenceof
SLCTS or/andits properties.If we take fewer samplesfor wholeSLCTS, thereis a lower probability
of reductionof traversalstepsfor theconstructedSLCTS. Thenumberof samplesneededto construct
oneSLCTS wasalwaysconstant,eithertwo (SLCTS-1D) or four (SLCTS-2D). Let us take pixelson
a scanlineandconstructSLCTS-1D for two pixels. Let nx bethedistancebetweenthetwo pixels. We
canthenusetheconstructedSLCTSfor n  � nx ¤ 2 pixelsif suchanSLCTSexists.Theundersampling
resolutionnx � 5 pixels is a reasonablecompromise.Thesameholdsfor SLCTS-2D, whenwe setthe
undersamplingresolutionto 5 Ñ 5 pixels. In general,SLCTS-2D enablesusto useSLCTS (if SLCTS
exists)for n    � nx � ny ¤ 4 ¤ � ny ¤ 2� ¤ � nx ¤ 2� � nx � ny ¤ nx ¤ ny pixels.For high resolutionimages,nx

(andny for SLCTS-2D)canbesetto anevenhighervalue.
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Wecanseethattwo-dimensionalLCTS methodsarebetterableto exploit coherencepropertiesthan
one-dimensionalLCTS methods.TheHLCTS performsmoreefficiently thanSLCTS with sampling
5 Ñ 5 only for high resolutionimages,mainly becausethecostof HLCTS constructionis higherthan
for SLCTS construction,andthusit is recoveredonly for larger regionsof the image,whereHLCTS
formsSLCTS.

6.6 Conclusionand Futur eWork

In this chapterwe have studiedanew way of exploiting coherencein ray shootingalgorithmsbasedon
the kd-tree for certainray setsthat inducesomesimilarity betweenrays. We tried to avoid asmany
hierarchicaltraversalstepswithin the spatialhierarchyaspossible,andat the sametime to preserve
all the advantagesof using the hierarchy. We introducedtwo conceptsof longestcommontraversal
sequence;SLCTS andHLCTS. The presentedtechniquesdecreasethe numberof traversalstepsfor
hiddensurfaceremoval basedon ray casting,typically by morethan60%. For high resolutionimages
thereductionof traversalstepsis evenmoreremarkable.

Thereareseveralpossibletopicsfor futureresearchbasedon theLCTS concept.Theapplicationof
LCTS couldbestudiedfor higherorderrays,in context of particularglobalilluminationalgorithms.A
LCTS canbeappliedif theraysof thefirst order(primaryrays)have thesameterminationobjectand
createa shaftthat is thencompletelyreflectedor refracted.In addition,imagespacesamplingpatterns
suitablefor LCTS applicationother than thosestudiedhereshouldbe investigated. The automatic
settingof the SLCTS undersamplingresolutionbasedon scenepropertiesand the useof LCTS in
renderinganimationsequencesarealsopossibletopics for future research.A further researchtopic
couldbeanalgorithmdeterminingwhetherit is efficient to constructanLCTS giventwo patchesin the
scenefor someapplicationsuchasform factorcomputation.
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Scene
Parameter balls4 gears4 lattice12 mount6 rings7 teapot12 tetra6 tree11

rITM 7.40 4.37 8.81 5.29 10.9 4.82 7.59 10.1
RaytraversalalgorithmTAB

rec
Ñ1024

TS � ¤ � 30.4 16.6 49.9 30.7 41.3 22.2 13.7 23.2� TR ¤ Tapp � 1024� s� 15.4 48.1 25.6 12.9 28.6 11.5 7.46 16.1
α1024� ¤ � 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
η1024� ¤ � 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
η4096� ¤ � 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

RaytraversalalgorithmTANLT

Ñ1024
TS � ¤ � 26.2 15.6 19.1 26.8 34.2 19.0 11.6 16.9� TR ¤ Tapp � 1024� s� 16.0 48.2 23.5 13.4 31.9 12.2 8.65 16.7

α1024� ¤ � 0.862 0.940 0.383 0.873 0.828 0.856 0.847 0.728
η1024� ¤ � 1.04 1.00 0.918 1.03 1.12 1.06 1.16 1.03
η4096� ¤ � 1.02 1.00 0.913 1.02 1.01 1.06 1.15 1.02

SLCTS-1D ray traversalalgorithm,window 5 Ñ 1 pixels
Ñ1024

TS � ¤ � 13.2 7.13 11.6 11.9 15.7 8.46 5.70 9.83� TR ¤ Tapp � 1024� s� 14.7 47.7 20.8 11.0 28.6 10.6 8.32 15.9
α1024� ¤ � 0.434 0.430 0.234 0.388 0.380 0.381 0.416 0.424
η1024� ¤ � 0.958 0.990 0.812 0.853 0.999 0.925 1.16 0.988
η4096� ¤ � 0.846 0.977 0.785 0.787 0.947 0.871 0.987 0.947
γ1024� ¤ � 0.964 0.871 0.999 0.938 0.981 0.833 0.560 0.999

HLCTS-1D ray traversalalgorithm
Ñ1024

TS � ¤ � 10.1 5.58 13.8 8.52 11.0 6.35 4.65 7.66� TR ¤ Tapp � 1024� s� 14.7 48.1 22.3 11.8 27.5 10.6 7.39 15.6
α1024� ¤ � 0.332 0.336 0.277 0.278 0.266 0.286 0.339 0.33
η1024� ¤ � 0.958 0.998 0.872 0.913 0.960 0.929 0.990 0.970
η4096� ¤ � 0.820 0.972 0.775 0.752 0.868 0.816 0.851 0.895

SLCTS-2D ray traversalalgorithm,window 5 Ñ 5 pixels
Ñ1024

TS � ¤ � 12.4 6.46 10.8 10.7 13.8 7.73 5.45 9.13� TR ¤ Tapp � 1024� s� 12.6 46.7 19.7 9.99 27.2 9.69 7.24 15.1
α1024� ¤ � 0.408 0.389 0.216 0.349 0.334 0.348 0.398 0.394
η1024[-] 0.819 0.971 0.768 0.772 0.949 0.846 0.97 0.939
η4096� ¤ � 0.749 0.956 0.730 0.691 0.890 0.796 0.892 0.896
γ1024� ¤ � 0.919 0.780 0.999 0.916 0.971 0.798 0.525 0.990

HLCTS-2D ray traversalalgorithm
Ñ1024

TS � ¤ � 11.3 6.37 14.8 9.35 12.7 7.31 5.32 8.61� TR ¤ Tapp � 1024� s� 13.6 47.5 21.7 10.4 26.4 9.60 6.31 14.6
α1024� ¤ � 0.372 0.384 0.297 0.305 0.308 0.329 0.388 0.371
η1024[-] 0.887 0.987 0.846 0.805 0.921 0.838 0.846 0.903
η4096[-] 0.800 0.964 0.782 0.691 0.857 0.751 0.719 0.855

Table6.2: Comparisonof ray traversalalgorithmsfor hiddensurfaceremoval basedon ray casting.
rITM – numberof ray-objectintersectionteststo minimum numberof ray-objectintersectiontests.
Ñ1024

TS – numberof traversalstepsperrayonaveragefor aspecificraytraversalalgorithmandresolution
1024 Ñ 1024. � TR ¤ Tapp � 1024 – the runningtime for ray shootingonly ( � const �ΘRUN) for a specific
traversalalgorithmfor resolution1024 Ñ 1024. α1024 – theratio betweenthenumberof traversalsteps
for a specificray traversalalgorithm and numberof traversal stepsof TAB

rec for resolution1024 Ñ
1024. η1024 – the ratio betweenthe runningtime of the specifictraversalalgorithmandthe running
time of TAB

rec for resolution1024 Ñ 1024. η4096 – theratio betweentherunningtime of a specificray
traversalalgorithmandthe runningtime of TAB

rec for resolution4096 Ñ 4096. γ1024 – the ratio of the
numberof SLCTS sequencesthatcontainat leastoneleaf to thenumberof all possiblesequencesfor
resolution1024 Ñ 1024.
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Resolution

Parameter 256 Ñ 256 512 Ñ 512 1024 Ñ 1024 2048 Ñ 2048 4096 Ñ 4096

ray traversalalgorithmTAB
rec

ÑTS � ¤ � 22.1 22.2 22.2 22.2 22.2� TR ¤ Tapp ��  � s� 0.734 2.89 11.5 45.6 182
α � ¤ � 1.00 1.00 1.00 1.00 1.00
η � ¤ � 1.00 1.00 1.00 1.00 1.00

ray traversalalgorithmTANLT

ÑTS � ¤ � 18.9 19.0 19.0 19.0 19.0� TR ¤ Tapp �   � s� 0.792 3.08 12.2 48.4 193
α � ¤ � 0.855 0.856 0.856 0.856 0.856
η � ¤ � 1.080 1.066 1.064 1.060 1.057

SLCTS-1D traversalalgorithm,window 5 Ñ 1 pixels
ÑTS � ¤ � 11.4 9.87 8.46 7.31 6.41� TR ¤ Tapp �   � s� 0.741 2.77 10.6 40.6 159
α � ¤ � 0.516 0.445 0.381 0.329 0.289
η � ¤ � 1.010 0.959 0.924 0.889 0.871

HLCTS-1D traversalalgorithm
ÑTS � ¤ � 10.7 8.30 6.35 4.91 3.94� TR ¤ Tapp �   � s� 0.782 2.87 10.6 39.6 149
α � ¤ � 0.484 0.374 0.286 0.221 0.177
η � ¤ � 1.065 0.990 0.929 0.868 0.815

SLCTS-2D traversalalgorithm,window 5 Ñ 5 pixels
ÑTS � ¤ � 11.6 9.65 7.73 6.09 4.75� TR ¤ Tapp �   � s� 0.683 2.55 9.69 36.9 145
α � ¤ � 0.525 0.435 0.348 0.274 0.213
η � ¤ � 0.930 0.883 0.846 0.809 0.796

HLCTS-2D traversalalgorithm
ÑTS � ¤ � 12.4 9.70 7.31 5.43 4.09� TR ¤ Tapp ��  � s� 0.711 2.60 9.60 35.8 137
α � ¤ � 0.561 0.437 0.329 0.244 0.184
η � ¤ � 0.969 0.90 0.838 0.784 0.751

Table6.3: Comparisonof ray traversalalgorithmsfor primaryraysfor thescene“teapot12”atdifferent
resolutions. ÑTS – numberof traversalstepsper ray for a particularray traversalalgorithm. � TR ¤
Tapp ��  � s� – therunningtime for ray shootingonly ( � const �ΘRUN) for aspecificray traversalalgorithm.
α – theratio betweenthenumberof traversalstepsfor a specifictraversalalgorithmandthenumberof
traversalstepsof TAB

rec. η – theratio betweentherunningtime of thespecificray traversalalgorithm
andtherunningtime of TAB

rec.



Chapter 7

Memory Mapping of Kd -Trees

In thischapterwedealwith kd-treerepresentationin themainmemoryof acomputer. Weshow thatfor
computerarchitectureswith largecacheline sizetheway of mappingnodesof thekd-treein themain
memoryinfluencesthe time neededto transferdatafrom the main memoryto a processor, hencethe
costof onetraversalstepof ray traversalalgorithms.We describeandanalyzea few waysof mapping
kd-treenodesto memory, andalsoprovide theresultsobtainedfrom experiments.

7.1 Moti vation

The most importantoperationcarriedout for a kd-tree in any applicationis exhaustive traversalof
interiornodesandleaves;for example,thetraversalin depth-first-search (DFS)orderor theraytraversal
algorithmdescribedin detail in Chapter5.

Input/outputefficientalgorithmsanddatastructuresfor memoryhierarchieshaveacquirednoticeable
researchinterest[31, 119, 120] in lastdecade.Thedesignof thesedatastructuresis drivenby theprop-
ertiesof external/internalmemoryhierarchy. For example,Nyberg et al. [115] describedanalgorithm
for sortingwhich takesinto accountthememoryhierarchy.

Unlike thespecialalgorithmsfor externalmemorydatastructures,in this chapterwe dealwith the
internalmemoryhierarchybetweentheprocessorandthemainmemory, includingeitheron-chipcache
or second-level cache.Themaindifferencebetweenthis hierarchyandthat for externalmemoryis its
sizeand the accesstime to onedatablock. The valuesfor the externalmemoryhierarchyaremuch
largerthanthosebetweentheprocessorcacheandthemainmemory.

Moreover, techniquesfor externalmemorydatastructuresweredevelopedmostlyfor one-dimensional
searchproblems.For example,thewell known B-tree[34] cannotbe usedto decreasethe time com-
plexity of thekd-treetraversalfor n ± 1, sincetheB-treecannotrepresentthen-dimensionaldatathat
arethesubjectof thekd-tree. We analyzenovel methodsto increasethespatiallocality of datain the
cacheandthusto decreasetherunningtime of any algorithmthatworksover thekd-tree.For thesake
of simplicity of theoreticalanalysiswe will assumethatwe traversethekd-treein DFSorderfrom the
rootnodeto a leaf.

7.2 Preliminaries

In this sectionwe recall a few technicalfactsnecessaryto understandthe conceptof mappingkd-
treenodesto memory. This includesmemoryallocationtechniquesandthe structureof the memory
hierarchyin acomputer.
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7.2.1 Memory Allocation

Thebasictopic of this chapteris mappingkd-treenodesto addressesin themainmemory. Themain
memoryof a computeris principally a one-dimensionalarrayof memorycells wheredataarestored.
Theallocationanddeallocationof dynamicvariablesin themainmemoryis alwaysprovided by pro-
ceduresof softwarelibrary that is usuallycalledthememoryallocator. Let ussupposethecontiguous
blockof theunoccupiedmemoryis assignedto thememoryallocatorat thebeginningof someprogram
that builds up a kd-tree. This memoryblock is usedto assignthe addresseswithin the block to the
variablesallocated,sothevariablesdo not overlap. We call this memoryblock a memorypool. Since
mappingof variablesinto memoryby amemoryallocatoris crucialfor anunderstandingof thischapter,
we discussit herein detail.

A commonsolutionfor allocatingvariablesis to usea general memoryallocator. Eachnodeof the
kd-treeis thenrepresentedasa speciallyallocatedvariable.Let MI denotethesizeof memoryto store
informationin a node.This is thepositionandtheorientationof thesplitting plane.Let MP bethesize
of a pointer. Thenthesizerequiredto representoneinterior nodeof thekd-treeis MIN � MI ¦ 2 �MP.
Usingthegeneralmemoryallocatorrequiresthatwe storewith eachallocatedvariabletwo additional
pointersthatarerequiredlaterto freethevariablefrom thememorypool.

We canalsouseanotherstrategy to allocatememoryfor a nodeof thekd-tree. We usea fixed-size
memoryallocator, describedfor examplein [141], to allocatevariablesof the sametype andthusof
thesameandfixedsizeMV . Wecanthendedicatea specialmemorypool to allocatetheinterior nodes
of thekd-tree,sincethesenodesareof thesamefixedsize.During kd-treeconstructionthenodesare
allocatedfrom thememorypoolasfrom anarrayin linearorder.

7.2.2 Memory Hierar chy

Thetime complexity of a ray traversalalgorithmperformedon thekd-treeis connectedwith thehard-
wareused.Thecostof the ray traversalstepCTS includesthe time neededto transferthedatafrom a
mainmemoryto aprocessor. Let usrecalltheorganizationandthepropertiesof thememoryhierarchy.
For analysiswe supposeHarvard architecturewith separatecachesfor instructionsanddata.Let TMM

denotethe latencyof themainmemory(time to read/writeonedatablock).
The larger the memoryand the smallerthe accesstime, the higher the cost of the memory. The

instruction/datalatency of processorsis significantlysmallerthanTMM. That is why a cache is placed
betweenthememoryandtheprocessor. Thecacheis a memoryof relatively smallsizewith respectto
thesizeof themainmemory. ThecachelatencyTC is smallerthanTMM. This solutionis economically
advantageous;it usesthe temporal andspatial locality of dataexposedby a typical program,andthe
averageaccesstime to thedatain themain memorycanthenbe significantlyreduced.Databetween
thecacheandthemainmemoryaretransferredin blocksthatcorrespondto thearchitectureof a cache
memory, andeachtime only oneblock is transferred.Thesizeof theblock is referredto asthecache
line sizeMCL. A typicalmemoryhierarchyis depictedin Fig. 7.1.

We usefor analysishereonly onecacheplacedbetweenthe processorandthe main memory. To
quantifytherunningtimewedenotethetimeconsumedby operationsin termsof processorcycles. Let
TW denotetheaverageprocessingtime on a nodeof thekd-treeto decidewhetherto follow its left or
right descendant.

Typical valuesfor superscalarprocessorsand for a typical applicationusing kd-treesare TMM �
55¢ TC � 4 ¢ TW � 5 ¢ MCL � 128Bytesfor MIPSR8000[130]. Thesevaluesareusedagainin thenumer-
ical examplesfor formulasfurtherin thetext. Notethatfor a typicalsearchingalgorithmonthekd-tree
holdsTW × TMM.
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Figure7.1: Typicalmemoryhierarchy.

7.3 Representationsof the kd -tr ee

As we have alreadystated,thekd-treeis actuallyrepresentedby a binarytree.In general,abinarytree
with anarbitraryspecifiedsplittingplaneinsidetheinteriornodesdoesnot representavalid instanceof
thekd-tree,sinceeachsplitting planehasto intersectthe �%� associatedwith thecorrespondingnode.
This is onereasonwhy thedecompositioninducedby thekd-treecannotbesimply replacedby B-tree
or somehashingschemecommonlyusedfor one-dimensionalsearchproblems.Theinformationstored
in the interior nodeof the kd-tree is the orientationand the positionof the splitting plane. The leaf
containsjust the pointer to the list of objectsrequiredby all ray traversalalgorithms,andadditional
datafor someray traversalalgorithms(seeChapter5 for details). Herewe supposethe �%� is known
explicitly for a root nodeonly, also that the �%� s associatedwith the interior and leaf nodesarenot
storedexplicitly in thesenodes.Thiskd-treecanbeusedin therecursive ray traversalalgorithm.

Undertheassumptionsstatedabove, theanalysisperformedbelow disregardsthen-dimensionality
of the kd-tree,so we considera kd-treeasa binary tree. Let us recall someterminologyconcerning
binarytreesneededfor theanalysisperformedhere.We call a binary treecompleteif all its leavesare
positionedat thesamedepthd from therootnodeandthusthenumberof leavesis 2d. Wecall abinary
treeincompletewhenthebinarytreeis not complete.Let hC definethecompleteheightof abinarytree
X asthemaximumdepthfor which thebinarytreeconstructedby thenodesof X is complete.

Below we describein detail four representationsof thekd-treein memory. This includesa common
methodfor representingkd-treenodesusinga generalmemoryallocator. We call this randomrepre-
sentation.A lessknown and lessusedmethodis DFS order representation.(The useof DFS order
representationcanbe unintentional.) Finally, we describetwo forms of a subtree representationthat
decreasefurthertheaveragecostof onetraversalstepof thekd-tree.

7.3.1 RandomRepresentation

A commonway to storeanarbitrarykd-treein themainmemoryis to representeachnodeasa special
variableusingageneralmemoryallocator. Therepresentationis depictedin Fig. 7.2(a).

Thisrepresentationrequiresadditionalmemoryfor thepointersusedby thegeneralmemoryallocator
for eachallocatedvariable,but it is thesimplesttechniqueto implement.Theaddressesof thenodesin
themainmemoryhave no connectionwith the locationof thenodesin thekd-tree. Assumethat two
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Figure7.2: Kd-treerepresentations(cacheline sizeMCL � 3 � sizeof � kd ¤ treenode� (a) Random(b)
DFS(c) Subtree.

additionalpointersareneededto allocatethevariable,sincethegeneralmemoryallocatorrequiresthe
pointersto deallocatethevariable. ThenthememorysizeMS consumedby randomrepresentationto
storenNO nodesof kd-treeis:

Mrandom
S � NNO �_� 4 �MP ¦ MI � (7.1)

7.3.2 Depth-First-Search (DFS) Representation

A DFS representationusesa fixed-sizememoryallocator, which wasdescribedabove. In this repre-
sentationthenodesareput subsequentlyin thememorypool in linearorder, whena kd-treeis built up
in the DFS order, seeFig. 7.2 (b). The sizeof the memoryconsumedto representnNO nodesof the
kd-treeis:

MDFS
S � NNO �_� 2 �MP ¦ MI � (7.2)

Then2 �NNO �MP of memoryis saved comparedwith randomrepresentation,sincethe two pointers
wouldhave beenrequiredby thegeneralmemoryallocator.

7.3.3 SubtreeRepresentation

Herewedescribeanew typeof mappingkd-treenodesto memory, originally introducedby Havran[72]
andfurther elaboratedin [73]. This kd-treerepresentationreducesthe costof a traversalstepin ray
traversalalgorithmsperformedon thekd-tree.Let usdescribetherepresentationin detail.

Forsubtreerepresentationwealsouseafixed-sizememoryallocator, similarly to DFSrepresentation,
but thesizeof oneallocatedvariableis equalto cacheline sizeMSL. Thevariableof sizeMSL is by an
explicit algorithmsubsequentlyoccupiedby thenodesof thekd-treeorganizedinto subtrees.All nodes
of thekd-treearethenorganizedto thesesubtrees,seeFig.7.2(c). Oncethesubtreeis readto thecache
from themainmemorywithin traversing,theaccesstime to thenodesof thesubtreeis equalto cache
latency TC. The subtreeneednot be complete. We distinguishbetweentwo subtreerepresentations,
seeFig. 7.3.

An ordinary subtreehasall nodesof thesamesize,with two pointersto its descendants,regardless
of whetherthedescendantlies in thesubtree.

A compactsubtreehasno pointersamongthenodesinsidethesubtree,becausetheir addressingis
providedexplicitly by atraversalalgorithm.Thepointersareneededonly to pointbetweenthesubtrees.
Thentheleavesof anincompletesubtreearemarkedin aspecialvariablestoredin eachsubtree(onebit
for eachnodein thesubtree).

Thesizeof thememorytakenby thetwo subtreerepresentationsis givenin thenext section.
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Figure7.3: Subtreerepresentation:(a) Ordinary(b) Compact.

7.4 Time Complexity and CacheHit Ratio Analysis

Here we analyzethe time complexity of a DFS order traversal for all kd-tree representations.The
theoreticalanalysisassumesthatthekd-treenodesdatastoredin themainmemoryarenot loadedinto
the cache,i.e., the cachehit ratio rCH á 0 â 0. Further, we supposethat the kd-tree is completeand
its height is hl . An incompletekd-treerequiresthat we computeits averageheight h̄l andsubstitute
it for hl .

Thesesimplificationsenableusto expresstheaveragetraversaltime TA on thekd-treein DFSorder
from its root to a leaf. We computethe TA for an exampleof a kd-tree of heighthl á 23. Further,
we supposerandomvisiting of thenodesandtheprobability pL á 0 â 5 thatwe turn left in a node.The
way of traversingnodescorrespondsto thesequentialray traversalalgorithmthatperformsthepoint-
locationsearch.

If somedataarealreadylocatedin thecache(rCH ã 0 â 0),ananalysisusingknown mathematicaltools
canbeverydifficult or eveninfeasible[13]. Thereforeweinvestigatedthecaseby meansof simulation.

7.4.1 RandomRepresentation

We assumea cachehit ratio rCH á 0 â 0 duringthewholetraversal,i.e., theprocessingtime of eachkd-
treenodeis TMM ä TW. As we know thatthenumberof nodesalongthetraversalpathfrom theroot to
theleaf is hl ä 1, wecanexpresstheaveragetraversaltimeTA asfollows:

TA á�å hl ä 1æDâ å TMM ä TW æ (7.3)

For valuesgivenabove (TMM á 55,TW á 5, hl á 23)we obtainTA á 1392â 0 cycles.

7.4.2 DFSRepresentation

DFSrepresentationincreasesthecachehit ratio by involuntarily readingthedescendantnodesfor the
next traversalstep(s)if DFStraversalcontinuesto theleft descendant(s)of thecurrentnode.Assuming
thatthesizeof thekd-treenodeis MIN á MI ä 2 âMP, wederive theaveragetraversaltimeTA asfollows:

TA á å hl ä 1æDâ_ç pL â TMM â MIN

MCL
ä TW ä TC â å 1 è MIN

MCL
æ äÇå 1 è pL æDâ TMM é (7.4)

For MIN á 4 ä 2 â 4 á 12,MCL á 128,andpL á 0 â 5 weobtainTA á 859â 1 cycles.

7.4.3 Ordinary SubtreeRepresentation

AssumethatMCL andMIN aregiven.Let MST bethesizeof thememoryneededfor eachsubtreeusedto
representsubtreetypeidentification.We expressthesizeof thememorytakenby a completeordinary
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subtreeof heighth:

M å hæ á å 2hë 1 è 1æDâMIN ä MST (7.5)

M å hæíì MCL

FromEq.7.5we derive thecompleteheightof theordinarysubtreehC:

hC áGî è 1 ä log å MCL è MST

MIN
ä 1æ�ï (7.6)

Thenumberof nodesin theincompleteordinarysubtreeat thedepthd á hC ä 1 is then:

NODK áGî MCL è å 2hC ë 1 è 1æDâMIN è MST

MIN
ï (7.7)

Theaverageheightof thesubtreehA � hC for nODK ã 0 is computedasfollows:

hA á è 1 ä log å 2hC ë 1 ä NODK æ (7.8)

Finally, theaveragetraversaltime for thewholekd-treeof heighthl is:

TA áfå hl ä 1æDâ å TW ä TMM ä TC â hA

hA ä 1
æ (7.9)

Thesubtreesareplacedin themainmemory, so they arealignedwith thecachelineswhenreadto
thecache.Eachsubtreeis thusstoredin onecacheline. Thesizeof theunusedmemoryin thecache
line is then:

MOSR
unused á MCL è å 2hC ë 1 è 1 ä NODK æDâMIN è MST (7.10)

For MIN á 12ð MST á 4, we gethC á 2, nODK á 3, hA á 2 â 46,MOSR
unused á 4, andtheaveragetraversal

timeTA á 555â 9 cycles.

7.4.4 CompactSubtreeRepresentation

Let MI be the sizeof the memoryto representthe information in the kd-treenode,MP the memory
takenby onepointer. Thesizeof thememoryconsumedby a completesubtreeof heighth is expressed
asfollows:

M å hæ á å 2hë 1 è 1æDâMI ä 2hë 1 âMP ä MST (7.11)

M å hæñì MCL

ThecompleteheighthC of thesubtreeis derivedfrom Eq.7.11similarly to Eq.7.6asfollows:

hC á è 1 äTî MCL ä MI è MST

MI ä MP
ï (7.12)

In thesamewayasfor ordinarysubtreerepresentation,we derive thenumberof nodesnODK located
at thedepthd á hC ä 1 in thesubtree:

NODK áGî MCL è 2hC ë 1 â å MI ä MP æ ä MI è MST

MI ä MP
ï (7.13)

The unusedmemoryfor onesubtreein the cacheline canbe derived similarly as for an ordinary
subtree:

MCSR
unused á MCL è å 2hC ë 1 è 1 ä NODK æDâMN è 2 âMP â å NODK ä 2hC è NODK ò 2æiè MST (7.14)
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Theaverageheightof subtreehA andtheaveragetraversaltime TA arecomputedusingEq. 7.8 and
Eq.7.9. For MP á 4, MI á 4, andMST á 4 we computehC á 3, nODK á 0, hA á 3 â 0, MCSR

unused á 0, and
TA á 510â 0 cycles.

ThehC, nODK, andhA asthefunctionof thecacheline sizefor ordinaryandcompactsubtreerepre-
sentations,andTA for all kd-treerepresentations,aredepictedin Fig 7.4.

7.5 Simulation Results

We implementeda specialprogramto simulatethe datatransferin a typical memoryhierarchyof a
computerthat runsDFStraversalon a completekd-tree. Thesimulationwascarriedout for thesame
memoryhierarchyandkd-treepropertiesasin theprevioussection:TMM á 53,TC á 4, TW á 5,hl á 23,
MP á 4 Bytes,MI á 4 Bytes,MST á 4 Bytes,anda four-way setassociative cachewith cacheline size
MCL á 27 á 128 Bytes; the sizeof the cachewas220 Bytes. The cacheplacementalgorithmandits
structurecorrespondto thosefoundin superscalarprocessors,wesimulatedMIPSR8000/R10000[130].

Figure 7.4: The analysis: (A) Averagetraversal time TA å MCL æ for all kd-tree representations,(B)
hA å MCL æ , (C) nODK å CL æ , (D) hC å CL æ for subtreerepresentations;Representations:(a) Random(b)
DFS(c) Ordinarysubtree(d) Compactsubtree.

Representation
Parameter random DFS ordinarysubtree compactsubtree

TA ç cyclesé (theoretical) 1392.0 859.1 555.9 510.0
T óA ç cyclesé (simulated) 987.1 629.4 445.6 379.3

r á TA ò T óA çÆè é 1.41 1.36 1.24 1.34

r̃CH ç%é 35.8 69.8 83.5 90.3

Table7.1: Theaveragetraversaltime computedtheoreticallyandobtainedby thesimulation,ratio of
traversaltimes,andcachehit ratio from thesimulationfor DFStraversal.

Thetheoreticalandsimulatedtimes,andtheir ratio,aresummarizedin Table7.1.Theparameter̃rCH

is theaveragecachehit ratio to accessa kd-treenodein thecacheduringDFStraversal. Theaverage
cachehit ratio for thenodeasthefunctionof its depthin thekd-treeis shown in Table7.2.
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Depth
Parameter 0 1 2 3 4 5 6 7 8 9 10 11

r̃CH (random) 100 100 100 100 97 91 62 52 39 25 21 18
r̃CH (DFS) 100 100 100 100 100 93 79 84 58 56 63 51
r̃CH (ordinarysubtree) 100 100 100 100 100 100 97 73 90 85 53 79
r̃CH (compactsubtree) 100 100 100 100 100 100 100 100 69 100 100 100

Depth
Parameter 12 13 14 15 16 17 18 19 20 21 22 23

r̃CH (random) 21 19 19 0 0 0 0 0 0 0 0 0
r̃CH (DFS) 57 59 47 59 54 48 51 49 47 54 43 54
r̃CH (ordinarysubtree) 80 64 66 79 66 70 72 74 61 75 74 62
r̃CH (compactsubtree) 7 100 100 100 1 100 100 100 0 100 100 100

Table7.2: Theaveragecachehit ratio r̃CH ç%é asthefunctionof nodedepthin thekd-tree.

Notethatfor MCL á 128thecompactsubtreeis complete,sothecachehit ratiofor all thenodesatthe
samedepthin thekd-treeis equal.This is why valuesof r̃CH for depth12,16,and20arequitedifferent
thanvaluesof r̃CH for neighbordepths,sincethekd-treenodesin thespecifieddepthsareoften read
first from themainmemory. Theprobabilitythatthesenodesarealreadyloadedin thecacheis smaller
with increasingdepthin thekd-tree.

Theaveragetraversaltimesobtainedby simulationcorrelatewell with thosecomputedtheoretically.
It is obviousthatthetimesobtainedby thesimulationaresmallerthanthosederivedtheoretically, since
thetheoreticalanalysissupposesin eachstepaninitial valueof cachehit ratio rCH á 0 â 0.

7.6 Resultsof Experiments

We testedthe influenceof memorymappingexperimentallyfor the recursive ray traversalalgorithm
TAA

rec for random,DFS,andordinarysubtreerepresentation(in [72]). Wedecidednot to implementthe
compactsubtreerepresentationsinceaccessingleafnodesin subtreeswithoutpointersis morecomplex
andalsorequiresaspecialtraversalalgorithm.Theoreticalanalysisabovealsoshowsthattheresultswill
notbringasignificantimprovementof performancecomparedwith ordinarysubtreerepresentation.The
testswereperformedonasubsetof G4

SPD scenesfrom SPD for thetestingprocedureTPD (ray tracing).
Thekd-treerepresentationinfluencesonly theaveragetime of onetraversalstep,which hasimpacton
TR, Θrat , andΘRUN of theminimumtestingoutput(seeSection2.5).Theresultsof experimentsfor TPD

aresummarizedin Table7.3.
The experimentswereconductedon SGI O2 with processorMIPS R8000,180MHz, 128 MBytes

RAM (SCL á 128),runningIrix 6.1operatingsystemusingtheGOLEM renderingsystem.

7.7 Discussion

Theperformanceof therecursive ray traversalalgorithmis not improvedassignificantlyascouldhave
beenexpectedfrom thesimulationdescribedin Section7.5. Thefirst reasonis that thesimulationwas
performingDFSwith 50%probability to turn left in eachnodeof thecompletebinarytree.This is no
longertruefor testingprocedureTPD whenthesubsequentprimaryraysaregeneratedin scanlineorder.
Thenthesesimilar raysarelikely to hit thesamesequenceof nodesof thekd-tree(traversalcoherence,
seetheChapter6). Thesecondreasonis thesmallernumberof nodesin thekd-treesbuilt for thetest
scenescomparedwith thenumberof kd-treenodesusedfor thesimulation.The third possiblereason
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Scene
Parameter balls4 gears4 mount6 rings7 tetra6 tree11 average

N 7382 9345 8196 8401 4096 8191 –
NG ä NE 8469 20541 13369 23455 6011 5675 –
ÑTS ç
õ 106 é 53.8 77.4 68.1 47.4 5.6 37.2 –

TR å randomæ.ç sé 87.0 314.6 53.0 102.4 7.41 92.6 –

TTS å randomæWç sé 42.1 59.8 22.9 21.5 4.09 18.6 –
TTS å DFSæ+ç sé 35.6 51.8 17.4 14.6 3.76 14.6 –
TTS å ordinary subtreeæWç sé 32.5 46.9 15.1 13.1 3.75 12.3 –
C̃TS ö random÷

C̃TS ö DFS÷ [-] 1.18 1.15 1.31 1.47 1.09 1.27 1.25
C̃TS ö random÷

C̃TS ö ordinary subtree÷ [-] 1.30 1.28 1.52 1.64 1.09 1.51 1.39

Table7.3: Theresultfor testingprocedureTPD on asubsetof G4
SPD scenes.ParameterTTS refersto the

time to devotedto traversingonly (TTS á C̃TSâNraysâ rSI â rITM áøå 1 è Θrat æDâ TR â ΘRUN
ΘAPPë ΘRUN

). Thekd-trees
werebuilt with OSAH andadhocterminationcriteria: dmax á 16,Nmax á 2.

is that the modeldescribingthe transferof databetweenthe processorandthe main memoryis still
too simplified to model the real behavior of a memoryhierarchysystembasedon the MIPS R8000
processor.

We have shown that thepropertiesof thekd-treerepresentationin thememoryfor sucha traversal
algorithmasthosein RSAsstay in the rangegiven by theoreticalanalysisandalsothe resultsof the
simulationgiven in theprevioussection.Theimpactof kd-treerepresentationon RSAperformanceis
notashighasmighthavebeenexpectedfrom thetheoreticalanalysisandsimulation,sincetheorderof
thenodesvisitedin therecursive ray traversalalgorithmwhenit is appliedin thetestingprocedureTPD

differsfrom thatinducedby DFS.

7.8 Conclusionand Futur e Work

In this chapterwe analyzedthetime complexity andcachehit ratio of differentkd-treerepresentations
in computerarchitectureswith a largecacheline for DFSordertraversalin detail. We have shown that
the time complexity of traversinga kd-treeis reducedby organizingits inner representationso that it
matchesthememoryhierarchybetter.

We showedexperimentallythatDFSandordinarysubtreerepresentationscandecreasethetraversal
time for RSAsbasedon thekd-tree,usingTPD testingprocedure.Theoretically, thesubtreerepresenta-
tion decreasesthetraversaltime for DFSordertraversalby 62%andincreasesthecachehit ratio from
35%to 90%for a givenexampleof a commonmemoryhierarchy. In addition,proposedsubtreerepre-
sentationof thekd-treedecreasesthesizeof memoryto storethenodesof akd-treeby 57%compared
with therandomrepresentation.

Futureresearchwork on the techniquepresentedherecould cover efficient memorymappingfor
otherhierarchicaldatastructures,namelyothervariantsof multi-dimensionalbinary treesandhierar-
chicaldatastructuresin general.Dynamizationof thesedatastructureswith regardto cachesensitive
representationis alsoaninterestingtopic for furtherstudy.
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Chapter 8

Conclusionand Futur e Work

In thethesiswe dealtwith ray shootingalgorithms.Rayshootingitself is known to have no algorithm
aimingat worst-casecomplexity feasiblein practicalimplementation,sinceit hasalreadybeenproved
thatsuchanalgorithmfor N objectsrunat leastin ú å logN æ requiringΩ å N4 æ storageandpreprocessing
time in the worst case. For this reasonwe dealtwith heuristicalgorithmsfor ray shootingaimedat
average-casecomplexity. Since thesealgorithmsfor generallyspecifiedinput – given N objects–
are particularly difficult or even impossibleto be successfullyanalyzedtheoreticallyat present,the
findingsin the thesisarenot expressedusingtheworst-casecomplexity measureandcommonlyusedú -notation. Instead,for thepresentedalgorithms,we reportthe resultsof experimentscarriedout for
a setof scenes.For this purposewe usedthirty scenesfrom theStandardProceduralDatabase,which
arepublicly available; theexperimentalresultsconcerningalgorithmsdescribedin the thesisarethus
reproducibleandverifiableby any subsequentresearchers.Sinceaverage-casetechniqueshave been
usedandthefindingsaresupportedby the resultsof experiments,we cannotclaim time optimality of
any ray shootingalgorithmdescribedin this thesis.

All the algorithmsthat form the subjectof the thesiswere implementedand tested. Sinceeach
implementationcan be subjectto bugs and implementationerrors, in order to minimize suchrisks
we visualizedthe spatialdatastructuresunderlyingthe testedray shootingalgorithms[81, 35] and
verifiedtheinvariantsof all experimentsperformed.A considerableimplementationeffort wasneeded
to implementall thealgorithms;it includesmorethanonehundredthousandlinesof sourcecodein C++,
excludingthird-partysources.

The conclusionsandpossiblefuture researchtopicsarepresentedat the endof eachchapter, and
herewe provide only a short summaryof all resultsachieved, andsomesuggestionsfor possiblefu-
ture research.Sincethe summarygiven hereis concise,an interestedreadershouldfollow Sections
ConclusionandFuture Work of Chapters2–7for moredetails.

8.1 Summary of Results

In thefirst part of the thesis(Chapter2 and3), we dealtwith generalissuesof heuristicray shooting
algorithms.

In Chapter2 we developedcomputationmodelandperformancemodelfor ray shootingalgorithms
soany rayshootingalgorithmcanbemappedto thesemodels.Basedonthesetwo modelswedeveloped
themethodologyfor comparingrayshootingalgorithms,whichis basedonreportingtheminimumtest-
ing output(a setof thirteenparameters)for eachexperimentperformed.Undercertainconditionsthis
allows us to compareexperimentallyvariousray shootingalgorithmsalmostindependentlyof imple-
mentationissues.An interestingby-productof comparisonmethodologydevelopmentis thediscovery
thatraytracingasdefinedfor scenesin StandardProceduralDatabase(513 õ 513primaryrays,depthof
recursion4) is impossibleto run in realtime (at least25 framespersecond)on present-daycommonly
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useduniprocessorhardware becauseof time demandsof any ray shootingalgorithm. (We suppose
Intel PentiumII, 466 MHz, we do not assumethe useof a specialgraphicshardware, seeresultsin
AppendixE for details.)

In Chapter3 we presentedacomparisonof twelve commonlyusedray shootingalgorithmsfor a set
of thirty testscenes,theconceptof statisticallybestrayshootingalgorithm,andapreliminaryversionof
thealgorithmfor selectinganefficient rayshootingalgorithmgivenscenecharacteristics.Thecompari-
sonis apartof theongoinglongtermBESprojectdevotedto rayshootingalgorithmsthatis in progress
at present.Our finding wasthat ray shootingalgorithmbasedon thekd-treeachieved statisticallythe
bestresultsin comparisonwith otherray shootingalgorithmstested.

Thesecondpartof the thesis(Chapter2–7) is devotedto variousissuesof ray shootingalgorithms
basedonthekd-tree.Weselectedit for detailedresearchin accordancewith theresultsof thefirst phase
of theBESproject.

In Chapter4 we addressedthe problemof kd-tree constructionwhen the kd-tree is usedas the
underlyingdatastructurefor ray shootingalgorithms. We dealt with top-down methodfor kd-tree
construction,i.e., with the positioningof a splitting planein a nodeof the kd-tree and termination
criteria. This constructionalgorithmestimatesthecostof a constructedkd-treethat is usedto govern
thepositionof thesplitting plane.Theprecisionof theestimatesinfluencesthe resultingefficiency of
thekd-treefor therayshootingalgorithm.Thebasiccostmodelusedfor theestimateis basedonseveral
unrealisticassumptions,but allows usto improve theefficiency of theray shootingalgorithmbasedon
thekd-treeby order(s)of magnitudefor sparselyoccupiedscenes.Weproposedthegeneralcostmodel
which describesmoreaccuratelythetime complexity of ray shootingalgorithmsbasedon thekd-tree.
Thegeneralcostmodelvalidatestheuseof thebasiccostmodel,sinceit shows that thedifferencein
performanceachievableusingthesetwo costmodelsareratherlimited. Otherdevelopmentsconcerning
kd-treeconstructiondealtwith theuseof emptyspaceinsidethescene,automaticterminationcriteria,
thepropertiesof approximatingobjectsby their axis-alignedboundingboxes,andutilizing knowledge
of thedistribution of raysto bequeriedto furtherdecreasetherunningtime of ray shootingalgorithms
basedon thekd-tree.

Chapter5 describedfive ray traversalalgorithms,which areusedfor traversinga ray througha kd-
tree.Theseincludethesequentialray traversalalgorithm,thebasicandrobustversionof therecursive
ray traversalalgorithm,and two versionsof the ray traversalalgorithm with neighbor-links that use
additionaldatastructures. An efficient ray traversalalgorithm tries to decreaseboth the numberof
traversalstepsper ray andtheaveragecostof a traversalstep.Thedesignof a ray traversalalgorithm
alwayssearchessometradeoff betweenthesetwo quantitiesto get the time devoted to traversingthe
kd-treeassmallaspossible.Therearetwo extremes,ray traversalalgorithmeithervisits a minimum
numberof kd-treenodeswith asomewhathighercostof atraversalstep,or thecostof onetraversalstep
is small,but moretraversalstepsarerequired.Our contribution concerningray traversalalgorithmsis
thatwe developeda new robustrecursive ray traversalalgorithmfor thekd-tree.Further, we compared
all theknown ray traversalalgorithmsexperimentally.

Chapter6 dealt with the problemof a ray traversalalgorithm for a set of rays that have similar
directionsandorigins. Whensomeraysareshotand the raysexhibit somesenseof similarity, this
knowledgecanbeusedto decreasefurtherthetime consumedby traversingthekd-tree. Suchray sets
areoften inducedby theapplication,whenraysarerestrictedto theconvex shaft– they canhave the
sameor a similar point of origin anddirection. Undertheseconditions,we describedtheconstruction
of the longestcommontraversalsequence,which givesus the sequencekd-treenodesto be visited.
Theuseof thelongestcommontraversalsequencedecreasesthenumberof traversalstepsandthusthe
timefor traversingthekd-tree.Obviously, it doesnotchangethenumberof ray-objectintersectiontests
to be performed.We describedtwo variantsof the longestcommontraversalsequence– simpleand
hierarchical.Thenwe wenton to show how theconceptcanbeutilized within theapplication,andthe
resultsof experimentsfor hiddensurfaceremoval.
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Chapter7 describeda morehardware-orientedtopic – themappingof kd-treenodesto thememory
of a computer. We showed that the mappingof kd-treenodeson computerarchitecturewith a large
cacheline hasimpacton thetotal runningtimeof rayshootingalgorithms,i.e., thecostof onetraversal
step. We describedfour mappingmethodsandanalyzedthemboth theoreticallyandexperimentally.
Our resultsshow thatit is possibleto decreasethecostof onetraversalstepandthesizeof memoryfor
representingakd-treeon this typeof computerarchitecture.

8.2 Suggestionsfor Further Research

Someof the algorithmic techniquesdescribedin the thesiscan be extendedand further researched
in variouscontexts. Concerningthe first part of the thesis(Chapter2), we considerthe comparison
methodologyaspresentedto be moreor lesscomplete.TheBESproject(Chapter3) shouldbecom-
pleted,andit will provide theresultsof experimentsfor onehundredscenes.Theseresultswill allow us
to confirmor disprovetheresultsperformedonthirty scenesfrom theStandardProcedureDatabase,and
thento show therelationshipbetweenthesedifferentsetsof scenes.Thealgorithmto selectanefficient
ray shootingalgorithmfor a given scenebasedon thescenecharacteristicswill beeithervalidatedor
improved.

Althoughthesecondpartof thethesisdescribingrayshootingalgorithmsbasedonthekd-treewould
seemexhaustive, it still offerssomepossibletopicsfor furtherresearch.Thecrucialissueof any further
researchin thisdirectionis to whatextentandat whatcostit is possibleto improve theperformanceof
new algorithmsfor ray shootingbasedon thekd-treecomparedwith thealgorithmspresentedin this
thesis.Possibletopicsof further researchincludean improvedalgorithmthatwill estimatethecostof
a kd-tree to be built given a setof objects,an algorithmthat estimatesblocking factor, an improved
versionof automaticterminationcriteria algorithm,an efficient algorithmfor computingthe cost in
the generalcostmodel,andan algorithmfor the kd-treeconstructionwith clusteringof objects. For
ray traversalalgorithmsan interestingtopic of researchis an algorithmthat selectsthe ray traversal
algorithmto beusedto achieve thebestpossibleperformancegivena ray shootingquery. Theconcept
of the longestcommontraversalsequencecanberesearchedfrom theapplicationpoint of view; how
thelongestcommontraversalsequencecanbeappliedto minimizetherunningtime in hiddensurface
removal determiningtheresolutionof theunderlyingsamplingpatternin imagespacefor a givenkd-
tree.Further, theapplicationof thelongestcommontraversalsequencein particularglobalillumination
algorithmscanbe researched.The memorymappingconceptfor the kd-tree allows us to raisethe
questionof whethera similar approachcanalsobesuccessfullyappliedin the representationof other
spatialdatastructures.Anotherinterestingandpromisingresearchissueis how to apply kd-treesfor
ray shootingalgorithm in the caseof moving, deforming,and animatedobjectswithout completely
rebuilding thekd-treefor eachframeof animagesequence.
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Notation

Upper CaseRoman

AG adaptivegrid
A ý�þ x ÿ yÿ z� point in IE3, entrypoint of ray traversalalgorithm
B ý�þ x�_ÿ y�*ÿ z��� point in IE3, exit point of ray traversalalgorithm
BES BestEfficiency Schemeresearchproject
BSP binaryspacepartitioning(tree)
BVH boundingvolumehierarchy
C cost– therunningtime to performsomeparticularalgorithmicoperation
CX costof operationX
CIT costof ray-objectintersectiontest
C f ail

IT costof failedray-objectintersectiontest
Csucc

IT costof successfulray-objectintersectiontest
CT total costfor shootinganarbitraryray
CTI costof traversingtheinteriornodeof thekd-tree
CTL costof traversingtheleafnodeof thekd-tree
CTS costof a singleRSAtraversalstep
COMP compiler�
DR directionvectorfor ray R
DS datastructureunderlyingaparticularRSA
E entry
ESSD elementaryspatialsubdivision
F ÿ F þ ν � face,a faceassociatedwith ����þ ν � of thenodeν
GX groupof testsceneswith numberof objectsin range � 10X � 1, 10X 	 1 

GX

SPD groupof testscenesfrom SPD wherenumberof objectsis closestto 10X

GOLEM implementationframework usedfor algorithmswithin thethesis
HLCTS hierarchicallongestcommontraversalsequence
H 	 ÿ H � positiveor negativehalfspacedefinedby planein IEn

HSSD hierarchicalspatialsubdivision
HUG hierarchyof uniform grids
HW hardware
I pointof intersection
IC
S mutualvisibility information

IMPL implementation
LCTS longestcommontraversalsequence
K ray-objectintersectiontestis performedK-times
L instanceof HLCTS
LSA þ b� thesurfaceareaof ��� of theleft child for positionb
L thecaseleft
LO thecaseleft only
LR thecaseleft, thenright
M sizeof memory
N numberof objects
N1 ÿ N2 ÿ N3 ÿ N4 ÿ N5 negativetraversalcasein a recursive traversalalgorithm
NE numberof elementarynodesin DS
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NEE numberof emptyelementarynodesin DS
NER totalnumberof referencesto objectsin elementarynodesof DS
NETS numberof elementarynodesaccessedperray
NEETS numberof emptyelementarynodesaccessedperray
NG numberof genericnodesin DS
Ni numberof interiornodesin kd-tree
NIT numberof ray-objectintersectiontestsperray
N f ail

IT numberof failedray-objectintersectiontestsperray
Nsucc

IT numberof successfulray-objectintersectiontestsperray
Nl numberof leavesin kd-tree
NL numberof objectsin theleft child of thecurrentnode
Nmax numberof objectsin kd-treenode,whenit is declaredasa leaf
Nrays numberof rays
NR numberof objectsin theright child of thecurrentnode
NSP numberof objectsintersectingthesplittingplane
NTI numberof interiornodestraversedin kd-tree
NTL numberof leavestraversedin kd-tree
NTS numberof all nodesaccessedperray
NV numberof voxelsin uniformgrid
N þ l � numberof objectsstoredin the l -th leafof kd-tree
O object
Oi i-th object� þ g þ n�
� upperboundof theworst-casecomplexity is g þ n�
OR origin pointof ray R
O84,O89,O93 variousversionsof octreebuilt with spatialmediansubdivision
O84A,O93A two variantsof octreebuilt with surfaceareaheuristic
P polygon
PC convex polygon
P1ÿ P2ÿ P3ÿ P4ÿ P5 positive traversalcasein a recursive traversalalgorithm
Q centerpoint
Qi centerpoint of the ��� of i-th object
R ray
R thecaseright
RL thecaseright, thenleft
RG recursivegrid
RO thecaseright only
RSA þ b� thesurfaceareaof ��� of theright child for positionb
RSA rayshootingalgorithm
S set
SR setof rays
SA surfacearea
SA þ X � surfaceareaof theelementX
SF sizefactorto generatescenesof differentcomplexity in SPD
SLCTS simplelongestcommontraversalsequence
SPD StandardProceduralDatabase[69]
SSD spatialsubdivision
T time
TA traversalalgorithm
TMM latency of mainmemory
Tapp remainingrunningtimeof applicationexcludingthetimeconsumedby aray shootingalgorithm
TC cachelatency
TB preprocessingtime requiredto build datastructuresfor particularray shootingalgorithm
TIT time for ray-objectintersectiontests
TR runningtimerequiredto performgivenTP in theapplication
TTS time for traversingthenodesof DS
TH traversalhistory
TP RSAtestingprocedurea generatingparticularsetof raysgivenascene�
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UG uniformgrid
U ÿ V pointsin IE3

VP viewpoint in IE3

Vol þ X � volumeof X in IE3

X ÿ Y entity, spatialregion,cell, object,etc.
W numberof wins for particularRSAwithin BESproject
WR viewport
Z1 ÿ Z2 ÿ Z3 zerotraversalcasein a recursivetraversalalgorithm

Lower CaseRoman

a entrysigneddistancecorrespondingto entrypointA
b exit signeddistancecorrespondingto entrypointB
b positionof thesplittingplanein ��� , b ��� 0 ÿ 1

bOM positionof thesplittingplanefor objectmedian
bSM positionof thesplittingplanefor spatialmedian
c realnumber
d depth
d þ ν � depthof nodeν in thekd-tree(depthof thekd-treeroot nodeis zero)
dmax maximumdepthallowedfor a leaf in thekd-tree
drec depthof rays,for primaryraysholdsdrec ý 0.
dvoxel voxel densityin context of uniformgrid
e integernumber
enG

int averagenumberof intersectionswith objectsfor globalline, castinggloballines
f numberof taskswhereexperimentfaileddueto time limit
h height,heightof a tree
i ÿ j indices
k kurtosis
l length
ñ averagenumberof objectsin thevoxel
m numberof taskswhereexperimentfaileddueto memorylimits
n integernumber

numberof dimensionsof space
nG

int averagenumberof intersectionswith objectsfor globalline, surfacearea
p probability
pX probabilityof caseX
pY �X conditionalprobabilityof caseY whencaseX occurs
p0 probabilityof zerointersections
pT blockingfactor, i.e., probabilityof a ray hitting anobject
r ratio
rCH cachehit ratio
rITM ratioof ray-objectintersectiontestsperformedto minimumnumberof intersectiontests
rSI ratioof numberof rayshitting objectsto numberof all rays
s skewness
slen averagespanlength
t signeddistance
u realnumber
v variance
w width
x ÿ yÿ z realnumbers
x ÿ y ÿ z axisdenotation



152ô Notation

Scripts

��� ( ��� s) axis-alignedboundingbox(es)
����þ X � axis-alignedboundingbox tightly enclosingentity X� � convex shaft�

cell of SSD�
n cell of SSDin IEn space�

sequence,sequenceof kd-treenodes
� scene(regionof space)
��þ N � scenecontainingN objects

Upper CaseGreek

∆ subsetof four parametersof minimumtestingoutputdescribingdynamicuseof DS
Θ subsetof fivehardware/implementationdependentparametersof minimumtestingoutput
Σ subsetof four parametersof minimumtestingoutputdescribingstaticpropertiesof DS
Π plane
ΠP projectionplane
Ψ sparseness
Ω þ f þ n��� lowerboundof theworst-casecomplexity is f þ n�
Ω solidanglein IE3

Lower CaseGreek

ε smallpositiveconstant
θ anglebetweentwo vectorsin IE3

λ nonuniformitycoefficient
ν nodeof DS
νG genericnodeof DS
νE elementarynodeof DS
νEE emptyelementarynodeof DS
νEF full elementarynodeof DS
σ standarddeviation

Miscellaneous
�
S
�

cardinalityof setS�
x
�

absolutevalueof realnumberx
IEn n-dimensionalEuclideanspace
UV line segmentwith U andV asendpoints
logN dyadiclogarithmof N
d þ U ÿ V � distancebetweenpointsU andV
∂X boundaryof X
X̂ mark ˆ denotesthatX̂ is anestimateof quantityX
Ỹ mark ˜ denotesthatỸ is theaveragevalueof quantityY�
Z mark

�
denotesthat

�
Z is thevectorin IEn space

const constant
int þ X � interiorof X
ext þ X � exteriorof X
Ux ÿ Uy ÿ Uz coordinatesof pointU in IE3

lchild þ ν �2ÿ rchild þ ν � left (right) child of thenodeν in thekd-tree
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Appendix A

C-pseudocodeof sequentialray traversalalgorithmTAseq for kd-tree.

/* Possibleorientationof thesplittingplanein theinterior nodeof thekd-tree, */
/* ”No axis” denotesa leaf. */
enum Axes � X axis, Y axis, Z axis, No axis � ;

/* Declarationof thekd-treenode. */
struct KDTNode �
Point3D min, max; /* extentof node. . . six floatvalues*/
GeomObjlist *objlist; /* list of enclosedobjects*/
struct KDTNode *left; /* pointerto theleft child */
struct KDTNode *right; /* pointerto theright child */
Axes axis; /* orientationof thesplittingplane*/
� ;

/* Locateleaf containingthepoint startinggivennode. */
KDTNode* LocateLeaf(KDTNode *node, Point3D point)

�
KDTNode *currNode = node;

if (point lies outside node bounding box)

return ["no leaf exists"];

while (currNode points to interior node) �
if ( point[currNode->axis] < currNode->right.min[currNode->axis])

currNode = currNode->left;

else
currNode = currNode->right;

� /* while */

/* returnthefoundleaf that containspoint */
return (KDTNode *)currNode;

� /* LocateLeaf*/

/* Sequentialray traversalalgorithm*/
Object RayTravAlgSEQ(KDTNode *rootNode, Ray ray)

�
float a, b; /* entry/exit point signeddistances*/
Point3D point; /* thepoint alongtheraypath*/
KDTNode *currNode; /* pointerto a kd-treenode*/

/* intersecttheraywith sceneBox,find theentryandexit signeddistance*/
RayBoxIntersect(ray, rootNode, &a, &b);

if (ray does not intersect sceneBox)

return ["No object"];

/* start at theroot node*/
currNode = rootNode;
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/* whenrayhastheorigin insidesceneBox,*/
if (a < 0.0)

/* usethepoint of origin for initial search, */
point = ray.origin;

else
/* otherwiseuserayentrypoint for sceneBox*/
point = ray.origin + ray.dir * (a + epsilon);

/* startingfromtheroot node, locatethefirst leaf */
currNode = LocateLeaf(rootNode, point);

/* traversethroughwholekd-treeuntil theobject*/
/* is intersectedor theray leavesthescene*/
while (currNode points to leaf) �

/* find out signeddistancesto theleaf nodeboundingbox*/
RayBoxIntersect(ray, currNode, &a, &b);

if (currNode is not empty leaf) �
"intersect ray with each object in the object list"

"discarding those lying before (a) or farther than (b)"

if (any intersection exists)

return ["object with the closest intersection point"];

� /* if */

/* computethepointon theraypathin thenext leaf */
point = ray.origin + ray.dir * (b + epsilon);

/* locatethenext leafalongtheraypath,if possible*/
currNode = LocateLeaf(root, point);

� /* while */

/* all theleavesof thekd-treealongtheraypathwere tested*/
return ["No object"];

� /* RayTravAlgSEQ*/
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Appendix B

C-pseudocodeof recursive ray traversalalgorithmTAA
rec for thekd-tree.

/* Possibleorientationof thesplittingplanein theinterior nodeof thekd-tree, */
/* ”No axis” denotesa leaf. */
enum Axes � X axis, Y axis, Z axis, No axis � ;

/* Declarationof thenodeof kd-tree*/
struct KDTreeNode �
Point3D min, max; /* extentof node. . . six floatvalues*/
GeomObjlist *objlist; /* list of enclosedobjects*/
struct KDTreeNode *left; /* pointerto theleft child */
struct KDTreeNode *right; /* pointerto theright child */
Axes axis; /* orientationof thesplittingplane*/
� ;

/* Entry for stack operation.*/
struct StackElem �
KDTreeNode* node;

float a; /* entrysigneddistance(a) for thenode*/
float b; /* exit signeddistance(b) for thenode*/
� ;

/* Recursiveray traversalalgorithm,which suffers froma lack of robustness.*/
Object RayTravAlgRECA(KDTreeNode *rootNode, Ray ray)

�
float a, b; /* entry/exit point signeddistances*/
float t; /* signeddistanceto thesplittingplane*/

/* intersectraywith sceneBox,find theentryandexit signeddistance*/
RayBoxIntersect(ray, rootNode, &a, &b);

if (ray does not intersect sceneBox)

return ["No object"];

/* stack to avoidrecursivecalls, requiredfor efficiency*/
StackElem stack[MAXDEPTH]; /* MAXDEPTHcouldbe50 */
int stackPtr = 0; /* pointerto thestack */
/* pointers to thechildrennodeandcurrentnode*/
KDTreeNode *farChild, *nearChild, *currNode;

/* pushtheinitial valuesontothestack */
"store rootNode, a, b onto the stack and increment stackPtr"

/* until wetraversedthroughthewholekd-tree*/
while ( stack is not empty ) � /* stackPtr � 0 */

/* popvaluesfromthestack */
"decrement stackPtr and retrieve currNode, a, and b from the stack"

/* loopuntil a leaf is found*/
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while (currNode is not a leaf) �
/* currentnodeis an interior node*/

/* for X axis,Y axis,Z axiscomputedifferencebetweenpositionof splittingplaneandrayorigin */
float diff = currNode->right.min[axis] - ray.origin[axis];

/* thesigneddistanceto splittingplane*/
t = diff / ray.dir[axis];

/* NEGATIVEor POSITIVEcases?*/
/* thecaseZERO is not recognized!*/
if (diff > 0.0) /* NEGATIVE*/
� nearChild = currNode->left;

farChild = currNode->right;

�
else /* POSITIVE*/
� nearChild = currNode->right;

farChild = currNode->left;

� /* if */

/* distinguishbetweencases1, 3, 4, and 5, */
/* but case2 is not takeninto account!*/
if ( (t > b) or (t < 0.0) )

currNode = nearChild; /* case3 or 1 */
else �

if (t < a )

currNode = farChild; /* case5 */
else
� /* case4 – push*/

"store farNode, t, b onto the stack and increment stackPtr"

/* selectthenearchild for further traversal */
currNode = nearChild;

/* changetheexit signeddistance*/
b = t;

� /* if */
� /* if */

� /* while */

/* currentnodeis theleaf . . . emptyor full */

"intersect ray with each object in the object list"

"discarding those lying before (a) or farther than (b)"

if (any intersection exists)

return ["object with the closest intersection point"];

� /* while ( stack is not empty)*/

/* if stack is empty, no intersectionhasbeenfound*/
return ["No object"];

� /* RayTravAlgRECA*/
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C-pseudocodeof recursive ray traversalalgorithmTAB
rec for thekd-tree.

/* Possibleorientationof thesplittingplanein theinterior nodeof thekd-tree, */
/* ”No axis” denotesa leaf. */
enum Axes � X axis, Y axis, Z axis, No axis � ;

/* Declarationof thekd-treenode*/
struct KDTNode �
GeomObjlist *objlist; /* list of enclosedobjects*/
struct KDTNode *left; /* pointerto theleft child */
struct KDTNode *right; /* pointerto theright child */
Axes axis; /* orientationof thesplittingplane*/
float splitPlane; /* positionof thesplittingplane*/
� ;

/* Entry for stack operation.*/
struct StackElem �
KDTNode* node; /* pointerto far child */
float t; /* theentry/exit signeddistance*/
Point3D pb; /* thecoordinatesof entry/exit point */
int prev; /* thepointerto thepreviousstack item*/
� ;

/* Recursiveray traversalalgorithm.*/
Object RayTravAlgRECB(KDTNode *rootNode, Ray ray)

�
float a, b; /* entry/exit signeddistance*/
float t; /* signeddistanceto thesplittingplane*/

/* intersectraywith sceneBox,find theentryandexit signeddistance*/
RayBoxIntersect(ray, rootNode, &a, &b);

if (ray does not intersect sceneBox )

return ["No object"];

/* stack requiredfor traversal to store far children*/
StackElem stack[MAXDEPTH]; /* MAXDEPTHcouldbe50 */

/* pointers to thefar child nodeandcurrentnode*/
KDTNode *farChild, *currNode;

currNode = root; /* start fromthekd-treeroot node*/

int enPt = 0; /* setupinitial entrypoint . . . enPtcorrespondsto pointer*/
stack[enPt].t = a; /* setthesigneddistance*/

/* distinguishbetweeninternal andexternalorigin */
if (a >= 0.0) /* a raywith externalorigin */

stack[enPt].pb = ray.origin + ray.dir * a;

else /* a raywith internal origin */
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stack[enPt].pb = ray.origin;

/* setupinitial exit point in thestack */
int exPt = 1; /* pointerto thestack */
stack[exPt].t = b;

stack[exPt].pb = ray.origin + ray.dir * b;

stack[exPt].node = "nowhere"; /* setterminationflag */

/* loop, traversethroughthewholekd-tree, until anobjectis intersectedor ray leavesthescene*/
while (currNode does not point to "nowhere" ) �

/* loop until a leaf is found*/
while (currNode is not a leaf) �

/* retrievepositionof splittingplane*/
float splitVal = currNode->splitPlane;

/* similar codefor all axes*/
/* nextAxisis x � y, y � z,z � x */
/* prevAxisis z � x, y � x, y � z */

if (stack[enPt].pb[axis] <= splitVal) �
if (stack[exPt].pb[axis] <= splitVal)

� /* caseN1,N2,N3,P5,Z2,andZ3*/
currNode = currNode->left;

continue;

�
if (stack[exPt].pb[axis] == splitVal) �

currNode = currNode->right;

continue; /* caseZ1*/
� /* if */
/* caseN4 */
farChild = currNode->right;

currNode = currNode->left;

�
else � /* (stack[enPt].pb[axis] � splitVal) */

if (splitVal < stack[exPt].pb[axis]) �
/* caseP1,P2,P3,andN5 */
currNode = currNode->right;

continue;

� /* if */
/* caseP4*/
farChild = currNode->left;

currNode = currNode->right;

� /* if */
/* caseP4or N4 . . . traversebothchildren*/

/* signeddistanceto thesplittingplane*/
t = (splitVal - ray.origin[axis]) / ray.dir[axis];

/* setupthenew exit point */
int tmp = exPt;

Increment(exPt);
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/* possiblyskipcurrententrypoint sonot to overwritethedata*/
if (exPt == enPt)

Increment(exPt);

/* pushvaluesontothestack */
stack[exPt].prev = tmp;

stack[exPt].t = t;

stack[exPt].node = farChild;

stack[exPt].pb[axis] = splitVal;

stack[exPt].pb[nextAxis] = ray.origin[nextAxis] +

t * ray.dir[nextAxis];

stack[exPt].pb[prevAxis] = ray.origin[prevAxis] +

t * ray.dir[prevAxis];

� /* while */

/* currentnodeis theleaf . . . emptyor full */
"intersect ray with each object in the object list, discarding "

"those lying before stack[enPt].t or farther than stack[exPt].t"

if ( any intersection exists )

return ["object with closest intersection point"];

/* popfromthestack */
enPt = exPt; /* thesigneddistanceintervalsareadjacent*/

/* retrievethepointerto thenext node, it is possiblethat ray traversal terminates*/
currNode = stack[exPt].node;

exPt = stack[enPt].prev;

� /* while */

/* currNode= ”nowhere”, ray leavesthescene*/
return ["No object"];

� /* RayTravAlgRECB*/
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Appendix D

C-pseudocodesconcerningray traversalalgorithmsfor thekd-treewith neighbor-links.

Algorithm determiningasingleneighbor-link for onefaceof a leafof thekd-tree.

/* Possibleorientationof thesplittingplanein theinterior nodeof thekd-tree, */
/* ”No axis” denotesa leaf. */
enum Axes � X axis, Y axis, Z axis, No axis � ;

/* Denotethefacesof kd-treenode*/
enum Faces � FLeft, FRight, FFront, FBack, FBottom, FTop � ;

/* Declarationof thekd-treenode*/
struct KDTNode �
Point3D min, max; /* extentof node. . . six floatvalues*/
GeomObjlist *objlist; /* list of enclosedobjects*/
struct KDTNode *left; /* pointerto theleft child */
struct KDTNode *right; /* pointerto theright child */
/* links fromfacesto neighbors,eithersingleneighbor-linksor neighbor-links trees*/
struct KDTNode *flinks[6];

Axes axis; /* orientationof thesplittingplane*/
float splitPlane; /* positionof thesplittingplane*/
� ;

/* Givena nodeandoneof its faces,find out thesingleneighbor-link */
KDTNode* FindSingleNeighborLink(KDTNode *node, Faces face, KDTNode *rootNode)

�
KDTNode *currNode; /* currentlyaccessednode*/

if (node->box[face] is coplanar with a face of sceneBox)

/* ray leavesthescenefromthefaceof givennode*/
return ["No neighbor link exists"];

/* stack requiredfor traversal to store far child nodes*/
KDTNode *stack[MAXDEPTH]; /* MAXDEPTHcouldbe50 */

/* search startsfromtheroot node*/
stack.push(rootNode);

/* loopuntil wefind out theneighbor-link */
while (stack is not empty) �

/* getcurrNodenodeon thepath*/
currNode = stack.pop();

if (currNode is not leaf) �
/* currNodenodeis interior one*/
if (currNode->axis == node->axis) �
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/* splittingplaneparallel with faceof node*/
if (node->box.GetExtent(face) < currNode->splittingPlane - epsilon)

stack.push(currNode->left);

else �
if (node->box.GetExtent(face) > currNode->splittingPlane + epsilon)

stack.push(currNode->right);

else �
/* thesplittingplaneunderlyingtheface, selecttheopposite, */
/* part of kd-treethatdoesnot includenode*/
if (face is a min face of the node)

/* it wasa min limit – go to theleft */
stack.push(currNode->left);

else
/* it wasa maxlimit – go to theright */
stack.push(currNode->right);

� /* if */
� /* if */

�
else �

/* it is someotheraxissotestif it splitsthefaceor not */
if (node->min[currNode->axis] >= currNode->splittingPlane)

/* greater, it avoidssplitting thefaceof node*/
stack.push(currNode->right);

else �
if (node->max[currNode->axis] <= currNode->splittingPlane)

/* smaller, it avoidssplitting thefaceof node*/
stack.push(currNode->left);

� /* if */
� /* if axis. . . */

� /* if cuurentnodeis a leaf*/
� /* while stack is not empty*/

/* neighbor-link is located,it pointseitherto leaf or to theinterior node*/
return ["currNode"];

� /* FindSingleNeighborLink*/

Algorithm replacinga singlelink by aneighbor-links treedecomposedinto two procedures.

/* Givena nodeandface, possiblyreplacesindirectneighbor-link bycorrespondingneighbor-linkstree*/
void BuildNeighborLinksTree(KDTNode *node, Faces face)

�
if (node->flinks[face] == NULL) return;

if (node->flinks[face] is leaf) return;

/* theneighbor-link pointsto an interior kd-treenode, */
/* it will bereplaceda neighbor-linkstree, it hassense*/
node->flinks[face] = CreateNeighborLinkTree(node, node->flink[face], face);

� /* BuildNeighborLinksTree*/
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/* Alwayscreatesneighbor-linkstree. */
KDTNode* CreateNeighborLinksTree(KDTNode *node, KDTNode *subtree, Faces face)

�
/* currentnodeof thekd-tree*/
KDTNode *currNode = subtree;

while(currNode is not leaf) �
/* currNodeis an interior node, wearedescendingto a leaf */
if (currNode->axis is perpendicular to face) �

if (node->box[face] is to the left of currNode->splitPlane)

currNode = currNode->left;

else �
if (node->box[face] is to the right of currNode->splitPlane)

currNode = currNode->right;

else �
/* limits areequalmakedecisionregarding to theopositelimit */
if (face is a min face of currNode)

currNode = currNode->left; /* it wasa min limit – go left */
else

currNode = currNode->right; /* it wasa maxlimit – goright */
� /* if */

� /* if */
�
else �

/* it is someotheraxissotestif it splitsthefaceor not */
if (node->box is to the right of currNode->splitPlane)

currNode = currNode->right; /* greater*/
else �

if (node->box is to the left of currNode->splitPlane)

currNode = currNode->left; /* smaller*/
else �

/* thisnodeintersectstheface– it mustbeaddedto thecreatedneighbor-linkstree*/
KDTNode *result = new KDTNode;

result->splitPlane = currNode->splitPlane;

result->axis = currNode->axis;

/* recusivelycall itself to getwholeneighbor-links tree*/
result->left = NextRopeTreeNode(node, currNode->left, face);

result->right = NextRopeTreeNode(node, currNode->right, face);

return result;

� /* if */
� /* if axis.. */

� /* if perpendicularto face*/
� /* while curr nodeis not a leaf */

/* returntheleafnodeof neigbhour-linkstree*/
return currNode;

� /* CreateNeighborLinksTree*/
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Raytraversalalgorithmfor thekd-treewith singleneighbor-links andneighbor-links trees.

/* Raytraversal algorithmfor neighbor-links,*/
/* leaf nodewhere rayorigin is locatedmaybespecified,if known.*/
Object RayTravAlgNL(Ray ray, KDTNode *leafOrigin, KDTNode *rootNode)

�
KDTNode *currLeaf = leafOrigin; /* currentlyaccessedleafnodeof kd-tree*/
Point3D exitPoint; /* exit point of currentleafnode*/

if (currLeaf is not valid leaf od kd-tree) �
float a, b; /* entry/exit point signeddistances*/

/* intersectray with sceneBox,find theentryandexit signeddistance*/
RayBoxIntersect(ray, rootNode, &a, &b);

if (ray does not intersect sceneBox)

return ["No object"];

/* entryintersectionpointof rayandsceneBox*/
exitPoint = ray.origin + ray.dir * (a + epsilon);

/* locatethefirst leaf alongtheraypath*/
currLeaf = LocateLeaf(rootNode, exitPoint);

�

/* traversethroughwholekd-treeuntil theobjectis intersectedor theray leavesthescene*/
while (true) � /* endlessloop*/

if (currLeaf is not empty leaf) �
"intersect ray with each primitive in the object list"

"discarding those lying outside the leaf bounding box"

if (any intersection exists)

return ["object with the closest intersection point"];

� /* if */

/* exit-facedeterminationfor exit intersectionpoint */
nextExitFace = GetExitFace(currNode, ray, exitPoint);

if (currLeaf.flinks[nextExitFace] does point outside the sceneBox)

return ["No object"]; /* therayexits thescene*/

if (currLeaf.flinks[nextExitFace] is a leaf)

currLeaf = currLeaf.flinks[nextExitFace];

else
currLeaf = LocateLeaf(currLeaf.flinks[nextExi tFace ], exitPoint);

� /* while */
� /* RayTravAlgNL*/
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Appendix E

Theexperimentalresultsfor SPD scenesarepresentedhereprimarily for testingprocedureTPD. The
experimentsfor settingdescribedonlines0–47wereconductedonPC,Intel PentiumII MMX, 466Mhz,
128MB RAM, runningLinux operatingsystem(kernelversion2.2.12-20),egcs-1.1.2compilerrelease,
optimizationswitches“-O2”. In addition,for lines33–47compilersetting“-DNDEBUG” wasused(for
this reasontheresultsfor line 45 and13 differ in subsetΘ). Theresultsarepresentedin tabular form
usingtheminimumtestingoutput(describedin Chapter2). Theresultsfor eachout of 30 SPD scenes
arepresented,with several invariantsof themeasurementrelatedto TPD:

Nhit��� : numberof primaryraysintersectingthesceneaxis-alignedboundingbox,

Nhit
prim: numberof primaryraysintersectinganobject,

Nsec: numberof secondaryrays(reflectedraysandrefractedrays),

Nhit
sec: numberof secondaryraysintersectinganobject(reflectedandrefractedrays),

Nshad: numberof shadow rays,

Nhit
shad: numberof shadow rayshitting opaqueobjects,

TMIN
R : minimumapplicationrunningtime,

Tapp: remainingapplicationtime,

TMIN
RSA : idealray shootingtime. (SeeChapter2 for details.)

Severalotherscenecharacteristicsaregivenin Table3.2,Chapter3.
In experimentsfor the kd-treesbuilt for specialray sets(parallel, perspective, spherical), these

invariantsdo nothold,we donot statethemhere.Othersettingsusedin Tables:

Line 0: “näıve RSA” (for several experiments,integral countersoverflew; the resultsarenot fully re-
ported),

Line 48: BVH – boundingvolumehierarchy(Subsection3.5.2andSubsection1.6.2),

Line 49: O84– octree(Subsection3.5.2andSubsubsection1.6.3.2),

Line 50: O89– octree(Subsection3.5.2andSubsubsection1.6.3.2),

Line 51: BSP– binaryspacepartitioningtree(Subsection3.5.2andSubsubsection1.6.3.1),

Line 52: O93– octree(Subsection3.5.2andSubsubsection1.6.3.2),

Line 53: UG – uniform grid (Subsection3.5.2andSubsubsection1.6.3.3),

Line 54: AG – adaptive grid (Subsection3.5.2andSubsubsection1.6.3.4),

Line 55: HUG – hierarchyof uniformgrids(Subsection3.5.2andSubsubsection1.6.3.4),

Line 56: RG – recursive grids(Subsection3.5.2andSubsubsection1.6.3.4),

Line 57: O84A– Octree-R(Subsection3.5.2andSubsubsection1.6.3.2),

Line 58: O93A– Octree-R(Subsection3.5.2andSubsubsection1.6.3.2),

Line 59: KD – kd-tree(Subsection3.5.2,Chapter4, andChapter5),
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Mnemonic Notation for Tablesin Appendix E

Thesettingfor theexperimentsis describedin two Sections.In Section4.10,lines1–32,thesettingis
describedfor kd-treeconstructionalgorithms.In Section5.5, lines33–47,thesettingis describedfor
ray traversalalgorithms.Thesecondcolumnin thetablesgivesmnemonicsymbolsfor thesettingused
in theexperiments,wherethefollowing symbolsareused:

(atc): automaticterminationcriteria(Section4.5),

(dmax,Nmax): adhocterminationcriteriawith maximumleafdepthdmaxandmaximumnumber
of objectsin a leafNmax (Subsubsection4.2.4.1),

objmed: objectmediansubdivision (Subsection4.2.2),

spatmed: spatialmediansubdivision (i.e. BSPtree,Subsection4.2.2),

xyz: cyclical changeof splitting planeorientationstartingwith the x-axis (Subsec-
tion 4.2.1),

GCM,GCM2,GCM3: generalcostmodel(Section4.7),

LC: lateemptyspacecuttingoff (Subsection4.4.3),

OSAH: ordinarysurfaceareaheuristic(Subsection4.2.2),

PAR: ray setinducedby parallelprojection(Section4.8),

PARSAH: parallelsurfaceareaheuristic(Subsection4.8.1),

PER: ray setinducedby perspective projection(Section4.8),

PERSAH: perspective surfaceareaheuristic(Subsection4.8.2),

RMI: searchrestrictedto medianinterval (Subsubsection4.2.3.4),

SPH: ray setinducedby sphericalprojection(Section4.8),

SPHSAH: sphericalsurfaceareaheuristic(Subsection4.8.3),

TAseq: sequentialray traversalalgorithm(Subsection5.3.1),

TAA
rec: slower recursive ray traversalalgorithm(Subsection5.3.2),

TAB
rec: fasterrecursive ray traversalalgorithm(Section5.4),

TASNL: ray traversalalgorithmwith singleneighbour-links (Section5.4),

TANLT : ray traversalalgorithmwith neighbour-links trees(Section5.4),

TPC: two-planeemptyspacecuttingoff (Subsection4.4.4).

If not statedexplicitly by PAR, PER,or SPH,the distribution of rayswas inducedby the testing
procedureTPD. Thesameholdsfor theray traversalalgorithm.If notstatedexplicitly, therecursive ray
traversalalgorithmTAB

rec is used.Symbol“–” denotesunknown value.
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Scene= “balls3”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 821 – 0 0 0 0.00 314.77 12.07 1.0 749.45
1 spatmed-xyz(16,2) 526 527 219 2373 78.07 57.46 11.02 5.83 0.02 27.02 12.07 0.42 52.26
2 objmed-xyz(16,2) 4323 4324 185 8025 56.10 66.82 14.68 0.96 0.13 28.28 12.07 0.31 55.26
3 objmed(16,2) 3829 3830 110 7192 61.00 63.32 14.92 0.43 0.16 29.44 12.07 0.34 58.02
4 OSAH(16,2) 1569 1570 295 2608 9.78 19.56 3.98 1.01 0.13 12.66 12.07 0.21 18.07
5 OSAH-RMI(16,2) 1569 1570 295 2608 9.78 19.56 3.98 1.01 0.13 12.26 12.07 0.21 17.12
6 OSAH-xyz(16,2) 1779 1780 306 2964 9.68 21.87 4.64 1.74 0.07 12.49 12.07 0.19 17.67
7 OSAH(8,1) 65 66 3 989 64.44 11.36 2.69 0.17 0.06 18.20 12.07 0.75 31.26
8 OSAH(8,2) 64 65 3 988 64.45 11.36 2.69 0.17 0.06 18.01 12.07 0.75 30.81
9 OSAH(16,1) 2411 2412 663 3076 9.01 21.47 4.34 1.24 0.13 12.64 12.07 0.18 18.02

10 OSAH(16,2) 1569 1570 295 2608 9.78 19.56 3.98 1.01 0.13 12.66 12.07 0.21 18.07
11 OSAH(24,1) 9063 9064 1120 10930 8.30 24.15 4.78 1.38 0.30 13.22 12.07 0.16 19.40
12 OSAH(24,2) 3667 3668 340 6321 9.49 20.51 4.13 1.03 0.18 12.54 12.07 0.20 17.79
13 OSAH(atc) 767 768 158 1674 12.38 18.57 3.87 0.96 0.09 12.61 12.07 0.26 17.95
14 OSAH2(atc) 1098 1099 145 2154 11.91 22.26 4.39 1.23 0.13 13.02 12.07 0.22 18.93
15 OSAH+LC(atc) 790 791 158 1732 12.38 18.57 3.87 0.96 0.09 12.61 12.07 0.26 17.95
16 OSAH+TPC(atc) 732 733 148 1646 12.39 18.51 3.86 0.96 0.11 12.56 12.07 0.26 17.83
17 OSAH+TPC+LC(atc) 813 814 148 1829 12.38 18.57 3.87 0.96 0.13 11.60 12.07 0.26 15.55
18 OSAH+LC(16,1) 2411 2412 663 3076 9.01 21.47 4.34 1.24 0.17 11.72 12.07 0.18 15.83
19 OSAH+TPC(16,1) 2409 2410 665 3074 9.01 21.48 4.34 1.24 0.17 11.82 12.07 0.18 16.07
20 OSAH+TPC+LC(16,1) 2409 2410 665 3074 9.01 21.48 4.34 1.24 0.17 11.75 12.07 0.18 15.90
21 OSAH+PR(atc) 767 768 158 1492 11.97 18.44 3.86 0.98 0.12 11.83 12.07 0.25 16.10
22 OSAH+SC(atc) 720 721 202 1468 11.22 18.29 3.85 1.19 0.15 12.03 12.07 0.25 16.57
23 OSAH+GCM(atc) 906 907 182 1859 11.95 19.54 4.05 1.05 2.52 12.39 12.07 0.25 17.43
24 OSAH+GCM2(atc) 1535 1536 87 3695 14.25 22.71 4.58 0.92 4.65 13.35 12.07 0.25 19.71
25 OSAH+GCM3(atc) 791 792 76 2040 19.44 21.63 4.13 0.58 2.38 13.81 12.07 0.32 20.81

26 OSAH+PAR(atc) 767 768 158 1674 6.08 21.25 4.84 1.39 0.10 4.16 13.00 0.36 7.80
27 PARSAH+PAR(atc) 812 813 174 1723 5.98 21.33 4.83 1.38 0.14 4.15 13.00 0.35 7.75
28 OSAH+PER(atc) 767 768 158 1674 5.93 21.06 4.84 1.56 0.11 4.23 12.43 0.39 7.71
29 PERSAH+PER(atc) 1241 1242 284 2142 5.17 23.85 5.56 1.90 24.21 4.33 12.43 0.35 8.19
30 SPHSAH+PER(atc) 702 703 129 1688 6.98 20.78 4.82 1.12 0.78 4.33 12.43 0.43 8.19
31 OSAH+SPH(atc) 767 768 158 1674 5.86 20.74 4.76 1.53 0.11 4.50 12.04 0.43 7.52
32 SPHSAH+SPH(atc) 702 703 129 1688 6.90 20.50 4.75 1.10 0.78 4.62 12.04 0.48 8.04

33 OSAH+TAseq(16,2) 1569 1570 295 2608 10.30 46.11 4.10 1.01 0.10 16.31 12.07 0.12 26.76
34 OSAH+TAA

rec(16,2) 1569 1570 295 2608 9.78 19.56 3.98 1.01 0.10 12.55 12.07 0.18 17.81
35 OSAH+TAB

rec(16,2) 1569 1570 295 2608 9.78 19.56 3.98 1.01 0.10 11.47 12.07 0.21 15.24
36 OSAH+TASNL(16,2) 1569 1570 295 2608 10.30 18.24 4.11 1.01 0.11 12.06 12.07 0.19 16.64
37 OSAH+TANLT (16,2) 10510 1570 295 2608 10.30 16.54 4.10 1.01 0.14 12.33 12.07 0.19 17.29
38 OSAH+TAseq(18,2) 2196 2197 337 3492 10.03 48.44 4.20 1.03 0.12 16.65 12.07 0.11 27.57
39 OSAH+TAA

rec(18,2) 2196 2197 337 3492 9.51 20.11 4.07 1.03 0.12 12.72 12.07 0.17 18.21
40 OSAH+TAB

rec(18,2) 2196 2197 337 3492 9.51 20.11 4.07 1.03 0.11 11.58 12.07 0.20 15.50
41 OSAH+TASNL(18,2) 2196 2197 337 3492 10.04 18.76 4.20 1.03 0.16 12.11 12.07 0.18 16.76
42 OSAH+TANLT (18,2) 14308 2197 337 3492 10.03 16.97 4.20 1.03 0.18 12.20 12.07 0.18 16.98
43 OSAH+TAseq(atc) 767 768 158 1674 12.92 42.39 3.97 0.96 0.08 16.16 12.07 0.15 26.40
44 OSAH+TAA

rec(atc) 767 768 158 1674 12.38 18.57 3.87 0.96 0.09 12.64 12.07 0.23 18.02
45 OSAH+TAB

rec(atc) 767 768 158 1674 12.38 18.57 3.87 0.96 0.08 11.67 12.07 0.26 15.71
46 OSAH+TASNL(atc) 767 768 158 1674 12.92 17.25 3.97 0.96 0.09 12.15 12.07 0.24 16.86
47 OSAH+TANLT (atc) 5207 768 158 1674 12.92 15.72 3.97 0.96 0.09 12.23 12.07 0.24 17.05

48 BVH 106 520 0 821 37.19 25.89 17.40 0.00 0.05 197.49 – – –
49 O84 262 1835 853 4500 69.15 119.30 19.56 12.16 0.04 73.33 – – –
50 O89 262 1835 853 4500 69.34 76.73 19.55 12.16 0.03 50.37 – – –
51 BSP 526 527 219 2373 78.07 57.46 11.02 5.83 0.85 82.40 – – –
52 O93 262 1835 853 4500 68.21 66.33 26.33 19.02 0.03 68.55 – – –
53 UG 0 4107 2720 2502 141.67 5.21 5.21 2.58 0.03 45.45 – – –
54 AG 22 2754 1257 3734 17.88 7.07 6.28 3.13 0.08 23.18 – – –
55 HUG 14 852 366 1436 681.67 6.48 3.37 1.33 0.03 281.01 – – –
56 RG 127 2922 577 6856 25.92 10.31 7.36 2.63 0.03 28.96 – – –
57 O84A 1350 9451 1418 15373 13.09 41.51 8.61 4.60 0.19 32.29 – – –
58 KD 1569 1570 295 2608 9.78 19.56 3.98 1.01 0.30 21.40 – – –

Table1: Experimentalresultsfor scene“balls3”.

N á 821,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 263169, Nsec á 151293, Nhit
sec á 104440,

Nshad á 921077, Nhit
shad á 236800, TMIN

R ç sé]á 5 â 49, Tapp ç séOá 5 â 07, TMIN
RSA ç séOá 0 â 42.
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Scene= “gears2”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 1169 – 0 0 0 0.00 1166.83 6.82 1.0 783.11
1 spatmed-xyz(16,2) 2247 2248 156 9196 13.79 23.38 3.95 1.20 0.06 27.75 6.82 0.49 11.81
2 objmed-xyz(16,2) 6356 6357 490 13596 19.66 46.04 8.95 4.07 0.20 36.85 6.82 0.41 17.91
3 objmed(16,2) 8543 8544 619 15906 45.29 66.50 13.09 0.62 0.32 61.04 6.82 0.52 34.15
4 OSAH(16,2) 3295 3296 40 7546 7.55 17.00 2.98 0.53 0.19 23.71 6.82 0.42 9.09
5 OSAH-RMI(16,2) 3295 3296 40 7546 7.55 17.00 2.98 0.53 0.19 23.45 6.82 0.42 8.92
6 OSAH-xyz(16,2) 2157 2158 90 5325 8.07 20.78 4.04 1.70 0.10 24.74 6.82 0.38 9.79
7 OSAH(8,1) 90 91 11 1386 40.52 12.38 2.54 0.51 0.07 35.40 6.82 0.84 16.94
8 OSAH(8,2) 90 91 11 1386 40.52 12.38 2.54 0.51 0.07 35.36 6.82 0.84 16.91
9 OSAH(16,1) 5624 5625 165 9338 6.10 18.54 3.18 0.56 0.23 22.69 6.82 0.34 8.41

10 OSAH(16,2) 3295 3296 40 7546 7.55 17.00 2.98 0.53 0.19 23.71 6.82 0.42 9.09
11 OSAH(24,1) 14969 14970 1021 21134 5.70 19.30 3.34 0.60 0.49 22.90 6.82 0.32 8.55
12 OSAH(24,2) 6977 6978 190 14573 7.31 17.26 3.02 0.54 0.30 22.97 6.82 0.40 8.60
13 OSAH(atc) 3297 3298 78 6229 6.57 17.89 3.10 0.55 0.18 22.73 6.82 0.37 8.44
14 OSAH2(atc) 3265 3266 159 6267 6.17 21.09 3.71 1.34 0.24 23.98 6.82 0.32 9.28
15 OSAH+LC(atc) 3842 3843 78 7629 6.50 18.10 3.12 0.55 0.22 23.04 6.82 0.36 8.64
16 OSAH+TPC(atc) 2412 2413 81 5095 6.87 17.56 3.07 0.56 0.17 23.04 6.82 0.38 8.64
17 OSAH+TPC+LC(atc) 3912 3913 86 8016 6.59 18.06 3.12 0.56 0.28 21.80 6.82 0.37 7.81
18 OSAH+LC(16,1) 5626 5627 167 9338 6.10 18.54 3.18 0.56 0.30 21.49 6.82 0.34 7.60
19 OSAH+TPC(16,1) 5620 5621 175 9334 6.12 18.58 3.20 0.56 0.29 21.78 6.82 0.34 7.80
20 OSAH+TPC+LC(16,1) 5622 5623 177 9334 6.12 18.58 3.20 0.56 0.30 22.70 6.82 0.34 8.42
21 OSAH+PR(atc) 3297 3298 78 5691 6.40 17.90 3.11 0.55 0.55 22.59 6.82 0.36 8.34
22 OSAH+SC(atc) 3302 3303 81 6182 6.57 17.91 3.10 0.55 0.29 23.09 6.82 0.37 8.68
23 OSAH+GCM(atc) 4934 4935 109 8655 6.85 19.61 3.48 0.43 15.45 23.41 6.82 0.36 8.89
24 OSAH+GCM2(atc) 8020 8021 240 14595 7.81 22.92 3.79 0.50 40.60 24.54 6.82 0.35 9.65
25 OSAH+GCM3(atc) 3491 3492 228 6697 9.48 26.39 4.37 0.95 11.54 26.00 6.82 0.36 10.63

26 OSAH+PAR(atc) 3297 3298 78 6229 2.34 11.60 2.05 0.21 0.21 5.86 8.02 0.70 3.25
27 PARSAH+PAR(atc) 3889 3890 136 6925 2.24 11.86 2.09 0.27 0.26 5.70 8.02 0.66 2.94
28 OSAH+PER(atc) 3297 3298 78 6229 2.66 13.47 2.17 0.25 0.21 5.61 8.17 0.65 3.52
29 PERSAH+PER(atc) 4046 4047 170 7290 2.49 13.41 2.31 0.46 21.93 5.40 8.17 0.60 3.08
30 SPHSAH+PER(atc) 4264 4265 634 9174 4.51 18.20 3.02 0.79 1.04 5.87 8.17 0.59 4.06
31 OSAH+SPH(atc) 3297 3298 78 6229 2.66 13.30 2.14 0.24 0.21 5.79 8.02 0.64 3.12
32 SPHSAH+SPH(atc) 4264 4265 634 9174 4.50 18.13 3.02 0.81 1.04 6.21 8.02 0.61 3.92

33 OSAH+TAseq(16,2) 3295 3296 40 7546 10.58 31.36 3.01 0.53 0.15 26.30 6.82 0.31 10.83
34 OSAH+TAA

rec(16,2) 3295 3296 40 7546 7.55 17.00 2.98 0.53 0.15 23.41 6.82 0.37 8.89
35 OSAH+TAB

rec(16,2) 3295 3296 40 7546 7.55 17.00 2.98 0.53 0.16 21.93 6.82 0.42 7.90
36 OSAH+TASNL(16,2) 3295 3296 40 7546 10.58 15.41 3.01 0.53 0.19 21.77 6.82 0.43 7.79
37 OSAH+TANLT (16,2) 14579 3296 40 7546 10.58 14.60 3.01 0.53 0.21 23.19 6.82 0.38 8.74
38 OSAH+TAseq(18,2) 4799 4800 98 10190 10.26 31.99 3.03 0.53 0.20 26.54 6.82 0.29 10.99
39 OSAH+TAA

rec(18,2) 4799 4800 98 10190 7.33 17.20 3.01 0.53 0.16 23.55 6.82 0.36 8.99
40 OSAH+TAB

rec(18,2) 4799 4800 98 10190 7.33 17.20 3.01 0.53 0.19 21.87 6.82 0.41 7.86
41 OSAH+TASNL(18,2) 4799 4800 98 10190 10.26 15.58 3.04 0.53 0.25 21.71 6.82 0.42 7.75
42 OSAH+TANLT (18,2) 20364 4800 98 10190 10.26 14.75 3.04 0.53 0.30 22.15 6.82 0.40 8.05
43 OSAH+TAseq(atc) 3297 3298 78 6229 9.24 33.53 3.13 0.55 0.14 26.44 6.82 0.26 10.93
44 OSAH+TAA

rec(atc) 3297 3298 78 6229 6.57 17.89 3.10 0.55 0.16 23.36 6.82 0.32 8.86
45 OSAH+TAB

rec(atc) 3297 3298 78 6229 6.57 17.89 3.10 0.55 0.15 21.54 6.82 0.37 7.64
46 OSAH+TASNL(atc) 3297 3298 78 6229 9.24 16.20 3.13 0.55 0.20 21.62 6.82 0.37 7.69
47 OSAH+TANLT (atc) 14410 3298 78 6229 9.24 15.09 3.13 0.55 0.22 21.80 6.82 0.36 7.81

48 BVH 143 762 0 1169 37.59 35.70 27.66 0.00 0.07 444.67 – – –
49 O84 1185 8296 2820 17960 11.36 27.93 5.65 2.81 0.09 48.97 – – –
50 O89 1185 8296 2820 17960 10.64 21.48 5.49 2.81 0.07 41.43 – – –
51 BSP 2247 2248 156 9196 13.79 23.38 3.95 1.20 1.15 121.18 – – –
52 O93 1357 9500 3508 19636 9.74 20.46 7.95 5.55 0.09 49.88 – – –
53 UG 0 5887 4371 4121 18.95 8.42 8.42 5.56 0.04 40.22 – – –
54 AG 116 5122 0 10112 9.41 4.41 3.40 0.00 0.23 45.39 – – –
55 HUG 15 3480 0 8100 36.82 4.95 1.69 0.00 0.08 73.80 – – –
56 RG 347 6374 2464 18917 20.30 8.36 6.42 3.18 0.06 50.71 – – –
57 O84A 4349 30444 7658 53542 8.60 30.98 6.23 3.33 0.57 49.40 – – –
58 KD 3295 3296 40 7546 7.55 17.00 2.98 0.53 0.60 38.96 – – –

Table2: Experimentalresultsfor scene“gears2”.

N á 1169,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 243148, Nsec á 270124, Nhit
sec á 191717,

Nshad á 1565640, Nhit
shad á 369157, TMIN

R ç sé]á 11â 65, Tapp ç sé]á 10â 16, TMIN
RSA ç sé]á 1 â 49.
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Scene= “ jacks3”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 657 – 0 0 0 0.00 155.50 7.65 1.0 676.09
1 spatmed-xyz(16,2) 9091 9092 256 21468 34.87 32.72 6.31 0.84 0.08 9.86 7.65 0.49 35.22
2 objmed-xyz(16,2) 5032 5033 300 9540 37.03 35.27 6.95 0.76 0.13 9.64 7.65 0.49 34.26
3 objmed(16,2) 4879 4880 176 9517 39.74 34.32 6.81 0.23 0.20 10.18 7.65 0.51 36.61
4 OSAH(16,2) 2678 2679 258 4614 22.40 26.50 5.08 1.27 0.14 7.32 7.65 0.44 24.17
5 OSAH-RMI(16,2) 2678 2679 258 4614 22.40 26.50 5.08 1.27 0.14 7.27 7.65 0.44 23.96
6 OSAH-xyz(16,2) 2762 2763 243 4814 22.34 25.46 4.92 1.08 0.09 7.03 7.65 0.44 22.91
7 OSAH(8,1) 209 210 49 1270 56.62 14.92 3.12 1.01 0.05 8.96 7.65 0.78 31.30
8 OSAH(8,2) 196 197 36 1270 57.65 14.55 3.04 0.76 0.05 9.03 7.65 0.78 31.61
9 OSAH(16,1) 5499 5500 1108 6546 16.53 32.57 6.09 2.55 0.20 7.11 7.65 0.32 23.26

10 OSAH(16,2) 2678 2679 258 4614 22.40 26.50 5.08 1.27 0.14 7.32 7.65 0.44 24.17
11 OSAH(24,1) 10584 10585 1184 13622 16.39 35.87 6.59 2.57 0.33 7.42 7.65 0.29 24.61
12 OSAH(24,2) 4611 4612 258 8617 22.78 28.08 5.33 1.27 0.20 7.52 7.65 0.43 25.04
13 OSAH(atc) 1687 1688 630 2330 22.07 24.37 4.71 2.24 0.11 6.78 7.65 0.45 21.83
14 OSAH2(atc) 2636 2637 442 3706 20.74 28.02 5.33 1.82 0.18 7.02 7.65 0.40 22.87
15 OSAH+LC(atc) 2658 2659 631 4607 22.63 27.12 5.21 2.24 0.15 7.25 7.65 0.43 23.87
16 OSAH+TPC(atc) 1054 1055 358 1937 26.42 21.64 4.21 1.87 0.10 6.86 7.65 0.53 22.17
17 OSAH+TPC+LC(atc) 2347 2348 360 4913 26.59 25.89 4.98 1.87 0.18 7.31 7.65 0.48 24.13
18 OSAH+LC(16,1) 5499 5500 1108 6546 16.53 32.57 6.09 2.55 0.24 6.81 7.65 0.32 21.96
19 OSAH+TPC(16,1) 5506 5507 1106 6561 16.54 32.57 6.08 2.54 0.24 6.84 7.65 0.32 22.09
20 OSAH+TPC+LC(16,1) 5506 5507 1106 6561 16.54 32.57 6.08 2.54 0.26 6.93 7.65 0.32 22.48
21 OSAH+PR(atc) 1687 1688 630 1656 17.82 24.45 4.73 2.24 0.18 6.09 7.65 0.40 18.83
22 OSAH+SC(atc) 1990 1991 1161 1512 9.78 25.85 5.00 3.26 0.18 5.27 7.65 0.26 15.26
23 OSAH+GCM(atc) 2591 2592 715 3393 17.95 28.13 5.43 2.43 7.04 6.75 7.65 0.37 21.70
24 OSAH+GCM2(atc) 5517 5518 195 10223 24.69 33.83 6.24 1.38 15.02 8.17 7.65 0.40 27.87
25 OSAH+GCM3(atc) 3810 3811 450 5965 23.66 32.18 5.88 1.63 10.89 7.68 7.65 0.40 25.74

26 OSAH+PAR(atc) 1687 1688 630 2330 12.32 15.37 3.08 1.89 0.12 1.90 7.00 0.37 12.00
27 PARSAH+PAR(atc) 3806 3807 274 11374 4.90 5.91 0.51 0.15 0.34 1.35 7.00 0.55 6.50
28 OSAH+PER(atc) 1687 1688 630 2330 13.23 18.32 3.64 2.29 0.12 2.40 7.31 0.37 11.15
29 PERSAH+PER(atc) 1765 1766 580 3129 8.99 11.66 2.16 1.34 30.37 2.02 7.31 0.46 8.23
30 SPHSAH+PER(atc) 3251 3252 802 8140 22.89 16.82 3.32 1.70 1.56 2.83 7.31 0.56 14.46
31 OSAH+SPH(atc) 1687 1688 630 2330 13.22 18.25 3.63 2.28 0.12 2.75 7.86 0.45 11.79
32 SPHSAH+SPH(atc) 3251 3252 802 8140 22.80 16.73 3.31 1.69 1.58 3.12 7.86 0.59 14.43

33 OSAH+TAseq(16,2) 2678 2679 258 4614 22.88 64.46 5.15 1.27 0.12 9.42 7.65 0.29 33.30
34 OSAH+TAA

rec(16,2) 2678 2679 258 4614 22.40 26.50 5.08 1.27 0.10 7.55 7.65 0.38 25.17
35 OSAH+TAB

rec(16,2) 2678 2679 258 4614 22.40 26.50 5.08 1.27 0.12 6.78 7.65 0.44 21.83
36 OSAH+TASNL(16,2) 2678 2679 258 4614 22.89 22.08 5.15 1.27 0.16 7.74 7.65 0.37 26.00
37 OSAH+TANLT (16,2) 18243 2679 258 4614 22.89 18.53 5.15 1.27 0.16 7.75 7.65 0.37 26.04
38 OSAH+TAseq(18,2) 3436 3437 258 6114 23.19 68.50 5.32 1.27 0.14 9.72 7.65 0.28 34.61
39 OSAH+TAA

rec(18,2) 3436 3437 258 6114 22.66 27.44 5.24 1.27 0.13 7.84 7.65 0.36 26.43
40 OSAH+TAB

rec(18,2) 3436 3437 258 6114 22.66 27.44 5.24 1.27 0.14 6.91 7.65 0.43 22.39
41 OSAH+TASNL(18,2) 3436 3437 258 6114 23.19 22.86 5.32 1.27 0.19 7.86 7.65 0.36 26.52
42 OSAH+TANLT (18,2) 22027 3437 258 6114 23.19 19.13 5.32 1.27 0.21 7.80 7.65 0.37 26.26
43 OSAH+TAseq(atc) 1687 1688 630 2330 22.59 55.46 4.76 2.24 0.10 8.59 7.65 0.31 29.70
44 OSAH+TAA

rec(atc) 1687 1688 630 2330 22.07 24.37 4.71 2.24 0.09 7.11 7.65 0.39 23.26
45 OSAH+TAB

rec(atc) 1687 1688 630 2330 22.07 24.37 4.71 2.24 0.10 6.41 7.65 0.45 20.22
46 OSAH+TASNL(atc) 1687 1688 630 2330 22.59 20.56 4.76 2.24 0.12 7.13 7.65 0.39 23.35
47 OSAH+TANLT (atc) 12617 1688 630 2330 22.59 17.43 4.76 2.24 0.14 7.24 7.65 0.38 23.83

48 BVH 73 383 0 657 63.43 25.04 17.77 0.00 0.05 79.72 – – –
49 O84 4143 29002 2046 56486 36.77 48.72 8.48 1.96 0.18 18.58 – – –
50 O89 4143 29002 2046 56486 36.74 33.47 8.48 1.96 0.14 15.49 – – –
51 BSP 9091 9092 256 21468 34.87 32.72 6.31 0.84 0.31 15.94 – – –
52 O93 4143 29002 2046 56486 35.94 32.41 14.45 8.04 0.17 18.15 – – –
53 UG 0 3120 1724 4698 36.58 7.05 7.05 3.58 0.03 10.46 – – –
54 AG 36 1929 610 3926 48.04 11.06 8.95 2.00 0.12 21.12 – – –
55 HUG 75 1866 988 2652 51.83 13.29 8.99 3.80 0.04 19.85 – – –
56 RG 147 2130 336 6782 48.27 7.41 5.44 1.64 0.03 14.01 – – –
57 O84A 3929 27504 1226 58938 31.80 42.49 7.72 2.00 0.41 16.56 – – –
58 KD 2678 2679 258 4614 22.40 26.50 5.08 1.27 0.43 10.63 – – –

Table3: Experimentalresultsfor scene“ jacks3”.

N á 657,
TPD: Nprim á 263169, Nhit��� á 191115, Nhit

prim á 72548, Nsec á 119316, Nhit
sec á 49502,

Nshad á 97328, Nhit
shad á 33063, TMIN

R ç sé]á 1 â 99, Tapp ç séOá 1 â 76, TMIN
RSA ç séOá 0 â 23.
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Scene= “ lattice6”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 1225 – 0 0 0 0.01 1313.17 8.15 1.0 1193.79
1 spatmed-xyz(16,2) 9791 9792 0 22056 16.02 35.05 6.21 0.00 0.12 32.80 8.15 0.60 21.67
2 objmed-xyz(16,2) 2680 2681 388 4494 11.21 29.70 5.32 0.88 0.11 24.92 8.15 0.56 14.51
3 objmed(16,2) 1944 1945 0 3818 13.91 28.46 5.26 0.00 0.13 27.86 8.15 0.62 17.18
4 OSAH(16,2) 2171 2172 200 3736 10.37 26.82 4.88 0.72 0.14 25.46 8.15 0.56 15.00
5 OSAH-RMI(16,2) 2171 2172 200 3736 10.37 26.82 4.88 0.72 0.14 25.04 8.15 0.56 14.62
6 OSAH-xyz(16,2) 2037 2038 95 3743 10.98 25.92 4.69 0.36 0.09 25.06 8.15 0.58 14.64
7 OSAH(8,1) 255 256 1 2019 37.03 15.76 3.28 0.01 0.08 46.11 8.15 0.89 33.77
8 OSAH(8,2) 255 256 1 2019 37.03 15.76 3.28 0.01 0.08 46.14 8.15 0.89 33.80
9 OSAH(16,1) 8419 8420 682 9502 4.96 35.70 6.11 2.54 0.26 23.35 8.15 0.32 13.08

10 OSAH(16,2) 2171 2172 200 3736 10.37 26.82 4.88 0.72 0.14 25.46 8.15 0.56 15.00
11 OSAH(24,1) 8944 8945 682 10027 4.94 35.73 6.11 2.54 0.28 23.20 8.15 0.31 12.95
12 OSAH(24,2) 2171 2172 200 3736 10.37 26.82 4.88 0.72 0.14 24.84 8.15 0.56 14.44
13 OSAH(atc) 6896 6897 682 7979 5.18 35.41 6.10 2.54 0.24 23.62 8.15 0.33 13.33
14 OSAH2(atc) 7239 7240 577 8427 5.57 36.04 6.19 2.29 0.33 24.20 8.15 0.34 13.85
15 OSAH+LC(atc) 7183 7184 682 8266 5.11 35.49 6.10 2.54 0.28 23.58 8.15 0.32 13.29
16 OSAH+TPC(atc) 4886 4887 675 5976 6.03 34.07 6.01 2.53 0.21 24.08 8.15 0.37 13.75
17 OSAH+TPC+LC(atc) 5466 5467 669 6570 5.61 34.34 5.95 2.49 0.29 22.50 8.15 0.35 12.31
18 OSAH+LC(16,1) 8619 8620 685 9699 4.95 35.72 6.07 2.51 0.35 22.17 8.15 0.31 12.01
19 OSAH+TPC(16,1) 8615 8616 683 9697 4.90 35.83 6.05 2.51 0.31 22.08 8.15 0.31 11.93
20 OSAH+TPC+LC(16,1) 8615 8616 683 9697 4.90 35.83 6.05 2.51 0.37 22.15 8.15 0.31 11.99
21 OSAH+PR(atc) 6896 6897 682 7979 5.18 35.41 6.10 2.54 0.42 23.63 8.15 0.33 13.34
22 OSAH+SC(atc) 7271 7272 688 8348 5.05 35.52 6.11 2.60 0.62 23.76 8.15 0.32 13.45
23 OSAH+GCM(atc) 7518 7519 737 8546 4.61 36.30 6.07 2.93 19.42 22.81 8.15 0.30 12.59
24 OSAH+GCM2(atc) 8425 8426 399 9792 5.88 36.65 6.34 2.11 22.15 23.39 8.15 0.35 13.12
25 OSAH+GCM3(atc) 6858 6859 441 8182 6.80 36.50 5.97 1.42 17.83 23.88 8.15 0.38 13.56

26 OSAH+PAR(atc) 6896 6897 682 7979 11.00 45.40 8.65 4.69 0.28 4.09 8.11 0.35 13.42
27 PARSAH+PAR(atc) 3919 3920 1425 4255 11.36 26.51 6.16 3.06 0.24 3.68 8.11 0.55 11.26
28 OSAH+PER(atc) 6896 6897 682 7979 5.05 47.88 9.35 4.75 0.28 6.73 8.18 0.42 6.78
29 PERSAH+PER(atc) 2011 2012 390 3329 64.50 17.98 3.48 0.50 9.42 15.54 8.18 0.94 26.36
30 SPHSAH+PER(atc) 3989 3990 951 4863 14.82 36.42 6.79 2.52 0.71 7.82 8.18 0.68 9.20
31 OSAH+SPH(atc) 6896 6897 682 7979 5.04 47.70 9.30 4.72 0.28 7.18 8.30 0.47 6.98
32 SPHSAH+SPH(atc) 3989 3990 951 4863 14.47 36.30 6.75 2.52 0.73 8.22 8.30 0.69 9.19

33 OSAH+TAseq(16,2) 2164 2165 200 3729 10.39 60.08 4.91 0.75 0.12 30.54 8.15 0.38 19.62
34 OSAH+TAA

rec(16,2) 2164 2165 200 3729 10.22 26.84 4.83 0.74 0.12 25.88 8.15 0.48 15.38
35 OSAH+TAB

rec(16,2) 2164 2165 200 3729 10.22 26.84 4.83 0.74 0.11 23.57 8.15 0.56 13.28
36 OSAH+TASNL(16,2) 2164 2165 200 3729 10.39 17.56 4.91 0.75 0.13 24.46 8.15 0.53 14.09
37 OSAH+TANLT (16,2) 7855 2165 200 3729 10.39 16.99 4.91 0.75 0.16 24.87 8.15 0.51 14.46
38 OSAH+TAseq(18,2) 2164 2165 200 3729 10.39 60.08 4.91 0.75 0.12 30.65 8.15 0.38 19.72
39 OSAH+TAA

rec(18,2) 2164 2165 200 3729 10.22 26.84 4.83 0.74 0.11 25.86 8.15 0.48 15.36
40 OSAH+TAB

rec(18,2) 2164 2165 200 3729 10.22 26.84 4.83 0.74 0.11 23.53 8.15 0.56 13.25
41 OSAH+TASNL(18,2) 2164 2165 200 3729 10.39 17.56 4.91 0.75 0.15 24.47 8.15 0.53 14.10
42 OSAH+TANLT (18,2) 7855 2165 200 3729 10.39 16.99 4.91 0.75 0.16 24.57 8.15 0.52 14.19
43 OSAH+TAseq(atc) 6968 6969 685 8048 5.24 84.03 6.13 2.51 0.21 31.54 8.15 0.19 20.53
44 OSAH+TAA

rec(atc) 6968 6969 685 8048 5.12 35.46 6.06 2.51 0.20 25.35 8.15 0.26 14.90
45 OSAH+TAB

rec(atc) 6968 6969 685 8048 5.12 35.46 6.06 2.51 0.20 22.17 8.15 0.32 12.01
46 OSAH+TASNL(atc) 6968 6969 685 8048 5.24 22.71 6.13 2.51 0.31 21.99 8.15 0.32 11.85
47 OSAH+TANLT (atc) 29056 6969 685 8048 5.24 21.25 6.13 2.51 0.32 22.01 8.15 0.32 11.86

48 BVH 102 759 0 1225 45.03 43.87 34.39 0.00 0.13 471.90 – – –
49 O84 4177 29240 0 45296 15.96 41.30 7.67 0.00 0.16 53.84 – – –
50 O89 4177 29240 0 45296 15.84 30.17 7.64 0.00 0.14 46.73 – – –
51 BSP 9791 9792 0 22056 16.02 35.05 6.21 0.00 1.42 83.74 – – –
52 O93 4177 29240 0 45296 15.30 31.02 13.98 6.62 0.16 56.70 – – –
53 UG 0 6859 0 9799 14.19 7.82 7.82 0.00 0.08 33.24 – – –
54 AG 514 1279 0 3366 26.92 26.75 21.82 0.00 0.16 270.32 – – –
55 HUG 1 2197 0 4843 19.07 6.93 5.93 0.00 0.05 48.26 – – –
56 RG 9 1298 0 7064 35.28 5.54 4.50 0.00 0.02 62.30 – – –
57 O84A 1769 12384 584 17176 10.46 35.86 6.93 1.60 0.25 45.47 – – –
58 KD 2171 2172 200 3736 10.37 26.82 4.88 0.72 1.14 42.97 – – –

Table4: Experimentalresultsfor scene“ lattice6”.

N á 1225,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 250614, Nsec á 214756, Nhit
sec á 134665,

Nshad á 1124636, Nhit
shad á 788080, TMIN

R ç séOá 10â 06, Tapp ç sé^á 8 â 96, TMIN
RSA ç sé]á 1 â 10.



AppendixE 171

Scene= “mount4”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 516 – 0 0 0 0.00 253.97 15.85 1.0 746.97
1 spatmed-xyz(16,2) 8348 8349 922 22667 15.60 27.03 5.13 1.01 0.10 16.39 15.85 0.38 32.35
2 objmed-xyz(16,2) 797 798 117 1317 16.24 27.81 4.88 0.50 0.03 15.80 15.85 0.38 30.62
3 objmed(16,2) 318 319 8 609 19.16 31.24 5.86 0.18 0.03 17.58 15.85 0.39 35.85
4 OSAH(16,2) 424 425 88 633 6.89 17.25 3.17 0.81 0.04 12.64 15.85 0.29 21.32
5 OSAH-RMI(16,2) 424 425 88 633 6.89 17.25 3.17 0.81 0.03 12.14 15.85 0.29 19.85
6 OSAH-xyz(16,2) 482 483 95 726 7.27 17.47 3.27 0.73 0.02 12.04 15.85 0.30 19.56
7 OSAH(8,1) 146 147 37 606 12.31 12.39 2.45 0.60 0.03 12.69 15.85 0.51 21.47
8 OSAH(8,2) 143 144 34 606 12.31 12.39 2.45 0.60 0.02 12.66 15.85 0.51 21.38
9 OSAH(16,1) 1068 1069 478 887 5.80 18.95 3.39 1.14 0.05 12.42 15.85 0.24 20.68

10 OSAH(16,2) 424 425 88 633 6.89 17.25 3.17 0.81 0.04 12.64 15.85 0.29 21.32
11 OSAH(24,1) 1082 1083 478 912 5.37 19.60 3.46 1.14 0.04 12.44 15.85 0.22 20.74
12 OSAH(24,2) 433 434 88 653 6.66 17.58 3.21 0.81 0.03 12.36 15.85 0.28 20.50
13 OSAH(atc) 842 843 422 707 6.65 14.97 2.88 1.10 0.04 11.53 15.85 0.32 18.06
14 OSAH2(atc) 1019 1020 404 958 6.87 17.21 3.24 0.87 0.06 12.21 15.85 0.29 20.06
15 OSAH+LC(atc) 848 849 422 722 6.31 16.72 3.12 1.10 0.04 11.99 15.85 0.28 19.41
16 OSAH+TPC(atc) 764 765 373 678 8.21 13.03 2.53 1.06 0.04 11.26 15.85 0.40 17.26
17 OSAH+TPC+LC(atc) 782 783 374 704 9.13 16.70 3.28 1.06 0.05 11.70 15.85 0.36 18.56
18 OSAH+LC(16,1) 1068 1069 478 887 5.80 18.94 3.39 1.14 0.05 11.33 15.85 0.24 17.47
19 OSAH+TPC(16,1) 1067 1068 477 887 5.79 18.91 3.38 1.13 0.05 11.24 15.85 0.24 17.21
20 OSAH+TPC+LC(16,1) 1067 1068 477 887 5.79 18.91 3.38 1.13 0.05 11.24 15.85 0.24 17.21
21 OSAH+PR(atc) 842 843 422 706 6.65 14.97 2.88 1.10 0.05 11.51 15.85 0.32 18.00
22 OSAH+SC(atc) 880 881 438 730 6.48 14.98 2.90 1.11 0.05 11.66 15.85 0.31 18.44
23 OSAH+GCM(atc) 878 879 425 731 6.53 15.46 2.97 1.25 2.37 11.40 15.85 0.31 17.68
24 OSAH+GCM2(atc) 1325 1326 448 1395 6.39 20.64 3.81 0.97 3.81 12.40 15.85 0.24 20.62
25 OSAH+GCM3(atc) 991 992 371 994 7.37 18.87 3.46 0.97 2.86 12.09 15.85 0.29 19.71

26 OSAH+PAR(atc) 842 843 422 707 5.07 20.67 4.31 2.91 0.05 1.97 13.50 0.21 19.33
27 PARSAH+PAR(atc) 824 825 416 688 5.05 20.87 4.35 2.96 0.05 1.98 13.50 0.21 19.50
28 OSAH+PER(atc) 842 843 422 707 5.21 22.38 4.77 2.67 0.05 2.68 14.25 0.35 19.25
29 PERSAH+PER(atc) 819 820 381 714 6.41 19.74 4.48 2.49 3.22 2.60 14.25 0.40 18.25
30 SPHSAH+PER(atc) 842 843 422 707 5.21 22.38 4.77 2.67 0.06 2.51 14.25 0.27 17.12
31 OSAH+SPH(atc) 842 843 422 707 5.20 22.02 4.69 2.64 0.04 2.81 14.50 0.28 13.60
32 SPHSAH+SPH(atc) 842 843 422 707 5.20 22.02 4.69 2.64 0.09 2.95 14.50 0.35 15.00

33 OSAH+TAseq(16,2) 424 425 88 633 7.37 29.98 3.17 0.81 0.02 13.79 15.85 0.20 24.71
34 OSAH+TAA

rec(16,2) 424 425 88 633 6.89 17.25 3.17 0.82 0.02 12.10 15.85 0.25 19.74
35 OSAH+TAB

rec(16,2) 424 425 88 633 6.89 17.25 3.17 0.81 0.02 11.25 15.85 0.29 17.24
36 OSAH+TASNL(16,2) 424 425 88 633 7.38 11.88 3.17 0.81 0.03 10.26 15.85 0.35 14.32
37 OSAH+TANLT (16,2) 1829 425 88 633 7.38 10.89 3.17 0.81 0.03 10.54 15.85 0.33 15.15
38 OSAH+TAseq(18,2) 431 432 88 648 7.16 30.86 3.21 0.81 0.03 13.95 15.85 0.19 25.18
39 OSAH+TAA

rec(18,2) 431 432 88 648 6.69 17.56 3.21 0.82 0.03 12.15 15.85 0.24 19.88
40 OSAH+TAB

rec(18,2) 431 432 88 648 6.68 17.56 3.21 0.81 0.03 11.28 15.85 0.28 17.32
41 OSAH+TASNL(18,2) 431 432 88 648 7.17 12.06 3.21 0.81 0.03 10.27 15.85 0.34 14.35
42 OSAH+TANLT (18,2) 1856 432 88 648 7.17 11.04 3.21 0.81 0.04 10.32 15.85 0.33 14.50
43 OSAH+TAseq(atc) 842 843 422 707 7.12 25.26 2.88 1.10 0.03 12.77 15.85 0.23 21.71
44 OSAH+TAA

rec(atc) 842 843 422 707 6.65 14.97 2.88 1.10 0.03 11.20 15.85 0.29 17.09
45 OSAH+TAB

rec(atc) 842 843 422 707 6.65 14.97 2.88 1.10 0.03 10.61 15.85 0.32 15.35
46 OSAH+TASNL(atc) 842 843 422 707 7.12 10.42 2.88 1.10 0.04 9.75 15.85 0.38 12.82
47 OSAH+TANLT (atc) 3473 843 422 707 7.12 9.66 2.88 1.10 0.05 9.80 15.85 0.38 12.97

48 BVH 42 304 0 516 32.28 21.59 16.22 0.00 0.02 185.02 – – –
49 O84 4085 28596 5069 61738 15.84 33.55 6.28 1.62 0.18 31.01 – – –
50 O89 4085 28596 5069 61738 15.87 24.05 6.27 1.62 0.15 27.19 – – –
51 BSP 8348 8349 922 22667 15.60 27.03 5.13 1.01 0.21 36.70 – – –
52 O93 4085 28596 5069 61738 15.34 23.73 10.13 5.63 0.15 32.65 – – –
53 UG 0 2548 1839 3629 16.61 6.27 6.27 3.09 0.02 20.28 – – –
54 AG 160 4002 1292 9819 22.01 9.71 8.06 3.46 0.14 36.49 – – –
55 HUG 1 343 172 1853 28.48 4.43 3.43 0.88 0.01 27.35 – – –
56 RG 137 2443 564 9200 18.80 5.83 4.37 1.22 0.03 23.44 – – –
57 O84A 5793 40552 3378 98764 11.94 30.41 5.81 1.94 0.64 27.98 – – –
58 KD 424 425 88 633 6.89 17.25 3.17 0.81 0.09 18.88 – – –

Table5: Experimentalresultsfor scene“mount4”.

N á 516,
TPD: Nprim á 263169, Nhit��� á 257871, Nhit

prim á 173250, Nsec á 707764, Nhit
sec á 472407,

Nshad á 358042, Nhit
shad á 24257, TMIN

R ç sé]á 5 â 73, Tapp ç sé^á 5 â 39, TMIN
RSA ç sé]á 0 â 34.
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Scene= “ rings3”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 841 – 0 0 0 0.00 1014.57 4.63 1.0 798.87
1 spatmed-xyz(16,2) 5839 5840 627 18169 29.09 44.65 8.86 3.58 0.09 40.62 4.63 0.62 27.35
2 objmed-xyz(16,2) 11578 11579 1175 25092 64.63 92.97 18.86 5.30 0.29 78.94 4.63 0.64 57.53
3 objmed(16,2) 14628 14629 1873 28296 78.89 109.04 24.31 6.78 0.47 94.97 4.63 0.64 70.15
4 OSAH(16,2) 2974 2975 359 6519 14.00 26.98 5.12 1.60 0.17 25.30 4.63 0.57 15.29
5 OSAH-RMI(16,2) 2974 2975 359 6519 14.00 26.98 5.12 1.60 0.18 24.70 4.63 0.57 14.82
6 OSAH-xyz(16,2) 3257 3258 335 7287 15.41 29.75 5.95 2.04 0.12 26.35 4.63 0.56 16.12
7 OSAH(8,1) 85 86 23 1118 61.97 14.47 3.23 1.25 0.05 47.78 4.63 0.91 32.99
8 OSAH(8,2) 85 86 23 1118 61.97 14.47 3.23 1.25 0.05 47.73 4.63 0.91 32.95
9 OSAH(16,1) 4250 4251 829 7301 13.16 30.33 5.84 2.10 0.19 24.89 4.63 0.52 14.97

10 OSAH(16,2) 2974 2975 359 6519 14.00 26.98 5.12 1.60 0.17 25.30 4.63 0.57 15.29
11 OSAH(24,1) 26501 26502 1794 44050 15.66 38.95 7.38 2.21 0.81 29.95 4.63 0.50 18.95
12 OSAH(24,2) 15943 15944 498 34813 15.82 31.98 5.99 1.63 0.55 28.21 4.63 0.55 17.58
13 OSAH(atc) 629 630 98 2322 21.08 21.31 4.26 1.53 0.10 27.46 4.63 0.71 16.99
14 OSAH2(atc) 1894 1895 212 4295 16.30 30.66 6.13 2.41 0.17 26.95 4.63 0.57 16.59
15 OSAH+LC(atc) 1956 1957 98 7058 22.36 25.99 5.05 1.53 0.16 30.35 4.63 0.68 19.27
16 OSAH+TPC(atc) 380 381 55 1892 25.39 19.64 3.97 1.45 0.10 29.55 4.63 0.76 18.64
17 OSAH+TPC+LC(atc) 1802 1803 55 7244 27.73 25.43 5.00 1.45 0.18 32.76 4.63 0.73 21.17
18 OSAH+LC(16,1) 4270 4271 835 7323 13.16 30.34 5.84 2.11 0.24 23.89 4.63 0.52 14.18
19 OSAH+TPC(16,1) 4269 4270 829 7330 13.22 30.32 5.84 2.09 0.25 23.92 4.63 0.52 14.20
20 OSAH+TPC+LC(16,1) 4269 4270 829 7330 13.22 30.32 5.84 2.09 0.25 24.01 4.63 0.52 14.28
21 OSAH+PR(atc) 629 630 98 1993 19.30 21.37 4.28 1.53 0.17 25.83 4.63 0.69 15.71
22 OSAH+SC(atc) 901 902 316 1961 13.84 23.30 4.66 2.29 0.18 22.27 4.63 0.60 12.91
23 OSAH+GCM(atc) 1742 1743 341 3996 15.16 25.61 5.19 1.90 5.75 24.91 4.63 0.60 14.98
24 OSAH+GCM2(atc) 3983 3984 134 11430 20.14 33.45 6.45 1.82 13.60 31.07 4.63 0.60 19.83
25 OSAH+GCM3(atc) 2016 2017 268 5218 22.30 41.50 7.20 3.28 7.09 33.00 4.63 0.57 21.35

26 OSAH+PAR(atc) 629 630 98 2322 4.37 5.55 1.12 0.49 0.12 2.06 3.52 0.73 2.73
27 PARSAH+PAR(atc) 1874 1875 91 11039 2.63 3.14 0.44 0.01 0.28 1.86 3.52 0.80 2.12
28 OSAH+PER(atc) 629 630 98 2322 8.52 20.01 4.18 1.72 0.11 6.28 3.58 0.77 5.52
29 PERSAH+PER(atc) 653 654 116 2412 14.91 15.97 3.77 1.56 20.88 7.38 3.58 0.86 7.12
30 SPHSAH+PER(atc) 1557 1558 300 6282 17.01 26.16 5.74 2.57 1.11 9.06 3.58 0.82 9.55
31 OSAH+SPH(atc) 629 630 98 2322 8.56 19.79 4.13 1.70 0.10 6.40 3.85 0.77 5.56
32 SPHSAH+SPH(atc) 1557 1558 300 6282 17.18 26.11 5.75 2.59 1.11 9.20 3.85 0.82 9.68

33 OSAH+TAseq(16,2) 2974 2975 358 6527 14.95 65.01 5.29 1.60 0.15 31.35 4.63 0.40 20.06
34 OSAH+TAA

rec(16,2) 2974 2975 358 6527 14.00 26.95 5.11 1.60 0.14 25.72 4.63 0.51 15.62
35 OSAH+TAB

rec(16,2) 2974 2975 358 6527 14.00 26.95 5.11 1.60 0.14 23.73 4.63 0.57 14.06
36 OSAH+TASNL(16,2) 2974 2975 358 6527 14.95 23.89 5.29 1.60 0.20 26.70 4.63 0.49 16.39
37 OSAH+TANLT (16,2) 18194 2975 358 6527 14.95 21.28 5.29 1.60 0.22 26.93 4.63 0.48 16.57
38 OSAH+TAseq(18,2) 5344 5345 465 11012 15.12 72.82 5.61 1.63 0.22 33.37 4.63 0.37 21.65
39 OSAH+TAA

rec(18,2) 5344 5345 465 11012 14.04 28.69 5.40 1.63 0.20 26.68 4.63 0.49 16.38
40 OSAH+TAB

rec(18,2) 5344 5345 465 11012 14.04 28.69 5.40 1.63 0.20 24.39 4.63 0.55 14.57
41 OSAH+TASNL(18,2) 5344 5345 465 11012 15.12 25.49 5.61 1.63 0.30 27.61 4.63 0.47 17.11
42 OSAH+TANLT (18,2) 31614 5345 465 11012 15.12 22.56 5.61 1.63 0.29 27.70 4.63 0.47 17.18
43 OSAH+TAseq(atc) 630 631 99 2327 22.10 45.68 4.38 1.53 0.08 32.02 4.63 0.55 20.58
44 OSAH+TAA

rec(atc) 630 631 99 2327 20.99 21.35 4.27 1.53 0.09 27.66 4.63 0.66 17.15
45 OSAH+TAB

rec(atc) 630 631 99 2327 20.99 21.35 4.27 1.53 0.09 26.20 4.63 0.71 16.00
46 OSAH+TASNL(atc) 630 631 99 2327 22.10 18.91 4.38 1.53 0.07 29.77 4.63 0.60 18.81
47 OSAH+TANLT (atc) 3574 631 99 2327 22.10 17.21 4.38 1.53 0.10 29.69 4.63 0.61 18.75

48 BVH 67 506 0 841 52.44 30.88 22.98 0.00 0.06 282.66 – – –
49 O84 2989 20924 2962 47428 29.44 67.92 11.97 5.43 0.14 76.77 – – –
50 O89 2989 20924 2962 47428 29.46 45.57 11.97 5.43 0.13 65.08 – – –
51 BSP 5839 5840 627 18169 29.09 44.65 8.86 3.58 0.93 119.09 – – –
52 O93 2989 20924 2962 47428 29.20 42.62 17.95 11.44 0.12 75.17 – – –
53 UG 0 4046 3140 4414 42.37 12.63 12.63 8.71 0.04 59.47 – – –
54 AG 11 2523 112 9162 27.88 7.00 5.21 0.12 0.13 61.55 – – –
55 HUG 23 1280 0 6406 353.31 6.02 2.73 0.00 0.05 209.44 – – –
56 RG 222 3911 1018 11803 36.69 12.81 9.87 5.25 0.04 64.49 – – –
57 O84A 3947 27630 1770 73146 24.33 49.30 9.33 3.23 0.45 63.52 – – –
58 KD 2974 2975 359 6519 14.00 26.98 5.12 1.60 0.45 40.39 – – –

Table6: Experimentalresultsfor scene“ rings3”.

N á 841,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 263168, Nsec á 177299, Nhit
sec á 90933,

Nshad á 937972, Nhit
shad á 319722, TMIN

R ç séOá 7 â 15, Tapp ç sé]á 5 â 88, TMIN
RSA ç sé]á 1 â 27.
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Scene= “sombrero1”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 1922 – 0 0 0 0.00 415.55 12.33 1.0 4617.22
1 spatmed-xyz(16,2) 9763 9764 1314 35107 35.23 27.40 5.06 2.28 0.18 4.16 12.33 0.46 33.89
2 objmed-xyz(16,2) 3948 3949 359 10348 75.13 31.89 5.78 0.48 0.21 5.72 12.33 0.61 51.22
3 objmed(16,2) 977 978 0 1953 26.80 20.35 4.11 0.00 0.14 3.61 12.33 0.47 27.78
4 OSAH(16,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.16 2.49 12.33 0.26 15.33
5 OSAH-RMI(16,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.16 2.37 12.33 0.26 14.00
6 OSAH-xyz(16,2) 1843 1844 564 2552 7.96 16.36 3.18 1.97 0.13 2.67 12.33 0.25 17.33
7 OSAH(8,1) 159 160 64 1926 58.57 9.17 1.99 1.00 0.12 4.28 12.33 0.81 35.22
8 OSAH(8,2) 158 159 63 1926 58.69 9.14 1.98 0.98 0.12 4.15 12.33 0.81 33.78
9 OSAH(16,1) 3702 3703 1827 2820 6.04 15.64 3.05 1.90 0.21 2.55 12.33 0.21 16.00

10 OSAH(16,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.16 2.49 12.33 0.26 15.33
11 OSAH(24,1) 3722 3723 1827 2840 6.05 15.65 3.05 1.90 0.20 2.59 12.33 0.21 16.44
12 OSAH(24,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.16 2.49 12.33 0.26 15.33
13 OSAH(atc) 3509 3510 1826 2628 5.89 15.48 2.99 1.90 0.20 2.57 12.33 0.20 16.22
14 OSAH2(atc) 3117 3118 1571 2527 6.73 16.89 3.01 1.69 0.26 2.55 12.33 0.21 16.00
15 OSAH+LC(atc) 3509 3510 1826 2628 5.89 15.48 2.99 1.90 0.20 2.57 12.33 0.20 16.22
16 OSAH+TPC(atc) 3510 3511 1831 2630 5.98 15.88 3.12 2.00 0.21 2.61 12.33 0.20 16.67
17 OSAH+TPC+LC(atc) 3510 3511 1831 2630 5.98 15.88 3.12 2.00 0.23 2.31 12.33 0.20 13.33
18 OSAH+LC(16,1) 3702 3703 1827 2820 6.04 15.64 3.05 1.90 0.24 2.41 12.33 0.21 14.44
19 OSAH+TPC(16,1) 3717 3718 1832 2835 6.14 16.07 3.18 2.00 0.24 2.32 12.33 0.20 13.44
20 OSAH+TPC+LC(16,1) 3717 3718 1832 2835 6.14 16.07 3.18 2.00 0.25 2.44 12.33 0.20 14.78
21 OSAH+PR(atc) 3509 3510 1826 2617 5.87 15.48 2.99 1.90 0.22 2.58 12.33 0.20 16.33
22 OSAH+SC(atc) 3515 3516 1828 2632 5.88 15.47 2.99 1.89 0.24 2.33 12.33 0.20 13.56
23 OSAH+GCM(atc) 3544 3545 1757 2734 6.10 18.75 3.71 2.54 10.87 2.46 12.33 0.18 15.00
24 OSAH+GCM2(atc) 4110 4111 1406 4248 7.89 18.64 3.44 1.91 14.86 2.50 12.33 0.22 15.44
25 OSAH+GCM3(atc) 3165 3166 1372 2977 7.55 19.32 3.82 2.37 10.36 2.55 12.33 0.21 16.00

26 OSAH+PAR(atc) 3509 3510 1826 2628 2.89 11.70 2.28 1.50 0.23 1.58 9.50 0.40 10.25
27 PARSAH+PAR(atc) 3407 3408 1724 2630 2.89 10.29 2.05 1.29 0.25 1.59 9.50 0.48 10.38
28 OSAH+PER(atc) 3509 3510 1826 2628 2.95 11.10 2.15 1.38 0.24 1.58 11.38 0.30 8.38
29 PERSAH+PER(atc) 2536 2537 1275 2446 2.91 10.53 2.12 1.37 8.93 1.60 11.38 0.35 8.62
30 SPHSAH+PER(atc) 1930 1931 990 2241 52.20 10.66 1.85 0.92 0.45 3.35 11.38 0.82 30.50
31 OSAH+SPH(atc) 3509 3510 1826 2628 2.95 11.12 2.16 1.39 0.23 2.05 11.30 0.49 9.20
32 SPHSAH+SPH(atc) 1930 1931 990 2241 51.59 10.70 1.86 0.93 0.57 3.72 11.30 0.83 25.90

33 OSAH+TAseq(16,2) 1099 1100 136 1926 6.66 25.54 2.32 1.28 0.13 2.82 12.33 0.16 19.00
34 OSAH+TAA

rec(16,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.11 2.33 12.33 0.22 13.56
35 OSAH+TAB

rec(16,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.13 2.16 12.33 0.26 11.67
36 OSAH+TASNL(16,2) 1099 1100 136 1926 6.66 12.03 2.32 1.28 0.14 2.17 12.33 0.26 11.78
37 OSAH+TANLT (16,2) 4253 1100 136 1926 6.66 11.56 2.32 1.28 0.14 2.17 12.33 0.26 11.78
38 OSAH+TAseq(18,2) 1099 1100 136 1926 6.66 25.54 2.32 1.28 0.12 2.76 12.33 0.17 18.33
39 OSAH+TAA

rec(18,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.13 2.34 12.33 0.23 13.67
40 OSAH+TAB

rec(18,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.13 2.21 12.33 0.26 12.22
41 OSAH+TASNL(18,2) 1099 1100 136 1926 6.66 12.03 2.32 1.28 0.13 2.30 12.33 0.24 13.22
42 OSAH+TANLT (18,2) 4253 1100 136 1926 6.66 11.56 2.32 1.28 0.15 2.17 12.33 0.27 11.78
43 OSAH+TAseq(atc) 3509 3510 1826 2628 5.89 38.10 2.99 1.90 0.26 3.18 12.33 0.11 23.00
44 OSAH+TAA

rec(atc) 3509 3510 1826 2628 5.89 15.48 2.99 1.90 0.16 2.48 12.33 0.17 15.22
45 OSAH+TAB

rec(atc) 3509 3510 1826 2628 5.89 15.48 2.99 1.90 0.16 2.26 12.33 0.20 12.78
46 OSAH+TASNL(atc) 3509 3510 1826 2628 5.89 14.25 2.99 1.90 0.22 2.36 12.33 0.18 13.89
47 OSAH+TANLT (atc) 13132 3510 1826 2628 5.89 13.33 2.99 1.90 0.22 2.24 12.33 0.20 12.56

48 BVH 205 1223 0 1922 60.37 33.45 25.24 0.00 0.18 82.50 – – –
49 O84 5027 35190 8886 85306 37.29 43.37 7.49 3.80 0.26 9.07 – – –
50 O89 5027 35190 8886 85306 37.18 28.91 7.48 3.80 0.25 7.23 – – –
51 BSP 9763 9764 1314 35107 35.23 27.40 5.06 2.28 0.29 6.70 – – –
52 O93 5027 35190 8886 85306 36.04 26.35 10.68 7.09 0.24 8.69 – – –
53 UG 0 9583 7356 12374 29.38 7.18 7.18 5.47 0.09 4.48 – – –
54 AG 360 11472 3905 30027 35.07 6.78 5.46 2.81 0.43 7.49 – – –
55 HUG 1 432 205 4448 99.32 3.31 2.65 1.32 0.04 9.28 – – –
56 RG 319 5788 2984 15420 30.02 6.37 5.02 3.47 0.05 5.39 – – –
57 O84A 6353 44472 5260 123036 34.76 39.57 6.83 2.82 0.98 8.51 – – –
58 KD 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.33 3.82 – – –

Table7: Experimentalresultsfor scene“sombrero1”.

N á 1922,
TPD: Nprim á 263169, Nhit��� á 136638, Nhit

prim á 112209, Nsec á 0, Nhit
sec á 0,

Nshad á 110241, Nhit
shad á 2247, TMIN

R ç sé]á 1 â 20, Tapp ç séOá 1 â 11, TMIN
RSA ç séOá 0 â 09.
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Scene= “ teapot4”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 1008 – 0 0 0 0.00 414.85 20.11 1.0 2183.42
1 spatmed-xyz(16,2) 6074 6075 959 21619 37.24 30.46 6.38 2.79 0.11 12.31 20.11 0.47 44.68
2 objmed-xyz(16,2) 3130 3131 397 7407 82.77 47.73 9.75 1.40 0.11 18.26 20.11 0.55 76.00
3 objmed(16,2) 3917 3918 482 8654 76.44 71.14 13.69 1.04 0.18 20.78 20.11 0.43 89.26
4 OSAH(16,2) 2635 2636 375 5373 19.56 19.12 4.07 0.95 0.14 9.54 20.11 0.42 30.11
5 OSAH-RMI(16,2) 2635 2636 375 5373 19.56 19.12 4.07 0.95 0.15 9.22 20.11 0.42 28.42
6 OSAH-xyz(16,2) 2094 2095 339 4566 18.82 19.61 4.14 1.05 0.09 9.11 20.11 0.41 27.84
7 OSAH(8,1) 172 173 34 1461 48.61 14.93 3.47 1.58 0.06 11.58 20.11 0.70 40.84
8 OSAH(8,2) 154 155 24 1461 55.06 13.06 3.12 0.43 0.05 12.01 20.11 0.75 43.11
9 OSAH(16,1) 3743 3744 881 5933 11.60 22.77 4.76 2.46 0.17 9.09 20.11 0.27 27.74

10 OSAH(16,2) 2635 2636 375 5373 19.56 19.12 4.07 0.95 0.14 9.54 20.11 0.42 30.11
11 OSAH(24,1) 5591 5592 987 10207 11.55 23.20 4.83 2.48 0.25 9.16 20.11 0.26 28.11
12 OSAH(24,2) 4078 4079 402 9322 19.54 19.42 4.12 0.96 0.21 9.45 20.11 0.42 29.63
13 OSAH(atc) 1534 1535 436 3069 14.54 20.74 4.41 2.34 0.11 8.88 20.11 0.33 26.63
14 OSAH2(atc) 2090 2091 459 4082 14.18 22.91 4.67 2.28 0.17 9.42 20.11 0.31 29.47
15 OSAH+LC(atc) 1787 1788 446 3955 13.83 21.24 4.48 2.38 0.13 8.86 20.11 0.32 26.53
16 OSAH+TPC(atc) 1222 1223 370 2767 16.31 19.93 4.27 2.25 0.11 8.92 20.11 0.37 26.84
17 OSAH+TPC+LC(atc) 1681 1682 397 4169 14.84 20.84 4.41 2.29 0.15 8.46 20.11 0.34 24.42
18 OSAH+LC(16,1) 3748 3749 886 5933 11.51 22.80 4.76 2.50 0.21 8.37 20.11 0.26 23.95
19 OSAH+TPC(16,1) 3755 3756 885 5952 11.59 22.78 4.76 2.47 0.21 8.33 20.11 0.27 23.74
20 OSAH+TPC+LC(16,1) 3760 3761 890 5952 11.50 22.82 4.76 2.50 0.20 8.36 20.11 0.26 23.89
21 OSAH+PR(atc) 1534 1535 436 2863 14.27 20.51 4.35 2.37 0.14 8.14 20.11 0.32 22.74
22 OSAH+SC(atc) 1579 1580 584 2741 11.52 20.30 4.30 2.43 0.20 8.81 20.11 0.29 26.26
23 OSAH+GCM(atc) 2006 2007 479 3747 12.71 21.45 4.47 2.21 5.94 8.82 20.11 0.30 26.32
24 OSAH+GCM2(atc) 3728 3729 521 9721 16.33 25.60 4.94 2.18 11.77 9.53 20.11 0.31 30.05
25 OSAH+GCM3(atc) 1777 1778 332 4263 18.87 25.22 4.75 1.85 5.51 9.85 20.11 0.35 31.74

26 OSAH+PAR(atc) 1534 1535 436 3069 5.24 15.23 3.30 2.05 0.14 2.59 14.64 0.41 8.91
27 PARSAH+PAR(atc) 1452 1453 392 2971 5.38 14.75 3.17 1.78 0.15 2.53 14.64 0.39 8.36
28 OSAH+PER(atc) 1534 1535 436 3069 4.61 18.59 4.12 2.66 0.13 3.15 17.08 0.24 7.15
29 PERSAH+PER(atc) 1504 1505 399 3002 4.85 16.40 3.69 2.05 10.15 3.15 17.08 0.33 7.15
30 SPHSAH+PER(atc) 1111 1112 291 2782 6.37 17.33 3.84 2.34 0.39 3.23 17.08 0.35 7.77
31 OSAH+SPH(atc) 1534 1535 436 3069 4.61 18.19 4.03 2.60 0.19 3.46 17.36 0.33 7.36
32 SPHSAH+SPH(atc) 1111 1112 291 2782 6.37 16.95 3.76 2.29 0.40 3.52 17.36 0.41 7.79

33 OSAH+TAseq(16,2) 2635 2636 375 5373 19.69 42.00 4.09 0.95 0.12 11.69 20.11 0.26 41.42
34 OSAH+TAA

rec(16,2) 2635 2636 375 5373 19.56 19.12 4.07 0.95 0.12 9.43 20.11 0.36 29.53
35 OSAH+TAB

rec(16,2) 2635 2636 375 5373 19.56 19.12 4.07 0.95 0.13 8.68 20.11 0.42 25.58
36 OSAH+TASNL(16,2) 2635 2636 375 5373 19.70 15.62 4.09 0.95 0.16 8.78 20.11 0.41 26.11
37 OSAH+TANLT (16,2) 12142 2636 375 5373 19.70 14.26 4.09 0.95 0.16 8.91 20.11 0.40 26.79
38 OSAH+TAseq(18,2) 3418 3419 391 7375 19.65 42.93 4.13 0.96 0.15 11.75 20.11 0.26 41.74
39 OSAH+TAA

rec(18,2) 3418 3419 391 7375 19.52 19.34 4.11 0.96 0.14 9.47 20.11 0.36 29.74
40 OSAH+TAB

rec(18,2) 3418 3419 391 7375 19.52 19.34 4.11 0.96 0.15 8.73 20.11 0.42 25.84
41 OSAH+TASNL(18,2) 3418 3419 391 7375 19.66 15.75 4.13 0.96 0.20 8.83 20.11 0.41 26.37
42 OSAH+TANLT (18,2) 14817 3419 391 7375 19.66 14.37 4.13 0.96 0.19 8.80 20.11 0.41 26.21
43 OSAH+TAseq(atc) 1534 1535 436 3069 14.70 44.85 4.42 2.34 0.09 11.60 20.11 0.19 40.95
44 OSAH+TAA

rec(atc) 1534 1535 436 3069 14.54 20.74 4.41 2.34 0.09 9.17 20.11 0.28 28.16
45 OSAH+TAB

rec(atc) 1534 1535 436 3069 14.54 20.74 4.41 2.34 0.08 8.35 20.11 0.33 23.84
46 OSAH+TASNL(atc) 1534 1535 436 3069 14.70 16.74 4.42 2.34 0.12 8.47 20.11 0.32 24.47
47 OSAH+TANLT (atc) 7550 1535 436 3069 14.70 15.28 4.42 2.34 0.13 8.44 20.11 0.32 24.32

48 BVH 113 623 0 1008 78.49 36.66 25.50 0.00 0.07 195.22 – – –
49 O84 2964 20749 4990 50544 34.31 46.95 8.99 5.03 0.17 25.83 – – –
50 O89 2964 20749 4990 50544 34.28 33.44 8.98 5.03 0.13 20.48 – – –
51 BSP 6074 6075 959 21619 37.24 30.46 6.38 2.79 0.83 53.66 – – –
52 O93 2964 20749 4990 50544 33.67 30.48 12.54 8.63 0.14 24.51 – – –
53 UG 0 4968 3717 6466 48.30 12.25 12.25 9.23 0.05 17.37 – – –
54 AG 472 12374 3583 30866 46.52 11.93 10.10 4.72 0.40 29.66 – – –
55 HUG 303 2906 1566 7550 45.89 10.45 8.62 6.35 0.07 21.57 – – –
56 RG 626 9861 2399 38017 44.85 11.11 8.85 5.03 0.11 20.39 – – –
57 O84A 5732 40125 4606 109596 28.64 45.35 8.94 4.94 0.81 25.02 – – –
58 KD 2635 2636 375 5373 19.56 19.12 4.07 0.95 0.37 13.94 – – –

Table8: Experimentalresultsfor scene“ teapot4”.

N á 1008,
TPD: Nprim á 263169, Nhit��� á 226198, Nhit

prim á 161203, Nsec á 228252, Nhit
sec á 71224,

Nshad á 408292, Nhit
shad á 37577, TMIN

R ç sé]á 4 â 01, Tapp ç sé]á 3 â 82, TMIN
RSA ç sé]á 0 â 19.
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Scene= “ tetra5”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 1024 – 0 0 0 0.01 121.80 26.58 1.0 3690.91
1 spatmed-xyz(16,2) 13915 13916 4140 46080 43.38 28.85 5.62 3.85 0.18 3.09 26.58 0.40 67.06
2 objmed-xyz(16,2) 735 736 480 1024 16.17 18.41 3.70 2.93 0.04 2.01 26.58 0.28 34.33
3 objmed(16,2) 831 832 576 1024 10.62 27.52 6.02 5.51 0.07 2.17 26.58 0.15 39.18
4 OSAH(16,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.80 26.58 0.29 27.97
5 OSAH-RMI(16,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.69 26.58 0.29 24.64
6 OSAH-xyz(16,2) 727 728 472 1024 11.35 13.32 2.68 2.15 0.05 1.74 26.58 0.28 26.15
7 OSAH(8,1) 171 172 60 1024 41.69 9.05 1.97 1.12 0.05 2.22 26.58 0.67 40.70
8 OSAH(8,2) 171 172 60 1024 41.69 9.05 1.97 1.12 0.05 2.22 26.58 0.67 40.70
9 OSAH(16,1) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.70 26.58 0.29 24.94

10 OSAH(16,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.80 26.58 0.29 27.97
11 OSAH(24,1) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.71 26.58 0.29 25.24
12 OSAH(24,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.06 1.70 26.58 0.29 24.94
13 OSAH(atc) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.69 26.58 0.29 24.64
14 OSAH2(atc) 747 748 492 1024 10.62 13.31 2.40 1.89 0.09 1.69 26.58 0.26 24.64
15 OSAH+LC(atc) 751 752 496 1024 10.62 11.76 2.32 1.81 0.06 1.68 26.58 0.29 24.33
16 OSAH+TPC(atc) 751 752 496 1024 10.62 11.79 2.32 1.81 0.07 1.69 26.58 0.29 24.64
17 OSAH+TPC+LC(atc) 751 752 496 1024 10.62 11.79 2.32 1.81 0.07 1.58 26.58 0.29 21.30
18 OSAH+LC(16,1) 751 752 496 1024 10.62 11.76 2.32 1.81 0.08 1.57 26.58 0.29 21.00
19 OSAH+TPC(16,1) 751 752 496 1024 10.62 11.79 2.32 1.81 0.07 1.57 26.58 0.29 21.00
20 OSAH+TPC+LC(16,1) 751 752 496 1024 10.62 11.79 2.32 1.81 0.08 1.57 26.58 0.29 21.00
21 OSAH+PR(atc) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.69 26.58 0.29 24.64
22 OSAH+SC(atc) 751 752 496 1024 10.62 11.76 2.32 1.81 0.08 1.63 26.58 0.29 22.82
23 OSAH+GCM(atc) 839 840 584 1024 10.62 12.79 2.44 1.94 2.55 1.73 26.58 0.27 25.85
24 OSAH+GCM2(atc) 839 840 584 1024 10.62 12.79 2.44 1.94 2.59 1.72 26.58 0.27 25.55
25 OSAH+GCM3(atc) 887 888 632 1024 11.05 16.46 3.02 2.50 2.80 1.75 26.58 0.23 26.45

26 OSAH+PAR(atc) 751 752 496 1024 8.37 10.32 2.12 1.75 0.08 1.38 17.67 0.60 28.33
27 PARSAH+PAR(atc) 803 804 548 1024 8.37 11.14 2.31 1.93 0.07 1.27 17.67 0.50 24.67
28 OSAH+PER(atc) 751 752 496 1024 7.53 10.54 2.15 1.76 0.08 1.30 31.00 0.49 34.00
29 PERSAH+PER(atc) 840 841 585 1024 7.53 11.28 2.34 1.96 1.99 1.42 31.00 0.53 40.00
30 SPHSAH+PER(atc) 641 642 425 1024 23.15 13.46 2.64 2.09 0.13 1.70 31.00 0.59 54.00
31 OSAH+SPH(atc) 751 752 496 1024 7.52 10.41 2.12 1.74 0.06 1.67 23.25 0.54 18.50
32 SPHSAH+SPH(atc) 641 642 425 1024 22.91 13.27 2.60 2.06 0.13 2.05 23.25 0.61 28.00

33 OSAH+TAseq(16,2) 751 752 496 1024 10.62 23.98 2.32 1.81 0.05 2.16 26.58 0.15 38.88
34 OSAH+TAA

rec(16,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.05 1.71 26.58 0.23 25.24
35 OSAH+TAB

rec(16,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.06 1.55 26.58 0.29 20.39
36 OSAH+TASNL(16,2) 751 752 496 1024 10.62 11.15 2.32 1.81 0.06 1.65 26.58 0.25 23.42
37 OSAH+TANLT (16,2) 2427 752 496 1024 10.62 10.46 2.32 1.81 0.07 1.64 26.58 0.26 23.12
38 OSAH+TAseq(18,2) 751 752 496 1024 10.62 23.98 2.32 1.81 0.04 2.15 26.58 0.15 38.58
39 OSAH+TAA

rec(18,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.05 1.72 26.58 0.23 25.55
40 OSAH+TAB

rec(18,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.05 1.55 26.58 0.29 20.39
41 OSAH+TASNL(18,2) 751 752 496 1024 10.62 11.15 2.32 1.81 0.06 1.64 26.58 0.26 23.12
42 OSAH+TANLT (18,2) 2427 752 496 1024 10.62 10.46 2.32 1.81 0.07 1.64 26.58 0.26 23.12
43 OSAH+TAseq(atc) 751 752 496 1024 10.62 23.98 2.32 1.81 0.05 2.17 26.58 0.15 39.18
44 OSAH+TAA

rec(atc) 751 752 496 1024 10.62 11.76 2.32 1.81 0.06 1.72 26.58 0.23 25.55
45 OSAH+TAB

rec(atc) 751 752 496 1024 10.62 11.76 2.32 1.81 0.05 1.55 26.58 0.29 20.39
46 OSAH+TASNL(atc) 751 752 496 1024 10.62 11.15 2.32 1.81 0.06 1.64 26.58 0.26 23.12
47 OSAH+TANLT (atc) 2427 752 496 1024 10.62 10.46 2.32 1.81 0.07 1.64 26.58 0.26 23.12

48 BVH 102 623 0 1024 88.29 21.10 16.86 0.00 0.09 48.29 – – –
49 O84 6997 48980 19428 128000 47.59 44.16 7.61 5.53 0.31 6.98 – – –
50 O89 6997 48980 19428 128000 47.49 29.92 7.61 5.53 0.27 5.34 – – –
51 BSP 13915 13916 4140 46080 43.38 28.85 5.62 3.85 0.30 4.95 – – –
52 O93 6997 48980 19428 128000 45.83 25.13 9.36 7.35 0.28 6.55 – – –
53 UG 0 5832 4456 8984 51.51 8.05 8.05 6.47 0.06 3.56 – – –
54 AG 151 5941 2791 16868 72.05 9.69 8.29 5.45 0.19 6.66 – – –
55 HUG 1 3375 2429 6736 63.02 7.41 6.74 5.08 0.07 4.51 – – –
56 RG 261 5164 1116 30784 73.71 6.24 5.08 3.03 0.05 4.67 – – –
57 O84A 7257 50800 18656 138944 29.86 33.90 6.26 4.87 0.91 5.49 – – –
58 KD 751 752 496 1024 10.62 11.76 2.32 1.81 0.10 2.48 – – –

Table9: Experimentalresultsfor scene“ tetra5”.

N á 1024,
TPD: Nprim á 263169, Nhit��� á 159213, Nhit

prim á 53807, Nsec á 0, Nhit
sec á 0,

Nshad á 50135, Nhit
shad á 4650, TMIN

R ç sé]á 0 â 91, Tapp ç sé]á 0 â 877, TMIN
RSA ç sé]á 0 â 033.
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Scene= “ tree8”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 1023 – 0 0 0 0.01 1544.43 18.67 1.0 7354.43
1 spatmed-xyz(16,2) 307 308 218 1569 480.05 61.95 12.99 6.69 0.02 109.94 18.67 0.76 504.86
2 objmed-xyz(16,2) 4427 4428 661 7239 198.68 87.03 19.39 3.33 0.14 58.63 18.67 0.48 260.52
3 objmed(16,2) 5041 5042 809 8477 342.38 125.39 30.85 5.32 0.22 102.18 18.67 0.52 467.90
4 OSAH(16,2) 1107 1108 312 1930 21.51 11.96 3.17 0.48 0.16 10.09 18.67 0.42 29.38
5 OSAH-RMI(16,2) 1107 1108 312 1930 21.51 11.96 3.17 0.48 0.15 9.89 18.67 0.42 28.43
6 OSAH-xyz(16,2) 1114 1115 334 1961 19.34 13.98 3.90 1.65 0.08 10.48 18.67 0.36 31.24
7 OSAH(8,1) 57 58 8 1126 99.09 9.95 2.84 0.12 0.09 22.95 18.67 0.80 90.62
8 OSAH(8,2) 54 55 7 1126 100.14 9.69 2.79 0.12 0.08 22.99 18.67 0.80 90.81
9 OSAH(16,1) 1433 1434 545 2019 19.16 12.59 3.28 0.59 0.15 9.63 18.67 0.38 27.19

10 OSAH(16,2) 1107 1108 312 1930 21.51 11.96 3.17 0.48 0.16 10.09 18.67 0.42 29.38
11 OSAH(24,1) 8578 8579 1747 9546 18.47 13.03 3.36 0.62 0.33 9.66 18.67 0.36 27.33
12 OSAH(24,2) 3306 3307 376 5649 20.99 12.15 3.20 0.48 0.22 9.81 18.67 0.41 28.05
13 OSAH(atc) 521 522 192 1416 22.98 12.04 3.19 0.51 0.12 10.43 18.67 0.43 31.00
14 OSAH2(atc) 900 901 234 1818 20.10 13.19 3.39 0.91 0.16 10.18 18.67 0.38 29.81
15 OSAH+LC(atc) 527 528 192 1431 22.99 12.06 3.19 0.51 0.12 10.48 18.67 0.43 31.24
16 OSAH+TPC(atc) 514 515 193 1403 23.03 11.98 3.17 0.51 0.14 10.30 18.67 0.43 30.38
17 OSAH+TPC+LC(atc) 538 539 193 1463 22.95 12.04 3.18 0.51 0.14 9.54 18.67 0.43 26.76
18 OSAH+LC(16,1) 1433 1434 545 2019 19.16 12.59 3.28 0.59 0.18 9.07 18.67 0.38 24.52
19 OSAH+TPC(16,1) 1438 1439 548 2021 19.11 12.58 3.27 0.59 0.19 8.94 18.67 0.38 23.90
20 OSAH+TPC+LC(16,1) 1438 1439 548 2021 19.11 12.58 3.27 0.59 0.19 8.99 18.67 0.38 24.14
21 OSAH+PR(atc) 521 522 192 1388 23.04 11.75 3.11 0.52 0.14 9.78 18.67 0.43 27.90
22 OSAH+SC(atc) 512 513 228 1335 22.15 11.97 3.18 0.61 0.17 9.91 18.67 0.42 28.52
23 OSAH+GCM(atc) 569 570 220 1436 22.33 12.21 3.20 0.58 1.96 9.81 18.67 0.42 28.05
24 OSAH+GCM2(atc) 880 881 180 2377 23.97 13.65 3.47 0.56 3.24 10.53 18.67 0.41 31.48
25 OSAH+GCM3(atc) 548 549 110 1895 47.63 16.19 3.56 0.43 2.23 15.19 18.67 0.54 53.67

26 OSAH+PAR(atc) 521 522 192 1416 4.75 15.97 4.46 0.82 0.14 5.60 18.24 0.57 8.43
27 PARSAH+PAR(atc) 566 567 227 1506 3.38 12.66 3.40 0.84 0.19 5.18 18.24 0.55 6.43
28 OSAH+PER(atc) 521 522 192 1416 8.33 18.59 4.95 1.08 0.14 4.48 17.87 0.51 12.00
29 PERSAH+PER(atc) 847 848 329 1827 10.11 14.83 4.12 1.94 34.83 4.62 17.87 0.63 12.93
30 SPHSAH+PER(atc) 639 640 227 2175 10.68 15.63 4.18 1.70 1.23 4.93 17.87 0.67 15.00
31 OSAH+SPH(atc) 521 522 192 1416 8.28 18.43 4.90 1.07 0.13 4.76 16.53 0.55 11.47
32 SPHSAH+SPH(atc) 639 640 227 2175 10.66 15.55 4.16 1.68 1.24 5.21 16.53 0.69 14.12

33 OSAH+TAseq(16,2) 1107 1108 312 1930 21.60 25.40 3.18 0.48 0.13 13.13 18.67 0.25 43.86
34 OSAH+TAA

rec(16,2) 1107 1108 312 1930 21.51 11.96 3.17 0.48 0.12 9.99 18.67 0.38 28.90
35 OSAH+TAB

rec(16,2) 1107 1108 312 1930 21.51 11.96 3.17 0.48 0.12 9.35 18.67 0.42 25.86
36 OSAH+TASNL(16,2) 1107 1108 312 1930 21.61 11.82 3.18 0.48 0.15 9.77 18.67 0.39 27.86
37 OSAH+TANLT (16,2) 7341 1108 312 1930 21.61 10.99 3.18 0.48 0.14 10.42 18.67 0.35 30.95
38 OSAH+TAseq(18,2) 1630 1631 356 2554 21.17 25.81 3.20 0.48 0.15 13.12 18.67 0.24 43.81
39 OSAH+TAA

rec(18,2) 1630 1631 356 2554 21.08 12.06 3.19 0.48 0.14 9.95 18.67 0.36 28.71
40 OSAH+TAB

rec(18,2) 1630 1631 356 2554 21.08 12.06 3.19 0.48 0.15 9.29 18.67 0.41 25.57
41 OSAH+TASNL(18,2) 1630 1631 356 2554 21.18 11.92 3.20 0.48 0.14 9.71 18.67 0.38 27.57
42 OSAH+TANLT (18,2) 10377 1631 356 2554 21.18 11.08 3.20 0.48 0.18 9.87 18.67 0.37 28.33
43 OSAH+TAseq(atc) 521 522 192 1416 23.07 25.16 3.19 0.51 0.10 13.55 18.67 0.26 45.86
44 OSAH+TAA

rec(atc) 521 522 192 1416 22.98 12.04 3.19 0.51 0.10 10.37 18.67 0.39 30.71
45 OSAH+TAB

rec(atc) 521 522 192 1416 22.98 12.04 3.19 0.51 0.10 9.70 18.67 0.43 27.52
46 OSAH+TASNL(atc) 521 522 192 1416 23.08 11.89 3.20 0.51 0.10 10.69 18.67 0.37 32.24
47 OSAH+TANLT (atc) 3644 522 192 1416 23.08 11.06 3.20 0.51 0.12 10.29 18.67 0.39 30.33

48 BVH 163 672 0 1023 32.72 10.33 6.59 0.00 0.08 99.60 – – –
49 O84 145 1016 859 2013 419.41 128.56 21.27 14.00 0.03 176.30 – – –
50 O89 145 1016 859 2013 418.74 83.80 21.27 14.00 0.03 152.31 – – –
51 BSP 307 308 218 1569 480.05 61.95 12.99 6.69 1.31 232.96 – – –
52 O93 145 1016 859 2013 418.25 71.05 28.38 21.12 0.03 167.79 – – –
53 UG 0 4324 2158 3217 1137.20 6.29 6.29 2.87 0.04 299.79 – – –
54 AG 170 6285 4014 5248 19.75 7.05 6.40 4.62 0.13 18.49 – – –
55 HUG 10 3064 2322 2550 55.55 4.53 1.94 1.18 0.06 35.93 – – –
56 RG 45 3511 1778 4177 53.77 14.39 11.75 6.48 0.02 29.01 – – –
57 O84A 471 3298 1364 4836 22.74 31.57 7.99 5.62 0.12 28.84 – – –
58 KD 1107 1108 312 1930 21.51 11.96 3.17 0.48 0.34 18.39 – – –

Table10: Experimentalresultsfor scene“ tree8”.

N á 1023,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 166900, Nsec á 0, Nhit
sec á 0,

Nshad á 1088879, Nhit
shad á 632, TMIN

R ç sé]á 4 â 13, Tapp ç sé]á 3 â 92, TMIN
RSA ç sé]á 0 â 21.
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balls3 gears2

jacks3 lattice6

mount4

Figure1: Visualizationof theG3
SPD scenesusingthetestingprocedureTPD.
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rings3 sombrero1

teapot4 tetra5

tree8

Figure2: Visualizationof theG3
SPD scenesusingthetestingprocedureTPD.
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Scene= “balls4”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 7382 – 0 0 0 0.02 6248.25 15.05 1.0 16887.16
1 spatmed-xyz(16,2) 583 584 258 11433 330.66 56.74 10.76 5.96 0.18 81.39 15.05 0.77 204.92
2 objmed-xyz(16,2) 31398 31399 1213 64190 104.21 133.92 28.30 2.98 1.24 57.94 15.05 0.31 141.54
3 objmed(16,2) 26852 26853 502 55119 109.17 130.18 27.86 1.12 1.71 60.17 15.05 0.32 147.57
4 OSAH(16,2) 4374 4375 746 13784 16.23 24.10 4.77 1.26 1.38 16.07 15.05 0.28 28.38
5 OSAH-RMI(16,2) 4374 4375 746 13784 16.23 24.10 4.77 1.26 1.35 15.68 15.05 0.28 27.32
6 OSAH-xyz(16,2) 4833 4834 828 14839 17.18 25.44 5.13 1.40 0.78 15.84 15.05 0.28 27.76
7 OSAH(8,1) 82 83 6 7931 410.73 13.16 3.12 0.36 0.93 87.10 15.05 0.95 220.35
8 OSAH(8,2) 79 80 5 7930 411.16 12.61 2.99 0.27 0.92 85.93 15.05 0.95 217.19
9 OSAH(16,1) 5243 5244 938 14410 15.01 26.09 5.18 1.51 1.40 15.94 15.05 0.25 28.03

10 OSAH(16,2) 4374 4375 746 13784 16.23 24.10 4.77 1.26 1.38 16.07 15.05 0.28 28.38
11 OSAH(24,1) 64019 64020 9756 79636 9.72 31.83 6.13 1.99 2.85 16.55 15.05 0.15 29.68
12 OSAH(24,2) 29159 29160 2724 51935 11.73 27.47 5.29 1.44 2.12 15.91 15.05 0.19 27.95
13 OSAH(atc) 7892 7893 1479 17323 12.79 27.13 5.34 1.61 1.48 15.74 15.05 0.21 27.49
14 OSAH2(atc) 12720 12721 1641 23484 11.85 33.66 6.02 2.34 2.07 16.61 15.05 0.17 29.84
15 OSAH+LC(atc) 8014 8015 1485 17592 12.41 27.35 5.35 1.80 1.49 15.67 15.05 0.20 27.30
16 OSAH+TPC(atc) 7707 7708 1469 17092 12.81 27.08 5.33 1.61 1.51 15.80 15.05 0.21 27.65
17 OSAH+TPC+LC(atc) 8253 8254 1476 18312 12.41 27.36 5.35 1.80 1.81 14.72 15.05 0.20 24.73
18 OSAH+LC(16,1) 5249 5250 944 14410 14.62 26.29 5.18 1.71 1.58 14.92 15.05 0.24 25.27
19 OSAH+TPC(16,1) 5264 5265 959 14410 14.99 26.11 5.18 1.52 1.67 14.93 15.05 0.25 25.30
20 OSAH+TPC+LC(16,1) 5270 5271 965 14410 14.61 26.31 5.18 1.71 1.67 15.00 15.05 0.24 25.49
21 OSAH+PR(atc) 7892 7893 1479 14565 11.55 27.21 5.37 1.65 1.72 14.81 15.05 0.19 24.97
22 OSAH+SC(atc) 7427 7428 2003 14055 10.94 26.67 5.27 1.94 2.26 15.32 15.05 0.19 26.35
23 OSAH+GCM(atc) 9515 9516 1761 19438 11.99 28.35 5.55 1.85 28.87 15.59 15.05 0.19 27.08
24 OSAH+GCM2(atc) 16783 16784 1067 39824 14.03 31.60 6.02 1.40 49.25 16.78 15.05 0.20 30.30
25 OSAH+GCM3(atc) 12955 12956 1446 27378 16.52 34.89 6.21 1.43 39.85 17.73 15.05 0.21 32.86

26 OSAH+PAR(atc) 7892 7893 1479 17323 6.55 31.18 6.86 2.39 1.66 4.58 12.85 0.31 10.05
27 PARSAH+PAR(atc) 7751 7752 1465 17185 6.41 29.76 6.49 2.09 2.06 4.57 12.85 0.34 10.00
28 OSAH+PER(atc) 7892 7893 1479 17323 6.30 30.98 6.87 2.66 1.69 4.61 14.11 0.34 11.50
29 PERSAH+PER(atc) 13264 13265 2942 22531 4.93 32.53 7.04 3.22 302.22 4.65 14.11 0.32 11.72
30 SPHSAH+PER(atc) 7535 7536 1447 17392 6.42 30.42 6.58 2.46 10.21 4.57 14.11 0.33 11.28
31 OSAH+SPH(atc) 7892 7893 1479 17323 6.21 30.51 6.76 2.61 1.71 4.99 12.30 0.37 9.39
32 SPHSAH+SPH(atc) 7535 7536 1447 17392 6.35 30.02 6.50 2.42 10.27 4.88 12.30 0.35 8.91

33 OSAH+TAseq(16,2) 4374 4375 746 13784 17.23 59.40 4.92 1.27 1.15 21.33 15.05 0.16 42.59
34 OSAH+TAA

rec(16,2) 4374 4375 746 13784 16.23 24.10 4.77 1.26 1.12 16.29 15.05 0.24 28.97
35 OSAH+TAB

rec(16,2) 4374 4375 746 13784 16.23 24.10 4.77 1.26 1.14 14.76 15.05 0.28 24.84
36 OSAH+TASNL(16,2) 4374 4375 746 13784 17.24 21.84 4.92 1.27 1.21 15.50 15.05 0.26 26.84
37 OSAH+TANLT (16,2) 31999 4375 746 13784 17.23 19.53 4.92 1.27 1.21 15.87 15.05 0.25 27.84
38 OSAH+TAseq(18,2) 9171 9172 1545 19724 13.66 65.76 5.18 1.38 1.28 21.63 15.05 0.12 43.41
39 OSAH+TAA

rec(18,2) 9171 9172 1545 19724 12.87 25.67 5.01 1.37 1.28 16.30 15.05 0.18 29.00
40 OSAH+TAB

rec(18,2) 9171 9172 1545 19724 12.87 25.67 5.01 1.37 1.28 14.49 15.05 0.22 24.11
41 OSAH+TASNL(18,2) 9171 9172 1545 19724 13.68 23.28 5.19 1.38 1.44 15.35 15.05 0.20 26.43
42 OSAH+TANLT (18,2) 65310 9172 1545 19724 13.67 20.70 5.19 1.38 1.53 15.49 15.05 0.20 26.81
43 OSAH+TAseq(atc) 7892 7893 1479 17323 13.56 69.73 5.50 1.61 1.22 22.37 15.05 0.11 45.41
44 OSAH+TAA

rec(atc) 7892 7893 1479 17323 12.78 27.13 5.34 1.61 1.22 16.53 15.05 0.17 29.62
45 OSAH+TAB

rec(atc) 7892 7893 1479 17323 12.79 27.13 5.34 1.61 1.22 14.69 15.05 0.21 24.65
46 OSAH+TASNL(atc) 7892 7893 1479 17323 13.59 24.46 5.51 1.61 1.35 15.56 15.05 0.19 27.00
47 OSAH+TANLT (atc) 56963 7893 1479 17323 13.57 21.66 5.50 1.61 1.41 15.66 15.05 0.19 27.27

48 BVH 1107 4967 0 7382 122.94 141.01 97.54 0.00 0.80 1251.74 – – –
49 O84 295 2066 1032 15491 210.05 118.54 19.17 12.37 0.22 120.07 – – –
50 O89 295 2066 1032 15491 211.91 75.40 19.16 12.37 0.21 96.63 – – –
51 BSP 583 584 258 11433 330.66 56.74 10.76 5.96 1.03 164.56 – – –
52 O93 295 2066 1032 15497 207.90 64.76 25.30 18.59 0.22 116.43 – – –
53 UG 0 40836 33867 15959 215.52 10.25 10.25 7.11 0.26 78.59 – – –
54 AG 1762 48624 13627 58410 23.49 13.37 11.57 7.41 3.16 32.25 – – –
55 HUG 21 22226 17429 17954 67.25 15.51 11.92 8.61 0.42 73.71 – – –
56 RG 1578 40061 11669 122122 31.07 16.32 12.63 7.41 0.36 38.12 – – –
57 O84A 2291 16038 3486 34692 16.57 46.88 9.12 4.97 1.05 37.96 – – –
58 KD 4374 4375 746 13784 16.23 24.10 4.77 1.26 1.78 27.06 – – –

Table11: Experimentalresultsfor scene“balls4”.

N á 7382,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 263169, Nsec á 179881, Nhit
sec á 134360,

Nshad á 959197, Nhit
shad á 285156, TMIN

R ç sé]á 5 â 94, Tapp ç séOá 5 â 57, TMIN
RSA ç séOá 0 â 37.
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Scene= “gears4”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 9345 – 0 0 0 0.01 11753.20 6.93 1.0 9794.33
1 spatmed-xyz(16,2) 7647 7648 800 61644 29.81 23.49 3.42 0.89 0.41 29.66 6.93 0.62 17.78
2 objmed-xyz(16,2) 29232 29233 1942 88854 45.42 63.23 12.48 3.38 1.66 47.83 6.93 0.48 32.92
3 objmed(16,2) 44931 44932 619 100913 72.90 95.02 18.89 0.76 2.50 73.31 6.93 0.50 54.16
4 OSAH(16,2) 10703 10704 254 34667 9.85 19.73 3.04 0.55 1.60 21.78 6.93 0.39 11.22
5 OSAH-RMI(16,2) 10703 10704 254 34667 9.85 19.73 3.04 0.55 1.61 21.43 6.93 0.39 10.93
6 OSAH-xyz(16,2) 6487 6488 366 24030 11.92 24.96 4.43 2.12 0.86 23.23 6.93 0.38 12.43
7 OSAH(8,1) 155 156 0 10146 148.88 10.84 1.99 0.00 1.03 69.48 6.93 0.95 50.97
8 OSAH(8,2) 155 156 0 10146 148.88 10.84 1.99 0.00 0.91 69.67 6.93 0.95 51.12
9 OSAH(16,1) 13258 13259 399 35902 8.41 21.02 3.19 0.64 1.63 21.00 6.93 0.34 10.57

10 OSAH(16,2) 10703 10704 254 34667 9.85 19.73 3.04 0.55 1.60 21.78 6.93 0.39 11.22
11 OSAH(24,1) 123517 123518 5805 187329 6.09 23.81 3.62 0.76 4.55 21.04 6.93 0.25 10.60
12 OSAH(24,2) 64863 64864 1509 137422 8.29 21.23 3.23 0.58 3.06 21.22 6.93 0.33 10.75
13 OSAH(atc) 27471 27472 964 53681 7.55 21.85 3.29 0.68 1.99 21.26 6.93 0.31 10.78
14 OSAH2(atc) 28542 28543 1158 57549 7.14 23.89 3.57 1.00 2.87 21.38 6.93 0.28 10.88
15 OSAH+LC(atc) 35245 35246 1133 71987 7.33 22.37 3.35 0.69 2.51 21.31 6.93 0.30 10.82
16 OSAH+TPC(atc) 17292 17293 493 42666 8.22 21.16 3.19 0.64 1.85 21.30 6.93 0.33 10.82
17 OSAH+TPC+LC(atc) 33368 33369 646 74810 7.71 22.05 3.29 0.65 3.00 19.96 6.93 0.31 9.70
18 OSAH+LC(16,1) 13310 13311 451 35902 8.41 21.02 3.19 0.65 1.83 20.24 6.93 0.34 9.93
19 OSAH+TPC(16,1) 13592 13593 794 36039 8.37 21.06 3.19 0.69 1.98 20.08 6.93 0.34 9.80
20 OSAH+TPC+LC(16,1) 13621 13622 823 36039 8.37 21.06 3.19 0.69 1.86 20.69 6.93 0.34 10.31
21 OSAH+PR(atc) 27471 27472 964 45855 7.37 21.86 3.31 0.68 5.18 20.36 6.93 0.30 10.03
22 OSAH+SC(atc) 27823 27824 1034 53622 7.59 21.92 3.30 0.68 3.43 21.10 6.93 0.31 10.65
23 OSAH+GCM(atc) 40823 40824 1429 74910 7.33 23.29 3.54 0.49 133.51 21.26 6.93 0.29 10.78
24 OSAH+GCM2(atc) 67659 67660 3167 125698 8.49 27.24 4.02 0.71 329.59 22.52 6.93 0.29 11.83
25 OSAH+GCM3(atc) 29857 29858 1773 60050 12.78 31.51 4.57 0.95 108.55 25.07 6.93 0.34 13.96

26 OSAH+PAR(atc) 27471 27472 964 53681 2.83 15.09 2.33 0.31 2.26 5.79 6.76 0.62 3.22
27 PARSAH+PAR(atc) 30419 30420 1190 58126 2.57 14.88 2.25 0.35 2.72 5.90 6.76 0.65 3.41
28 OSAH+PER(atc) 27471 27472 964 53681 3.25 17.26 2.50 0.37 2.27 5.52 6.74 0.57 3.48
29 PERSAH+PER(atc) 32118 32119 1362 60436 2.90 17.38 2.48 0.52 180.33 5.46 6.74 0.55 3.37
30 SPHSAH+PER(atc) 33660 33661 3526 73892 6.10 23.71 3.51 0.98 8.70 6.18 6.74 0.56 4.70
31 OSAH+SPH(atc) 27471 27472 964 53681 3.24 17.03 2.47 0.36 2.24 5.87 6.89 0.59 3.40
32 SPHSAH+SPH(atc) 33660 33661 3526 73892 6.06 23.59 3.50 1.00 8.65 6.50 6.89 0.57 4.51

33 OSAH+TAseq(16,2) 10703 10704 254 34667 13.54 39.72 3.12 0.56 1.24 24.99 6.93 0.27 13.89
34 OSAH+TAA

rec(16,2) 10703 10704 254 34667 9.85 19.73 3.04 0.55 1.27 22.14 6.93 0.33 11.52
35 OSAH+TAB

rec(16,2) 10703 10704 254 34667 9.85 19.73 3.04 0.55 1.36 19.95 6.93 0.39 9.69
36 OSAH+TASNL(16,2) 10703 10704 254 34667 13.54 17.96 3.12 0.56 1.42 20.37 6.93 0.38 10.04
37 OSAH+TANLT (16,2) 52747 10704 254 34667 13.54 16.98 3.12 0.56 1.48 21.41 6.93 0.35 10.91
38 OSAH+TAseq(18,2) 23394 23395 371 57919 11.71 42.84 3.23 0.57 1.76 24.79 6.93 0.25 13.72
39 OSAH+TAA

rec(18,2) 23394 23395 371 57919 8.80 20.75 3.16 0.56 1.59 22.22 6.93 0.30 11.58
40 OSAH+TAB

rec(18,2) 23394 23395 371 57919 8.80 20.75 3.16 0.56 1.59 20.13 6.93 0.35 9.84
41 OSAH+TASNL(18,2) 23394 23395 371 57919 11.71 18.81 3.23 0.57 2.03 19.94 6.93 0.36 9.68
42 OSAH+TANLT (18,2) 105680 23395 371 57919 11.71 17.68 3.23 0.57 2.14 20.39 6.93 0.34 10.06
43 OSAH+TAseq(atc) 27471 27472 964 53681 10.18 45.22 3.34 0.68 1.67 24.58 6.93 0.22 13.55
44 OSAH+TAA

rec(atc) 27471 27472 964 53681 7.56 21.85 3.29 0.68 1.66 22.24 6.93 0.26 11.60
45 OSAH+TAB

rec(atc) 27471 27472 964 53681 7.55 21.85 3.29 0.68 1.67 20.10 6.93 0.31 9.82
46 OSAH+TASNL(atc) 27471 27472 964 53681 10.18 19.61 3.34 0.68 2.16 19.65 6.93 0.32 9.44
47 OSAH+TANLT (atc) 120779 27472 964 53681 10.18 18.15 3.34 0.68 2.28 20.05 6.93 0.31 9.78

48 BVH 1166 6104 0 9345 123.90 131.42 95.25 0.00 1.76 1764.88 – – –
49 O84 4033 28232 10996 111612 23.11 28.43 5.15 2.50 0.62 47.29 – – –
50 O89 4033 28232 10996 111612 22.10 22.01 5.10 2.50 0.51 41.45 – – –
51 BSP 7647 7648 800 61644 29.81 23.49 3.42 0.89 1.54 93.96 – – –
52 O93 4217 29520 12092 114496 18.78 17.73 6.62 4.45 0.56 46.64 – – –
53 UG 0 46284 35148 39226 22.86 12.15 12.15 8.96 0.44 38.07 – – –
54 AG 2374 64448 5992 126321 14.90 5.14 3.78 0.25 5.12 48.29 – – –
55 HUG 25 27984 17304 50030 22.89 11.36 6.37 3.26 0.89 91.52 – – –
56 RG 8503 117394 28116 512128 23.41 11.62 9.04 5.52 1.31 50.42 – – –
57 O84A 6937 48560 11408 148456 13.69 33.34 6.38 3.64 2.32 45.75 – – –
58 KD 10703 10704 254 34667 9.85 19.73 3.04 0.55 2.38 36.24 – – –

Table12: Experimentalresultsfor scene“gears4”.

N á 9345,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 332, Nsec á 181015, Nhit
sec á 122023,

Nshad á 1388067, Nhit
shad á 356484, TMIN

R ç sé]á 9 â 52, Tapp ç sé]á 8 â 32, TMIN
RSA ç sé^á 1 â 20.
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Scene= “ jacks4”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 5265 – 0 0 0 0.01 2844.89 8.56 1.0 8890.28
1 spatmed-xyz(16,2) 20041 20042 1042 60390 36.75 40.56 7.49 1.47 0.36 17.95 8.56 0.65 47.53
2 objmed-xyz(16,2) 32567 32568 1664 70776 44.85 58.12 11.09 1.42 1.12 22.03 8.56 0.61 60.28
3 objmed(16,2) 29962 29963 645 64557 52.25 60.54 11.98 0.24 1.62 24.66 8.56 0.64 68.50
4 OSAH(16,2) 13793 13794 1343 28098 24.62 36.71 6.70 1.42 1.25 14.73 8.56 0.58 37.47
5 OSAH-RMI(16,2) 13793 13794 1343 28098 24.62 36.71 6.70 1.42 1.24 14.45 8.56 0.58 36.59
6 OSAH-xyz(16,2) 14392 14393 1384 29831 24.93 36.91 6.73 1.56 0.76 14.45 8.56 0.58 36.59
7 OSAH(8,1) 239 240 30 7969 180.92 15.09 3.00 0.71 0.61 38.40 8.56 0.96 111.44
8 OSAH(8,2) 227 228 18 7969 181.64 14.72 2.91 0.45 0.61 38.38 8.56 0.96 111.38
9 OSAH(16,1) 20374 20375 4485 31264 19.68 41.58 7.58 3.05 1.38 13.85 8.56 0.49 34.72

10 OSAH(16,2) 13793 13794 1343 28098 24.62 36.71 6.70 1.42 1.25 14.73 8.56 0.58 37.47
11 OSAH(24,1) 92622 92623 7933 133860 18.63 53.91 9.64 3.36 3.25 15.82 8.56 0.41 40.87
12 OSAH(24,2) 46495 46496 1731 94355 24.93 43.23 7.80 1.46 2.18 15.85 8.56 0.54 40.97
13 OSAH(atc) 17878 17879 4883 25902 21.04 39.51 7.20 3.08 1.33 13.70 8.56 0.52 34.25
14 OSAH2(atc) 27834 27835 3456 39802 20.86 45.75 8.06 2.78 2.09 14.78 8.56 0.48 37.62
15 OSAH+LC(atc) 28499 28500 4883 52653 21.83 43.52 7.92 3.08 1.78 14.79 8.56 0.50 37.66
16 OSAH+TPC(atc) 10982 10983 2929 20034 24.15 35.72 6.52 2.71 1.27 13.90 8.56 0.58 34.88
17 OSAH+TPC+LC(atc) 25060 25061 2939 54064 24.90 41.80 7.61 2.71 2.06 14.94 8.56 0.55 38.12
18 OSAH+LC(16,1) 20374 20375 4485 31264 19.68 41.58 7.58 3.05 1.63 13.56 8.56 0.49 33.81
19 OSAH+TPC(16,1) 20419 20420 4506 31306 19.66 41.57 7.56 3.04 1.68 13.59 8.56 0.49 33.91
20 OSAH+TPC+LC(16,1) 20419 20420 4506 31306 19.66 41.57 7.56 3.04 1.71 13.60 8.56 0.49 33.94
21 OSAH+PR(atc) 17878 17879 4883 15941 14.82 39.71 7.24 3.08 2.25 11.98 8.56 0.43 28.88
22 OSAH+SC(atc) 20021 20022 11476 14186 8.90 40.38 7.36 4.78 2.56 10.32 8.56 0.31 23.69
23 OSAH+GCM(atc) 32010 32011 6011 45479 18.83 45.63 8.22 3.11 89.81 14.22 8.56 0.46 35.88
24 OSAH+GCM2(atc) 71773 71774 1265 130911 24.07 53.33 9.38 1.98 201.24 17.24 8.56 0.48 45.31
25 OSAH+GCM3(atc) 47308 47309 3604 79081 24.60 53.50 9.08 2.57 140.55 16.74 8.56 0.48 43.75

26 OSAH+PAR(atc) 17878 17879 4883 25902 11.14 24.19 4.71 2.86 1.54 2.64 7.17 0.40 14.83
27 PARSAH+PAR(atc) 35331 35332 3093 182417 7.22 8.15 0.59 0.16 4.64 2.12 7.17 0.71 10.50
28 OSAH+PER(atc) 17878 17879 4883 25902 12.09 28.95 5.58 3.48 1.64 3.22 6.79 0.43 16.21
29 PERSAH+PER(atc) 18430 18431 4913 32776 8.27 18.73 3.30 2.04 322.41 2.65 6.79 0.51 12.14
30 SPHSAH+PER(atc) 40984 40985 7339 134683 46.45 32.21 6.21 2.93 21.44 6.12 6.79 0.72 36.93
31 OSAH+SPH(atc) 17878 17879 4883 25902 12.06 28.79 5.55 3.45 1.54 3.53 7.84 0.37 10.74
32 SPHSAH+SPH(atc) 40984 40985 7339 134683 46.27 32.02 6.17 2.90 21.43 6.32 7.84 0.71 25.42

33 OSAH+TAseq(16,2) 13793 13794 1343 28098 25.22 98.26 6.81 1.42 1.07 18.64 8.56 0.40 49.69
34 OSAH+TAA

rec(16,2) 13793 13794 1343 28098 24.62 36.71 6.70 1.42 1.04 15.10 8.56 0.52 38.62
35 OSAH+TAB

rec(16,2) 13793 13794 1343 28098 24.62 36.71 6.70 1.42 1.04 13.80 8.56 0.58 34.56
36 OSAH+TASNL(16,2) 13793 13794 1343 28098 25.23 29.26 6.81 1.42 1.29 15.55 8.56 0.50 40.03
37 OSAH+TANLT (16,2) 107720 13794 1343 28098 25.23 24.12 6.81 1.42 1.38 15.40 8.56 0.51 39.56
38 OSAH+TAseq(18,2) 22195 22196 1694 42201 24.82 111.17 7.35 1.46 1.30 19.74 8.56 0.37 53.12
39 OSAH+TAA

rec(18,2) 22195 22196 1694 42201 24.21 39.72 7.22 1.46 1.23 15.66 8.56 0.49 40.38
40 OSAH+TAB

rec(18,2) 22195 22196 1694 42201 24.21 39.72 7.22 1.46 1.25 14.23 8.56 0.55 35.91
41 OSAH+TASNL(18,2) 22195 22196 1694 42201 24.83 31.59 7.35 1.46 1.61 16.06 8.56 0.47 41.62
42 OSAH+TANLT (18,2) 158186 22196 1694 42201 24.83 25.93 7.35 1.46 1.76 15.85 8.56 0.48 40.97
43 OSAH+TAseq(atc) 17878 17879 4883 25902 21.67 107.51 7.30 3.08 1.17 18.38 8.56 0.34 48.87
44 OSAH+TAA

rec(atc) 17878 17879 4883 25902 21.04 39.51 7.20 3.08 1.14 14.50 8.56 0.46 36.75
45 OSAH+TAB

rec(atc) 17878 17879 4883 25902 21.04 39.51 7.20 3.08 1.13 13.05 8.56 0.52 32.22
46 OSAH+TASNL(atc) 17878 17879 4883 25902 21.67 31.43 7.30 3.08 1.42 14.77 8.56 0.45 37.59
47 OSAH+TANLT (atc) 135333 17879 4883 25902 21.67 25.92 7.30 3.08 1.55 14.71 8.56 0.45 37.41

48 BVH 580 3387 0 5265 187.42 145.28 108.17 0.00 0.82 647.28 – – –
49 O84 10071 70498 8366 145262 33.89 64.27 10.24 2.92 0.51 31.37 – – –
50 O89 10071 70498 8366 145262 33.82 41.11 10.23 2.92 0.49 25.86 – – –
51 BSP 20041 20042 1042 60390 36.75 40.56 7.49 1.47 0.63 25.49 – – –
52 O93 10071 70498 8366 145262 32.80 39.01 16.72 9.59 0.46 31.06 – – –
53 UG 0 25792 16345 36966 38.00 11.86 11.86 7.27 0.32 19.82 – – –
54 AG 360 19909 7652 37576 51.68 19.93 17.02 7.61 3.91 39.96 – – –
55 HUG 131 16092 9937 21771 59.71 20.02 15.43 7.92 0.36 38.66 – – –
56 RG 1627 24050 3588 85556 51.46 12.85 9.60 3.73 0.28 29.39 – – –
57 O84A 12833 89832 7534 184006 31.29 65.26 10.54 3.10 1.83 31.04 – – –
58 KD 13793 13794 1343 28098 24.62 36.71 6.70 1.42 2.15 20.22 – – –

Table13: Experimentalresultsfor scene“ jacks4”.

N á 5265,
TPD: Nprim á 263169, Nhit��� á 220685, Nhit

prim á 98411, Nsec á 206471, Nhit
sec á 123014,

Nshad á 162163, Nhit
shad á 73920, TMIN

R ç sé]á 3 â 06, Tapp ç sé^á 2 â 74, TMIN
RSA ç sé]á 0 â 32.
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Scene= “ lattice12”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 8281 – 0 0 0 0.02 10596.70 8.72 1.0 9057.01
1 spatmed-xyz(16,2) 22015 22016 464 49328 15.01 38.15 6.44 0.20 0.43 38.28 8.72 0.59 24.00
2 objmed-xyz(16,2) 18238 18239 2462 31902 11.65 36.15 6.00 1.01 0.88 31.56 8.72 0.54 18.26
3 objmed(16,2) 14529 14530 0 27981 14.05 35.67 5.96 0.00 1.26 34.89 8.72 0.59 21.10
4 OSAH(16,2) 15225 15226 2044 25350 9.79 34.14 5.71 1.33 1.26 31.45 8.72 0.51 18.16
5 OSAH-RMI(16,2) 15225 15226 2044 25350 9.79 34.14 5.71 1.33 1.26 30.80 8.72 0.51 17.61
6 OSAH-xyz(16,2) 14185 14186 981 25856 10.91 33.35 5.51 0.75 0.82 31.06 8.72 0.54 17.83
7 OSAH(8,1) 255 256 0 11103 103.39 12.23 2.07 0.00 0.72 120.54 8.72 0.97 94.31
8 OSAH(8,2) 255 256 0 11103 103.39 12.23 2.07 0.00 0.71 120.53 8.72 0.97 94.30
9 OSAH(16,1) 32452 32453 5155 39466 5.49 41.93 6.88 3.04 1.63 29.35 8.72 0.32 16.37

10 OSAH(16,2) 15225 15226 2044 25350 9.79 34.14 5.71 1.33 1.26 31.45 8.72 0.51 18.16
11 OSAH(24,1) 61634 61635 5155 68648 4.83 43.32 6.95 3.04 2.28 28.66 8.72 0.29 15.78
12 OSAH(24,2) 15645 15646 2044 25770 9.78 34.16 5.71 1.33 1.26 30.71 8.72 0.51 17.53
13 OSAH(atc) 42624 42625 5155 49638 5.13 42.76 6.93 3.04 1.84 28.86 8.72 0.30 15.95
14 OSAH2(atc) 41769 41770 4139 49812 5.69 42.55 6.86 2.53 2.53 29.60 8.72 0.33 16.58
15 OSAH+LC(atc) 43079 43080 5155 50093 5.12 42.78 6.93 3.04 2.02 29.41 8.72 0.30 16.42
16 OSAH+TPC(atc) 32549 32550 4961 39757 5.79 40.83 6.52 3.19 1.77 28.94 8.72 0.34 16.02
17 OSAH+TPC+LC(atc) 36455 36456 4991 43782 5.38 41.74 6.73 3.01 2.34 27.40 8.72 0.32 14.70
18 OSAH+LC(16,1) 32557 32558 5197 39529 5.36 41.83 6.79 3.12 2.04 27.95 8.72 0.32 15.17
19 OSAH+TPC(16,1) 32756 32757 5245 39680 5.33 41.83 6.77 3.12 1.97 27.77 8.72 0.32 15.02
20 OSAH+TPC+LC(16,1) 32756 32757 5245 39680 5.33 41.83 6.77 3.12 2.08 27.86 8.72 0.32 15.09
21 OSAH+PR(atc) 42624 42625 5155 49638 5.13 42.76 6.93 3.04 2.98 28.89 8.72 0.30 15.97
22 OSAH+SC(atc) 43552 43553 5152 50569 5.06 42.85 6.94 3.08 5.17 29.65 8.72 0.30 16.62
23 OSAH+GCM(atc) 43635 43636 5404 50400 4.77 43.11 6.82 3.22 111.58 28.45 8.72 0.29 15.60
24 OSAH+GCM2(atc) 52846 52847 3776 61268 6.06 45.04 7.23 2.41 134.96 29.51 8.72 0.33 16.50
25 OSAH+GCM3(atc) 44736 44737 3506 53405 7.08 44.19 6.96 1.69 114.56 30.33 8.72 0.37 17.21

26 OSAH+PAR(atc) 42624 42625 5155 49638 18.91 82.86 15.63 9.11 2.15 6.21 8.63 0.31 24.05
27 PARSAH+PAR(atc) 22812 22813 8645 26248 20.02 44.07 10.63 5.19 2.08 5.17 8.63 0.53 18.58
28 OSAH+PER(atc) 42624 42625 5155 49638 5.36 54.13 10.22 5.16 2.16 7.27 7.98 0.42 7.49
29 PERSAH+PER(atc) 14633 14634 3037 22943 316.69 17.46 3.19 0.33 65.51 66.80 7.98 0.99 134.15
30 SPHSAH+PER(atc) 24185 24186 5611 30861 61.92 45.95 8.12 3.43 5.12 23.69 7.98 0.91 42.43
31 OSAH+SPH(atc) 42624 42625 5155 49638 5.35 53.96 10.17 5.12 2.11 7.69 9.16 0.44 8.32
32 SPHSAH+SPH(atc) 24185 24186 5611 30861 59.31 45.80 8.06 3.40 4.91 23.48 9.16 0.91 44.20

33 OSAH+TAseq(16,2) 15233 15234 2053 25349 9.84 85.88 5.70 1.37 1.08 38.27 8.72 0.34 23.99
34 OSAH+TAA

rec(16,2) 15233 15234 2053 25349 9.63 33.90 5.58 1.35 1.06 31.65 8.72 0.44 18.33
35 OSAH+TAB

rec(16,2) 15233 15234 2053 25349 9.63 33.90 5.58 1.35 1.07 28.68 8.72 0.51 15.79
36 OSAH+TASNL(16,2) 15233 15234 2053 25349 9.84 22.39 5.70 1.37 1.31 29.58 8.72 0.49 16.56
37 OSAH+TANLT (16,2) 58797 15234 2053 25349 9.84 21.18 5.70 1.37 1.38 29.90 8.72 0.48 16.84
38 OSAH+TAseq(18,2) 15641 15642 2053 25757 9.83 85.89 5.70 1.37 1.09 38.56 8.72 0.33 24.24
39 OSAH+TAA

rec(18,2) 15641 15642 2053 25757 9.62 33.90 5.58 1.35 1.09 31.81 8.72 0.44 18.47
40 OSAH+TAB

rec(18,2) 15641 15642 2053 25757 9.62 33.90 5.58 1.35 1.09 28.66 8.72 0.51 15.78
41 OSAH+TASNL(18,2) 15641 15642 2053 25757 9.83 22.40 5.70 1.37 1.37 29.59 8.72 0.49 16.57
42 OSAH+TANLT (18,2) 60837 15642 2053 25757 9.83 21.18 5.70 1.37 1.39 29.73 8.72 0.48 16.69
43 OSAH+TAseq(atc) 42904 42905 5197 49876 5.09 113.84 6.94 3.12 1.58 39.53 8.72 0.17 25.07
44 OSAH+TAA

rec(atc) 42904 42905 5197 49876 4.94 42.78 6.85 3.12 1.55 30.99 8.72 0.24 17.77
45 OSAH+TAB

rec(atc) 42904 42905 5197 49876 4.94 42.78 6.85 3.12 1.58 27.03 8.72 0.30 14.38
46 OSAH+TASNL(atc) 42904 42905 5197 49876 5.09 27.37 6.94 3.12 2.35 26.86 8.72 0.30 14.24
47 OSAH+TANLT (atc) 178081 42905 5197 49876 5.09 25.26 6.94 3.12 2.42 26.69 8.72 0.31 14.09

48 BVH 810 5374 0 8281 123.84 155.40 119.25 0.00 3.02 1908.83 – – –
49 O84 8777 61440 7744 88184 11.58 51.96 8.44 1.71 0.53 59.89 – – –
50 O89 8777 61440 7744 88184 11.52 33.60 8.41 1.71 0.48 48.88 – – –
51 BSP 22015 22016 464 49328 15.01 38.15 6.44 0.20 1.82 68.72 – – –
52 O93 8777 61440 7744 88184 10.40 31.98 13.17 7.03 0.49 61.09 – – –
53 UG 0 42875 9616 61003 13.55 8.46 8.46 1.37 0.63 39.95 – – –
54 AG 3614 4614 0 14548 66.28 82.96 62.19 0.00 2.16 1005.04 – – –
55 HUG 1 12167 0 61535 35.88 6.83 5.83 0.00 0.32 85.77 – – –
56 RG 289 11568 0 61156 36.97 6.09 5.00 0.00 0.17 75.90 – – –
57 O84A 7441 52088 6928 66424 9.24 48.75 8.01 2.58 1.48 54.82 – – –
58 KD 15225 15226 2044 25350 9.79 34.14 5.71 1.33 3.97 52.88 – – –

Table14: Experimentalresultsfor scene“ lattice12”.

N á 8281,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 261170, Nsec á 243215, Nhit
sec á 178786,

Nshad á 1180750, Nhit
shad á 943153, TMIN

R ç sé]á 11â 37, Tapp ç sé]á 10â 20, TMIN
RSA ç sé]á 1 â 17.
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Scene= “mount6”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 8196 – 0 0 0 0.01 6971.35 16.03 1.0 20503.97
1 spatmed-xyz(16,2) 8837 8838 1989 43940 21.34 27.24 5.13 1.41 0.33 18.72 16.03 0.38 39.03
2 objmed-xyz(16,2) 12089 12090 1398 23189 34.04 53.05 9.51 1.37 0.80 25.87 16.03 0.34 60.06
3 objmed(16,2) 4414 4415 17 8754 63.15 98.72 17.55 0.05 0.93 46.40 16.03 0.34 120.44
4 OSAH(16,2) 6701 6702 1302 10382 7.49 22.07 3.90 1.45 1.07 13.73 16.03 0.21 24.35
5 OSAH-RMI(16,2) 6701 6702 1302 10382 7.49 22.07 3.90 1.45 1.07 13.27 16.03 0.21 23.00
6 OSAH-xyz(16,2) 8003 8004 1848 13451 8.67 24.30 4.20 1.48 0.71 13.66 16.03 0.22 24.15
7 OSAH(8,1) 194 195 43 9016 94.45 13.11 2.48 0.80 0.74 35.12 16.03 0.85 87.26
8 OSAH(8,2) 194 195 43 9016 94.45 13.11 2.48 0.80 0.77 34.96 16.03 0.85 86.79
9 OSAH(16,1) 10102 10103 3866 11210 6.81 22.90 3.97 1.59 1.14 13.50 16.03 0.19 23.68

10 OSAH(16,2) 6701 6702 1302 10382 7.49 22.07 3.90 1.45 1.07 13.73 16.03 0.21 24.35
11 OSAH(24,1) 16495 16496 6633 14567 5.67 24.82 4.22 1.73 1.27 13.57 16.03 0.15 23.88
12 OSAH(24,2) 7005 7006 1311 10409 6.90 22.81 3.97 1.45 1.05 13.64 16.03 0.19 24.09
13 OSAH(atc) 13191 13192 5649 12237 6.57 20.73 3.71 1.69 1.17 12.74 16.03 0.20 21.44
14 OSAH2(atc) 16578 16579 5795 16317 6.75 24.75 4.27 1.66 1.69 13.82 16.03 0.18 24.62
15 OSAH+LC(atc) 13203 13204 5651 12258 5.99 22.19 3.87 1.69 1.19 13.05 16.03 0.18 22.35
16 OSAH+TPC(atc) 12996 12997 5562 12137 7.48 19.42 3.52 1.69 1.19 12.66 16.03 0.23 21.21
17 OSAH+TPC+LC(atc) 13028 13029 5564 12176 7.17 21.70 3.88 1.69 1.38 12.26 16.03 0.21 20.03
18 OSAH+LC(16,1) 10104 10105 3868 11210 6.81 22.90 3.97 1.59 1.28 12.52 16.03 0.19 20.79
19 OSAH+TPC(16,1) 10094 10095 3838 11251 6.81 22.89 3.97 1.59 1.29 12.37 16.03 0.19 20.35
20 OSAH+TPC+LC(16,1) 10096 10097 3840 11251 6.81 22.89 3.97 1.59 1.29 12.41 16.03 0.19 20.47
21 OSAH+PR(atc) 13191 13192 5649 11919 6.55 20.73 3.72 1.70 1.25 12.74 16.03 0.20 21.44
22 OSAH+SC(atc) 14301 14302 6193 12837 6.15 20.68 3.72 1.73 1.76 12.71 16.03 0.19 21.35
23 OSAH+GCM(atc) 15020 15021 6460 13237 6.53 21.20 3.79 1.72 45.38 12.51 16.03 0.20 20.76
24 OSAH+GCM2(atc) 20943 20944 6166 22986 7.25 27.75 4.73 1.40 66.00 14.07 16.03 0.17 25.35
25 OSAH+GCM3(atc) 15240 15241 5296 16054 7.38 28.56 4.63 1.86 47.69 14.05 16.03 0.17 25.29

26 OSAH+PAR(atc) 13191 13192 5649 12237 4.71 28.48 5.51 4.08 1.49 2.28 13.83 0.13 24.17
27 PARSAH+PAR(atc) 13186 13187 5718 12127 4.65 28.55 5.50 4.10 1.41 2.27 13.83 0.12 24.00
28 OSAH+PER(atc) 13191 13192 5649 12237 4.51 30.94 6.09 3.96 1.55 2.77 12.67 0.16 18.11
29 PERSAH+PER(atc) 13281 13282 5612 12503 6.19 30.09 6.07 4.00 61.17 2.84 12.67 0.21 18.89
30 SPHSAH+PER(atc) 13191 13192 5649 12237 4.51 30.94 6.09 3.96 2.06 2.83 12.67 0.19 18.78
31 OSAH+SPH(atc) 13191 13192 5649 12237 4.50 30.36 5.97 3.89 1.56 3.06 13.18 0.16 14.64
32 SPHSAH+SPH(atc) 13191 13192 5649 12237 4.50 30.36 5.97 3.89 1.95 3.06 13.18 0.16 14.64

33 OSAH+TAseq(16,2) 6701 6702 1302 10382 8.01 44.39 3.90 1.45 0.84 16.17 16.03 0.14 31.53
34 OSAH+TAA

rec(16,2) 6701 6702 1302 10382 7.49 22.07 3.90 1.45 0.83 13.73 16.03 0.18 24.35
35 OSAH+TAB

rec(16,2) 6701 6702 1302 10382 7.49 22.07 3.90 1.45 0.83 12.49 16.03 0.21 20.71
36 OSAH+TASNL(16,2) 6701 6702 1302 10382 8.01 15.53 3.90 1.45 0.94 11.44 16.03 0.25 17.62
37 OSAH+TANLT (16,2) 32628 6702 1302 10382 8.01 13.92 3.90 1.45 0.98 11.81 16.03 0.23 18.71
38 OSAH+TAseq(18,2) 7000 7001 1311 10397 7.47 45.91 3.95 1.45 0.85 16.20 16.03 0.13 31.62
39 OSAH+TAA

rec(18,2) 7000 7001 1311 10397 6.98 22.70 3.95 1.45 0.84 13.77 16.03 0.17 24.47
40 OSAH+TAB

rec(18,2) 7000 7001 1311 10397 6.98 22.70 3.95 1.45 0.85 12.44 16.03 0.20 20.56
41 OSAH+TASNL(18,2) 7000 7001 1311 10397 7.47 15.90 3.96 1.45 0.95 11.35 16.03 0.24 17.35
42 OSAH+TANLT (18,2) 33397 7001 1311 10397 7.47 14.21 3.96 1.45 0.99 11.35 16.03 0.24 17.35
43 OSAH+TAseq(atc) 13191 13192 5649 12237 7.02 41.74 3.72 1.69 0.96 15.48 16.03 0.13 29.50
44 OSAH+TAA

rec(atc) 13191 13192 5649 12237 6.57 20.73 3.72 1.69 0.93 12.96 16.03 0.17 22.09
45 OSAH+TAB

rec(atc) 13191 13192 5649 12237 6.57 20.73 3.71 1.69 0.93 11.89 16.03 0.20 18.94
46 OSAH+TASNL(atc) 13191 13192 5649 12237 7.02 14.68 3.72 1.69 1.16 10.95 16.03 0.23 16.18
47 OSAH+TANLT (atc) 58078 13192 5649 12237 7.02 13.23 3.72 1.69 1.24 10.94 16.03 0.23 16.15

48 BVH 1058 5398 0 8196 170.39 175.62 124.24 0.00 0.97 1583.37 – – –
49 O84 4358 30507 10649 85916 17.68 34.39 6.37 2.27 0.46 32.36 – – –
50 O89 4358 30507 10649 85916 17.75 24.43 6.37 2.27 0.44 28.15 – – –
51 BSP 8837 8838 1989 43940 21.34 27.24 5.13 1.41 0.50 39.38 – – –
52 O93 4358 30507 10649 85916 16.91 23.46 9.65 5.71 0.42 33.95 – – –
53 UG 0 41650 36218 37369 24.23 14.90 14.90 9.53 0.40 25.97 – – –
54 AG 3342 91277 34893 217830 29.47 21.48 18.96 12.50 3.76 46.60 – – –
55 HUG 1 512 310 14641 131.92 4.92 3.93 1.31 0.15 72.35 – – –
56 RG 10035 136153 16704 713095 26.98 12.47 10.30 5.22 1.67 31.80 – – –
57 O84A 7352 51465 11955 145308 13.32 33.32 6.22 2.69 2.19 29.95 – – –
58 KD 6701 6702 1302 10382 7.49 22.07 3.90 1.45 1.48 21.06 – – –

Table15: Experimentalresultsfor scene“mount6”.

N á 8196,
TPD: Nprim á 263169, Nhit��� á 257871, Nhit

prim á 173685, Nsec á 707764, Nhit
sec á 472358,

Nshad á 361043, Nhit
shad á 30032, TMIN

R ç sé]á 5 â 79, Tapp ç sé^á 5 â 45, TMIN
RSA ç sé]á 0 â 34.
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Scene= “ rings7”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 8401 – 0 0 0 0.02 15987.20 5.33 1.0 10517.89
1 spatmed-xyz(16,2) 12403 12404 1196 63348 42.38 51.03 9.56 3.87 0.42 71.81 5.33 0.72 41.91
2 objmed-xyz(16,2) 46174 46175 4973 121417 87.28 106.86 20.87 4.66 1.84 141.02 5.33 0.72 87.45
3 objmed(16,2) 48671 48672 4085 120391 83.20 109.24 23.20 6.46 2.69 137.09 5.33 0.70 84.86
4 OSAH(16,2) 11835 11836 1600 32785 19.51 36.59 6.47 2.63 1.58 42.62 5.33 0.62 22.71
5 OSAH-RMI(16,2) 11835 11836 1600 32785 19.51 36.59 6.47 2.63 1.58 42.19 5.33 0.62 22.43
6 OSAH-xyz(16,2) 12417 12418 2063 34704 21.13 39.47 7.21 3.07 0.99 44.81 5.33 0.63 24.15
7 OSAH(8,1) 182 183 32 9506 221.71 16.75 3.54 1.24 0.83 196.30 5.33 0.98 123.82
8 OSAH(8,2) 182 183 32 9506 221.71 16.75 3.54 1.24 0.82 196.74 5.33 0.98 124.11
9 OSAH(16,1) 13332 13333 2323 33401 19.09 37.70 6.74 2.92 1.60 41.94 5.33 0.61 22.26

10 OSAH(16,2) 11835 11836 1600 32785 19.51 36.59 6.47 2.63 1.58 42.62 5.33 0.62 22.71
11 OSAH(24,1) 195354 195355 16920 303710 16.98 55.97 9.96 3.50 6.36 47.68 5.33 0.49 26.04
12 OSAH(24,2) 111055 111056 4959 231712 17.12 46.91 8.11 2.79 4.58 44.91 5.33 0.53 24.22
13 OSAH(atc) 14913 14914 2525 35825 19.23 37.39 6.67 2.90 1.72 42.05 5.33 0.62 22.34
14 OSAH2(atc) 34413 34414 3882 66152 17.07 49.77 8.70 3.50 2.96 45.25 5.33 0.52 24.44
15 OSAH+LC(atc) 29750 29751 2527 82883 19.34 41.83 7.34 2.90 2.34 44.56 5.33 0.59 23.99
16 OSAH+TPC(atc) 9466 9467 1591 28073 22.04 35.08 6.29 2.75 1.63 44.28 5.33 0.66 23.80
17 OSAH+TPC+LC(atc) 31616 31617 1596 97448 22.68 42.03 7.39 2.75 2.91 46.84 5.33 0.63 25.49
18 OSAH+LC(16,1) 13348 13349 2328 33432 19.13 37.71 6.74 2.92 1.84 40.78 5.33 0.61 21.50
19 OSAH+TPC(16,1) 13349 13350 2345 33412 19.12 37.71 6.74 2.92 1.90 41.12 5.33 0.61 21.72
20 OSAH+TPC+LC(16,1) 13351 13352 2347 33412 19.12 37.71 6.74 2.92 1.90 40.81 5.33 0.61 21.52
21 OSAH+PR(atc) 14913 14914 2525 27424 16.79 37.53 6.71 2.90 2.82 39.08 5.33 0.58 20.38
22 OSAH+SC(atc) 16196 16197 5846 24791 12.41 38.82 6.97 4.00 3.13 34.36 5.33 0.50 17.28
23 OSAH+GCM(atc) 28565 28566 5726 55492 15.86 43.31 7.73 3.27 87.98 40.69 5.33 0.53 21.44
24 OSAH+GCM2(atc) 71878 71879 2372 183905 21.48 53.92 9.35 2.78 233.09 52.27 5.33 0.55 29.06
25 OSAH+GCM3(atc) 29923 29924 3578 67553 125.24 47.34 7.19 2.80 98.25 144.65 5.33 0.89 89.84

26 OSAH+PAR(atc) 14913 14914 2525 35825 7.82 31.48 5.80 2.95 1.96 6.74 5.17 0.65 7.55
27 PARSAH+PAR(atc) 24119 24120 1680 210932 7.61 13.07 1.12 0.09 5.15 6.49 5.17 0.85 7.08
28 OSAH+PER(atc) 14913 14914 2525 35825 10.66 41.58 8.18 4.39 1.94 8.27 5.05 0.65 9.21
29 PERSAH+PER(atc) 4920 4921 1029 21254 85.89 26.48 5.71 2.84 202.02 24.16 5.05 0.94 36.60
30 SPHSAH+PER(atc) 20335 20336 4429 74874 21.43 55.89 11.17 6.50 13.41 11.94 5.05 0.72 15.53
31 OSAH+SPH(atc) 14913 14914 2525 35825 10.68 41.13 8.11 4.37 1.97 8.44 5.02 0.66 8.60
32 SPHSAH+SPH(atc) 20335 20336 4429 74874 21.51 55.59 11.14 6.55 13.43 12.06 5.02 0.72 14.44

33 OSAH+TAseq(16,2) 11842 11843 1598 32814 20.68 92.74 6.64 2.63 1.34 52.83 5.33 0.46 29.43
34 OSAH+TAA

rec(16,2) 11842 11843 1598 32814 19.56 36.59 6.47 2.63 1.30 44.21 5.33 0.57 23.76
35 OSAH+TAB

rec(16,2) 11842 11843 1598 32814 19.56 36.59 6.47 2.63 1.31 40.55 5.33 0.63 21.35
36 OSAH+TASNL(16,2) 11842 11843 1598 32814 20.68 30.28 6.64 2.63 1.53 45.50 5.33 0.55 24.61
37 OSAH+TANLT (16,2) 73110 11843 1598 32814 20.68 27.12 6.64 2.63 1.56 45.62 5.33 0.54 24.68
38 OSAH+TAseq(18,2) 24269 24270 2827 55360 17.39 107.41 7.24 2.71 1.70 53.01 5.33 0.39 29.55
39 OSAH+TAA

rec(18,2) 24269 24270 2827 55360 16.35 40.26 7.02 2.71 1.67 43.30 5.33 0.49 23.16
40 OSAH+TAB

rec(18,2) 24269 24270 2827 55360 16.35 40.26 7.02 2.71 1.69 39.15 5.33 0.56 20.43
41 OSAH+TASNL(18,2) 24269 24270 2827 55360 17.39 33.50 7.24 2.71 2.11 43.89 5.33 0.49 23.55
42 OSAH+TANLT (18,2) 150093 24270 2827 55360 17.39 29.81 7.24 2.71 2.21 43.85 5.33 0.49 23.52
43 OSAH+TAseq(atc) 14951 14952 2527 35894 20.43 97.14 6.84 2.90 1.46 53.21 5.33 0.44 29.68
44 OSAH+TAA

rec(atc) 14951 14952 2527 35894 19.32 37.40 6.67 2.90 1.45 44.16 5.33 0.55 23.72
45 OSAH+TAB

rec(atc) 14951 14952 2527 35894 19.32 37.40 6.67 2.90 1.45 40.29 5.33 0.62 21.18
46 OSAH+TASNL(atc) 14951 14952 2527 35894 20.43 30.91 6.85 2.90 1.68 45.42 5.33 0.53 24.55
47 OSAH+TANLT (atc) 92519 14952 2527 35894 20.43 27.58 6.85 2.90 1.78 45.29 5.33 0.54 24.47

48 BVH 960 5385 0 8401 185.15 179.96 128.64 0.00 1.45 2222.09 – – –
49 O84 6476 45333 8289 130108 35.22 79.26 13.05 6.28 0.65 114.89 – – –
50 O89 6476 45333 8289 130108 35.20 51.13 13.05 6.28 0.52 98.64 – – –
51 BSP 12403 12404 1196 63348 42.38 51.03 9.56 3.87 1.32 144.15 – – –
52 O93 6476 45333 8289 130108 34.97 47.10 19.18 12.44 0.55 114.91 – – –
53 UG 0 41650 32408 50233 45.40 19.54 19.54 14.45 0.50 91.48 – – –
54 AG 3998 73611 11870 182079 47.32 14.76 10.60 0.19 2.65 154.98 – – –
55 HUG 1749 13765 2305 61621 65.25 13.71 9.03 4.90 0.50 132.47 – – –
56 RG 2083 35411 8840 111974 48.54 17.93 14.43 7.75 0.35 111.94 – – –
57 O84A 11302 79115 7387 193220 26.00 65.41 11.03 4.49 2.25 94.90 – – –
58 KD 11835 11836 1600 32785 19.51 36.59 6.47 2.63 2.38 64.76 – – –

Table16: Experimentalresultsfor scene“ rings7”.

N á 8401,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 263168, Nsec á 312998, Nhit
sec á 175756,

Nshad á 1077448, Nhit
shad á 510854, TMIN

R ç sé]á 9 â 62, Tapp ç sé]á 8 â 10, TMIN
RSA ç sé^á 1 â 52.
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Scene= “sombrero2”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 7938 – 0 0 0 0.02 2229.08 12.22 1.0 24767.56
1 spatmed-xyz(16,2) 9405 9406 1892 48754 46.92 27.46 5.08 2.77 0.35 4.62 12.22 0.54 39.11
2 objmed-xyz(16,2) 16777 16778 1695 40753 96.63 51.02 9.38 0.80 1.09 7.59 12.22 0.57 72.11
3 objmed(16,2) 4025 4026 0 8049 50.09 38.64 7.69 0.00 0.83 5.30 12.22 0.47 46.67
4 OSAH(16,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 1.01 2.73 12.22 0.25 18.11
5 OSAH-RMI(16,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 1.12 2.57 12.22 0.25 16.33
6 OSAH-xyz(16,2) 4320 4321 885 10208 13.68 19.39 3.61 2.14 0.72 2.91 12.22 0.33 20.11
7 OSAH(8,1) 175 176 68 8016 240.30 9.57 2.09 1.05 0.75 10.81 12.22 0.95 107.89
8 OSAH(8,2) 174 175 67 8016 240.30 9.57 2.09 1.05 0.74 10.72 12.22 0.95 106.89
9 OSAH(16,1) 11616 11617 7124 8482 5.82 18.30 3.35 2.35 1.10 2.72 12.22 0.18 18.00

10 OSAH(16,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 1.01 2.73 12.22 0.25 18.11
11 OSAH(24,1) 15712 15713 7688 12008 6.36 19.29 3.64 2.39 1.20 2.76 12.22 0.19 18.44
12 OSAH(24,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 1.11 2.65 12.22 0.25 17.22
13 OSAH(atc) 13927 13928 7677 10234 6.05 18.88 3.51 2.39 1.12 2.72 12.22 0.18 18.00
14 OSAH2(atc) 14000 14001 7167 11093 8.07 22.81 3.94 2.24 1.47 2.81 12.22 0.20 19.00
15 OSAH+LC(atc) 13927 13928 7677 10234 6.05 18.88 3.51 2.39 1.15 2.69 12.22 0.18 17.67
16 OSAH+TPC(atc) 13892 13893 7666 10210 6.06 18.85 3.50 2.39 1.13 2.72 12.22 0.18 18.00
17 OSAH+TPC+LC(atc) 13896 13897 7666 10214 6.06 18.85 3.51 2.39 1.47 2.44 12.22 0.18 14.89
18 OSAH+LC(16,1) 11616 11617 7124 8482 5.82 18.30 3.35 2.35 1.38 2.40 12.22 0.18 14.44
19 OSAH+TPC(16,1) 11618 11619 7126 8482 5.83 18.29 3.35 2.35 1.28 2.40 12.22 0.18 14.44
20 OSAH+TPC+LC(16,1) 11618 11619 7126 8482 5.83 18.29 3.35 2.35 1.25 2.39 12.22 0.18 14.33
21 OSAH+PR(atc) 13927 13928 7677 10170 6.03 18.88 3.51 2.39 1.17 2.75 12.22 0.18 18.33
22 OSAH+SC(atc) 14208 14209 7772 10424 5.89 18.91 3.51 2.42 1.37 2.50 12.22 0.18 15.56
23 OSAH+GCM(atc) 14312 14313 7379 10916 6.22 21.58 4.04 2.86 42.23 2.60 12.22 0.17 16.67
24 OSAH+GCM2(atc) 15561 15562 5359 15924 8.15 22.60 3.92 2.28 55.24 2.71 12.22 0.20 17.89
25 OSAH+GCM3(atc) 12464 12465 5199 12888 11.31 24.33 4.47 2.95 41.00 2.90 12.22 0.24 20.00

26 OSAH+PAR(atc) 13927 13928 7677 10234 2.89 14.08 2.60 1.83 1.38 1.80 9.62 0.46 12.88
27 PARSAH+PAR(atc) 13729 13730 7287 10436 2.92 11.88 2.23 1.48 1.27 1.61 9.62 0.44 10.50
28 OSAH+PER(atc) 13927 13928 7677 10234 2.98 13.42 2.48 1.71 1.36 1.68 9.64 0.14 5.64
29 PERSAH+PER(atc) 10072 10073 5396 9696 2.94 12.53 2.38 1.63 40.18 1.69 9.64 0.21 5.73
30 SPHSAH+PER(atc) 6092 6093 3236 8683 56.40 11.65 2.27 1.62 2.31 4.05 9.64 0.85 27.18
31 OSAH+SPH(atc) 13927 13928 7677 10234 2.97 13.46 2.49 1.72 1.46 2.07 10.62 0.23 5.31
32 SPHSAH+SPH(atc) 6092 6093 3236 8683 55.54 11.72 2.29 1.63 2.30 4.32 10.62 0.84 22.62

33 OSAH+TAseq(16,2) 4641 4642 521 8142 7.79 35.79 2.86 1.59 0.77 3.23 12.22 0.15 23.67
34 OSAH+TAA

rec(16,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 0.75 2.62 12.22 0.21 16.89
35 OSAH+TAB

rec(16,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 0.74 2.36 12.22 0.25 14.00
36 OSAH+TASNL(16,2) 4641 4642 521 8142 7.79 14.87 2.86 1.59 0.84 2.52 12.22 0.22 15.78
37 OSAH+TANLT (16,2) 18971 4642 521 8142 7.79 14.06 2.86 1.59 1.03 2.35 12.22 0.25 13.89
38 OSAH+TAseq(18,2) 4641 4642 521 8142 7.79 35.79 2.86 1.59 0.77 3.19 12.22 0.16 23.22
39 OSAH+TAA

rec(18,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 0.77 2.63 12.22 0.21 17.00
40 OSAH+TAB

rec(18,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 0.77 2.41 12.22 0.25 14.56
41 OSAH+TASNL(18,2) 4641 4642 521 8142 7.79 14.87 2.86 1.59 0.82 2.43 12.22 0.25 14.78
42 OSAH+TANLT (18,2) 18971 4642 521 8142 7.79 14.06 2.86 1.59 0.82 2.52 12.22 0.23 15.78
43 OSAH+TAseq(atc) 13927 13928 7677 10234 6.05 49.54 3.51 2.39 0.89 3.64 12.22 0.09 28.22
44 OSAH+TAA

rec(atc) 13927 13928 7677 10234 6.05 18.88 3.51 2.39 0.89 2.75 12.22 0.15 18.33
45 OSAH+TAB

rec(atc) 13927 13928 7677 10234 6.05 18.88 3.51 2.39 0.87 2.43 12.22 0.18 14.78
46 OSAH+TASNL(atc) 13927 13928 7677 10234 6.05 17.01 3.51 2.39 1.12 2.55 12.22 0.17 16.11
47 OSAH+TANLT (atc) 55873 13928 7677 10234 6.05 15.81 3.51 2.39 1.19 2.40 12.22 0.18 14.44

48 BVH 1094 5255 0 7938 181.14 135.81 92.42 0.00 1.38 325.22 – – –
49 O84 4741 33188 11479 96034 41.16 42.70 7.45 4.54 0.50 9.16 – – –
50 O89 4741 33188 11479 96034 40.96 28.70 7.43 4.54 0.43 7.29 – – –
51 BSP 9405 9406 1892 48754 46.92 27.46 5.08 2.77 0.50 7.40 – – –
52 O93 4741 33188 11479 96034 39.13 25.40 9.84 7.04 0.44 8.80 – – –
53 UG 0 39672 33848 38651 35.69 11.34 11.34 9.71 0.37 4.97 – – –
54 AG 1534 49014 18116 108836 35.28 9.50 8.01 5.26 2.38 7.80 – – –
55 HUG 1 675 343 14548 242.76 3.67 3.01 1.53 0.15 19.37 – – –
56 RG 1484 29607 12558 87792 37.16 9.71 7.86 5.65 0.28 6.43 – – –
57 O84A 7034 49239 10432 150250 39.81 42.40 7.32 3.92 2.07 8.91 – – –
58 KD 4641 4642 521 8142 7.78 16.10 2.85 1.59 1.38 4.00 – – –

Table17: Experimentalresultsfor scene“sombrero2”.

N á 7938,
TPD: Nprim á 263169, Nhit��� á 136638, Nhit

prim á 112239, Nsec á 0, Nhit
sec á 0,

Nshad á 110608, Nhit
shad á 2523, TMIN

R ç sé]á 1 â 19, Tapp ç séOá 1 â 10, TMIN
RSA ç séOá 0 â 09.
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Scene= “ teapot12”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 9264 – 0 0 0 0.02 6036.10 17.32 1.0 27436.82
1 spatmed-xyz(16,2) 6866 6867 1800 41612 61.95 36.01 7.57 4.52 0.34 15.11 17.32 0.52 51.36
2 objmed-xyz(16,2) 26569 26570 3712 61429 161.76 105.53 20.58 3.38 1.24 34.04 17.32 0.49 137.41
3 objmed(16,2) 22186 22187 2390 47489 219.60 181.84 35.38 3.30 1.58 52.53 17.32 0.43 221.45
4 OSAH(16,2) 10198 10199 1942 27347 17.71 26.28 5.12 2.79 1.46 10.32 17.32 0.30 29.59
5 OSAH-RMI(16,2) 10198 10199 1942 27347 17.71 26.28 5.12 2.79 1.48 9.99 17.32 0.30 28.09
6 OSAH-xyz(16,2) 10248 10249 1983 28294 20.73 30.76 6.25 3.78 0.93 10.58 17.32 0.30 30.77
7 OSAH(8,1) 213 214 26 11345 305.93 15.76 3.47 1.62 0.90 36.32 17.32 0.92 147.77
8 OSAH(8,2) 213 214 26 11345 305.93 15.76 3.47 1.62 0.92 36.55 17.32 0.92 148.82
9 OSAH(16,1) 11852 11853 3030 27771 14.50 27.56 5.26 3.16 1.51 10.03 17.32 0.25 28.27

10 OSAH(16,2) 10198 10199 1942 27347 17.71 26.28 5.12 2.79 1.46 10.32 17.32 0.30 29.59
11 OSAH(24,1) 51751 51752 11450 79971 10.98 30.16 5.71 3.40 2.66 10.06 17.32 0.19 28.41
12 OSAH(24,2) 34811 34812 4295 70563 14.82 27.67 5.35 2.85 2.23 10.13 17.32 0.25 28.73
13 OSAH(atc) 23502 23503 6337 38220 12.01 28.97 5.50 3.33 1.80 9.72 17.32 0.21 26.86
14 OSAH2(atc) 35521 35522 8102 56119 13.16 36.64 6.53 3.80 2.91 10.90 17.32 0.18 32.23
15 OSAH+LC(atc) 24880 24881 6364 43086 11.80 29.15 5.53 3.33 1.93 9.69 17.32 0.20 26.73
16 OSAH+TPC(atc) 18888 18889 5132 34319 13.53 27.99 5.33 3.21 1.87 9.63 17.32 0.23 26.45
17 OSAH+TPC+LC(atc) 22949 22950 5255 45003 12.71 28.55 5.41 3.22 2.30 9.29 17.32 0.22 24.91
18 OSAH+LC(16,1) 11858 11859 3036 27771 14.48 27.57 5.26 3.16 1.77 9.29 17.32 0.25 24.91
19 OSAH+TPC(16,1) 11875 11876 3051 27892 14.51 27.56 5.26 3.15 1.78 9.30 17.32 0.25 24.95
20 OSAH+TPC+LC(16,1) 11881 11882 3057 27892 14.50 27.56 5.26 3.16 1.81 9.32 17.32 0.25 25.05
21 OSAH+PR(atc) 23502 23503 6337 33869 12.68 28.02 5.29 3.26 2.21 7.28 17.32 0.19 15.77
22 OSAH+SC(atc) 23822 23823 9466 32983 9.34 28.32 5.36 3.68 3.65 9.64 17.32 0.17 26.50
23 OSAH+GCM(atc) 30936 30937 8478 46548 11.16 30.78 5.73 3.52 100.93 9.77 17.32 0.18 27.09
24 OSAH+GCM2(atc) 55335 55336 9907 108251 13.67 33.81 6.07 3.54 183.16 10.36 17.32 0.20 29.77
25 OSAH+GCM3(atc) 28719 28720 6446 52848 13.67 38.24 6.76 4.20 95.24 10.88 17.32 0.18 32.14

26 OSAH+PAR(atc) 23502 23503 6337 38220 3.74 19.32 3.75 2.63 2.13 2.62 16.33 0.36 12.78
27 PARSAH+PAR(atc) 23233 23234 6227 38196 3.74 19.27 3.69 2.62 2.37 2.70 16.33 0.40 13.67
28 OSAH+PER(atc) 23502 23503 6337 38220 3.42 23.39 4.59 3.25 2.18 3.28 13.64 0.35 9.79
29 PERSAH+PER(atc) 21147 21148 5836 35610 3.35 21.58 4.36 3.09 129.81 3.23 13.64 0.38 9.43
30 SPHSAH+PER(atc) 18627 18628 5154 34050 3.86 21.85 4.40 3.09 5.82 3.28 13.64 0.39 9.79
31 OSAH+SPH(atc) 23502 23503 6337 38220 3.42 22.92 4.49 3.17 2.12 3.59 16.14 0.34 9.50
32 SPHSAH+SPH(atc) 18627 18628 5154 34050 3.87 21.42 4.31 3.02 5.90 3.57 16.14 0.38 9.36

33 OSAH+TAseq(16,2) 10198 10199 1942 27347 17.83 60.99 5.13 2.79 1.23 13.44 17.32 0.17 43.77
34 OSAH+TAA

rec(16,2) 10198 10199 1942 27347 17.71 26.28 5.12 2.79 1.22 10.55 17.32 0.25 30.64
35 OSAH+TAB

rec(16,2) 10198 10199 1942 27347 17.71 26.28 5.12 2.79 1.19 9.42 17.32 0.30 25.50
36 OSAH+TASNL(16,2) 10198 10199 1942 27347 17.84 21.13 5.13 2.79 1.38 9.39 17.32 0.30 25.36
37 OSAH+TANLT (16,2) 59876 10199 1942 27347 17.84 18.96 5.13 2.79 1.42 9.48 17.32 0.30 25.77
38 OSAH+TAseq(18,2) 18672 18673 3159 37728 15.36 64.58 5.28 2.84 1.45 13.47 17.32 0.15 43.91
39 OSAH+TAA

rec(18,2) 18672 18673 3159 37728 15.26 27.18 5.27 2.84 1.41 10.50 17.32 0.21 30.41
40 OSAH+TAB

rec(18,2) 18672 18673 3159 37728 15.26 27.18 5.27 2.84 1.41 9.30 17.32 0.26 24.95
41 OSAH+TASNL(18,2) 18672 18673 3159 37728 15.36 21.82 5.28 2.84 1.77 9.31 17.32 0.26 25.00
42 OSAH+TANLT (18,2) 100779 18673 3159 37728 15.36 19.50 5.28 2.84 1.84 9.26 17.32 0.26 24.77
43 OSAH+TAseq(atc) 23502 23503 6337 38220 12.13 70.11 5.52 3.33 1.52 13.61 17.32 0.11 44.55
44 OSAH+TAA

rec(atc) 23502 23503 6337 38220 12.01 28.97 5.50 3.33 1.50 10.45 17.32 0.17 30.18
45 OSAH+TAB

rec(atc) 23502 23503 6337 38220 12.01 28.97 5.50 3.33 1.50 9.16 17.32 0.21 24.32
46 OSAH+TASNL(atc) 23502 23503 6337 38220 12.13 22.81 5.52 3.33 1.89 9.15 17.32 0.21 24.27
47 OSAH+TANLT (atc) 117412 23503 6337 38220 12.13 20.27 5.52 3.33 2.03 9.12 17.32 0.21 24.14

48 BVH 1393 6001 0 9264 290.51 183.11 119.20 0.00 1.66 1121.33 – – –
49 O84 3372 23605 9421 72493 44.06 55.80 10.41 7.26 0.48 29.25 – – –
50 O89 3372 23605 9421 72493 44.08 38.91 10.40 7.26 0.43 22.91 – – –
51 BSP 6866 6867 1800 41612 61.95 36.01 7.57 4.52 1.14 58.51 – – –
52 O93 3372 23605 9421 72493 42.76 33.88 13.13 10.05 0.46 27.54 – – –
53 UG 0 48020 42398 37819 60.94 26.00 26.00 23.03 0.45 20.93 – – –
54 AG 2983 103883 38995 248398 53.59 19.88 16.85 11.83 4.60 32.59 – – –
55 HUG 2305 30596 21099 51033 51.47 20.44 17.54 14.83 0.63 26.97 – – –
56 RG 5541 93034 23297 461085 53.29 19.27 16.84 12.95 1.08 23.24 – – –
57 O84A 7066 49463 12222 142944 29.21 55.29 10.50 7.56 2.19 27.43 – – –
58 KD 10198 10199 1942 27347 17.71 26.28 5.12 2.79 2.22 15.66 – – –

Table18: Experimentalresultsfor scene“ teapot12”.

N á 9264,
TPD: Nprim á 263169, Nhit��� á 226198, Nhit

prim á 161546, Nsec á 226089, Nhit
sec á 67517,

Nshad á 406274, Nhit
shad á 34744, TMIN

R ç sé]á 4 â 03, Tapp ç sé]á 3 â 81, TMIN
RSA ç sé]á 0 â 22.
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Scene= “ tetra6”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 4096 – 0 0 0 0.01 821.40 29.00 1.0 27380.00
1 spatmed-xyz(16,2) 12623 12624 4392 49152 53.58 29.07 5.75 4.10 0.27 3.30 29.00 0.39 81.00
2 objmed-xyz(16,2) 2891 2892 1868 4096 16.28 30.27 6.24 5.50 0.25 2.37 29.00 0.16 50.00
3 objmed(16,2) 3199 3200 2176 4096 10.47 52.50 11.07 10.59 0.36 2.86 29.00 0.07 66.33
4 OSAH(16,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.40 1.83 29.00 0.20 32.00
5 OSAH-RMI(16,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.39 1.84 29.00 0.20 32.33
6 OSAH-xyz(16,2) 2819 2820 1820 4096 13.24 17.20 3.36 2.79 0.26 1.87 29.00 0.21 33.33
7 OSAH(8,1) 175 176 30 4096 166.63 9.37 2.05 0.98 0.30 4.43 29.00 0.86 118.67
8 OSAH(8,2) 175 176 30 4096 166.63 9.37 2.05 0.98 0.28 4.44 29.00 0.86 119.00
9 OSAH(16,1) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.40 1.78 29.00 0.20 30.33

10 OSAH(16,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.40 1.83 29.00 0.20 32.00
11 OSAH(24,1) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.43 1.78 29.00 0.20 30.33
12 OSAH(24,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.39 1.77 29.00 0.20 30.00
13 OSAH(atc) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.40 1.77 29.00 0.20 30.00
14 OSAH2(atc) 2859 2860 1836 4096 10.47 18.51 3.04 2.56 0.49 1.92 29.00 0.17 35.00
15 OSAH+LC(atc) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.38 1.77 29.00 0.20 30.00
16 OSAH+TPC(atc) 2961 2962 1938 4096 10.47 14.81 2.78 2.30 0.38 1.75 29.00 0.20 29.33
17 OSAH+TPC+LC(atc) 2961 2962 1938 4096 10.47 14.81 2.78 2.30 0.44 1.76 29.00 0.20 29.67
18 OSAH+LC(16,1) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.44 1.76 29.00 0.20 29.67
19 OSAH+TPC(16,1) 2961 2962 1938 4096 10.47 14.81 2.78 2.30 0.44 1.66 29.00 0.20 26.33
20 OSAH+TPC+LC(16,1) 2961 2962 1938 4096 10.47 14.81 2.78 2.30 0.42 1.76 29.00 0.20 29.67
21 OSAH+PR(atc) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.40 1.85 29.00 0.20 32.67
22 OSAH+SC(atc) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.43 1.82 29.00 0.20 31.67
23 OSAH+GCM(atc) 3210 3211 2187 4096 10.47 16.03 2.96 2.48 10.39 1.72 29.00 0.19 28.33
24 OSAH+GCM2(atc) 3288 3289 2265 4096 10.47 16.38 3.01 2.53 10.77 1.73 29.00 0.18 28.67
25 OSAH+GCM3(atc) 3467 3468 2447 4096 11.02 25.52 4.44 3.94 11.29 2.03 29.00 0.13 38.67

26 OSAH+PAR(atc) 2971 2972 1948 4096 8.42 13.01 2.55 2.21 0.50 1.33 26.50 0.46 40.00
27 PARSAH+PAR(atc) 3155 3156 2132 4096 8.42 13.85 2.75 2.41 0.42 1.35 26.50 0.44 41.00
28 OSAH+PER(atc) 2971 2972 1948 4096 7.55 13.33 2.59 2.24 0.49 1.45 30.50 0.48 42.00
29 PERSAH+PER(atc) 3291 3292 2268 4096 7.55 15.80 3.10 2.75 8.22 1.46 30.50 0.39 42.50
30 SPHSAH+PER(atc) 2459 2460 1636 4096 33.13 18.33 3.40 2.81 0.70 1.93 30.50 0.54 66.00
31 OSAH+SPH(atc) 2971 2972 1948 4096 7.54 13.17 2.56 2.21 0.46 1.71 19.80 0.40 14.40
32 SPHSAH+SPH(atc) 2459 2460 1636 4096 32.92 18.07 3.35 2.77 0.72 2.25 19.80 0.53 25.20

33 OSAH+TAseq(16,2) 2971 2972 1948 4096 10.47 32.60 2.79 2.31 0.32 2.48 29.00 0.11 53.67
34 OSAH+TAA

rec(16,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.31 1.88 29.00 0.17 33.67
35 OSAH+TAB

rec(16,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.30 1.73 29.00 0.20 28.67
36 OSAH+TASNL(16,2) 2971 2972 1948 4096 10.47 13.62 2.79 2.31 0.35 1.69 29.00 0.21 27.33
37 OSAH+TANLT (16,2) 10067 2972 1948 4096 10.47 12.55 2.79 2.31 0.37 1.70 29.00 0.21 27.67
38 OSAH+TAseq(18,2) 2971 2972 1948 4096 10.47 32.60 2.79 2.31 0.32 2.49 29.00 0.10 54.00
39 OSAH+TAA

rec(18,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.32 1.87 29.00 0.16 33.33
40 OSAH+TAB

rec(18,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.31 1.65 29.00 0.20 26.00
41 OSAH+TASNL(18,2) 2971 2972 1948 4096 10.47 13.62 2.79 2.31 0.35 1.72 29.00 0.18 28.33
42 OSAH+TANLT (18,2) 10067 2972 1948 4096 10.47 12.55 2.79 2.31 0.37 1.70 29.00 0.19 27.67
43 OSAH+TAseq(atc) 2971 2972 1948 4096 10.47 32.60 2.79 2.31 0.32 2.49 29.00 0.11 54.00
44 OSAH+TAA

rec(atc) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.30 1.88 29.00 0.17 33.67
45 OSAH+TAB

rec(atc) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.31 1.73 29.00 0.20 28.67
46 OSAH+TASNL(atc) 2971 2972 1948 4096 10.47 13.62 2.79 2.31 0.36 1.81 29.00 0.18 31.33
47 OSAH+TANLT (atc) 10067 2972 1948 4096 10.47 12.55 2.79 2.31 0.37 1.71 29.00 0.20 28.00

48 BVH 458 2629 0 4096 196.66 60.58 45.93 0.00 0.76 148.45 – – –
49 O84 6189 43324 21100 110592 47.07 44.33 7.71 5.96 0.40 6.91 – – –
50 O89 6189 43324 21100 110592 46.96 30.14 7.71 5.97 0.32 5.27 – – –
51 BSP 12623 12624 4392 49152 53.58 29.07 5.75 4.10 0.41 5.36 – – –
52 O93 6189 43324 21100 110592 44.82 24.96 9.12 7.45 0.36 6.46 – – –
53 UG 0 21952 18444 25612 70.84 12.82 12.82 11.08 0.21 4.16 – – –
54 AG 969 35045 18069 88028 80.99 15.88 14.03 10.95 1.60 7.48 – – –
55 HUG 1 12167 9913 19600 78.62 11.22 10.56 8.91 0.26 4.98 – – –
56 RG 1565 40404 14220 218944 118.31 12.31 9.98 6.83 0.47 6.96 – – –
57 O84A 6449 45144 20976 120336 25.43 35.86 6.59 5.55 1.33 5.54 – – –
58 KD 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.48 2.66 – – –

Table19: Experimentalresultsfor scene“ tetra6”.

N á 4096,
TPD: Nprim á 263169, Nhit��� á 159213, Nhit

prim á 49950, Nsec á 0, Nhit
sec á 0,

Nshad á 46262, Nhit
shad á 5552, TMIN

R ç sé]á 0 â 9, Tapp ç sé]á 0 â 87, TMIN
RSA ç sé]á 0 â 03.
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Scene= “ tree11”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 8191 – 0 0 0 0.01 14902.70 18.14 1.0 67739.55
1 spatmed-xyz(16,2) 318 319 226 9377 2680.80 63.27 13.21 7.02 0.23 746.48 18.14 0.94 3374.95
2 objmed-xyz(16,2) 24036 24037 4478 41989 390.41 175.41 37.70 5.27 1.11 125.86 18.14 0.45 553.95
3 objmed(16,2) 20719 20720 2295 40789 625.25 198.81 48.32 3.49 1.67 198.83 18.14 0.54 885.64
4 OSAH(16,2) 2736 2737 937 10501 27.22 14.17 3.57 0.77 1.59 12.30 18.14 0.41 37.77
5 OSAH-RMI(16,2) 2736 2737 937 10501 27.22 14.17 3.57 0.77 1.58 12.04 18.14 0.41 36.59
6 OSAH-xyz(16,2) 2868 2869 955 10843 33.52 17.43 4.61 1.74 0.91 14.44 18.14 0.41 47.50
7 OSAH(8,1) 58 59 6 8451 632.46 10.33 2.90 0.13 1.14 155.95 18.14 0.96 690.73
8 OSAH(8,2) 56 57 6 8451 633.45 10.08 2.85 0.13 1.14 157.25 18.14 0.96 696.64
9 OSAH(16,1) 3014 3015 1159 10543 25.04 14.78 3.68 0.87 1.61 11.74 18.14 0.38 35.23

10 OSAH(16,2) 2736 2737 937 10501 27.22 14.17 3.57 0.77 1.59 12.30 18.14 0.41 37.77
11 OSAH(24,1) 32483 32484 10236 35110 18.71 15.76 3.84 1.00 2.50 10.69 18.14 0.30 30.45
12 OSAH(24,2) 17687 17688 3105 27487 21.38 14.80 3.67 0.83 2.18 10.86 18.14 0.35 31.23
13 OSAH(atc) 4369 4370 1743 11327 22.24 14.94 3.70 0.91 1.65 11.53 18.14 0.35 34.27
14 OSAH2(atc) 9579 9580 2424 16533 17.41 18.58 4.22 1.82 2.17 11.39 18.14 0.26 33.64
15 OSAH+LC(atc) 4397 4398 1743 11396 22.24 14.97 3.71 0.91 1.66 11.39 18.14 0.35 33.64
16 OSAH+TPC(atc) 4364 4365 1775 11274 22.37 14.88 3.69 0.91 1.74 11.40 18.14 0.36 33.68
17 OSAH+TPC+LC(atc) 4463 4464 1775 11511 22.32 14.97 3.71 0.91 2.00 10.82 18.14 0.35 31.05
18 OSAH+LC(16,1) 3014 3015 1159 10543 25.04 14.78 3.68 0.87 1.76 11.19 18.14 0.38 32.73
19 OSAH+TPC(16,1) 3073 3074 1215 10540 24.96 14.79 3.68 0.87 1.90 11.17 18.14 0.38 32.64
20 OSAH+TPC+LC(16,1) 3073 3074 1215 10540 24.96 14.79 3.68 0.87 1.91 11.19 18.14 0.38 32.73
21 OSAH+PR(atc) 4369 4370 1743 11107 21.58 14.65 3.63 0.92 1.74 10.59 18.14 0.34 30.00
22 OSAH+SC(atc) 4301 4302 1935 10684 21.07 14.68 3.66 1.01 2.26 10.76 18.14 0.34 30.77
23 OSAH+GCM(atc) 4834 4835 1885 11764 21.30 15.24 3.72 0.97 18.36 10.69 18.14 0.34 30.45
24 OSAH+GCM2(atc) 8042 8043 1742 19799 22.89 18.65 4.37 1.44 30.71 11.87 18.14 0.31 35.82
25 OSAH+GCM3(atc) 5868 5869 1517 15894 58.22 23.21 4.77 0.97 24.57 18.80 18.14 0.48 67.32

26 OSAH+PAR(atc) 4369 4370 1743 11327 4.59 19.90 5.18 1.44 1.87 5.79 16.22 0.51 8.96
27 PARSAH+PAR(atc) 5196 5197 2031 12654 3.64 16.05 4.01 0.92 2.44 5.48 16.22 0.54 7.61
28 OSAH+PER(atc) 4369 4370 1743 11327 7.94 23.89 5.96 1.95 1.91 4.76 11.76 0.56 16.24
29 PERSAH+PER(atc) 7047 7048 2750 14300 4.62 19.69 5.13 2.75 376.04 4.16 11.76 0.54 12.71
30 SPHSAH+PER(atc) 4400 4401 1456 19110 126.16 21.46 5.25 2.30 13.69 26.10 11.76 0.96 141.76
31 OSAH+SPH(atc) 4369 4370 1743 11327 7.88 23.69 5.90 1.94 1.93 5.04 16.00 0.45 12.00
32 SPHSAH+SPH(atc) 4400 4401 1456 19110 126.27 21.33 5.21 2.26 13.67 26.92 16.00 0.96 133.56

33 OSAH+TAseq(16,2) 2736 2737 937 10501 27.33 32.45 3.58 0.77 1.33 15.84 18.14 0.26 53.86
34 OSAH+TAA

rec(16,2) 2736 2737 937 10501 27.22 14.17 3.57 0.77 1.32 12.20 18.14 0.38 37.32
35 OSAH+TAB

rec(16,2) 2736 2737 937 10501 27.22 14.17 3.57 0.77 1.33 11.54 18.14 0.41 34.32
36 OSAH+TASNL(16,2) 2736 2737 937 10501 27.35 13.78 3.58 0.77 1.38 12.80 18.14 0.35 40.05
37 OSAH+TANLT (16,2) 19843 2737 937 10501 27.35 12.54 3.58 0.77 1.37 12.61 18.14 0.36 39.18
38 OSAH+TAseq(18,2) 5370 5371 1792 12405 23.12 33.85 3.63 0.81 1.46 15.22 18.14 0.22 51.05
39 OSAH+TAA

rec(18,2) 5370 5371 1792 12405 23.01 14.51 3.62 0.81 1.45 11.51 18.14 0.33 34.18
40 OSAH+TAB

rec(18,2) 5370 5371 1792 12405 23.01 14.51 3.62 0.81 1.43 10.64 18.14 0.37 30.23
41 OSAH+TASNL(18,2) 5370 5371 1792 12405 23.13 14.11 3.63 0.81 1.53 11.10 18.14 0.35 32.32
42 OSAH+TANLT (18,2) 37771 5371 1792 12405 23.13 12.81 3.63 0.81 1.57 11.27 18.14 0.34 33.09
43 OSAH+TAseq(atc) 4369 4370 1743 11327 22.34 34.95 3.71 0.91 1.38 15.38 18.14 0.21 51.77
44 OSAH+TAA

rec(atc) 4369 4370 1743 11327 22.24 14.94 3.70 0.91 1.36 11.58 18.14 0.31 34.50
45 OSAH+TAB

rec(atc) 4369 4370 1743 11327 22.24 14.94 3.70 0.91 1.38 10.71 18.14 0.35 30.55
46 OSAH+TASNL(atc) 4369 4370 1743 11327 22.36 14.52 3.71 0.91 1.43 12.02 18.14 0.29 36.50
47 OSAH+TANLT (atc) 31626 4370 1743 11327 22.36 13.16 3.71 0.91 1.47 11.26 18.14 0.32 33.05

48 BVH 1411 5513 0 8191 118.86 50.11 33.17 0.00 1.38 495.04 – – –
49 O84 150 1051 886 10402 2002.70 132.22 21.82 14.57 0.26 676.30 – – –
50 O89 150 1051 886 10402 2000.20 85.94 21.81 14.57 0.25 653.08 – – –
51 BSP 318 319 226 9377 2680.80 63.27 13.21 7.02 1.54 908.03 – – –
52 O93 150 1051 886 10402 1997.50 72.66 28.90 21.65 0.26 664.61 – – –
53 UG 0 34968 26207 17297 2311.90 12.40 12.40 8.68 0.30 679.65 – – –
54 AG 916 52609 37188 37463 19.63 13.31 12.57 10.65 1.78 20.61 – – –
55 HUG 9 24680 21625 15584 58.40 6.70 4.07 3.18 0.50 38.62 – – –
56 RG 498 32174 19626 60830 74.48 14.55 12.83 8.25 0.27 32.55 – – –
57 O84A 931 6518 3001 15157 32.13 38.13 9.10 6.10 1.16 35.03 – – –
58 KD 2736 2737 937 10501 27.22 14.17 3.57 0.77 2.00 22.26 – – –

Table20: Experimentalresultsfor scene“ tree11”.

N á 8191,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 169904, Nsec á 0, Nhit
sec á 0,

Nshad á 1097802, Nhit
shad á 42522, TMIN

R ç séOá 4 â 21, Tapp ç sé]á 3 â 99, TMIN
RSA ç sé]á 0 â 22.
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Figure3: Visualizationof theG4
SPD scenesusingthetestingprocedureTPD.
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Figure4: Visualizationof theG4
SPD scenesusingthetestingprocedureTPD.
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Scene= “balls5”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 66431 – 0 0 0 0.13 56977.20 12.21 1.0 121228.09
1 spatmed-xyz(16,2) 589 590 260 77205 2094.20 55.39 10.41 5.73 2.00 798.14 12.21 0.96 1685.96
2 objmed-xyz(16,2) 65201 65202 506 268019 290.57 178.26 37.57 0.86 9.21 136.08 12.21 0.51 277.32
3 objmed(16,2) 65390 65391 19 234572 288.46 194.32 42.20 0.02 14.37 147.99 12.21 0.49 302.66
4 OSAH(16,2) 7130 7131 888 84927 46.33 27.48 5.26 1.44 14.57 24.85 12.21 0.52 40.66
5 OSAH-RMI(16,2) 7130 7131 888 84927 46.33 27.48 5.26 1.44 14.64 24.33 12.21 0.52 39.55
6 OSAH-xyz(16,2) 8073 8074 1048 87604 47.58 29.90 5.89 2.28 8.72 24.90 12.21 0.51 40.77
7 OSAH(8,1) 99 100 13 68241 3100.80 13.68 3.15 0.32 10.27 1387.11 12.21 0.99 2939.09
8 OSAH(8,2) 97 98 13 68240 3100.80 13.46 3.08 0.32 10.17 1382.27 12.21 0.99 2928.79
9 OSAH(16,1) 7949 7950 1105 85475 45.76 28.90 5.55 1.58 14.63 24.74 12.21 0.51 40.43

10 OSAH(16,2) 7130 7131 888 84927 46.33 27.48 5.26 1.44 14.57 24.85 12.21 0.52 40.66
11 OSAH(24,1) 243317 243318 50718 347811 11.44 37.63 7.01 2.36 22.50 19.48 12.21 0.17 29.23
12 OSAH(24,2) 161104 161105 21479 295835 12.82 34.38 6.38 1.99 20.81 18.92 12.21 0.20 28.04
13 OSAH(atc) 80093 80094 14316 173040 13.52 35.17 6.59 2.14 18.02 19.27 12.21 0.20 28.79
14 OSAH2(atc) 139692 139693 16599 249757 12.24 44.56 7.40 3.10 25.30 20.97 12.21 0.15 32.40
15 OSAH+LC(atc) 80573 80574 14363 174144 12.95 35.49 6.60 2.44 18.16 19.15 12.21 0.19 28.53
16 OSAH+TPC(atc) 79446 79447 14231 172312 13.52 35.16 6.59 2.14 19.12 19.26 12.21 0.20 28.77
17 OSAH+TPC+LC(atc) 80549 80550 14274 174925 12.95 35.49 6.60 2.44 21.76 18.30 12.21 0.19 26.72
18 OSAH+LC(16,1) 7982 7983 1138 85475 45.19 29.21 5.56 1.87 16.38 23.54 12.21 0.50 37.87
19 OSAH+TPC(16,1) 8065 8066 1212 85468 45.70 28.96 5.57 1.60 17.20 23.60 12.21 0.51 38.00
20 OSAH+TPC+LC(16,1) 8099 8100 1246 85468 45.13 29.27 5.57 1.90 17.26 23.56 12.21 0.50 37.91
21 OSAH+PR(atc) 80093 80094 14316 136996 11.12 35.69 6.70 2.19 21.02 18.17 12.21 0.17 26.45
22 OSAH+SC(atc) 73702 73703 20822 130584 10.69 34.42 6.42 2.74 32.29 18.34 12.21 0.17 26.81
23 OSAH+GCM(atc) 97257 97258 17400 196761 12.96 36.04 6.68 2.25 293.40 19.11 12.21 0.19 28.45
24 OSAH+GCM2(atc) 184866 184867 10488 425021 14.49 41.04 7.36 2.10 545.81 20.86 12.21 0.19 32.17
25 OSAH+GCM3(atc) 146592 146593 16774 305799 28.27 50.31 8.42 2.67 469.09 25.87 12.21 0.27 42.83

26 OSAH+PAR(atc) 80093 80094 14316 173040 6.82 39.41 8.27 3.14 20.75 5.09 10.65 0.33 11.48
27 PARSAH+PAR(atc) 80741 80742 14464 174575 6.72 38.47 8.00 2.98 25.29 5.07 10.65 0.34 11.39
28 OSAH+PER(atc) 80093 80094 14316 173040 6.57 39.13 8.24 3.37 20.75 5.06 9.92 0.29 9.54
29 PERSAH+PER(atc) 134766 134767 26449 233120 5.85 39.52 8.12 3.21 3515.50 5.27 9.92 0.34 10.35
30 SPHSAH+PER(atc) 72559 72560 13467 168828 6.72 38.14 8.03 3.34 118.20 5.07 9.92 0.31 9.58
31 OSAH+SPH(atc) 80093 80094 14316 173040 6.48 38.55 8.11 3.32 20.68 5.36 10.74 0.29 9.11
32 SPHSAH+SPH(atc) 72559 72560 13467 168828 6.67 37.66 7.94 3.29 118.09 5.36 10.74 0.31 9.11

33 OSAH+TAseq(16,2) 7130 7131 888 84927 50.30 69.09 5.45 1.44 11.95 31.75 12.21 0.35 55.34
34 OSAH+TAA

rec(16,2) 7130 7131 888 84927 46.33 27.48 5.26 1.44 11.93 24.98 12.21 0.47 40.94
35 OSAH+TAB

rec(16,2) 7130 7131 888 84927 46.33 27.48 5.26 1.44 11.93 23.14 12.21 0.52 37.02
36 OSAH+TASNL(16,2) 7130 7131 888 84927 50.34 24.78 5.45 1.44 12.10 24.89 12.21 0.47 40.74
37 OSAH+TANLT (16,2) 55966 7131 888 84927 50.34 22.04 5.45 1.44 12.10 25.17 12.21 0.47 41.34
38 OSAH+TAseq(18,2) 18889 18890 2866 101020 25.66 79.35 5.87 1.67 12.92 28.20 12.21 0.20 47.79
39 OSAH+TAA

rec(18,2) 18889 18890 2866 101020 23.68 29.95 5.66 1.66 12.87 21.15 12.21 0.29 32.79
40 OSAH+TAB

rec(18,2) 18889 18890 2866 101020 23.68 29.95 5.66 1.66 12.92 19.06 12.21 0.34 28.34
41 OSAH+TASNL(18,2) 18889 18890 2866 101020 25.69 26.95 5.87 1.67 13.24 20.09 12.21 0.32 30.53
42 OSAH+TANLT (18,2) 145833 18890 2866 101020 25.69 23.77 5.87 1.67 13.40 20.23 12.21 0.31 30.83
43 OSAH+TAseq(atc) 80093 80094 14316 173040 14.56 102.19 6.84 2.15 14.87 29.14 12.21 0.11 49.79
44 OSAH+TAA

rec(atc) 80093 80094 14316 173040 13.51 35.17 6.59 2.14 14.82 20.63 12.21 0.17 31.68
45 OSAH+TAB

rec(atc) 80093 80094 14316 173040 13.52 35.17 6.59 2.14 14.79 18.22 12.21 0.20 26.55
46 OSAH+TASNL(atc) 80093 80094 14316 173040 14.60 31.30 6.85 2.15 16.44 19.40 12.21 0.18 29.06
47 OSAH+TANLT (atc) 590522 80094 14316 173040 14.59 27.12 6.85 2.15 16.92 19.38 12.21 0.18 29.02

48 BVH 9936 45674 0 66431 827.35 1116.40 780.87 0.00 17.11 12335.30 – – –
49 O84 301 2108 1071 87856 1117.00 115.41 18.63 12.07 1.93 463.25 – – –
50 O89 301 2108 1071 87856 1131.40 73.33 18.62 12.07 1.91 447.03 – – –
51 BSP 589 590 260 77205 2094.20 55.39 10.41 5.73 2.88 862.52 – – –
52 O93 301 2108 1071 87856 1107.10 62.98 24.49 18.02 1.91 464.01 – – –
53 UG 0 329219 298274 106007 403.52 19.49 19.49 15.89 2.67 157.70 – – –
54 AG 13736 508722 147921 583874 31.44 24.57 22.17 16.36 287.72 43.76 – – –
55 HUG 21 199570 176549 142830 36.00 25.61 22.03 18.77 4.55 67.30 – – –
56 RG 20704 669181 127121 5540218 65.97 25.09 20.81 13.82 10.91 60.05 – – –
57 O84A 3063 21442 5275 120197 37.28 51.08 9.59 5.45 8.83 48.61 – – –
58 KD 7130 7131 888 84927 46.33 27.48 5.26 1.44 16.77 42.00 – – –

Table21: Experimentalresultsfor scene“balls5”.

N á 66431,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 263169, Nsec á 195150, Nhit
sec á 150302,

Nshad á 979728, Nhit
shad á 314095, TMIN

R ç sé]á 6 â 21, Tapp ç séOá 5 â 74, TMIN
RSA ç séOá 0 â 47.



192ô AppendixE

Scene= “gears9”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 106435 – 0 0 0 0.22 129294.00 6.49 1.0 99456.92
1 spatmed-xyz(16,2) 14427 14428 1760 344324 79.83 20.55 2.76 0.74 4.12 45.91 6.49 0.93 28.82
2 objmed-xyz(16,2) 57571 57572 4708 492923 198.54 74.87 14.40 1.99 16.71 127.53 6.49 0.91 91.61
3 objmed(16,2) 65535 65536 0 386404 187.29 79.83 18.06 0.00 21.34 130.08 6.49 0.89 93.57
4 OSAH(16,2) 21814 21815 4114 163635 19.53 19.97 2.62 0.48 19.36 31.77 6.49 0.78 17.95
5 OSAH-RMI(16,2) 21814 21815 4114 163635 19.53 19.97 2.62 0.48 19.90 32.83 6.49 0.78 18.76
6 OSAH-xyz(16,2) 16173 16174 2576 151279 27.50 25.01 4.04 2.08 12.91 33.93 6.49 0.80 19.61
7 OSAH(8,1) 155 156 0 109968 1128.00 9.59 1.56 0.00 14.28 560.61 6.49 1.00 424.75
8 OSAH(8,2) 155 156 0 109968 1128.00 9.59 1.56 0.00 14.30 563.81 6.49 1.00 427.21
9 OSAH(16,1) 23474 23475 4114 163747 18.77 20.49 2.66 0.48 20.02 30.03 6.49 0.77 16.61

10 OSAH(16,2) 21814 21815 4114 163635 19.53 19.97 2.62 0.48 19.36 31.77 6.49 0.78 17.95
11 OSAH(24,1) 864109 864110 37583 1386750 6.52 27.47 3.65 0.76 67.35 42.04 6.49 0.46 25.85
12 OSAH(24,2) 498216 498217 17194 1081377 8.96 24.91 3.29 0.58 46.74 35.97 6.49 0.56 21.18
13 OSAH(atc) 392145 392146 16164 757083 7.56 26.16 3.41 0.66 38.07 31.51 6.49 0.51 17.75
14 OSAH2(atc) 425150 425151 19119 811415 7.53 27.58 3.55 0.79 54.57 34.85 6.49 0.50 20.32
15 OSAH+LC(atc) 425416 425417 17751 838913 7.42 26.43 3.44 0.67 41.07 33.57 6.49 0.50 19.33
16 OSAH+TPC(atc) 271549 271550 10789 618988 8.40 25.37 3.30 0.63 33.68 28.37 6.49 0.54 15.33
17 OSAH+TPC+LC(atc) 361216 361217 12355 811187 8.02 25.97 3.37 0.63 47.72 33.15 6.49 0.53 19.01
18 OSAH+LC(16,1) 23486 23487 4126 163747 18.77 20.49 2.66 0.48 22.69 27.96 6.49 0.77 15.02
19 OSAH+TPC(16,1) 24355 24356 4857 164056 18.48 20.57 2.68 0.50 23.20 27.83 6.49 0.76 14.92
20 OSAH+TPC+LC(16,1) 24359 24360 4861 164056 18.48 20.57 2.68 0.50 23.44 29.68 6.49 0.76 16.34
21 OSAH+PR(atc) 392145 392146 16164 603661 7.03 26.35 3.52 0.68 106.75 35.90 6.49 0.48 21.12
22 OSAH+SC(atc) 399893 399894 18269 757150 7.51 26.18 3.41 0.67 79.88 33.99 6.49 0.51 19.65
23 OSAH+GCM(atc) 606852 606853 26635 1056116 7.71 28.26 3.74 0.54 1982.32 38.46 6.49 0.50 23.09
24 OSAH+GCM2(atc) 997410 997411 43167 1812599 7.83 30.39 4.04 0.70 4111.98 47.49 6.49 0.48 30.04
25 OSAH+GCM3(atc) 592775 592776 27821 1086071 13.27 36.44 4.60 0.84 2257.84 41.25 6.49 0.57 25.24

26 OSAH+PAR(atc) 392145 392146 16164 757083 2.79 18.24 2.46 0.39 43.20 12.56 6.55 0.89 15.10
27 PARSAH+PAR(atc) 408406 408407 17952 770637 2.67 18.00 2.42 0.41 49.98 14.30 6.55 0.91 18.10
28 OSAH+PER(atc) 392145 392146 16164 757083 3.13 20.87 2.62 0.44 44.93 13.55 6.05 0.89 15.81
29 PERSAH+PER(atc) 472765 472766 20764 872136 3.04 20.75 2.65 0.51 2379.36 13.20 6.05 0.89 15.24
30 SPHSAH+PER(atc) 481568 481569 37096 1048342 6.58 28.49 3.79 0.98 133.25 16.93 6.05 0.89 21.26
31 OSAH+SPH(atc) 392145 392146 16164 757083 3.12 20.56 2.59 0.43 45.11 13.27 6.03 0.89 14.70
32 SPHSAH+SPH(atc) 481568 481569 37096 1048342 6.52 28.42 3.80 1.02 136.83 18.80 6.03 0.90 23.34

33 OSAH+TAseq(16,2) 21814 21815 4114 163635 26.06 38.74 2.70 0.49 15.81 32.18 6.49 0.63 18.26
34 OSAH+TAA

rec(16,2) 21814 21815 4114 163635 19.53 19.97 2.62 0.48 15.94 29.81 6.49 0.70 16.44
35 OSAH+TAB

rec(16,2) 21814 21815 4114 163635 19.53 19.97 2.62 0.48 16.00 27.73 6.49 0.78 14.84
36 OSAH+TASNL(16,2) 21814 21815 4114 163635 26.07 18.03 2.70 0.49 16.78 25.48 6.49 0.88 13.11
37 OSAH+TANLT (16,2) 106625 21815 4114 163635 26.07 17.29 2.70 0.49 16.96 26.42 6.49 0.84 13.83
38 OSAH+TAseq(18,2) 57821 57822 4647 253474 17.20 46.19 3.00 0.50 17.18 27.75 6.49 0.61 14.85
39 OSAH+TAA

rec(18,2) 57821 57822 4647 253474 12.72 21.96 2.89 0.49 17.38 27.78 6.49 0.60 14.88
40 OSAH+TAB

rec(18,2) 57821 57822 4647 253474 12.72 21.96 2.89 0.49 17.16 25.63 6.49 0.68 13.22
41 OSAH+TASNL(18,2) 57821 57822 4647 253474 17.20 19.93 3.00 0.50 18.92 25.71 6.49 0.68 13.28
42 OSAH+TANLT (18,2) 311851 57822 4647 253474 17.20 18.95 3.00 0.50 20.48 35.13 6.49 0.44 20.53
43 OSAH+TAseq(atc) 392145 392146 16164 757083 9.70 60.34 3.49 0.67 35.25 41.06 6.49 0.35 25.09
44 OSAH+TAA

rec(atc) 392145 392146 16164 757083 7.56 26.16 3.41 0.66 33.16 34.35 6.49 0.44 19.93
45 OSAH+TAB

rec(atc) 392145 392146 16164 757083 7.56 26.16 3.41 0.66 33.56 30.69 6.49 0.51 17.12
46 OSAH+TASNL(atc) 392145 392146 16164 757083 9.71 23.16 3.49 0.67 45.09 44.82 6.49 0.31 27.98
47 OSAH+TANLT (atc) 1656236 392146 16164 757083 9.71 21.35 3.49 0.67 67.40 57.12 6.49 0.23 37.45

48 BVH 13245 70137 0 106435 456.47 459.87 340.89 0.00 160.09 10934.30 – – –
49 O84 7461 52228 16228 583908 56.62 22.89 4.13 1.89 5.22 60.22 – – –
50 O89 7461 52228 16228 583908 54.38 18.62 4.13 1.89 4.81 55.77 – – –
51 BSP 14427 14428 1760 344324 79.83 20.55 2.76 0.74 5.93 112.41 – – –
52 O93 7461 52228 16228 583908 41.55 14.26 5.04 3.26 4.67 56.16 – – –
53 UG 0 528384 420540 523636 25.16 22.64 22.64 19.67 7.78 44.49 – – –
54 AG 12 285159 83202 879690 28.40 7.47 5.73 0.48 306.02 1308.26 – – –
55 HUG 1 8712 5600 238592 270.82 7.14 6.14 4.12 2.43 184.99 – – –
56 RG 20325 659907 184514 4277637 45.72 17.57 15.16 11.38 15.10 134.40 – – –
57 O84A 14601 102208 25372 709952 29.41 32.77 5.99 3.47 22.52 54.41 – – –
58 KD 21814 21815 4114 163635 19.53 19.97 2.62 0.48 22.97 40.59 – – –

Table22: Experimentalresultsfor scene“gears9”.

N á 106435,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 247173, Nsec á 163990, Nhit
sec á 111495,

Nshad á 1365418, Nhit
shad á 365632, TMIN

R ç sé]á 9 â 74, Tapp ç sé]á 8 â 44, TMIN
RSA ç sé^á 1 â 30.
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Scene= “ jacks5”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 42129 – 0 0 0 0.09 26711.80 7.79 1.0 55649.58
1 spatmed-xyz(16,2) 25669 25670 1678 172204 52.52 36.70 6.41 1.73 1.55 28.38 7.79 0.79 51.33
2 objmed-xyz(16,2) 64941 64942 940 267797 76.95 61.14 11.54 0.48 6.77 41.88 7.79 0.77 79.46
3 objmed(16,2) 65146 65147 67 242024 78.18 66.66 12.88 0.01 10.67 44.81 7.79 0.75 85.56
4 OSAH(16,2) 36148 36149 2911 132833 33.52 38.63 6.68 1.81 10.23 23.39 7.79 0.69 40.94
5 OSAH-RMI(16,2) 36148 36149 2911 132833 33.52 38.63 6.68 1.81 10.20 23.26 7.79 0.69 40.67
6 OSAH-xyz(16,2) 36456 36457 2868 138336 35.88 38.77 6.72 1.68 6.05 24.23 7.79 0.71 42.69
7 OSAH(8,1) 249 250 18 53569 756.18 13.94 2.66 0.45 6.55 235.41 7.79 0.99 482.65
8 OSAH(8,2) 249 250 18 53569 756.18 13.94 2.66 0.45 6.55 235.31 7.79 0.99 482.44
9 OSAH(16,1) 39427 39428 5273 133547 31.55 39.97 6.92 2.57 10.28 22.81 7.79 0.67 39.73

10 OSAH(16,2) 36148 36149 2911 132833 33.52 38.63 6.68 1.81 10.23 23.39 7.79 0.69 40.94
11 OSAH(24,1) 622889 622890 52924 966375 19.48 65.98 11.47 4.01 25.83 24.32 7.79 0.43 42.88
12 OSAH(24,2) 350355 350356 11861 737969 24.67 54.98 9.57 2.16 19.58 24.17 7.79 0.54 42.56
13 OSAH(atc) 193204 193205 39615 288851 20.08 53.98 9.40 3.83 14.98 21.76 7.79 0.49 37.54
14 OSAH2(atc) 291149 291150 26100 438877 21.10 61.02 10.25 3.25 22.83 23.80 7.79 0.47 41.79
15 OSAH+LC(atc) 288425 288426 39623 542868 20.83 57.71 10.07 3.83 19.19 23.09 7.79 0.48 40.31
16 OSAH+TPC(atc) 128243 128244 27301 222654 21.77 50.00 8.69 3.54 14.31 21.47 7.79 0.53 36.94
17 OSAH+TPC+LC(atc) 250710 250711 27328 534275 22.57 55.61 9.70 3.54 21.86 22.70 7.79 0.51 39.50
18 OSAH+LC(16,1) 39430 39431 5276 133547 31.55 39.97 6.92 2.57 11.85 22.28 7.79 0.67 38.62
19 OSAH+TPC(16,1) 39609 39610 5443 133601 31.54 40.00 6.93 2.58 12.51 22.27 7.79 0.67 38.60
20 OSAH+TPC+LC(16,1) 39614 39615 5448 133601 31.54 40.00 6.93 2.58 12.55 22.29 7.79 0.67 38.65
21 OSAH+PR(atc) 193204 193205 39615 152791 12.71 54.33 9.47 3.83 26.34 18.43 7.79 0.38 30.60
22 OSAH+SC(atc) 200237 200238 106481 140781 8.16 53.38 9.26 6.00 45.07 15.48 7.79 0.28 24.46
23 OSAH+GCM(atc) 372561 372562 46743 576245 19.40 60.89 10.55 3.83 1111.27 23.14 7.79 0.45 40.42
24 OSAH+GCM2(atc) 888130 888131 8329 1640883 24.40 70.04 11.88 2.21 2736.52 27.82 7.79 0.48 50.17
25 OSAH+GCM3(atc) 500942 500943 28712 887100 25.71 71.16 11.57 3.18 1584.85 27.08 7.79 0.48 48.62

26 OSAH+PAR(atc) 193204 193205 39615 288851 10.19 32.57 6.09 3.69 17.05 3.42 4.09 0.40 11.45
27 PARSAH+PAR(atc) 318387 318388 24304 3198608 11.98 10.31 0.64 0.16 66.62 3.10 4.09 0.78 10.00
28 OSAH+PER(atc) 193204 193205 39615 288851 11.15 38.94 7.24 4.52 17.05 4.10 5.83 0.40 16.94
29 PERSAH+PER(atc) 204890 204891 43813 363136 7.67 25.30 4.28 2.66 3176.03 3.29 5.83 0.47 12.44
30 SPHSAH+PER(atc) 525576 525577 70994 1803037 68.63 51.01 9.42 4.69 253.52 10.85 5.83 0.76 54.44
31 OSAH+SPH(atc) 193204 193205 39615 288851 11.10 38.72 7.20 4.50 17.11 4.53 7.16 0.43 16.68
32 SPHSAH+SPH(atc) 525576 525577 70994 1803037 68.55 50.72 9.36 4.66 253.71 11.09 7.16 0.76 51.21

33 OSAH+TAseq(16,2) 36148 36149 2911 132833 34.39 103.31 6.78 1.81 8.58 28.29 7.79 0.53 51.15
34 OSAH+TAA

rec(16,2) 36148 36149 2911 132833 33.52 38.63 6.68 1.81 8.60 24.01 7.79 0.64 42.23
35 OSAH+TAB

rec(16,2) 36148 36149 2911 132833 33.52 38.63 6.68 1.81 8.59 22.63 7.79 0.69 39.35
36 OSAH+TASNL(16,2) 36148 36149 2911 132833 34.39 29.66 6.78 1.81 9.21 24.63 7.79 0.62 43.52
37 OSAH+TANLT (16,2) 312886 36149 2911 132833 34.39 24.66 6.78 1.81 9.51 24.54 7.79 0.63 43.33
38 OSAH+TAseq(18,2) 88006 88007 7223 209203 26.18 132.74 8.02 2.04 10.17 28.75 7.79 0.42 52.10
39 OSAH+TAA

rec(18,2) 88006 88007 7223 209203 25.49 45.43 7.89 2.04 10.01 23.03 7.79 0.54 40.19
40 OSAH+TAB

rec(18,2) 88006 88007 7223 209203 25.49 45.43 7.89 2.04 10.05 21.44 7.79 0.59 36.88
41 OSAH+TASNL(18,2) 88006 88007 7223 209203 26.19 35.10 8.02 2.05 11.76 23.40 7.79 0.53 40.96
42 OSAH+TANLT (18,2) 717084 88007 7223 209203 26.19 28.71 8.02 2.05 12.46 23.18 7.79 0.54 40.50
43 OSAH+TAseq(atc) 193204 193205 39615 288851 20.74 170.30 9.54 3.83 12.82 30.22 7.79 0.32 55.17
44 OSAH+TAA

rec(atc) 193204 193205 39615 288851 20.08 53.98 9.40 3.83 12.54 22.92 7.79 0.44 39.96
45 OSAH+TAB

rec(atc) 193204 193205 39615 288851 20.08 53.98 9.40 3.83 12.55 20.78 7.79 0.49 35.50
46 OSAH+TASNL(atc) 193204 193205 39615 288851 20.75 41.62 9.55 3.83 16.31 23.00 7.79 0.43 40.12
47 OSAH+TANLT (atc) 1421499 193205 39615 288851 20.75 33.72 9.55 3.83 20.80 37.59 7.79 0.25 70.52

48 BVH 5214 27779 0 42129 676.63 759.71 551.99 0.00 23.41 5106.45 – – –
49 O84 14001 98008 12164 329450 36.09 56.84 8.87 3.06 2.15 39.53 – – –
50 O89 14001 98008 12164 329450 36.05 36.06 8.85 3.06 1.89 33.80 – – –
51 BSP 25669 25670 1678 172204 52.52 36.70 6.41 1.73 2.09 39.28 – – –
52 O93 14001 98008 12164 329450 34.63 33.80 13.70 8.10 1.92 40.03 – – –
53 UG 0 210145 139360 299206 38.81 18.95 18.95 13.49 2.80 30.69 – – –
54 AG 4511 194294 72699 360849 62.72 35.50 31.43 20.21 191.34 64.66 – – –
55 HUG 131 126560 83138 194877 59.80 25.33 20.92 13.06 3.56 55.27 – – –
56 RG 21873 324096 30464 1493122 63.32 19.36 15.05 7.40 3.87 50.37 – – –
57 O84A 22039 154274 17066 423070 32.27 63.54 9.87 3.39 8.74 40.20 – – –
58 KD 36148 36149 2911 132833 33.52 38.63 6.68 1.81 12.47 31.82 – – –

Table23: Experimentalresultsfor scene“ jacks5”.

N á 42129,
TPD: Nprim á 263169, Nhit��� á 231363, Nhit

prim á 115562, Nsec á 281028, Nhit
sec á 197780,

Nshad á 218826, Nhit
shad á 116281, TMIN

R ç sé]á 4 â 22, Tapp ç séOá 3 â 74, TMIN
RSA ç séOá 0 â 48.



194ù AppendixE

Scene= “ lattice29”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 105300 – 0 0 0 0.22 129143.00 8.73 1.0 107619.17
1 spatmed-xyz(16,2) 65535 65536 0 330512 28.28 35.71 5.03 0.00 3.75 53.39 8.73 0.72 35.76
2 objmed-xyz(16,2) 65223 65224 2640 243821 21.18 34.70 4.78 0.02 12.70 40.54 8.73 0.67 25.05
3 objmed(16,2) 65535 65536 0 233480 20.73 35.70 5.17 0.00 19.46 41.70 8.73 0.66 26.02
4 OSAH(16,2) 64531 64532 4969 216163 19.62 36.86 5.29 0.06 19.39 42.76 8.73 0.64 26.90
5 OSAH-RMI(16,2) 64531 64532 4969 216163 19.62 36.86 5.29 0.06 19.39 42.89 8.73 0.64 27.01
6 OSAH-xyz(16,2) 64433 64434 2668 221091 18.80 35.43 4.98 0.02 12.65 41.71 8.73 0.64 26.02
7 OSAH(8,1) 255 256 0 120512 708.01 11.58 1.53 0.00 14.40 835.01 8.73 1.00 687.11
8 OSAH(8,2) 255 256 0 120512 708.01 11.58 1.53 0.00 14.39 831.06 8.73 1.00 683.82
9 OSAH(16,1) 65159 65160 5597 216163 19.61 36.87 5.29 0.06 19.46 43.29 8.73 0.64 27.34

10 OSAH(16,2) 64531 64532 4969 216163 19.62 36.86 5.29 0.06 19.39 42.76 8.73 0.64 26.90
11 OSAH(24,1) 799987 799988 75291 881297 5.01 54.96 7.63 3.50 37.82 35.69 8.73 0.23 21.01
12 OSAH(24,2) 188841 188842 23435 322007 11.57 42.61 5.87 0.76 22.80 34.30 8.73 0.47 19.85
13 OSAH(atc) 710837 710838 75291 792147 5.11 54.80 7.62 3.50 34.46 31.86 8.73 0.23 17.82
14 OSAH2(atc) 710635 710636 53642 813609 6.24 54.50 7.60 2.55 46.59 34.37 8.73 0.27 19.91
15 OSAH+LC(atc) 713210 713211 75291 794520 5.11 54.80 7.62 3.50 36.84 31.90 8.73 0.23 17.85
16 OSAH+TPC(atc) 574762 574763 75161 656202 5.66 53.99 7.58 3.46 32.65 32.72 8.73 0.26 18.53
17 OSAH+TPC+LC(atc) 608309 608310 75168 689767 5.40 53.81 7.43 3.47 42.59 30.78 8.73 0.25 16.92
18 OSAH+LC(16,1) 65159 65160 5596 216164 18.93 36.86 5.23 0.07 23.43 41.80 8.73 0.63 26.10
19 OSAH+TPC(16,1) 65159 65160 5592 216168 20.03 36.88 5.29 0.07 23.69 43.39 8.73 0.64 27.42
20 OSAH+TPC+LC(16,1) 65159 65160 5592 216168 20.03 36.88 5.29 0.07 23.61 43.20 8.73 0.64 27.27
21 OSAH+PR(atc) 710837 710838 75291 791392 5.11 54.82 7.63 3.51 50.74 31.84 8.73 0.23 17.80
22 OSAH+SC(atc) 764409 764410 78072 842938 4.98 54.49 7.57 3.53 142.20 33.20 8.73 0.23 18.93
23 OSAH+GCM(atc) 704739 704740 74907 786433 4.81 52.26 7.45 3.62 1892.45 32.18 8.73 0.23 18.08
24 OSAH+GCM2(atc) 795680 795681 40160 912121 7.19 52.24 7.52 1.58 2130.64 35.18 8.73 0.31 20.58
25 OSAH+GCM3(atc) 697883 697884 47683 806865 7.73 52.79 7.84 1.89 1860.60 35.12 8.73 0.32 20.53

26 OSAH+PAR(atc) 710837 710838 75291 792147 37.94 190.83 35.81 22.44 39.62 12.57 8.56 0.34 61.28
27 PARSAH+PAR(atc) 371502 371503 114060 412682 44.15 95.94 24.04 10.08 40.72 10.08 8.56 0.57 47.44
28 OSAH+PER(atc) 710837 710838 75291 792147 4.89 65.95 10.02 5.26 39.74 7.33 9.28 0.33 9.51
29 PERSAH+PER(atc) 242344 242345 42679 341976 1971.70 17.40 3.06 0.63 997.97 577.37 9.28 1.00 1471.15
30 SPHSAH+PER(atc) 293285 293286 62804 395893 11.07 48.59 8.36 2.18 73.71 7.96 9.28 0.58 11.13
31 OSAH+SPH(atc) 710837 710838 75291 792147 4.87 65.77 9.98 5.23 39.34 8.74 7.86 0.49 9.98
32 SPHSAH+SPH(atc) 293285 293286 62804 395893 10.69 48.21 8.29 2.18 73.69 8.15 7.86 0.58 8.78

33 OSAH+TAseq(16,2) 64529 64530 4966 216164 19.36 93.30 5.32 0.07 16.87 50.22 8.73 0.49 33.12
34 OSAH+TAA

rec(16,2) 64529 64530 4966 216164 18.94 36.85 5.22 0.07 16.65 44.15 8.73 0.58 28.06
35 OSAH+TAB

rec(16,2) 64529 64530 4966 216164 18.94 36.85 5.22 0.07 16.70 41.24 8.73 0.63 25.63
36 OSAH+TASNL(16,2) 64529 64530 4966 216164 19.36 18.93 5.32 0.07 18.04 41.91 8.73 0.62 26.19
37 OSAH+TANLT (16,2) 148943 64530 4966 216164 19.36 18.37 5.32 0.07 18.19 41.75 8.73 0.62 26.06
38 OSAH+TAseq(18,2) 142744 142745 22200 277145 12.57 105.44 5.75 0.71 18.68 43.02 8.73 0.35 27.12
39 OSAH+TAA

rec(18,2) 142744 142745 22200 277145 12.29 41.23 5.64 0.70 18.42 37.49 8.73 0.42 22.51
40 OSAH+TAB

rec(18,2) 142744 142745 22200 277145 12.29 41.23 5.64 0.70 18.54 33.77 8.73 0.49 19.41
41 OSAH+TASNL(18,2) 142744 142745 22200 277145 12.57 23.12 5.75 0.71 21.43 33.14 8.73 0.50 18.88
42 OSAH+TANLT (18,2) 519230 142745 22200 277145 12.57 22.33 5.75 0.71 22.37 35.86 8.73 0.45 21.15
43 OSAH+TAseq(atc) 721357 721358 75310 802648 5.18 154.48 7.61 3.48 33.48 60.08 8.73 0.09 41.33
44 OSAH+TAA

rec(atc) 721357 721358 75310 802648 5.00 54.68 7.49 3.48 28.85 35.35 8.73 0.18 20.73
45 OSAH+TAB

rec(atc) 721357 721358 75310 802648 5.00 54.68 7.49 3.48 29.30 30.09 8.73 0.23 16.34
46 OSAH+TASNL(atc) 721357 721358 75310 802648 5.18 32.33 7.61 3.48 119.94 44.79 8.73 0.13 28.59
47 OSAH+TANLT (atc) - - - - - - - - - - - - -

48 BVH 11839 69959 0 105300 490.70 758.26 583.97 0.00 294.53 13803.80 – – –
49 O84 37449 262144 26944 561600 20.31 51.66 7.38 0.29 4.82 71.58 – – –
50 O89 37449 262144 26944 561600 20.21 32.17 7.32 0.29 4.51 61.47 – – –
51 BSP 65535 65536 0 330512 28.28 35.71 5.03 0.00 5.51 79.71 – – –
52 O93 37449 262144 26944 561600 17.34 29.71 11.87 5.67 4.44 72.89 – – –
53 UG 0 531441 138248 749107 14.09 9.23 9.23 2.81 8.54 43.65 – – –
54 AG 0 0 0 0 0.00 0.00 0.00 0.00 0.00 1.00 – – –
55 HUG 1 166375 0 1596184 78.06 7.37 6.37 0.00 5.53 157.03 – – –
56 RG 1 106032 0 1602704 84.67 5.87 4.87 0.00 4.23 140.24 – – –
57 O84A 37449 262144 14408 507656 17.90 50.76 7.25 0.07 18.48 66.32 – – –
58 KD 64531 64532 4969 216163 19.62 36.86 5.29 0.06 24.42 71.33 – – –

Table24: Experimentalresultsfor scene“ lattice29”.

N á 105300,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 262875, Nsec á 253547, Nhit
sec á 193215,

Nshad á 1143451, Nhit
shad á 927614, TMIN

R ç séOá 11â 68, Tapp ç sé^á 10â 48, TMIN
RSA ç séOá 1 â 2.
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Scene= “mount8”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 131076 – 0 0 0 0.29 106528.00 16.94 1.0 343638.71
1 spatmed-xyz(16,2) 7121 7122 1895 227180 58.19 22.19 4.23 1.05 3.76 27.68 16.94 0.72 72.35
2 objmed-xyz(16,2) 62451 62452 2156 415452 222.20 83.55 16.01 0.27 17.34 99.02 16.94 0.73 302.48
3 objmed(16,2) 65535 65536 0 136619 324.91 420.70 69.76 0.00 24.44 282.94 16.94 0.44 895.77
4 OSAH(16,2) 13321 13322 3247 153865 18.63 18.90 3.44 1.23 24.31 16.21 16.94 0.50 35.35
5 OSAH-RMI(16,2) 13321 13322 3247 153865 18.63 18.90 3.44 1.23 24.39 15.99 16.94 0.50 34.65
6 OSAH-xyz(16,2) 14912 14913 3443 180978 22.80 20.65 3.60 1.55 16.02 17.33 16.94 0.52 38.97
7 OSAH(8,1) 161 162 30 134845 921.70 13.14 2.60 0.64 18.57 458.56 16.94 0.99 1462.29
8 OSAH(8,2) 161 162 30 134845 921.70 13.14 2.60 0.64 18.53 459.26 16.94 0.99 1464.55
9 OSAH(16,1) 13766 13767 3595 153961 18.17 19.78 3.54 1.24 24.39 16.64 16.94 0.48 36.74

10 OSAH(16,2) 13321 13322 3247 153865 18.63 18.90 3.44 1.23 24.31 16.21 16.94 0.50 35.35
11 OSAH(24,1) 253236 253237 112343 217276 5.42 22.63 4.00 1.66 30.18 12.92 16.94 0.19 24.74
12 OSAH(24,2) 106592 106593 22695 160289 6.37 20.84 3.76 1.44 27.36 13.09 16.94 0.23 25.29
13 OSAH(atc) 199904 199905 94141 182738 6.11 20.84 3.77 1.63 29.01 12.90 16.94 0.23 24.68
14 OSAH2(atc) 268007 268008 101388 262321 5.83 25.69 4.14 1.86 41.45 13.44 16.94 0.19 26.42
15 OSAH+LC(atc) 199934 199935 94157 182770 5.63 21.79 3.88 1.63 29.15 12.85 16.94 0.21 24.52
16 OSAH+TPC(atc) 199330 199331 93448 183062 6.30 20.20 3.67 1.63 30.54 12.58 16.94 0.24 23.65
17 OSAH+TPC+LC(atc) 199368 199369 93465 183094 5.80 21.31 3.79 1.63 34.64 11.98 16.94 0.21 21.71
18 OSAH+LC(16,1) 13776 13777 3605 153961 18.17 19.78 3.54 1.24 28.81 15.19 16.94 0.48 32.06
19 OSAH+TPC(16,1) 13859 13860 3652 154140 18.19 19.83 3.54 1.24 28.81 15.22 16.94 0.48 32.16
20 OSAH+TPC+LC(16,1) 13868 13869 3661 154140 18.18 19.83 3.54 1.25 28.84 15.54 16.94 0.48 33.19
21 OSAH+PR(atc) 199904 199905 94141 164729 6.08 20.98 3.81 1.66 31.55 12.96 16.94 0.22 24.87
22 OSAH+SC(atc) 216996 216997 104728 190004 5.53 21.02 3.74 1.76 71.46 12.68 16.94 0.21 23.97
23 OSAH+GCM(atc) 242670 242671 111817 207413 6.07 22.29 3.69 1.86 767.14 12.85 16.94 0.21 24.52
24 OSAH+GCM2(atc) 340273 340274 106521 379434 5.93 23.74 4.13 1.54 1145.86 13.11 16.94 0.20 25.35
25 OSAH+GCM3(atc) 240175 240176 87303 267534 6.16 26.23 4.32 1.84 792.90 14.34 16.94 0.19 29.32

26 OSAH+PAR(atc) 199904 199905 94141 182738 4.46 29.63 5.50 4.50 34.27 2.38 12.33 0.14 27.33
27 PARSAH+PAR(atc) 199293 199294 94879 180812 4.42 29.84 5.55 4.56 36.79 2.37 12.33 0.13 27.17
28 OSAH+PER(atc) 199904 199905 94141 182738 4.43 30.07 5.83 4.04 34.35 2.75 17.83 0.15 28.00
29 PERSAH+PER(atc) 189614 189615 89494 178835 5.14 29.23 5.92 4.21 1086.66 2.82 17.83 0.21 29.17
30 SPHSAH+PER(atc) 199904 199905 94141 182738 4.43 30.07 5.83 4.04 43.82 2.74 17.83 0.15 27.83
31 OSAH+SPH(atc) 199904 199905 94141 182738 4.42 29.54 5.74 3.98 34.35 3.04 15.22 0.16 18.56
32 SPHSAH+SPH(atc) 199904 199905 94141 182738 4.42 29.54 5.74 3.98 43.42 3.03 15.22 0.16 18.44

33 OSAH+TAseq(16,2) 13321 13322 3247 153865 20.04 34.36 3.44 1.23 20.29 18.18 16.94 0.38 41.71
34 OSAH+TAA

rec(16,2) 13321 13322 3247 153865 18.64 18.90 3.44 1.23 20.23 16.03 16.94 0.45 34.77
35 OSAH+TAB

rec(16,2) 13321 13322 3247 153865 18.63 18.90 3.44 1.23 20.24 15.04 16.94 0.50 31.58
36 OSAH+TASNL(16,2) 13321 13322 3247 153865 20.05 12.68 3.44 1.23 20.45 14.32 16.94 0.54 29.26
37 OSAH+TANLT (16,2) 83081 13322 3247 153865 20.05 11.42 3.44 1.23 20.49 13.95 16.94 0.56 28.06
38 OSAH+TAseq(18,2) 35967 35968 9251 157995 10.90 37.85 3.58 1.34 21.12 16.01 16.94 0.25 34.71
39 OSAH+TAA

rec(18,2) 35967 35968 9251 157995 10.13 19.77 3.58 1.34 21.12 14.10 16.94 0.30 28.55
40 OSAH+TAB

rec(18,2) 35967 35968 9251 157995 10.13 19.77 3.58 1.34 21.20 13.03 16.94 0.34 25.10
41 OSAH+TASNL(18,2) 35967 35968 9251 157995 10.90 13.38 3.58 1.34 21.79 12.71 16.94 0.35 24.06
42 OSAH+TANLT (18,2) 202751 35968 9251 157995 10.90 11.98 3.58 1.34 21.93 11.81 16.94 0.40 21.16
43 OSAH+TAseq(atc) 199904 199905 94141 182738 6.58 43.72 3.77 1.63 24.08 15.30 16.94 0.15 32.42
44 OSAH+TAA

rec(atc) 199904 199905 94141 182738 6.11 20.84 3.77 1.63 23.75 13.06 16.94 0.20 25.19
45 OSAH+TAB

rec(atc) 199904 199905 94141 182738 6.11 20.84 3.77 1.63 23.81 12.00 16.94 0.23 21.77
46 OSAH+TASNL(atc) 199904 199905 94141 182738 6.58 14.13 3.77 1.63 28.16 10.80 16.94 0.28 17.90
47 OSAH+TANLT (atc) 866851 199905 94141 182738 6.58 12.60 3.77 1.63 30.10 16.60 16.94 0.14 36.61

48 BVH 19371 88075 0 131076 531.51 713.61 500.34 0.00 189.59 10436.00 – – –
49 O84 3450 24151 11599 301800 34.28 26.68 5.19 1.60 4.36 35.60 – – –
50 O89 3450 24151 11599 301800 34.35 19.53 5.19 1.60 4.36 31.82 – – –
51 BSP 7121 7122 1895 227180 58.19 22.19 4.23 1.05 4.69 53.49 – – –
52 O93 3450 24151 11599 301809 32.41 19.37 8.02 4.57 4.20 36.61 – – –
53 UG 0 649522 614359 393479 37.48 38.27 38.27 27.56 6.37 37.94 – – –
54 AG 0 0 0 0 0.00 0.00 0.00 0.00 0.00 1.00 – – –
55 HUG 1 2925 2328 220930 407.04 7.81 6.82 3.62 2.59 186.87 – – –
56 RG 1 129792 116818 685163 97.90 23.23 22.24 15.09 1.87 56.14 – – –
57 O84A 8048 56337 20760 493257 22.09 28.71 5.63 2.54 21.19 30.69 – – –
58 KD 13321 13322 3247 153865 18.63 18.90 3.44 1.23 25.82 25.14 – – –

Table25: Experimentalresultsfor scene“mount8”.

N á 131076,
TPD: Nprim á 263169, Nhit��� á 256915, Nhit

prim á 145240, Nsec á 707764, Nhit
sec á 461009,

Nshad á 290405, Nhit
shad á 20438, TMIN

R ç sé]á 5 â 56, Tapp ç sé^á 5 â 25, TMIN
RSA ç sé]á 0 â 31.
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Scene= “ rings17”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 107101 – 0 0 0 0.23 231049.00 5.58 1.0 132028.00
1 spatmed-xyz(16,2) 18516 18517 1248 306974 101.10 50.36 9.12 3.85 3.63 145.11 5.58 0.87 77.34
2 objmed-xyz(16,2) 65529 65530 323 488212 230.62 89.41 17.19 0.21 16.10 355.92 5.58 0.89 197.81
3 objmed(16,2) 65521 65522 34 408570 166.27 81.06 15.94 0.01 23.69 260.66 5.58 0.87 143.37
4 OSAH(16,2) 27155 27156 4828 201209 39.12 40.25 6.88 3.70 21.23 69.33 5.58 0.76 34.04
5 OSAH-RMI(16,2) 27155 27156 4828 201209 39.12 40.25 6.88 3.70 21.22 69.94 5.58 0.76 34.39
6 OSAH-xyz(16,2) 30217 30218 2798 216262 41.21 44.34 7.84 4.25 13.68 74.08 5.58 0.75 36.75
7 OSAH(8,1) 214 215 34 114951 1460.10 15.82 3.34 0.75 15.32 1795.05 5.58 1.00 1020.17
8 OSAH(8,2) 214 215 34 114951 1460.10 15.82 3.34 0.75 15.30 1813.31 5.58 1.00 1030.60
9 OSAH(16,1) 27282 27283 4918 201228 39.09 40.28 6.89 3.71 21.19 69.67 5.58 0.76 34.23

10 OSAH(16,2) 27155 27156 4828 201209 39.12 40.25 6.88 3.70 21.23 69.33 5.58 0.76 34.04
11 OSAH(24,1) 1104245 1104246 174514 1703735 16.55 66.00 11.35 4.97 56.93 70.27 5.58 0.45 34.58
12 OSAH(24,2) 671174 671175 60011 1389504 17.19 57.92 9.65 4.18 43.38 54.19 5.58 0.49 25.39
13 OSAH(atc) 304937 304938 54285 615672 17.93 54.64 9.33 4.55 33.04 52.27 5.58 0.51 24.29
14 OSAH2(atc) 782981 782982 92071 1347114 18.03 70.28 11.73 5.05 59.81 59.37 5.58 0.45 28.35
15 OSAH+LC(atc) 443984 443985 54291 1052788 17.75 57.85 9.77 4.55 39.47 53.85 5.58 0.50 25.19
16 OSAH+TPC(atc) 185686 185687 32735 448858 19.85 51.82 8.85 4.36 30.25 53.69 5.58 0.55 25.10
17 OSAH+TPC+LC(atc) 415491 415492 32780 1166698 19.64 57.12 9.60 4.36 46.30 55.14 5.58 0.52 25.93
18 OSAH+LC(16,1) 27287 27288 4931 201228 39.04 40.28 6.89 3.71 24.18 68.46 5.58 0.76 33.54
19 OSAH+TPC(16,1) 27282 27283 4917 201262 39.09 40.27 6.89 3.71 24.78 68.41 5.58 0.76 33.51
20 OSAH+TPC+LC(16,1) 27287 27288 4922 201262 39.09 40.28 6.89 3.71 24.80 68.44 5.58 0.76 33.53
21 OSAH+PR(atc) 304937 304938 54285 415765 14.86 55.05 9.42 4.56 53.26 48.43 5.58 0.46 22.10
22 OSAH+SC(atc) 346502 346503 103509 438117 10.48 55.97 9.51 5.91 87.78 43.00 5.58 0.38 18.99
23 OSAH+GCM(atc) 723135 723136 140521 1199435 16.00 63.80 10.80 5.09 2182.55 56.09 5.58 0.45 26.47
24 OSAH+GCM2(atc) 2066109 2066110 54421 4462230 22.36 79.27 13.23 4.70 7393.55 104.61 5.58 0.47 54.20
25 OSAH+GCM3(atc) 759588 759589 99396 1425964 902.25 58.92 7.66 3.69 2492.78 1173.18 5.58 0.98 664.81

26 OSAH+PAR(atc) 304937 304938 54285 615672 19.37 77.76 14.82 6.25 37.97 13.36 5.41 0.66 17.24
27 PARSAH+PAR(atc) 278251 278252 32148 4029917 36.45 19.34 1.19 0.06 92.79 20.58 5.41 0.95 29.47
28 OSAH+PER(atc) 304937 304938 54285 615672 11.62 71.19 13.84 8.41 37.99 10.14 5.26 0.55 12.22
29 PERSAH+PER(atc) 165924 165925 46239 416731 312.51 46.13 9.29 5.64 3801.09 82.71 5.26 0.97 137.34
30 SPHSAH+PER(atc) 480358 480359 96766 1472702 64.70 111.80 21.64 14.35 256.53 26.95 5.26 0.79 41.21
31 OSAH+SPH(atc) 304937 304938 54285 615672 11.61 70.46 13.73 8.41 37.87 10.29 5.37 0.55 11.23
32 SPHSAH+SPH(atc) 480358 480359 96766 1472702 68.72 110.89 21.51 14.35 256.39 27.80 5.37 0.80 39.47

33 OSAH+TAseq(16,2) 27154 27155 4835 201209 40.78 102.45 6.99 3.70 17.36 83.38 5.58 0.60 42.07
34 OSAH+TAA

rec(16,2) 27154 27155 4835 201209 39.07 40.24 6.88 3.70 17.28 72.27 5.58 0.70 35.72
35 OSAH+TAB

rec(16,2) 27154 27155 4835 201209 39.07 40.24 6.88 3.70 17.31 67.71 5.58 0.76 33.11
36 OSAH+TASNL(16,2) 27154 27155 4835 201209 40.78 32.46 6.99 3.70 17.77 109.78 5.58 0.44 57.15
37 OSAH+TANLT (16,2) 145233 27155 4835 201209 40.78 29.27 6.99 3.70 17.99 76.33 5.58 0.66 38.04
38 OSAH+TAseq(18,2) 78599 78600 13421 297456 25.77 129.29 8.10 3.93 19.82 72.33 5.58 0.46 35.75
39 OSAH+TAA

rec(18,2) 78599 78600 13421 297456 24.51 46.65 7.94 3.93 19.79 60.60 5.58 0.56 29.05
40 OSAH+TAB

rec(18,2) 78599 78600 13421 297456 24.51 46.65 7.94 3.93 19.77 55.12 5.58 0.63 25.92
41 OSAH+TASNL(18,2) 78599 78600 13421 297456 25.77 37.61 8.10 3.93 21.28 61.06 5.58 0.56 29.31
42 OSAH+TANLT (18,2) 466434 78600 13421 297456 25.77 33.57 8.10 3.93 21.69 61.02 5.58 0.56 29.29
43 OSAH+TAseq(atc) 304350 304351 54206 614753 18.98 167.09 9.55 4.56 27.75 72.06 5.58 0.33 35.60
44 OSAH+TAA

rec(atc) 304350 304351 54206 614753 17.94 54.63 9.33 4.56 27.33 56.91 5.58 0.44 26.94
45 OSAH+TAB

rec(atc) 304350 304351 54206 614753 17.94 54.63 9.33 4.56 27.46 50.63 5.58 0.51 23.35
46 OSAH+TASNL(atc) 304350 304351 54206 614753 18.98 44.46 9.55 4.56 33.48 56.42 5.58 0.45 26.66
47 OSAH+TANLT (atc) 1897332 304351 54206 614753 18.98 39.10 9.55 4.56 48.70 87.07 5.58 0.27 44.18

48 BVH 13107 70607 0 107101 738.71 912.51 664.19 0.00 145.68 18030.50 – – –
49 O84 10123 70862 7846 493503 59.94 83.55 12.77 6.77 4.90 168.69 – – –
50 O89 10123 70862 7846 493503 60.08 50.66 12.77 6.77 4.45 149.94 – – –
51 BSP 18516 18517 1248 306974 101.10 50.36 9.12 3.85 5.14 234.40 – – –
52 O93 10123 70862 7846 493503 59.86 46.03 18.14 12.15 4.42 168.63 – – –
53 UG 0 536726 417221 677753 48.27 32.10 32.10 25.76 7.51 116.81 – – –
54 AG 44528 757129 159833 1625581 91.19 32.03 23.39 0.44 45.51 371.98 – – –
55 HUG 24356 174237 30198 791828 71.18 19.37 13.62 9.20 6.99 170.66 – – –
56 RG 26722 478957 112574 1526782 54.53 26.07 22.17 14.42 4.95 144.67 – – –
57 O84A 19177 134240 17096 573705 39.03 71.95 11.32 6.03 20.09 128.81 – – –
58 KD 27155 27156 4828 201209 39.12 40.25 6.88 3.70 23.55 106.61 – – –

Table26: Experimentalresultsfor scene“ rings17”.

N á 107101,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 263168, Nsec á 386859, Nhit
sec á 220131,

Nshad á 1147577, Nhit
shad á 609678, TMIN

R ç séOá 11â 55, Tapp ç sé^á 9 â 76, TMIN
RSA ç sé]á 1 â 75.
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Scene= “sombrero4”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 130050 – 0 0 0 0.27 39868.90 11.70 1.0 398689.00
1 spatmed-xyz(16,2) 8904 8905 2759 230502 217.75 26.97 4.98 3.23 4.17 11.73 11.70 0.86 105.60
2 objmed-xyz(16,2) 63668 63669 1280 390996 315.83 84.09 15.17 0.49 19.55 19.51 11.70 0.73 183.40
3 objmed(16,2) 65243 65244 0 130696 190.33 159.75 29.25 0.00 21.77 21.08 11.70 0.47 199.10
4 OSAH(16,2) 18329 18330 2966 135207 41.70 19.17 3.28 1.81 24.98 4.23 11.70 0.61 30.60
5 OSAH-RMI(16,2) 18329 18330 2966 135207 41.70 19.17 3.28 1.81 24.95 4.14 11.70 0.61 29.70
6 OSAH-xyz(16,2) 14525 14526 2594 168265 101.52 27.41 5.07 2.68 17.52 6.92 11.70 0.73 57.50
7 OSAH(8,1) 203 204 72 131812 3645.70 10.12 2.18 1.10 17.46 268.58 11.70 1.00 2674.10
8 OSAH(8,2) 200 201 69 131812 3645.80 10.10 2.17 1.08 17.59 268.46 11.70 1.00 2672.90
9 OSAH(16,1) 19544 19545 4113 135263 41.29 19.32 3.31 1.90 24.93 4.39 11.70 0.61 32.20

10 OSAH(16,2) 18329 18330 2966 135207 41.70 19.17 3.28 1.81 24.98 4.23 11.70 0.61 30.60
11 OSAH(24,1) 259695 259696 127424 198890 7.14 26.44 4.66 3.20 30.20 3.37 11.70 0.17 22.00
12 OSAH(24,2) 85618 85619 16730 135619 9.21 23.02 3.84 2.27 27.00 3.23 11.70 0.23 20.60
13 OSAH(atc) 232128 232129 127080 171667 6.85 26.02 4.53 3.20 29.58 3.27 11.70 0.16 21.00
14 OSAH2(atc) 250211 250212 122973 198040 8.82 38.33 5.85 3.92 41.42 3.75 11.70 0.14 25.80
15 OSAH+LC(atc) 232130 232131 127082 171667 6.82 26.02 4.53 3.21 29.72 3.27 11.70 0.16 21.00
16 OSAH+TPC(atc) 232027 232028 126996 171663 6.85 26.01 4.53 3.20 31.38 3.26 11.70 0.16 20.90
17 OSAH+TPC+LC(atc) 232033 232034 126998 171667 6.82 26.02 4.53 3.21 34.89 3.03 11.70 0.16 18.60
18 OSAH+LC(16,1) 19546 19547 4115 135263 41.26 19.32 3.31 1.91 29.21 3.92 11.70 0.61 27.50
19 OSAH+TPC(16,1) 19566 19567 4132 135303 41.27 19.32 3.31 1.91 29.39 3.93 11.70 0.61 27.60
20 OSAH+TPC+LC(16,1) 19568 19569 4134 135303 41.25 19.33 3.31 1.92 29.37 3.93 11.70 0.61 27.60
21 OSAH+PR(atc) 232128 232129 127080 161899 6.29 26.02 4.53 3.20 32.20 3.25 11.70 0.15 20.80
22 OSAH+SC(atc) 240183 240184 137075 169784 6.24 26.04 4.53 3.36 41.31 3.09 11.70 0.15 19.20
23 OSAH+GCM(atc) 260242 260243 128272 201278 7.12 29.27 4.97 3.53 797.48 3.23 11.70 0.15 20.60
24 OSAH+GCM2(atc) 241938 241939 87307 242076 8.52 31.28 5.15 3.42 850.17 3.40 11.70 0.17 22.30
25 OSAH+GCM3(atc) 217347 217348 97756 203990 10.57 34.68 5.73 3.92 713.35 3.65 11.70 0.18 24.80

26 OSAH+PAR(atc) 232128 232129 127080 171667 3.08 18.97 3.26 2.40 35.24 2.06 8.10 0.42 12.50
27 PARSAH+PAR(atc) 235137 235138 125205 176143 2.88 15.51 2.71 1.96 33.27 2.08 8.10 0.53 12.70
28 OSAH+PER(atc) 232128 232129 127080 171667 3.24 18.16 3.12 2.25 35.23 2.07 7.55 0.44 11.27
29 PERSAH+PER(atc) 165968 165969 90071 160178 2.96 17.06 3.01 2.25 846.63 2.13 7.55 0.50 11.82
30 SPHSAH+PER(atc) 196334 196335 105204 166309 24.95 19.82 3.50 2.75 65.01 3.54 7.55 0.72 24.64
31 OSAH+SPH(atc) 232128 232129 127080 171667 3.24 18.25 3.15 2.27 35.15 2.46 7.67 0.47 8.73
32 SPHSAH+SPH(atc) 196334 196335 105204 166309 24.88 19.92 3.52 2.76 64.97 3.94 7.67 0.73 18.60

33 OSAH+TAseq(16,2) 18329 18330 2966 135207 41.72 45.29 3.28 1.81 20.35 5.00 11.70 0.44 38.30
34 OSAH+TAA

rec(16,2) 18329 18330 2966 135207 41.70 19.17 3.28 1.81 20.30 4.32 11.70 0.53 31.50
35 OSAH+TAB

rec(16,2) 18329 18330 2966 135207 41.70 19.17 3.28 1.81 20.34 3.91 11.70 0.61 27.40
36 OSAH+TASNL(16,2) 18329 18330 2966 135207 41.72 17.74 3.28 1.81 20.63 3.93 11.70 0.61 27.60
37 OSAH+TANLT (16,2) 87481 18330 2966 135207 41.72 16.39 3.28 1.81 20.74 3.94 11.70 0.60 27.70
38 OSAH+TAseq(18,2) 50412 50413 13578 135600 16.83 55.23 3.68 2.21 21.29 4.43 11.70 0.22 32.60
39 OSAH+TAA

rec(18,2) 50412 50413 13578 135600 16.83 21.69 3.68 2.21 21.27 3.57 11.70 0.29 24.00
40 OSAH+TAB

rec(18,2) 50412 50413 13578 135600 16.83 21.69 3.68 2.21 21.20 3.13 11.70 0.36 19.60
41 OSAH+TASNL(18,2) 50412 50413 13578 135600 16.84 19.80 3.68 2.21 22.09 3.15 11.70 0.36 19.80
42 OSAH+TANLT (18,2) 238564 50413 13578 135600 16.84 18.17 3.68 2.21 22.27 3.16 11.70 0.35 19.90
43 OSAH+TAseq(atc) 232128 232129 127080 171667 6.85 77.55 4.53 3.20 24.19 4.80 11.70 0.08 36.30
44 OSAH+TAA

rec(atc) 232128 232129 127080 171667 6.85 26.02 4.53 3.20 23.98 3.52 11.70 0.12 23.50
45 OSAH+TAB

rec(atc) 232128 232129 127080 171667 6.85 26.02 4.53 3.20 24.14 3.00 11.70 0.16 18.30
46 OSAH+TASNL(atc) 232128 232129 127080 171667 6.85 23.13 4.53 3.20 28.65 3.01 11.70 0.16 18.40
47 OSAH+TANLT (atc) 981401 232129 127080 171667 6.85 20.94 4.53 3.20 31.82 7.22 11.70 0.05 60.50

48 BVH 20050 87858 0 130050 1048.30 906.27 614.35 0.00 172.53 3324.59 – – –
49 O84 4422 30955 15168 305664 134.48 41.07 7.23 5.12 4.63 14.40 – – –
50 O89 4422 30955 15168 305664 133.70 27.87 7.22 5.12 4.27 12.91 – – –
51 BSP 8904 8905 2759 230502 217.75 26.97 4.98 3.23 4.65 19.08 – – –
52 O93 4422 30955 15168 305664 125.40 24.02 8.85 6.83 4.38 13.74 – – –
53 UG 0 643860 606223 396633 58.06 28.11 28.11 26.43 6.45 7.08 – – –
54 AG 41042 1275612 386764 2950955 42.64 22.34 19.21 15.43 205.66 23.11 – – –
55 HUG 1 1936 1332 173298 1202.80 4.95 4.29 3.00 2.87 87.69 – – –
56 RG 11610 491228 264152 2172750 74.94 21.03 18.83 16.17 5.62 9.58 – – –
57 O84A 8706 60943 20848 461512 105.39 46.40 7.93 5.19 22.41 12.96 – – –
58 KD 18329 18330 2966 135207 41.70 19.17 3.28 1.81 27.63 6.90 – – –

Table27: Experimentalresultsfor scene“sombrero4”.

N á 130050,
TPD: Nprim á 263169, Nhit��� á 136638, Nhit

prim á 112239, Nsec á 0, Nhit
sec á 0,

Nshad á 110608, Nhit
shad á 2622, TMIN

R ç sé]á 1 â 27, Tapp ç séOá 1 â 17, TMIN
RSA ç séOá 0 â 10.
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Scene= “ teapot40”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 103680 – 0 0 0 0.22 67216.90 17.32 1.0 305531.36
1 spatmed-xyz(16,2) 8598 8599 2943 180581 251.00 40.45 8.61 5.97 3.24 35.97 17.32 0.80 146.18
2 objmed-xyz(16,2) 63340 63341 2356 371822 670.84 142.05 29.53 0.88 12.99 110.67 17.32 0.75 485.73
3 objmed(16,2) 65496 65497 798 265120 1372.80 486.86 98.65 1.15 18.40 318.57 17.32 0.64 1430.73
4 OSAH(16,2) 18593 18594 3495 181085 57.40 30.48 5.58 3.41 19.38 14.80 17.32 0.54 49.95
5 OSAH-RMI(16,2) 18593 18594 3495 181085 57.40 30.48 5.58 3.41 19.38 14.68 17.32 0.54 49.41
6 OSAH-xyz(16,2) 18737 18738 4197 185251 67.47 36.55 7.20 4.79 12.10 16.06 17.32 0.54 55.68
7 OSAH(8,1) 225 226 30 112307 2803.00 16.73 3.68 1.89 13.97 454.21 17.32 0.99 2047.27
8 OSAH(8,2) 225 226 30 112307 2803.00 16.73 3.68 1.89 14.01 455.98 17.32 0.99 2055.32
9 OSAH(16,1) 19630 19631 3883 181133 55.42 31.04 5.61 3.54 19.37 14.92 17.32 0.53 50.50

10 OSAH(16,2) 18593 18594 3495 181085 57.40 30.48 5.58 3.41 19.38 14.80 17.32 0.54 49.95
11 OSAH(24,1) 425323 425324 117627 638251 11.87 39.24 6.96 4.49 31.41 11.70 17.32 0.16 35.86
12 OSAH(24,2) 290100 290101 49364 574014 15.55 36.91 6.63 3.97 28.58 11.77 17.32 0.21 36.18
13 OSAH(atc) 264722 264723 75531 435017 12.77 38.29 6.79 4.42 27.20 11.31 17.32 0.17 34.09
14 OSAH2(atc) 456849 456850 111778 707674 12.97 52.13 8.42 5.75 43.85 13.28 17.32 0.13 43.05
15 OSAH+LC(atc) 266473 266474 75670 443763 12.73 38.32 6.79 4.42 27.59 11.33 17.32 0.17 34.18
16 OSAH+TPC(atc) 247373 247374 70794 418298 13.27 37.94 6.73 4.38 28.43 11.33 17.32 0.18 34.18
17 OSAH+TPC+LC(atc) 257162 257163 71050 446531 13.08 38.12 6.76 4.38 32.72 11.05 17.32 0.18 32.91
18 OSAH+LC(16,1) 19652 19653 3905 181133 55.42 31.04 5.61 3.54 22.42 14.15 17.32 0.53 47.00
19 OSAH+TPC(16,1) 19765 19766 4021 181186 55.41 31.06 5.62 3.55 22.83 14.28 17.32 0.53 47.59
20 OSAH+TPC+LC(16,1) 19786 19787 4042 181186 55.40 31.06 5.62 3.55 22.83 14.13 17.32 0.53 46.91
21 OSAH+PR(atc) 264722 264723 75531 377180 12.77 37.35 6.61 4.36 32.04 9.88 17.32 0.16 27.59
22 OSAH+SC(atc) 264471 264472 106643 375965 10.17 37.64 6.63 4.83 92.72 11.21 17.32 0.14 33.64
23 OSAH+GCM(atc) 344056 344057 101428 523736 11.89 39.81 6.94 4.59 1138.43 11.50 17.32 0.16 34.95
24 OSAH+GCM2(atc) 616614 616615 119164 1234612 14.16 45.00 7.69 4.93 2144.94 12.74 17.32 0.16 40.59
25 OSAH+GCM3(atc) 194922 194923 43680 467933 19.98 50.58 8.01 5.18 701.48 13.77 17.32 0.20 45.27

26 OSAH+PAR(atc) 264722 264723 75531 435017 3.61 23.84 4.32 3.19 32.11 2.95 14.70 0.39 14.80
27 PARSAH+PAR(atc) 256679 256680 72330 428579 3.54 23.42 4.17 3.09 35.37 2.91 14.70 0.38 14.40
28 OSAH+PER(atc) 264722 264723 75531 435017 3.31 29.31 5.34 3.98 33.42 3.74 12.50 0.36 10.88
29 PERSAH+PER(atc) 233036 233037 68652 393621 3.28 27.60 5.11 3.80 1653.61 3.60 12.50 0.34 10.00
30 SPHSAH+PER(atc) 215290 215291 64843 386727 3.62 27.60 5.10 3.75 80.40 3.62 12.50 0.35 10.12
31 OSAH+SPH(atc) 264722 264723 75531 435017 3.32 28.73 5.23 3.90 32.14 3.95 16.14 0.35 12.07
32 SPHSAH+SPH(atc) 215290 215291 64843 386727 3.64 27.09 5.00 3.68 80.36 3.93 16.14 0.38 11.93

33 OSAH+TAseq(16,2) 18593 18594 3495 181085 57.83 70.26 5.59 3.41 16.04 18.93 17.32 0.37 68.73
34 OSAH+TAA

rec(16,2) 18593 18594 3495 181085 57.40 30.48 5.58 3.41 15.98 15.68 17.32 0.47 53.95
35 OSAH+TAB

rec(16,2) 18593 18594 3495 181085 57.40 30.48 5.58 3.41 16.04 14.15 17.32 0.54 47.00
36 OSAH+TASNL(16,2) 18593 18594 3495 181085 57.84 23.81 5.59 3.41 16.47 13.95 17.32 0.55 46.09
37 OSAH+TANLT (16,2) 122836 18594 3495 181085 57.84 21.34 5.59 3.41 16.62 13.90 17.32 0.55 45.86
38 OSAH+TAseq(18,2) 48421 48422 9840 227380 30.41 81.23 6.05 3.68 17.39 16.94 17.32 0.22 59.68
39 OSAH+TAA

rec(18,2) 48421 48422 9840 227380 30.18 33.18 6.04 3.68 17.28 13.46 17.32 0.30 43.86
40 OSAH+TAB

rec(18,2) 48421 48422 9840 227380 30.18 33.18 6.04 3.68 17.26 11.84 17.32 0.36 36.50
41 OSAH+TASNL(18,2) 48421 48422 9840 227380 30.42 25.88 6.05 3.68 18.56 11.61 17.32 0.37 35.45
42 OSAH+TANLT (18,2) 313831 48422 9840 227380 30.42 23.00 6.05 3.68 18.57 11.60 17.32 0.37 35.41
43 OSAH+TAseq(atc) 264722 264723 75531 435017 12.88 101.70 6.80 4.42 22.64 16.94 17.32 0.09 59.68
44 OSAH+TAA

rec(atc) 264722 264723 75531 435017 12.77 38.29 6.79 4.42 22.18 12.61 17.32 0.13 40.00
45 OSAH+TAB

rec(atc) 264722 264723 75531 435017 12.77 38.29 6.79 4.42 22.37 10.76 17.32 0.17 31.59
46 OSAH+TASNL(atc) 264722 264723 75531 435017 12.89 29.39 6.80 4.42 27.79 10.94 17.32 0.17 32.41
47 OSAH+TANLT (atc) 1371881 264723 75531 435017 12.89 25.78 6.80 4.42 36.00 32.08 17.32 0.04 128.50

48 BVH 16404 69920 0 103680 1011.90 835.87 557.33 0.00 118.35 7116.55 – – –
49 O84 4066 28463 14364 231325 132.13 64.02 11.48 8.84 3.68 43.98 – – –
50 O89 4066 28463 14364 231325 132.05 43.01 11.48 8.84 3.41 37.49 – – –
51 BSP 8598 8599 2943 180581 251.00 40.45 8.61 5.97 4.27 93.80 – – –
52 O93 4066 28463 14364 231325 126.61 36.52 13.67 11.11 3.47 41.44 – – –
53 UG 0 515570 487803 289369 94.13 57.12 57.12 54.15 4.94 31.46 – – –
54 AG 20337 1006860 495117 2225562 64.22 45.94 42.08 36.38 287.18 41.59 – – –
55 HUG 19260 316436 264487 380083 77.49 42.19 37.10 34.02 6.51 42.48 – – –
56 RG 4820 352189 196005 2025201 92.30 37.92 35.69 31.86 4.43 31.62 – – –
57 O84A 8704 60929 21144 360490 64.62 58.95 10.98 8.43 17.01 33.27 – – –
58 KD 18593 18594 3495 181085 57.40 30.48 5.58 3.41 21.77 23.85 – – –

Table28: Experimentalresultsfor scene“ teapot40”.

N á 103680,
TPD: Nprim á 263169, Nhit��� á 226226, Nhit

prim á 161581, Nsec á 225988, Nhit
sec á 67302,

Nshad á 406161, Nhit
shad á 33950, TMIN

R ç sé]á 4 â 03, Tapp ç sé]á 3 â 81, TMIN
RSA ç sé]á 0 â 22.
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Scene= “ tetra8”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 65536 – 0 0 0 0.13 12855.80 28.67 1.0 428526.67
1 spatmed-xyz(16,2) 11651 11652 4588 151552 214.14 30.12 6.04 4.44 2.05 6.46 28.67 0.72 186.67
2 objmed-xyz(16,2) 42239 42240 25856 65536 42.04 75.87 14.84 13.06 6.54 4.61 28.67 0.17 125.00
3 objmed(16,2) 49151 49152 32768 65536 23.77 215.24 42.25 41.24 10.85 9.27 28.67 0.04 280.33
4 OSAH(16,2) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 9.97 2.40 28.67 0.33 51.33
5 OSAH-RMI(16,2) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 9.99 2.39 28.67 0.33 51.00
6 OSAH-xyz(16,2) 19932 19933 7865 65536 30.07 24.48 4.66 3.79 6.69 2.56 28.67 0.30 56.67
7 OSAH(8,1) 179 180 28 65536 2948.70 9.70 2.17 1.01 8.20 82.19 28.67 0.99 2711.00
8 OSAH(8,2) 179 180 28 65536 2948.70 9.70 2.17 1.01 8.18 83.23 28.67 0.99 2745.67
9 OSAH(16,1) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 9.93 2.45 28.67 0.33 53.00

10 OSAH(16,2) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 9.97 2.40 28.67 0.33 51.33
11 OSAH(24,1) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 10.74 2.08 28.67 0.14 40.67
12 OSAH(24,2) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 10.87 2.09 28.67 0.14 41.00
13 OSAH(atc) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 10.82 2.08 28.67 0.14 40.67
14 OSAH2(atc) 44203 44204 27820 65536 10.12 34.13 4.74 4.30 13.73 2.32 28.67 0.10 48.67
15 OSAH+LC(atc) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 10.73 2.10 28.67 0.14 41.33
16 OSAH+TPC(atc) 48252 48253 31869 65536 10.12 21.98 3.98 3.54 11.39 2.07 28.67 0.14 40.33
17 OSAH+TPC+LC(atc) 48252 48253 31869 65536 10.12 21.98 3.98 3.54 12.72 1.96 28.67 0.14 36.67
18 OSAH+LC(16,1) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 11.85 2.28 28.67 0.33 47.33
19 OSAH+TPC(16,1) 19003 19004 7068 65536 27.51 20.14 3.70 2.92 11.90 2.28 28.67 0.33 47.33
20 OSAH+TPC+LC(16,1) 19003 19004 7068 65536 27.51 20.14 3.70 2.92 11.79 2.28 28.67 0.33 47.33
21 OSAH+PR(atc) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 11.44 2.07 28.67 0.14 40.33
22 OSAH+SC(atc) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 13.15 2.03 28.67 0.14 39.00
23 OSAH+GCM(atc) 51845 51846 35462 65536 10.12 26.10 4.71 4.28 176.69 2.13 28.67 0.12 42.33
24 OSAH+GCM2(atc) 51682 51683 35299 65536 10.12 25.84 4.50 4.06 180.27 2.13 28.67 0.12 42.33
25 OSAH+GCM3(atc) 48503 48504 33020 65536 40.06 44.63 7.06 6.40 173.04 3.28 28.67 0.24 80.67

26 OSAH+PAR(atc) 48264 48265 31881 65536 8.52 19.23 3.62 3.32 12.57 1.57 18.33 0.38 34.00
27 PARSAH+PAR(atc) 48232 48233 31849 65536 8.52 19.38 3.70 3.41 13.08 1.59 18.33 0.38 34.67
28 OSAH+PER(atc) 48264 48265 31881 65536 7.53 19.84 3.71 3.40 12.60 1.64 19.67 0.38 35.00
29 PERSAH+PER(atc) 51060 51061 34677 65536 7.53 23.54 4.43 4.12 154.96 1.81 19.67 0.36 40.67
30 SPHSAH+PER(atc) 35813 35814 22688 65536 73.92 28.15 4.98 4.38 17.97 3.04 19.67 0.62 81.67
31 OSAH+SPH(atc) 48264 48265 31881 65536 7.51 19.62 3.67 3.36 12.55 1.97 30.67 0.38 35.00
32 SPHSAH+SPH(atc) 35813 35814 22688 65536 72.43 27.79 4.92 4.33 17.95 3.31 30.67 0.62 79.67

33 OSAH+TAseq(16,2) 19097 19098 7026 65536 27.34 50.29 3.71 2.92 8.39 3.38 28.67 0.18 84.00
34 OSAH+TAA

rec(16,2) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 8.34 2.59 28.67 0.27 57.67
35 OSAH+TAB

rec(16,2) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 8.46 2.26 28.67 0.33 46.67
36 OSAH+TASNL(16,2) 19097 19098 7026 65536 27.34 18.39 3.71 2.92 10.06 2.79 28.67 0.24 64.33
37 OSAH+TANLT (16,2) 85575 19098 7026 65536 27.34 16.36 3.71 2.92 8.71 2.40 28.67 0.30 51.33
38 OSAH+TAseq(18,2) 41905 41906 25556 65536 11.81 56.11 3.94 3.43 8.86 3.22 28.67 0.08 78.67
39 OSAH+TAA

rec(18,2) 41905 41906 25556 65536 11.81 21.71 3.94 3.43 8.80 2.36 28.67 0.12 50.00
40 OSAH+TAB

rec(18,2) 41905 41906 25556 65536 11.81 21.71 3.94 3.43 8.76 1.99 28.67 0.16 37.67
41 OSAH+TASNL(18,2) 41905 41906 25556 65536 11.81 19.42 3.94 3.43 9.53 2.08 28.67 0.15 40.67
42 OSAH+TANLT (18,2) 151873 41906 25556 65536 11.81 17.21 3.94 3.43 9.69 2.10 28.67 0.15 41.33
43 OSAH+TAseq(atc) 48264 48265 31881 65536 10.12 57.23 3.98 3.54 9.03 3.20 28.67 0.07 78.00
44 OSAH+TAA

rec(atc) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 8.96 2.34 28.67 0.10 49.33
45 OSAH+TAB

rec(atc) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 8.95 1.95 28.67 0.14 36.33
46 OSAH+TASNL(atc) 48264 48265 31881 65536 10.12 19.63 3.98 3.54 9.85 2.09 28.67 0.12 41.00
47 OSAH+TANLT (atc) 168703 48265 31881 65536 10.12 17.39 3.98 3.54 9.92 2.09 28.67 0.12 41.00

48 BVH 9339 43903 0 65536 1109.90 450.18 326.98 0.00 88.62 1418.19 – – –
49 O84 5697 39880 22496 212992 119.72 47.28 8.22 6.61 2.41 9.48 – – –
50 O89 5697 39880 22496 212992 119.29 31.85 8.22 6.61 2.20 7.33 – – –
51 BSP 11651 11652 4588 151552 214.14 30.12 6.04 4.44 2.51 9.86 – – –
52 O93 5697 39880 22496 212992 110.35 26.16 9.50 7.97 2.22 8.56 – – –
53 UG 0 328509 307819 232864 105.60 32.84 32.84 31.22 3.17 5.97 – – –
54 AG 16921 656550 376506 1455360 86.38 38.10 35.04 31.83 57.81 9.64 – – –
55 HUG 1 195112 180318 202552 136.68 28.28 27.63 25.92 4.09 7.42 – – –
56 RG 8281 386424 151012 3447984 253.12 25.12 22.48 18.98 6.37 11.63 – – –
57 O84A 7121 49848 25744 311008 134.85 44.46 7.86 6.39 10.78 9.40 – – –
58 KD 19097 19098 7026 65536 27.34 20.17 3.71 2.92 10.61 3.57 – – –

Table29: Experimentalresultsfor scene“ tetra8”.

N á 65536,
TPD: Nprim á 263169, Nhit��� á 159213, Nhit

prim á 43709, Nsec á 0, Nhit
sec á 0,

Nshad á 40256, Nhit
shad á 7098, TMIN

R ç sé]á 0 â 89, Tapp ç sé]á 0 â 86, TMIN
RSA ç sé]á 0 â 03.
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Scene= “ tree15”

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 131071 – 0 0 0 0.26 232025.00 18.59 1.0 1054659.09
1 spatmed-xyz(16,2) 319 320 227 134391 17792.00 63.02 13.12 6.99 4.81 10901.20 18.59 0.99 49532.32
2 objmed-xyz(16,2) 65425 65426 996 314658 1659.90 274.45 59.06 0.60 17.19 554.75 18.59 0.65 2503.00
3 objmed(16,2) 65531 65532 252 267726 1871.50 346.00 74.89 0.02 27.43 651.41 18.59 0.62 2942.36
4 OSAH(16,2) 5019 5020 1364 140681 113.69 18.00 4.31 0.94 31.83 33.78 18.59 0.66 134.95
5 OSAH-RMI(16,2) 5019 5020 1364 140681 113.69 18.00 4.31 0.94 31.90 33.96 18.59 0.66 135.77
6 OSAH-xyz(16,2) 5281 5282 1394 142057 133.18 21.21 5.36 1.88 18.62 39.41 18.59 0.65 160.55
7 OSAH(8,1) 75 76 7 132226 9127.30 12.31 3.32 0.14 21.03 2757.39 18.59 1.00 12515.00
8 OSAH(8,2) 70 71 4 132225 9128.50 12.10 3.27 0.09 21.04 2751.83 18.59 1.00 12489.73
9 OSAH(16,1) 5356 5357 1618 140755 110.96 18.61 4.41 1.11 31.82 33.48 18.59 0.64 133.59

10 OSAH(16,2) 5019 5020 1364 140681 113.69 18.00 4.31 0.94 31.83 33.78 18.59 0.66 134.95
11 OSAH(24,1) 143468 143469 56123 231368 21.75 20.83 4.80 1.52 40.28 12.70 18.59 0.24 39.14
12 OSAH(24,2) 114142 114143 34755 223827 25.35 19.84 4.63 1.25 39.90 13.18 18.59 0.28 41.32
13 OSAH(atc) 72922 72923 28766 184136 23.56 20.44 4.73 1.48 37.42 13.14 18.59 0.26 41.14
14 OSAH2(atc) 192425 192426 48787 299524 17.02 26.25 5.31 2.78 49.95 13.61 18.59 0.16 43.27
15 OSAH+LC(atc) 73046 73047 28784 184414 21.98 20.71 4.74 1.74 37.53 13.02 18.59 0.24 40.59
16 OSAH+TPC(atc) 72735 72736 29186 183277 23.69 20.35 4.72 1.48 39.89 13.14 18.59 0.26 41.14
17 OSAH+TPC+LC(atc) 73268 73269 29203 184559 22.05 20.67 4.73 1.73 44.70 12.34 18.59 0.24 37.50
18 OSAH+LC(16,1) 5362 5363 1624 140755 109.38 18.86 4.41 1.37 35.50 32.03 18.59 0.64 127.00
19 OSAH+TPC(16,1) 5774 5775 2017 140538 109.05 18.67 4.43 1.14 37.71 31.62 18.59 0.64 125.14
20 OSAH+TPC+LC(16,1) 5783 5784 2026 140538 107.47 18.93 4.43 1.39 37.67 31.35 18.59 0.63 123.91
21 OSAH+PR(atc) 72922 72923 28766 171576 22.94 20.26 4.69 1.51 39.45 12.24 18.59 0.25 37.05
22 OSAH+SC(atc) 70835 70836 30429 174110 22.14 19.88 4.61 1.67 57.57 12.12 18.59 0.24 36.50
23 OSAH+GCM(atc) 78022 78023 30619 188289 22.86 20.29 4.66 1.45 324.74 12.65 18.59 0.25 38.91
24 OSAH+GCM2(atc) 114150 114151 26050 288861 23.69 23.43 5.15 1.93 472.11 14.04 18.59 0.23 45.23
25 OSAH+GCM3(atc) 82132 82133 24601 237759 102.49 29.76 5.56 1.71 408.52 33.54 18.59 0.51 133.86

26 OSAH+PAR(atc) 72922 72923 28766 184136 5.10 27.24 6.81 2.29 42.74 6.11 20.83 0.42 13.11
27 PARSAH+PAR(atc) 80420 80421 30990 200666 3.50 20.16 4.79 1.69 54.22 5.66 20.83 0.47 10.61
28 OSAH+PER(atc) 72922 72923 28766 184136 8.38 32.43 7.75 3.04 42.78 5.20 17.40 0.37 17.27
29 PERSAH+PER(atc) 111065 111066 44207 226182 4.51 24.36 5.78 3.28 9227.67 4.52 17.40 0.36 12.73
30 SPHSAH+PER(atc) 64191 64192 20383 314352 17361.00 31.00 6.91 3.09 294.09 4036.76 17.40 1.00 26894.33
31 OSAH+SPH(atc) 72922 72923 28766 184136 8.29 32.11 7.66 3.01 42.77 5.51 17.18 0.37 15.24
32 SPHSAH+SPH(atc) 64191 64192 20383 314352 17545.00 30.90 6.85 3.05 294.16 4055.84 17.18 1.00 23840.71

33 OSAH+TAseq(16,2) 5019 5020 1364 140681 113.93 43.09 4.32 0.94 25.97 38.40 18.59 0.54 155.95
34 OSAH+TAA

rec(16,2) 5019 5020 1364 140681 113.68 18.00 4.31 0.94 25.93 33.42 18.59 0.63 133.32
35 OSAH+TAB

rec(16,2) 5019 5020 1364 140681 113.68 18.00 4.31 0.94 25.93 32.15 18.59 0.66 127.55
36 OSAH+TASNL(16,2) 5019 5020 1364 140681 114.20 17.16 4.33 0.94 26.05 43.74 18.59 0.47 180.23
37 OSAH+TANLT (16,2) 39548 5020 1364 140681 114.20 15.39 4.33 0.94 26.04 42.56 18.59 0.48 174.86
38 OSAH+TAseq(18,2) 12900 12901 3804 147446 52.00 46.42 4.46 1.08 27.40 24.68 18.59 0.32 93.59
39 OSAH+TAA

rec(18,2) 12900 12901 3804 147446 51.88 18.79 4.45 1.08 27.48 19.60 18.59 0.42 70.50
40 OSAH+TAB

rec(18,2) 12900 12901 3804 147446 51.88 18.79 4.45 1.08 27.49 18.54 18.59 0.45 65.68
41 OSAH+TASNL(18,2) 12900 12901 3804 147446 52.16 17.87 4.46 1.08 27.67 22.25 18.59 0.36 82.55
42 OSAH+TANLT (18,2) 99423 12901 3804 147446 52.16 15.94 4.46 1.08 27.74 24.75 18.59 0.31 93.91
43 OSAH+TAseq(atc) 72922 72923 28766 184136 23.65 53.12 4.74 1.48 30.53 19.00 18.59 0.15 67.77
44 OSAH+TAA

rec(atc) 72922 72923 28766 184136 23.56 20.44 4.73 1.48 30.49 13.77 18.59 0.23 44.00
45 OSAH+TAB

rec(atc) 72922 72923 28766 184136 23.56 20.44 4.73 1.48 30.54 12.51 18.59 0.26 38.27
46 OSAH+TASNL(atc) 72922 72923 28766 184136 23.72 19.35 4.75 1.48 31.94 13.32 18.59 0.24 41.95
47 OSAH+TANLT (atc) 528558 72923 28766 184136 23.72 17.14 4.75 1.48 32.31 13.46 18.59 0.23 42.59

48 BVH 21992 91171 0 131071 803.76 404.27 274.16 0.00 107.54 5220.49 – – –
49 O84 151 1058 892 137338 6108.80 131.76 21.72 14.53 5.18 9452.42 – – –
50 O89 151 1058 892 137338 6076.50 85.62 21.72 14.53 5.16 9153.53 – – –
51 BSP 319 320 227 134391 17792.00 63.02 13.12 6.99 6.10 13032.90 – – –
52 O93 151 1058 892 137340 6032.40 72.36 28.74 21.55 4.91 9261.85 – – –
53 UG 0 443680 388122 188973 6723.40 29.36 29.36 25.14 6.43 2347.53 – – –
54 AG 2 393009 372191 182880 79.01 30.31 29.83 27.56 370.43 43.38 – – –
55 HUG 9 394682 370210 200497 74.93 12.70 10.05 9.00 10.65 46.15 – – –
56 RG 41 275886 230133 670903 236.59 29.32 27.62 22.80 2.61 86.53 – – –
57 O84A 1328 9297 3935 150854 144.65 42.82 9.72 6.14 23.06 73.28 – – –
58 KD 5019 5020 1364 140681 113.69 18.00 4.31 0.94 36.57 52.10 – – –

Table30: Experimentalresultsfor scene“ tree15”.

N á 131071,
TPD: Nprim á 263169, Nhit��� á 263169, Nhit

prim á 173215, Nsec á 0, Nhit
sec á 0,

Nshad á 1107745, Nhit
shad á 48134, TMIN

R ç séOá 4 â 31, Tapp ç sé]á 4 â 09, TMIN
RSA ç sé]á 0 â 22.
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balls5 gears9

jacks5 lattice29

mount8

Figure5: Visualizationof theG5
SPD scenesusingthetestingprocedureTPD.
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rings17 sombrero4

teapot40 tetra8

tree15

Figure6: Visualizationof theG5
SPD scenesusingthetestingprocedureTPD.
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Scenes= groupG3
SPD

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 1020 – 0.00 0.00 0.00 0.00 671.54 13.29 1.00 2279.43
1 spatmed-xyz(16,2) 6590 6591 881 20030 78.33 36.90 7.15 2.81 0.10 28.39 13.29 0.51 83.12
2 objmed-xyz(16,2) 4300 4301 455 8808 57.76 48.37 9.83 2.06 0.14 27.91 13.29 0.47 63.22
3 objmed(16,2) 4490 4491 465 8544 71.42 57.73 12.49 2.01 0.19 36.98 13.29 0.46 87.61
4 OSAH(16,2) 1870 1871 255 3590 12.93 18.97 3.71 1.05 0.13 13.10 13.29 0.39 20.57
5 OSAH-RMI(16,2) 1870 1871 255 3590 12.93 18.97 3.71 1.05 0.13 12.80 13.29 0.39 19.48
6 OSAH-xyz(16,2) 1825 1826 287 3496 13.12 20.45 4.14 1.45 0.08 13.17 13.29 0.38 20.33
7 OSAH(8,1) 140 141 29 1292 52.09 12.44 2.76 0.74 0.07 21.02 13.29 0.77 37.51
8 OSAH(8,2) 137 138 26 1292 52.95 12.18 2.71 0.59 0.06 21.03 13.29 0.77 37.59
9 OSAH(16,1) 3690 3691 767 4844 10.30 22.03 4.24 1.69 0.17 12.61 13.29 0.31 19.43

10 OSAH(16,2) 1870 1871 255 3590 12.93 18.97 3.71 1.05 0.13 13.10 13.29 0.39 20.57
11 OSAH(24,1) 8978 8979 1133 12429 10.30 23.72 4.52 1.73 0.31 13.22 13.29 0.29 20.23
12 OSAH(24,2) 4303 4304 298 8663 13.02 19.83 3.85 1.05 0.20 13.19 13.29 0.38 20.19
13 OSAH(atc) 2043 2044 501 2937 12.80 19.25 3.78 1.55 0.13 12.83 13.29 0.37 19.51
14 OSAH2(atc) 2400 2401 469 3525 11.92 22.16 4.25 1.67 0.18 13.12 13.29 0.33 20.15
15 OSAH+LC(atc) 2385 2386 502 3905 12.86 20.25 3.94 1.55 0.15 13.24 13.29 0.36 20.07
16 OSAH+TPC(atc) 1622 1623 458 2504 14.12 18.40 3.65 1.50 0.13 13.09 13.29 0.40 19.68
17 OSAH+TPC+LC(atc) 2160 2161 460 3856 14.24 19.95 3.92 1.50 0.17 12.96 13.29 0.38 18.53
18 OSAH+LC(16,1) 3712 3713 769 4866 10.29 22.04 4.23 1.69 0.21 11.88 13.29 0.30 17.30
19 OSAH+TPC(16,1) 3714 3715 769 4871 10.30 22.09 4.24 1.69 0.20 11.88 13.29 0.31 17.14
20 OSAH+TPC+LC(16,1) 3715 3716 770 4871 10.29 22.09 4.24 1.70 0.21 12.01 13.29 0.30 17.41
21 OSAH+PR(atc) 2043 2044 501 2740 12.11 19.20 3.77 1.55 0.21 12.37 13.29 0.36 18.19
22 OSAH+SC(atc) 2142 2143 602 2793 10.31 19.54 3.84 1.77 0.22 12.08 13.29 0.33 17.65
23 OSAH+GCM(atc) 2552 2553 554 3612 11.48 20.98 4.10 1.73 7.39 12.45 13.29 0.34 18.85
24 OSAH+GCM2(atc) 3836 3837 419 6850 13.80 24.09 4.55 1.43 13.23 13.72 13.29 0.34 21.33
25 OSAH+GCM3(atc) 2433 2434 428 3925 17.41 25.43 4.62 1.60 7.35 14.58 13.29 0.36 23.97

26 OSAH+PAR(atc) 2043 2044 501 2937 6.24 17.31 3.62 1.77 0.15 3.12 11.32 0.47 11.44
27 PARSAH+PAR(atc) 2135 2136 540 4413 5.22 13.85 2.93 1.37 0.20 2.93 11.32 0.50 9.99
28 OSAH+PER(atc) 2043 2044 501 2937 6.40 20.19 4.23 2.01 0.15 3.84 13.12 0.45 11.55
29 PERSAH+PER(atc) 1626 1627 450 2731 12.79 15.57 3.40 1.56 16.59 4.81 13.12 0.54 13.99
30 SPHSAH+PER(atc) 1892 1893 517 3907 16.38 19.78 4.10 1.84 0.75 4.56 13.12 0.58 16.98
31 OSAH+SPH(atc) 2043 2044 501 2937 6.39 20.00 4.19 1.99 0.15 4.14 12.30 0.49 9.51
32 SPHSAH+SPH(atc) 1892 1893 517 3907 16.26 19.63 4.07 1.83 0.77 4.88 12.30 0.61 13.61

33 OSAH+TAseq(16,2) 1869 1870 255 3591 13.50 41.39 3.75 1.05 0.11 15.75 13.29 0.25 27.84
34 OSAH+TAA

rec(16,2) 1869 1870 255 3591 12.92 18.97 3.70 1.05 0.10 13.07 13.29 0.34 19.98
35 OSAH+TAB

rec(16,2) 1869 1870 255 3591 12.92 18.97 3.70 1.05 0.11 12.05 13.29 0.39 17.30
36 OSAH+TASNL(16,2) 1869 1870 255 3591 13.51 15.97 3.75 1.05 0.13 12.54 13.29 0.37 18.44
37 OSAH+TANLT (16,2) 9737 1870 255 3591 13.51 14.61 3.75 1.05 0.14 12.88 13.29 0.35 19.09
38 OSAH+TAseq(18,2) 2526 2527 282 4806 13.43 43.10 3.83 1.06 0.13 16.07 13.29 0.24 28.22
39 OSAH+TAA

rec(18,2) 2526 2527 282 4806 12.83 19.38 3.77 1.06 0.12 13.23 13.29 0.33 20.29
40 OSAH+TAB

rec(18,2) 2526 2527 282 4806 12.83 19.38 3.77 1.05 0.13 12.13 13.29 0.38 17.49
41 OSAH+TASNL(18,2) 2526 2527 282 4806 13.43 16.32 3.83 1.06 0.16 12.65 13.29 0.36 18.69
42 OSAH+TANLT (18,2) 12989 2527 282 4806 13.43 14.89 3.83 1.06 0.18 12.72 13.29 0.36 18.66
43 OSAH+TAseq(atc) 2050 2051 502 2945 13.35 41.84 3.82 1.54 0.11 15.80 13.29 0.24 27.88
44 OSAH+TAA

rec(atc) 2050 2051 502 2945 12.78 19.26 3.78 1.54 0.11 13.11 13.29 0.32 19.89
45 OSAH+TAB

rec(atc) 2050 2051 502 2945 12.78 19.26 3.78 1.54 0.10 12.05 13.29 0.37 17.15
46 OSAH+TASNL(atc) 2050 2051 502 2945 13.35 16.01 3.82 1.54 0.13 12.56 13.29 0.34 18.51
47 OSAH+TANLT (atc) 9509 2051 502 2945 13.35 14.65 3.82 1.54 0.15 12.54 13.29 0.35 18.26

48 BVH 111 637 0 1020 52.78 28.45 21.06 0.00 0.08 208.71 – – –
49 O84 3197 22382 4791 49927 71.71 60.18 10.50 5.23 0.16 52.07 – – –
50 O89 3197 22382 4791 49927 71.56 40.75 10.47 5.23 0.13 43.16 – – –
51 BSP 6590 6591 881 20030 78.33 36.90 7.15 2.81 0.76 75.73 – – –
52 O93 3214 22503 4860 50094 70.75 36.96 15.18 10.05 0.14 50.86 – – –
53 UG 0 5127 3148 6020 153.68 8.12 8.12 4.76 0.05 53.43 – – –
54 AG 201 5368 1756 12312 32.55 10.14 8.40 2.63 0.20 52.04 – – –
55 HUG 44 1979 804 4657 143.50 6.78 4.61 1.99 0.05 73.10 – – –
56 RG 224 4340 1323 14902 38.76 8.84 6.87 3.19 0.04 30.34 – – –
57 O84A 4095 28666 4592 69335 21.62 38.09 7.46 3.50 0.53 30.31 – – –
58 KD 1870 1871 255 3590 12.93 18.97 3.71 1.05 0.42 21.19 – – –

Table31: Experimentalresults,summaryfor G3
SPD scenes,averagevaluesarereported.
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Scenes= groupG4
SPD

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 7635 – 0.00 0.00 0.00 0.02 7839.09 13.73 1.00 22297.46
1 spatmed-xyz(16,2) 10073 10074 1405 43897 331.92 39.30 7.44 3.22 0.33 102.73 13.73 0.61 392.16
2 objmed-xyz(16,2) 23997 23998 2540 54859 99.25 81.36 16.21 2.98 1.12 49.61 13.73 0.47 121.40
3 objmed(16,2) 21948 21949 1272 47813 130.01 100.12 20.79 2.60 1.51 63.60 13.73 0.46 171.67
4 OSAH(16,2) 8317 8318 1263 19515 15.07 24.47 4.49 1.61 1.26 16.76 13.73 0.38 25.98
5 OSAH-RMI(16,2) 8317 8318 1263 19515 15.07 24.47 4.49 1.61 1.27 16.43 13.73 0.38 25.12
6 OSAH-xyz(16,2) 8057 8058 1311 19615 17.59 26.92 5.10 2.08 0.77 17.29 13.73 0.39 27.46
7 OSAH(8,1) 172 173 24 8757 250.54 12.62 2.67 0.69 0.80 75.45 13.73 0.94 175.32
8 OSAH(8,2) 171 172 22 8757 250.75 12.50 2.64 0.65 0.78 75.52 13.73 0.94 175.62
9 OSAH(16,1) 12421 12422 3042 21654 13.03 26.67 4.86 2.14 1.34 16.18 13.73 0.32 24.75

10 OSAH(16,2) 8317 8318 1263 19515 15.07 24.47 4.49 1.61 1.26 16.76 13.73 0.38 25.98
11 OSAH(24,1) 65655 65656 8352 91893 10.84 31.37 5.65 2.35 2.73 16.86 13.73 0.26 25.45
12 OSAH(24,2) 33433 33434 2414 66189 13.32 26.92 4.88 1.66 2.02 16.77 13.73 0.33 25.27
13 OSAH(atc) 16873 16874 3836 25848 12.31 26.70 4.86 2.19 1.45 16.01 13.73 0.31 24.14
14 OSAH2(atc) 22381 22382 3960 34095 11.85 31.69 5.52 2.42 2.12 16.85 13.73 0.28 26.39
15 OSAH+LC(atc) 20396 20397 3856 35627 12.26 27.79 5.03 2.21 1.65 16.43 13.73 0.30 24.66
16 OSAH+TPC(atc) 13109 13110 3351 21965 13.29 25.58 4.67 2.14 1.43 16.24 13.73 0.33 24.18
17 OSAH+TPC+LC(atc) 19204 19205 3384 37141 13.18 27.39 4.97 2.14 1.97 16.04 13.73 0.32 23.33
18 OSAH+LC(16,1) 12440 12441 3054 21663 12.98 26.68 4.85 2.17 1.55 15.46 13.73 0.32 22.82
19 OSAH+TPC(16,1) 12500 12501 3101 21710 13.01 26.66 4.85 2.16 1.59 15.44 13.73 0.32 22.45
20 OSAH+TPC+LC(16,1) 12504 12505 3106 21710 12.97 26.68 4.85 2.17 1.59 15.50 13.73 0.32 22.86
21 OSAH+PR(atc) 16873 16874 3836 22458 11.30 26.62 4.85 2.19 2.17 15.03 13.73 0.29 21.84
22 OSAH+SC(atc) 17462 17463 5282 22824 9.78 26.81 4.89 2.56 2.60 14.82 13.73 0.27 22.04
23 OSAH+GCM(atc) 22286 22287 4672 33228 11.45 28.85 5.21 2.35 66.90 15.75 13.73 0.28 23.41
24 OSAH+GCM2(atc) 38410 38411 3708 71266 13.66 33.03 5.81 2.05 129.40 17.91 13.73 0.29 27.05
25 OSAH+GCM3(atc) 23053 23054 3481 38924 28.78 35.13 5.91 2.34 72.16 28.32 13.73 0.35 38.10

26 OSAH+PAR(atc) 16873 16874 3836 25848 7.16 27.96 5.49 2.98 1.69 3.98 12.31 0.42 15.85
27 PARSAH+PAR(atc) 17893 17894 3946 57241 6.72 19.95 3.93 1.94 2.46 3.77 12.31 0.50 14.64
28 OSAH+PER(atc) 16873 16874 3836 25848 6.41 27.79 5.51 2.92 1.72 4.28 11.89 0.41 13.97
29 PERSAH+PER(atc) 13820 13821 3514 23614 44.33 21.23 4.28 2.32 168.79 11.71 11.89 0.50 28.72
30 SPHSAH+PER(atc) 17146 17147 3948 40987 36.64 29.24 5.70 3.01 8.35 9.07 11.89 0.62 37.44
31 OSAH+SPH(atc) 16873 16874 3836 25848 6.38 27.50 5.45 2.88 1.71 4.60 11.70 0.40 9.63
32 SPHSAH+SPH(atc) 17146 17147 3948 40987 36.26 28.99 5.65 2.98 8.32 9.34 11.70 0.61 30.29

33 OSAH+TAseq(16,2) 8319 8320 1264 19518 15.79 58.22 4.54 1.62 1.04 20.72 13.73 0.25 36.61
34 OSAH+TAA

rec(16,2) 8319 8320 1264 19518 15.06 24.45 4.48 1.61 1.02 17.04 13.73 0.33 26.41
35 OSAH+TAB

rec(16,2) 8319 8320 1264 19518 15.06 24.45 4.48 1.61 1.03 15.53 13.73 0.38 22.94
36 OSAH+TASNL(16,2) 8319 8320 1264 19518 15.80 20.07 4.54 1.62 1.17 16.43 13.73 0.35 24.42
37 OSAH+TANLT (16,2) 46575 8320 1264 19518 15.80 18.10 4.54 1.62 1.22 16.61 13.73 0.35 24.51
38 OSAH+TAseq(18,2) 13332 13333 1722 27372 14.16 62.58 4.72 1.65 1.20 20.83 13.73 0.22 36.78
39 OSAH+TAA

rec(18,2) 13332 13333 1722 27372 13.54 25.56 4.65 1.65 1.16 16.96 13.73 0.30 26.20
40 OSAH+TAB

rec(18,2) 13332 13333 1722 27372 13.54 25.56 4.65 1.65 1.17 15.31 13.73 0.35 22.24
41 OSAH+TASNL(18,2) 13332 13333 1722 27372 14.17 20.99 4.72 1.65 1.40 16.07 13.73 0.33 23.56
42 OSAH+TANLT (18,2) 74109 13333 1722 27372 14.17 18.84 4.72 1.65 1.46 16.14 13.73 0.32 23.67
43 OSAH+TAseq(atc) 16905 16906 3840 25879 12.89 66.24 4.92 2.20 1.22 20.87 13.73 0.19 37.06
44 OSAH+TAA

rec(atc) 16905 16906 3840 25879 12.30 26.70 4.86 2.20 1.20 16.80 13.73 0.27 25.82
45 OSAH+TAB

rec(atc) 16905 16906 3840 25879 12.30 26.70 4.86 2.20 1.20 15.11 13.73 0.31 21.95
46 OSAH+TASNL(atc) 16905 16906 3840 25879 12.90 21.64 4.92 2.20 1.49 15.87 13.73 0.29 23.72
47 OSAH+TANLT (atc) 85673 16906 3840 25879 12.90 19.36 4.92 2.20 1.57 15.78 13.73 0.29 22.88

48 BVH 1003 5001 0 7635 170.08 135.83 96.38 0.00 1.40 1146.82 – – –
49 O84 4846 33924 8996 86609 246.65 65.19 10.98 6.04 0.46 112.75 – – –
50 O89 4846 33924 8996 86609 246.45 43.14 10.97 6.04 0.41 102.82 – – –
51 BSP 10073 10074 1405 43897 331.92 39.30 7.44 3.22 1.04 151.56 – – –
52 O93 4864 34053 9105 86898 244.60 38.09 15.16 10.40 0.42 111.15 – – –
53 UG 0 38369 28449 36013 283.89 13.97 13.97 10.12 0.39 100.36 – – –
54 AG 2185 54303 18640 111948 42.26 21.62 17.56 6.67 3.11 139.56 – – –
55 HUG 424 16086 10026 32831 81.41 11.44 8.77 5.44 0.42 58.44 – – –
56 RG 3320 55985 13861 243468 50.17 13.31 10.85 6.33 0.62 40.67 – – –
57 O84A 6963 48746 9532 120079 23.67 46.46 8.48 4.46 1.79 37.13 – – –
58 KD 8317 8318 1263 19515 15.07 24.47 4.49 1.61 2.02 26.68 – – –

Table32: Experimentalresults,summaryfor G4
SPD scenes,averagevaluesarereported.
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Scenes= groupG5
SPD

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 98880 – 0.00 0.00 0.00 0.21 103166.96 13.40 1.00 304702.66
1 spatmed-xyz(16,2) 16132 16133 1735 215542 2088.90 38.15 7.07 3.37 3.31 1205.40 13.40 0.84 5192.23
2 objmed-xyz(16,2) 61558 61559 4176 331923 372.87 109.84 22.01 1.89 13.51 149.05 13.40 0.68 427.09
3 objmed(16,2) 63808 63809 3393 237074 452.42 208.61 40.90 4.25 19.24 190.85 13.40 0.59 639.95
4 OSAH(16,2) 23113 23114 3580 147514 41.69 26.99 4.71 1.78 19.52 26.35 13.40 0.60 46.27
5 OSAH-RMI(16,2) 23113 23114 3580 147514 41.69 26.99 4.71 1.78 19.60 26.44 13.40 0.60 46.09
6 OSAH-xyz(16,2) 22873 22874 3145 155665 52.60 30.38 5.54 2.50 12.50 28.11 13.40 0.61 53.52
7 OSAH(8,1) 181 182 23 104396 2659.95 12.66 2.62 0.63 14.01 883.41 13.40 0.99 2696.34
8 OSAH(8,2) 180 181 22 104396 2660.08 12.62 2.61 0.62 14.01 884.45 13.40 0.99 2698.10
9 OSAH(16,1) 24068 24069 4124 147680 40.80 27.54 4.79 1.91 19.60 26.24 13.40 0.59 46.44

10 OSAH(16,2) 23113 23114 3580 147514 41.69 26.99 4.71 1.78 19.52 26.35 13.40 0.60 46.27
11 OSAH(24,1) 476453 476454 83642 663728 11.53 38.32 6.55 3.00 35.32 23.46 13.40 0.26 31.60
12 OSAH(24,2) 251440 251441 28940 498597 14.18 33.74 5.76 2.21 28.70 21.09 13.40 0.34 30.14
13 OSAH(atc) 249915 249916 55707 366588 12.36 35.23 6.01 2.90 27.26 19.94 13.40 0.29 28.78
14 OSAH2(atc) 356130 356131 62027 519386 11.99 43.45 6.90 3.33 39.95 21.98 13.40 0.26 33.00
15 OSAH+LC(atc) 277145 277146 55889 445138 12.13 36.11 6.14 2.95 28.95 20.41 13.40 0.28 29.28
16 OSAH+TPC(atc) 203940 203941 51251 314085 12.94 34.28 5.86 2.84 27.16 19.79 13.40 0.31 28.49
17 OSAH+TPC+LC(atc) 252635 252636 51449 442823 12.64 35.61 6.05 2.89 33.99 20.04 13.40 0.29 27.55
18 OSAH+LC(16,1) 24077 24078 4134 147680 40.50 27.60 4.78 1.97 22.63 25.16 13.40 0.59 43.20
19 OSAH+TPC(16,1) 24243 24244 4291 147725 40.63 27.57 4.80 1.92 23.20 25.28 13.40 0.59 43.23
20 OSAH+TPC+LC(16,1) 24252 24253 4300 147725 40.41 27.63 4.80 1.98 23.22 25.44 13.40 0.59 43.26
21 OSAH+PR(atc) 249915 249916 55707 304152 10.90 35.28 6.04 2.90 40.48 19.32 13.40 0.26 26.87
22 OSAH+SC(atc) 262549 262550 73790 328496 9.60 35.10 5.97 3.40 66.34 18.51 13.40 0.25 26.11
23 OSAH+GCM(atc) 348137 348138 71380 500124 11.89 37.90 6.42 3.10 1066.65 21.13 13.40 0.27 29.78
24 OSAH+GCM2(atc) 629685 629686 53090 1146337 13.87 42.23 7.07 2.72 2171.18 28.14 13.40 0.28 36.30
25 OSAH+GCM3(atc) 348085 348086 50674 575455 115.65 45.55 7.08 3.13 1145.45 137.11 13.40 0.39 111.59

26 OSAH+PAR(atc) 249915 249916 55707 366588 10.19 47.77 9.10 5.16 31.55 6.21 10.96 0.44 21.83
27 PARSAH+PAR(atc) 227704 227705 55818 963815 12.48 29.04 5.72 2.84 44.81 6.77 10.96 0.54 21.59
28 OSAH+PER(atc) 249915 249916 55707 366588 6.42 36.59 6.77 3.87 31.88 5.56 11.13 0.42 16.64
29 PERSAH+PER(atc) 197143 197144 50704 325145 232.42 27.09 5.17 3.03 2683.95 69.67 11.13 0.54 175.09
30 SPHSAH+PER(atc) 256487 256488 58838 600446 1762.56 41.47 7.76 4.35 133.65 411.75 11.13 0.62 2717.62
31 OSAH+SPH(atc) 249915 249916 55707 366588 6.40 36.23 6.71 3.84 31.71 5.91 12.40 0.44 15.13
32 SPHSAH+SPH(atc) 256487 256488 58838 600446 1781.15 41.11 7.69 4.33 133.96 414.12 12.40 0.62 2410.13

33 OSAH+TAseq(16,2) 23113 23114 3581 147514 43.17 65.02 4.76 1.78 16.16 30.97 13.40 0.45 58.86
34 OSAH+TAA

rec(16,2) 23113 23114 3581 147514 41.61 26.99 4.70 1.78 16.12 26.73 13.40 0.54 47.46
35 OSAH+TAB

rec(16,2) 23113 23114 3581 147514 41.61 26.99 4.70 1.78 16.15 25.00 13.40 0.60 43.02
36 OSAH+TASNL(16,2) 23113 23114 3581 147514 43.21 21.36 4.76 1.78 16.76 30.54 13.40 0.54 52.82
37 OSAH+TANLT (16,2) 118817 23114 3581 147514 43.21 19.25 4.76 1.78 16.73 27.10 13.40 0.57 49.04
38 OSAH+TAseq(18,2) 57566 57567 11238 187225 22.93 76.98 5.24 2.06 17.48 26.53 13.40 0.31 47.69
39 OSAH+TAA

rec(18,2) 57566 57567 11238 187225 21.95 30.04 5.17 2.06 17.44 22.31 13.40 0.38 35.63
40 OSAH+TAB

rec(18,2) 57566 57567 11238 187225 21.95 30.04 5.17 2.06 17.43 20.36 13.40 0.44 30.83
41 OSAH+TASNL(18,2) 57566 57567 11238 187225 22.95 23.91 5.24 2.06 18.63 21.52 13.40 0.42 33.55
42 OSAH+TANLT (18,2) 316687 57567 11238 187225 22.95 21.36 5.24 2.06 19.06 22.88 13.40 0.39 35.40
43 OSAH+TAseq(atc) 250908 250909 55701 367546 12.92 98.77 6.08 2.90 23.46 29.18 13.40 0.17 48.11
44 OSAH+TAA

rec(atc) 250908 250909 55701 367546 12.35 35.22 6.00 2.89 22.61 21.55 13.40 0.24 32.13
45 OSAH+TAB

rec(atc) 250908 250909 55701 367546 12.35 35.22 6.00 2.89 22.75 19.06 13.40 0.29 26.51
46 OSAH+TASNL(atc) 250908 250909 55701 367546 12.94 27.85 6.09 2.90 35.77 22.86 13.40 0.25 30.41
47 OSAH+TANLT (atc) 1053664 198637 53522 319202 13.80 23.90 5.92 2.83 32.66 30.29 13.92 0.17 54.49

48 BVH 14049 66508 0 98880 769.52 731.69 519.51 0.00 131.74 8772.62 – – –
49 O84 8712 60985 12877 324543 781.94 64.12 10.56 6.08 3.93 1035.91 – – –
50 O89 8712 60985 12877 324543 779.80 41.87 10.55 6.08 3.70 999.11 – – –
51 BSP 16132 16133 1735 215542 2088.90 38.15 7.07 3.37 4.38 1453.74 – – –
52 O93 8712 60985 12877 324544 768.76 36.52 14.20 9.92 3.65 1016.39 – – –
53 UG 0 471705 381796 385702 754.85 28.81 28.81 24.21 5.67 282.33 – – –
54 AG 14108 507733 209423 1026475 48.60 23.63 20.89 14.87 175.17 190.84 – – –
55 HUG 4378 158654 111416 414167 241.48 18.07 15.50 12.07 4.98 100.59 – – –
56 RG 11437 387369 141279 2344246 106.91 23.06 20.49 15.19 6.00 72.52 – – –
57 O84A 13023 91166 17164 411170 62.75 49.14 8.61 4.71 17.31 49.79 – – –
58 KD 23113 23114 3580 147514 41.69 26.99 4.71 1.78 22.26 40.39 – – –

Table33: Experimentalresults,summaryfor G5
SPD scenes,averagevaluesarereported.
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Scenes= groupG3
SPD, G4

SPD, andG5
SPD

Minimum TestingOutput
Line MnemonicNotation Σ ∆ Θ

NG NE NEE NER rITM ÑTS ÑETS ÑEETS TB TR ΘAPP Θrat ΘRUN

0 näıveRSA 0 0 1 35845 – 0.00 0.00 0.00 0.07 37225.86 13.47 1.00 109759.85
1 spatmed-xyz(16,2) 10932 10933 1340 93156 833.05 38.11 7.22 3.13 1.25 445.51 13.47 0.65 1889.17
2 objmed-xyz(16,2) 29952 29953 2390 131863 176.63 79.85 16.02 2.31 4.92 75.52 13.47 0.54 203.90
3 objmed(16,2) 30082 30083 1710 97811 217.95 122.15 24.73 2.95 6.98 97.15 13.47 0.50 299.74
4 OSAH(16,2) 11100 11101 1700 56873 23.23 23.48 4.30 1.48 6.97 18.74 13.47 0.46 30.94
5 OSAH-RMI(16,2) 11100 11101 1700 56873 23.23 23.48 4.30 1.48 7.00 18.56 13.47 0.46 30.23
6 OSAH-xyz(16,2) 10918 10919 1581 59592 27.77 25.92 4.93 2.01 4.45 19.52 13.47 0.46 33.77
7 OSAH(8,1) 165 166 25 38149 987.52 12.57 2.68 0.69 4.96 326.62 13.47 0.90 969.73
8 OSAH(8,2) 162 163 23 38148 987.93 12.43 2.65 0.62 4.95 327.00 13.47 0.90 970.44
9 OSAH(16,1) 13393 13394 2644 58059 21.38 25.41 4.63 1.91 7.04 18.34 13.47 0.41 30.20

10 OSAH(16,2) 11100 11101 1700 56873 23.23 23.48 4.30 1.48 6.97 18.74 13.47 0.46 30.94
11 OSAH(24,1) 183695 183696 31042 256017 10.89 31.14 5.57 2.36 12.79 17.85 13.47 0.27 25.76
12 OSAH(24,2) 96392 96393 10551 191150 13.51 26.83 4.83 1.64 10.31 17.01 13.47 0.35 25.20
13 OSAH(atc) 89610 89611 20014 131791 12.49 27.06 4.89 2.21 9.61 16.26 13.47 0.32 24.14
14 OSAH2(atc) 126970 126971 22152 185669 11.92 32.43 5.56 2.48 14.08 17.31 13.47 0.29 26.51
15 OSAH+LC(atc) 99975 99976 20082 161557 12.42 28.05 5.04 2.24 10.25 16.70 13.47 0.31 24.67
16 OSAH+TPC(atc) 72890 72891 18353 112851 13.45 26.09 4.73 2.16 9.57 16.37 13.47 0.35 24.12
17 OSAH+TPC+LC(atc) 91333 91334 18431 161273 13.36 27.65 4.98 2.18 12.04 16.35 13.47 0.33 23.14
18 OSAH+LC(16,1) 13410 13411 2652 58070 21.26 25.44 4.62 1.94 8.13 17.50 13.47 0.41 27.77
19 OSAH+TPC(16,1) 13486 13487 2720 58102 21.31 25.44 4.63 1.92 8.33 17.54 13.47 0.41 27.60
20 OSAH+TPC+LC(16,1) 13490 13491 2725 58102 21.22 25.47 4.63 1.95 8.34 17.65 13.47 0.41 27.84
21 OSAH+PR(atc) 89610 89611 20014 109783 11.44 27.04 4.89 2.22 14.29 15.57 13.47 0.30 22.30
22 OSAH+SC(atc) 94051 94052 26558 118038 9.90 27.15 4.90 2.58 23.05 15.14 13.47 0.28 21.94
23 OSAH+GCM(atc) 124325 124326 25535 178988 11.61 29.25 5.24 2.39 380.31 16.44 13.47 0.30 24.01
24 OSAH+GCM2(atc) 223977 223978 19072 408151 13.77 33.12 5.81 2.06 771.27 19.92 13.47 0.30 28.23
25 OSAH+GCM3(atc) 124524 124525 18194 206101 53.95 35.37 5.87 2.36 408.32 60.00 13.47 0.37 57.89

26 OSAH+PAR(atc) 89610 89611 20014 131791 7.86 31.01 6.07 3.30 11.13 4.43 11.53 0.44 16.37
27 PARSAH+PAR(atc) 82577 82578 20101 341823 8.14 20.95 4.19 2.05 15.82 4.49 11.53 0.52 15.41
28 OSAH+PER(atc) 89610 89611 20014 131791 6.41 28.19 5.50 2.93 11.25 4.56 12.05 0.42 14.05
29 PERSAH+PER(atc) 70863 70864 18223 117163 96.51 21.29 4.28 2.30 956.44 28.73 12.05 0.53 72.60
30 SPHSAH+PER(atc) 91842 91843 21101 215113 605.19 30.16 5.85 3.07 47.58 141.79 12.05 0.60 924.01
31 OSAH+SPH(atc) 89610 89611 20014 131791 6.39 27.91 5.45 2.91 11.19 4.88 12.13 0.44 11.42
32 SPHSAH+SPH(atc) 91842 91843 21101 215113 611.22 29.91 5.80 3.05 47.68 142.78 12.13 0.62 818.01

33 OSAH+TAseq(16,2) 11100 11101 1700 56874 24.16 54.88 4.35 1.48 5.77 22.48 13.47 0.32 41.11
34 OSAH+TAA

rec(16,2) 11100 11101 1700 56874 23.20 23.47 4.29 1.48 5.75 18.94 13.47 0.40 31.28
35 OSAH+TAB

rec(16,2) 11100 11101 1700 56874 23.20 23.47 4.29 1.48 5.76 17.52 13.47 0.46 27.75
36 OSAH+TASNL(16,2) 11100 11101 1700 56874 24.17 19.13 4.35 1.48 6.02 19.84 13.47 0.42 31.89
37 OSAH+TANLT (16,2) 58376 11101 1700 56874 24.17 17.32 4.35 1.48 6.03 18.86 13.47 0.42 30.88
38 OSAH+TAseq(18,2) 24475 24476 4414 73134 16.84 60.89 4.60 1.59 6.27 21.14 13.47 0.26 37.56
39 OSAH+TAA

rec(18,2) 24475 24476 4414 73134 16.11 24.99 4.53 1.59 6.24 17.50 13.47 0.34 27.37
40 OSAH+TAB

rec(18,2) 24475 24476 4414 73134 16.11 24.99 4.53 1.58 6.24 15.93 13.47 0.39 23.52
41 OSAH+TASNL(18,2) 24475 24476 4414 73134 16.85 20.40 4.60 1.59 6.73 16.75 13.47 0.37 25.27
42 OSAH+TANLT (18,2) 134595 24476 4414 73134 16.85 18.37 4.60 1.59 6.90 17.25 13.47 0.36 25.91
43 OSAH+TAseq(atc) 89955 89956 20014 132123 13.06 68.95 4.94 2.21 8.26 21.95 13.47 0.20 37.69
44 OSAH+TAA

rec(atc) 89955 89956 20014 132123 12.48 27.06 4.88 2.21 7.97 17.15 13.47 0.28 25.95
45 OSAH+TAB

rec(atc) 89955 89956 20014 132123 12.48 27.06 4.88 2.21 8.02 15.41 13.47 0.32 21.87
46 OSAH+TASNL(atc) 89955 89956 20014 132123 13.06 21.83 4.94 2.21 12.46 17.10 13.47 0.29 24.21
47 OSAH+TANLT (atc) 359820 68183 18107 109002 13.33 19.15 4.85 2.17 10.73 19.17 13.64 0.27 31.10

48 BVH 5055 24049 0 35845 330.80 298.66 212.32 0.00 44.41 3376.05 – – –
49 O84 5585 39097 8888 153693 366.77 63.16 10.68 5.78 1.52 400.24 – – –
50 O89 5585 39097 8888 153693 365.94 41.92 10.66 5.78 1.41 381.70 – – –
51 BSP 10932 10933 1340 93156 833.05 38.11 7.22 3.13 2.06 560.34 – – –
52 O93 5597 39180 8947 153845 361.37 37.19 14.85 10.12 1.41 392.80 – – –
53 UG 0 171734 137798 142578 397.47 16.97 16.97 13.03 2.03 145.37 – – –
54 AG 5498 189135 76606 383578 41.14 18.46 15.61 8.06 59.49 127.48 – – –
55 HUG 1615 58906 40749 150552 155.46 12.10 9.62 6.50 1.81 77.38 – – –
56 RG 4994 149231 52154 867538 65.28 15.07 12.74 8.24 2.22 47.84 – – –
57 O84A 8027 56192 10429 200194 36.01 44.57 8.19 4.22 6.54 39.08 – – –
58 KD 11100 11101 1700 56873 23.23 23.48 4.30 1.48 8.23 29.42 – – –

Table34: Experimentalresults,summaryfor G3
SPD, G4

SPD, andG5
SPDscenes,averagevaluesarereported.


