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Abstract

Globalillumination researchaiming at the photo-realistiamagesynthesigpushedorward researchn
computergraphicsasa whole. The computationof visually plausibleimagesis time-consumingand
far from beingrealtimeat present.A significantpartof computationin globalillumination algorithms
involvesrepetitve computingof visibility queries.

In the thesis,we describeour resultsin ray shooting,which is a well-knowvn problemin thefield of
visibility. Theproblemis difficult in spiteof its simpledefinition: For agivenorientedhalf-lineandaset
of objects find outthefirst objectintersectedy the half-lineif suchanobjectexists. A naive algorithm
hasthe time compleity O(N), whereN is the numberof objects. The nave algorithmis practically
inapplicablein globalillumination applicationdor a scenewith a high numberof objects,dueits huge
time requirements.In this thesiswe dealwith heuristicray shootingalgorithmsthat use additional
spatialdatastructuresWe put streson average-caseompleity andwe particularlyinvestigateheray
shootingalgorithmsbasedn spatialhierarchiesIn the thesiswe dealwith two majortopics.

In thefirst partof thethesis we introducearay shootingcomputatiormodelandperformancenodel.
Basedon thesetwo modelswe develop a methodologyfor comparingvariousray shootingalgorithms
for a setof experimentsperformedon a setof scenes.Consecutiely, we comparecommonheuristic
ray shootingalgorithmsbasedon BSPtrees,kd-trees,octrees poundingvolume hierarchiesuniform
grids,andthreetypesof hierarchicalgridsusinga setof 30 scenesrom Standard’roceduraDatabase.
We shaw thatfor this setof sceneghe ray shootingalgorithmsbasedon the kd-treeis the winning
candidateamongall testedray shootingalgorithms.

Thesecondandmajorpartof thethesispresentseveraltechniquedor decreasinghetime andspace
complity for ray shootingalgorithmsbasedon kd-tree. We dealwith both kd-tree constructionand
ray traversalalgorithms. In the context of kd-tree constructionwe preseninew methodsfor adaptve
constructionof the kd-tree usingempty spatialregionsin the sceneterminationcriteria, generalcost
modelfor the kd-tree,andmodifiedsurfaceareaheuristicsfor arestrictedsetof rays. Further we de-
scribea new versionof the recursve ray traversalalgorithm. In context of the recursve ray traversal
algorithmbasedn the kd-tree,we developthe conceptof thelargestcommontraversalsequenceThis
reduceghe numberof hierarchicaltraversalstepsin the kd-treefor certainray sets. We alsodescribe
onetechniquecloselyrelatedto computerarchitecturenamelymappingkd-tree nodesto memoryto
increasethe cachehit ratio for processorsith a large cacheline. Most of the techniquegproposed
in the thesiscanbe usedin combination.In practice the averagetime compleity of the ray shooting
algorithmsbasedon the kd-tree,aspresentedn this thesis,is aboutO(logN), wherethe hiddenmul-
tiplicative factordependson the input data. However, at presentt is not knowvn to have beenproved
theoreticallyfor scenesvith generadistribution of objects.For thesereason®urfindingsaresupported
by a setof experimentdor theabove-mentionedetof 30 scenes.



Resumen

La investigaocdbn en iluminacion global con objetvo la sintesisde imagenegealistashaceavanzarla
investigaabn eninformaticagraficaen suconjunto. El calculodeimagenesisualmenteplausibleses
costosoy esh lejos por el momentode serentiemporeal. Una partesignificatva del calculo en los
algoritmosdeiluminacion globalincluye la computaddn repetitva de consultagie visibilidad.

Enlatesisdescribimosuestrogesultadogntrazadaderayos,problemabienconocidoenel campo
dela visibilidad. El problemaesdificil a pesarde susimpledefinicibn: Paraunasemiineaorientaday
un conjuntode objetos hallarel primerobjetointersectadgor la semiinea,suponiendajuetal objeto
exista. Un algoritmo naive tiene complejidadtemporal O(N), dondeN esel nimerode objetos. El
algoritmonadive espracticamenténaplicableenaplicacionesleiluminacion globalparaunaescenaon
un grannumerode objetos,debidoa su enormerequerimienteen tiempo. En estatesistratamoscon
algoritmosde trazadode rayosheuisticosque usanestructurasle datosespaciales Resaltaremosl
casode complejidadmediay en particularinvestigaremoslgoritmosde trazadode rayosbasadogn
jerarguiasespacialeskn la tesistratamogprincipalmentecondostépicos.

En la primerapartede la tesis,introducimosun modelocomputacionable calculo de trazadode
rayosy un modeloderendimiento.Basandonosen estosdosmodelosdesarrollamosinametodologa
paracomparardistintosalgoritmosde trazadode rayosparaun conjuntode experimentogealizados
sobreun conjuntode escenasComparamosonsecutiamentealgoritmoscomunesietrazadoderayos
basado®narbolesBSP arboleskd, arbolesoctales jerarquas de volumenesnglobantesmallasuni-
formesy trestipos de mallasjerarquicasusandoun conjuntode 30 escenasle la StandardProcedural
DatabaseMostramogjueparaesteconjuntode escenagl arbolkd esel candidataganadoentretodos
los algoritmosde trazadode rayosprobados.

La seggunday masextensapartede la tesispresentavariastécnicasparadisminuir la complejidad
espacialy temporalen los algoritmosde trazadode rayosbasadosn arboleskd. Tratamoscon los
algoritmosde construcddn del arbol kd y de recorridodel rayo. En el contexto de la construcadn
del arbolkd, presentamosueros métodosparasu construcdn adaptatra usandaregionesespaciales
vadasdela escenacriteriosde terminacdn, costegeneraldel modeloparael arbolkd, y heuisticas
de areade la superfcie modificadagparaun conjuntorestringidode rayos. Ademas, describimosuna
nueva versbn del algoritmorecursvo derecorridodel rayo. En el contexto del algoritmorecursvo de
recorridodelrayobasadanel arbolkd, desarrollamogl conceptalela sucesbn maslargaderecorrido
comun. Estoreduceel nUimerode pasogerarquicosde recorridotransersalenel arbolkd paraciertos
conjuntosde rayos. Describimogambgén unatécnicarelacionaddantimamentecon la arquitecturadel
computadaqra saberel mapeode los nodoskd a memoriaparaincrementarel hit-ratio de la cache
paraprocesadoresonunalineagrandede cache.La mayoiia de lastécnicagpropuestagn la tesisse
puedenutilizar en combinaocdn. En la practica,la complejidadtemporalmediade los algoritmosde
trazadoderayosbasadognel arbolkd, comosepresentan estatesis,esaproximadament®(logN),
dondela constantenultiplicativa dependele los datosde entrada.Sin embago, por el momentono se
conocequesehayaprobadgparaescenasondistribucion generableobjetos.Porestagazonesuestros
hallazgossonsustentadopor un conjuntode experimentogarael conjuntode 30 escenasnencionado
masarriba.



Resume

Vyzkum v oblastialgoritmi pro fotorealisticlou syn&zu obrazuudava smér vyzkumuv oblasticele
poGitatove grafiky. Vypotet obrazkl, které Ize tézko rozpoznatod reality, je velmi Caswé naratny a
v soltasré dobe nerealizeatelry v realnemcasebezspecalnich a nakladrych technickch prostedk.
Vyznami@ Eastvypoctll algoritmil synezy obrazuje tvorenavypottemdotazl naviditelnost.

V disert&ni praci prezentujemanase vysledly tykajicich se algoritnli vrhari paprsku jako velmi
CastareSerehoprobémuviditelnosti. ProbEmvrhari paprskye zadantakto: prozadanowolopgimkua
mnazinu objekil najdi prvri objekt,ktery tatopolopimkaprofina, pokudtakovy objektexistuje. Navz-
dory jednoduchostformulacetohoto probEmu je algoritmuspro jeho efektivni vypocet netrivialni.
Takzany trivialni algoritmusma pro N objektl ve scere linearri taswou slozitost. Proscery, které
maji velky pocetobjekil je tentotrivialni algoritmusnevhodry vzhledemk jeho neinosiym cas@ym
narokim. V disert&ni praci sezabyvameheuristickmi algoritmyvrhari paprskukteré vyuzivaji po-
mocnych prostoraych datosych struktur se zanméferim na primérnoucaswou slozitost. Detailrg se
pak zabyvamealgoritmy, které vyuzivaji hierarchiclych datorych struktur V disert&ni praci zpra-
covavamedve hlavni temata.

V prvni Casti disert&ni prace popisujemenovy model vypottu a vykonosti pro algoritmy vrhan
paprsku. S pomod téchtodvou modeli zavzadme metodologii pro porovnavari riiznych algoritn
vrhari paprskupro mnazinu experimenti provedenounamnaziné testovadch seen. Po#é porovnavame
dvaract odlisnych algoritmd vrhar paprsku,které vyuZzivaji datosé struktury binarriho strom, kd-
stromu, oktalového stromu, hierarchieobalek, uniformri mrizky a tfechtypll hierarchickch mrizek
ato namnaziné tficeti scén ze Standad Procedurl Database Ukazujemezev primeéru nejrychlegi
algoritmusvrhar paprskuze véechtestavanych algoritmi je ten, ktery vyuZziva kd-stromu.

Druha a obsahlefi Gastdisert@&ni prace se zalyva technikamipro zmersen ¢aswé a pangfove
naracnostialgoritmi vrhan paprskuvyuzivajicich kd-stromu.Zabyvamesejak vlastri konstrukd kd-
stromutaki algoritmy pro jehotraverzacipro zadary vstupn paprsek.Z algoritmi pro konstrukcikd-
stromupopisujemenavé metodys vyuzitim volnych prostorve scerg, kritériapro ukonceri stavby kd-
stromu,obecry cenavy modelpro stavbu kd-stromua modifikovany algoritmuspro stavzbu kd-stromu
vhodry z hlediskatasweé slozitosti pro specificke mnaziny paprski. Dale popisujemenovy rekurzivni
algoritmuspro traverzacikd-stromu. Dal8l algoritmytykajici sekd-stromuzahrnuj koncepta vyuziti
nejdeli spolé&né sekencelistl &i vnitfnich uzlll kd-stromuv traverz&nim algoritmu pro specalni
mnaziny paprski, caz nam umaziuje dale srizit potet hierarchickch traverzanich krokll. Rovnéz
popisujemenovou technikupro mapwari uzld kd-stromudo hlavni panéti potitate s dlouhouradkou
vyrovnavad pangti, kterazvySujedatosou koherencpfi prochazen kd-stromu.VétSinualgoritmickych
technikpopsagch v disert&ni praci je mozré vhodré kombinovat. Z prakticleého hlediskadosahuje
primeérra taswa slozitost algoritmi vrhari paprskus vyuzitim kd-stromuO(logN) s tim, Ze multip-
likativni faktorasymptoticle slozitosti zavis navstuprich datech.Nicméreé v sowtasre doke neri znam
teoretick diikaztykajici setétoslozitosti proscéry slibovolnoudistribuci objektl aprotojsouvysledky
pro vSechiy popiswarg algoritmy ovélery experimenélné najiz uveder® mnazingé triceti testavadch
scén.
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algorithmbasedon kd-trees.

For mostof the durationof my Ph.D. studies| wasresponsiblégor designing,implementing,and
maintainingthe GOLEM renderingsystem [75] developedasindependensoftware,in which the pre-
sentedray shootingalgorithmswereimplementedandtested.Several otherpeoplealsocontributedto
the developmentof the GOLEM renderingsystem:Ph.D. studentsJifi Bittner and Tomas Kopal, and
JanPrikryl from the ViennaUniversity of Technology Severalundegraduatestudentslid their Master
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Chapter 1

Intr oduction

Thisthesisdealswith heuristicray shootingalgorithms namelywith algorithmsbasedn spatialsubdi-
visions,andparticularlywith ray shootingalgorithmsbasecdnthe kd-tree. In this introductorychapter
we describehe problemin detailtogethemwith algorithmicsolutionsdevelopedin the past.

1.1 Motivation

The principal goal of computergraphicsis imagesynthesisof a scenesimulatinga real ervironment.
The algorithmsfor image synthesisare basedon various principlesinfluencing the quality of their
outputs.A significantresearcleffort in imagesynthesisnvolvesgeneratiorof photo-ealisticimages.
By a photo-realistiamagewe meananimageindistinguishablédrom a photograptof arealworld. A

scenesimulatingreality is modeledby geometricobjectprimitivesin three-dimensionapaceijt is not
exceptionalfor the numberof objectsin a sceneo reachhundredf thousand®r more.

Historically speaking,two main classef algorithmsfor photo-realisticrenderinghave beende-
veloped: ray-tracing andradiosity[157, 47]. Theseboth classesare usedand sometimesombined
together Recentlytheimportanceof classicaladiosityalgorithmsbasedn computingform factorsbe-
tweenpatchedasdiminishedwith thecomingof Monte-Carlomethodsn globalillumination[20, 149].
Thecommonpropertyof all theserenderingalgorithmss their possiblehightime andspaceompleity.
They spendmuchtime repeatedlycomputingvisibility computationsegitherray shootingor visibility
for apairof points. Visibility computationperformedvithin imagesynthesicorrespondo thediscrete
samplingof n-dimensionakpace.

1.2 Problem Statement

The visibility for a pair of pointsproblemis moreformally definedasfollows: two pointsU = (x,y, 2)
andV = (X,y,Z) are mutually visible if the line sggmentUV with U andV asendpointsdoesnot
intersectary objectlocatedin the scene.Theresultof the algorithmsolvingthe problemis of Boolean
type:yes(visible) or no(invisible). Thecomputatiorof thevisibility for apairof pointsis indispensable
to determinecorrectlytheillumination andshadingof objectsby light sources.

The ray shootingproblemis a more generalvisibility problemalonga fixed line: For an oriented
half-line given by its origin anddirectionvector we wantto find the closestobjectintersectedy the
half-lineif suchanobjectexists. Theray shootingproblemis depictedn Fig. 1.1.
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object A object D

ray R

Figurel.1: Rayshootingin IE? space Theansweifor ray R is objectB.

1.3 BasicTerminology

In this sectionwe describethe basicterminologyusedwithin the thesis. The geometryhandledin the
thesisusesn-dimensionaEuclideanspacefurtherabbreiatedas|E".

The basicgeometricprimitive usedhereis aray. Theray R in IE" spaceis an orientedhalf-line
determinedby the point of origin OR anddirectionvector DR. Any pointU lying ontheray half-line
canbecomputedusinga parametricrepresentatiorof aray:

U=OR+t.DR, OR DRelE" (1.1)

whereparametet is calledsigneddistance(t € R, t > 0). It is usuallyassumedhatthe direction
vectorDR is normalizec{|l5R| =1).

An objectin IE" is a finite region of IE" spacewith continuous(n — 1)-dimensionalboundaries.
Therearevariousshape®f objects;spherestriangles,generalpolygons,polyhedraetc. A surfaceof
theobjectO is its (n— 1)-dimensionaboundarydO, which doesnot crossitself. A sceneS(N) is aset
of N objects.We requirethatboththenumberof objectsandobjectsthemselesarefinite. Thenwe can
boundthe scenewith thefinite corvex spatialregion thatcontainsall the objects.

GivenasceneS$S(N), we canformulatethe pair of pointsvisibility problemmoreprecisely For two
pointsU andV it is statedasfollows: pointsU andV aremutuallyvisibleif theline segmentUV with
U andV asendpointsdoesnotintersectary objectfrom S(N). Contrarily thetwo pointsaremutually
invisible, i.e., thereis at leastoneobjectfrom §(N) sothatthe intersectionexists betweerthe object
andtheline segmentUV.

Similarly, we canalsomoreformally describeheray shootingproblem.Givenaray R andthescene
S(N), wewantto find outtheclosesbbjectintersectedy R if suchanobjectexists. Theanswerof ray
shootingis objectO;, thefoundintersectiorpointon O; is alsorequiredby mostapplications.In order
to distinguisha ray shootingproblemfrom a particulartaskgiven by a specificray R andscene$S(N),
we referto thelatterasray shootingquery.

A ray shootingalgorithm(abbreiatedto RSAIn thethesis)is analgorithmthatcomputegsheanswer
to ary ray shootingqueryfor a given scene.Usually in the preprocessingohasean RSAbuilds up an
auxiliary datastructue for a setof sceneobjects.In the executionphaseof the RSAthe datastructure
is accesseduringcomputatiorof the answerto a particularray shootingquery

Thereis oneexceptionalRSAthatdoesnot performary preprocessinglt is calleda naive RSA and
it usesonly alist of sceneobjects. Whenansweringa ray shootingquery the naive RSAteststhe ray
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with all the objectsandselectghe onewith the closestintersectiorfound,if suchanobjectexists. The
time compleity of the ndive RSAis thusO(N). In applicationgn computergraphicswheremary rays
areshot,thisnave RSAis applicableonly for scenesvith afew objects.For asceneawith ahighnumber
of objectsit makesthe applicationrun unacceptablslowly. This propertyof a ndave RSAled to the
researchin RSAs

HeuristicRSAsarebasedn somedatastructureghatcover the distancedetweerthe objectsin the
scene.Sincethe datastructuresstorethe propertiesandgeometricrelationshipsn a space(usuallyin
IES space)they areusuallycalledspatialdatastructues Thesespatialdatastructuregor variousRSAs
describespatialrelationshipausinga setof spatialregionsthatarecalledcells Furtherwe use?’ asa
symbolfor anarbitrarycell. The spatialregion(s)coveredby thecell 9/ is givenby the cell boundary
0. If acell V separatethe spacento two disjoint parts,we call it a sepaating cell. Practically this
meanghatif we denotethe partsinducedby thecell p andt, thenfor two pointsU,V,U € pandV € 1
musthold thattheline segmentUV mustcrossthe cell boundaryd?’. An exampleof a separatingell
is aninfinite planethatinducestwo halfspaces.

A morecommoncaseis whena cell andits boundarnyis of finite size,in which casewe call it closed
cell. Thentheinterior partint(/) of thecell 9/ is finite andis completelyseparatedrom the exterior
of thecell, denotedext(7"). Closedcellsarecommonlyusedin the spatialdatastructureghatunderlie
a particularRSA For the sale of conveniencewhenwe speakabouta cell we meanthe spatialregion
coveredby theinterior partof the cell, while the secondneanings the elementof a datastructurethat
representshe spatialregion.

A commonexampleof a closedcell is anaxis-alignedooundingbox whichis illustratedin Fig. 1.2.
Thisis a parallelepipedvith six faces(in IE%), eachtwo facesareperpendiculato the coordinateaxes
(theaxesof the standardasisof the space).Thesizeof the axis-alignedooundingbox is givenby two
extremepointsA andB. A pointU belongsto the axis-alignedboundingbox, if U; > A; andU; < B;,
assumingA; < B; for i € {x,y,z}. We further denoteby symbol 48(X) the axis-alignedbounding
box that tightly enclosesentity X, whereX standsfor an objector a cell. For short, 48 is alsothe
abbreiation for anaxis-alignedooundingbox.

z
B: .|

Azl

Ax

Bx
X

Figurel.2: Axis-alignedboundingboxin IE3.

Thecellsareorganizedin spatialdatastructures Basedon the useof cellsin spatialdatastructures
we candistinguishbetweerdifferenttypesof cells. Further therecanbe variousrelationshipetween
ary two cells. Below, we describesometerminologyto cover theseproperties.

We call a closedcell elementanyif its interior partdoesnot intersectthe interior part of ary other
elementancell. An elementarnyellis intendedo containthelist of pointersto the objectsthatintersect
the spatialregion covered by the elementarycell. It can also containother data, for example, the
descriptionof the relationshipto othercells locatedin its neighborhoodits size, position, etc. If the
elementarnycell containsat leastonepointerto the objectintersectinghe interior of the cell, we call it
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afull elementarycell. Otherwise we call it anemptyelementarycell. Suchan emptyelementarycell
is usefulin the sensehatthe spatialregion of the elementarycell containsno object. The emptiness
of the spatialregion is a pieceof informationthatcanbe usedin a particularRSA sinceno ray-object
intersectiorcanoccurwithin theemptyelementarycell.

If acell is not elementarywe call it a genericcell. A genericcell cancontainreferencedo other
genericcells, elementarycells, or to the objectsor even otherdatarequiredby a particularRSA The
cellsandobjectsreferencedn the genericcell usuallyintersectthe spatialregion coveredby the cell.
As we shaw later, genericcellsareusedto form spatialdatastructuresncludingthe hierarchy

Having describedhetypesof cells,we canaskaboutthe geometricakelationshipbetweerary two
cells,andtheir purpose We call two cells neighbos if the boundaryof thesetwo cellshasa non-finite
intersection.Theinteriorsof thesewo cellsaredisjoint. Anotherspatialrelationshipbetweenwo cells
is thatif acell 74 is completelycontainedin the cell 7%, we denoteit 7} € 7%. Differentgeometric
relationshipbetweentwo cells is when 7} patrtially intersects 4, i.e., 1N v, # 0, V1 & 15, and
V5 ¢ V1. Thelastpossiblegeometriaelationshipis whenthecellsaredisjoint, i.e., 74N 1% = 0.

Givenascenes with afinite setof objectsthatarealsoof finite size,we canconstruct2B($) asthe
smallest4B thatcontainsall the objectsfrom §. For the cell AB(.5) we canform varioussetsof cells
inside2B(S) andthenconstructtorrespondingpatialdatastructures Thesespatialdatastructuresan
bedistinguishedy thetypesof thecellsandthe propertiesbetweerthecells.

A spatialsubdivision(SSD)of acell Vs is afinite orderedsetSof cells,suchthatfor eachpointA € V5
thereexistsatleastonecell 7/, ¥V € S Ae 7.

An elementanspatial subdivision(ESSD)of acell 75 is a SSD,which is composeddf afinite ordered
setS of closeddisjoint, separatingandelementancells. Moreover, for eachpoint A € 1/ thereexists
exactlyonecell 7, ¥ € &, A€ int(V) or Alieson atleastonecell boundaryA € 0.

A hierarchical spatial subdivision(HSSD)of a cell Vs is a pair of two finite setsS andSy, whereS:
is asetof elementancellsandS, is anonemptysetof genericcells. Thecellsin S¢ andSy correspond
to the nodesof a graph. Moreover, & is ESSDandeachcell from & is pointedto atleastin onecell
from &.

The conceptof SSDis the leastrestrictve and still useful setof cells that can be utilized by an
RSA The only one conditionis that a point, possiblythe point on the ray, canbe locatedin a cell.
The conceptof ESSDis morerestrictive in the sensethatit cannotcontainary type of hierarchical
relationship. On the otherhand,HSSDis requiredto containthe hierarchicalrelationship. All these
spatialdatastructurescanbe the baseof variousRSAs andwe have describedhemherejust to point
outtheir differencesandcommonalities.

Althoughall theconceptsaabove caneasilybe extendedo lower or higherdimensionakpacein this
thesiswe dealwith RSAsin IE2 only. This is the mostimportantcasefor computergraphics. We do
not discussthe pair of pointsvisibility problemseparatelysinceit canalwaysbe corvertedto the ray
shootingproblem:If U andV arethe pointsfor testingmutualvisibility, we constructthe ray with its
origin in U anddirectionvectorD =V —U. If no intersectionbetweenthe ray and sceneobjectsis
foundbetweenhesetwo pointsusingary RSA thenU andV aremutuallyvisible. Otherwisethey are
mutuallyinvisible.

The pair of pointsvisibility problemis lessdemandinghanray shooting,sinceit doesnot require
us to computeexactly the point of intersectionwith the object. The resultis of Booleantype and
mustbe always correct— no approximatie resultis allowed. If the points are not mutually visible,
the computationcanbe acceleratedby cacing the objectsthatarelikely to beintersectedn theline
sgmentbetweenthesetwo points. In general,the pair of pointsvisibility problemcanthusbe less
computationallyexpensve thanray shootingusingspeciatechniquedncludingcachingof objectq164,
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43]. Thesespecialtechniquesare not the subjectof this thesis. The speedupachiered by usingthe
specialtechniquesnsteadof simply converting the pair of pointsvisibility problemto theray shooting
is dependentntheobjectconfigurationin the sceneandthealgorithmused.

However, eachRSAcanbesslightly modifiedfor a pair of pointsvisibility problem—whentraversing
somedatastructureand checkingobjectsfor the intersectionwith a given ray, we canstopwheneer
anintersectedbjectlying at somemaximumdistanceis found. Obviously, this modifiedRSAis more
efficientfor answeringpairsof pointsvisibility queriesandin theworstcaseit is of the sameefficiengy.

1.4 RelatedWork/Previous Results

Ray shootinghasbeenstudiedby the two researchcommunities;from the perspectie of computer
graphicsandcomputationabeometry In both groupsray shootingandothervisibility problemshave
attainedgreatinterestin thelasttwo decades.

1.4.1 Computational Geometry

Computationageometrytraditionally addressethe ray shootingproblemwith the aim of improving
worst-caseompleity using O-notation,but someattemptshave alsotried to handleaverage-caseom-
plexity. Theresearchasbeenparticularlyactive since1989.

More specifically in computationageometrythe ray shootingproblemis understoodas a special
instanceof therange-searchingroblem[6]. A typical range-searchingroblemis definedas: Let Sbe
asetof N entities(points,objects)in IEY andY beafamily of subsetof IEY, wherethe elementof Y
arecalledranges.Thegoalof analgorithmsolvingtherange-searchingroblemis to preprocesSinto
adatastructuresothatfor queryrangeu € Y, theentitiesin SN v canbereportedor countedefficiently.
Rayshootingis only onetype of geometricrange-searchingroblem.

Theray shootingproblemhasbeensolvedin IE? andIE® usingvariousapproachethatreachsimilar
querytime/space/preprocesg time compleity. Computationageometrytechniquesmostly restrict
theshapeof objectsto have certainpropertiesaccordingo adimensiorof spaceijn IE? to line segments,
simplepolygonswith N edgesN disjoint simple/conex polygons,in IE2 to convex polytopeswith N
facesN corvex polytopesterraindescriptionby continuoussurfacefunction (heightfields), triangles,
spheresand planarpolygons. The correspondindr SAthen utilizes the specialpropertiesof a given
objectclass.

Mathematicatools usedinsideRSAdncludesthe parametrisatioof oriented/unorientetines (two-
plane,sphereandespeciallyPlicker parameterizatiofiLl66]). Theimportantconceptsusedby compu-
tationalgeometrycover partitiondatastructuresncluding (1/r)-cutting[7], arrangementg], geodesic
triangulation[65], Steinertriangulation[14], etc.

Megiddo’s parametricseach techniqud8] is oftenapplied;the ray shootingproblemis thentrans-
formedto a sgmentemptinesproblem. Let usassumeN objects(preferablypolyhedralandconvex)
in the scene.A line segmentin IE® (IE?) is checled for intersectiorwith objectsusingsomesegment-
intersectiordatastructurethattakes O(logN) time. Thedetections appliedusingabinarysearcho find
out thefirst objectintersectedhusresultingin O(log?N) querytime for ray shooting. The parametric
searchtechniquehasbeensuccessfullyappliedto trianglesandspheresn IE3. Usually, onesearching
datastructureis pluggedinto anothersearchingdatastructure,anda parametricsearchis performed.
The spaceandquerycompleity of thedatastructuresletermingheresultingpropertieof the RSA

Thereare several bestresultsfrom which we cantracethe tradeof betweenquerytime and space
compleity. Herewe discusdE® spaceonly, which is of majorinterestfor computergraphics Mark de
Berg introducedhe RSA[22] with O(logN) time complexity using O(N*+¢) storageandpreprocessing
time for ary € > 0. His Ph.D.thesisincludesspecialcasessuchas ray shootingwith raysfrom a
fixed pointor in afixeddirectionin a spaceof axis-parallelpolyhedrac-orientedpolyhedraarbitrary
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curtains,andgeneralpolyhedra. His mainideais to usePlicker representatiomf ray spacefor both
theinput ray andthe representationf objects’edgesandthento apply a point locationsearchin this
IE®> space.Agarwal andSharir[9] presentech methodthatfor M possiblyintersectingpolyhedrawith
atotal of N facesin O((M.N)?*¢) storageandpreprocessingme reachesO(log?N) querytime. This
is a significantimprovementover the previous approactgivenby deBerg, if M < N. Optionally they
discussedhe approachwith O(N'+€) storageand preprocessingime that reachesO(MY4 N1/2+€)
querytime. MohabarandSharir[111] presentec@nalgorithmwith O(N3t¢) storageandpreprocessing
time with O(N¥) querytime for a setof sphereqor otherobjects). More recently Agarwal et al. [5]
publishedan algorithmwhich, for a setof spheresor moregeneralobjects,has O(N3*¢) storageand
preprocessingme andreachesO(Iog“N) querytime.

There have also beenrecentattemptsto attackthe ray shootingproblemfrom the viewpoint of
average-caseompleity. This includesthe conceptof C-compleity for querysensitve RSA [110].
In this casethe complity of a ray shootingqueryis consideredn relationto the scenecompleity
alongthe specificray path.Undersimplifying assumption$or objectdescriptionusingball covering,a
PM kd-tree[125], andboundingboxing, it is possibleto achiere O(N.logN) preprocessingime with
O(N) storagewhenthe ray shootingguerytime correspondso the C-complexity of this specificray.
Otherapproacheaimedat average-caseompleity usetriangulation,especiallyminimumweighttri-
angulationand Steinertriangulation[14]. The ideahiddenbehindthe techniquess straightforvard,;
assumingarbitraryraysdo not hit any objectin spacethentherayscrossaminimumnumberof bound-
ariesof decompositioron average.Unfortunately the compleity of thealgorithmsthatconstructhese
minimum size decompositiongven in IE? belongsto the NP-hard classor is unknavn and thusthe
approachebave to utilize someheuristicthatcanproduceresultsthatcanbefar from optimum.

Thereareseveralalgorithmicproblemscloselyrelatedto ray shooting;the existenceof stabbingfor
agivenray andsetof objects,the existenceof a stabbingline for a given setof objects,a moving line
sgmentamongobstaclesgetc. The mostrecentsuney paperson ray shootingin the computational
geometryfield werepublishedoy Agarwal andErickson[6] andPellegrini [117].

Themainproblemof ray shootingtechniqueslevelopedin thefield of computationajeometrypar
ticularly aimingatworst-caseompleity, is theirinapplicabilityin practice.First, thisinapplicabilityis
causedy ratherdifficult implementatiorof thesetechniquesthe restrictionto objectclassesequired
by thesetechniquesthe worst-casespacecomplexity reachingat leastO(N?®), andthe unavailability
of ary practicalimplementations Especially the spacecompleity for the underlyingdatastructures
of RSAsseverely limits the useof thesetechniquego hundred(s)f objectsapproximatelywhich is
unacceptabléor practicaluse.This restrictionholdsevenfor techniquesppliedto IE? space.

Similarly, to the bestof our knowledge, thoseaverage-casgechniquesdevelopedin the field of
computationaeometrythatarepotentiallypromisingfor somepracticaluse,andthataresimplerfrom
theimplementatiorpoint of view, have notbeenimplemented.

1.4.2 Computer Graphics

The computergraphicscommunityhasdevelopedits own RSAs startingafterintroductionof ray trac-
ing [160]. Thefirstapplicationdn computemgraphicghatstronglyrequiredsomeRSAwereray-casting
andray-tracing;at presenimostnew globalillumination algorithms[149, 20] aimingat photo-realistic
imagesynthesisalsousesomeRSA Thealgorithmsfor ray shootingdevelopedwithin thefield of com-
putergraphicsare of a heuristicnature,and do not follow the conceptof worst-casecompleity, but
ratheraverage-caseompleity andpracticalfeasibility.

At presenthereareseveralknovn RSAsa substantiapartof whichis listed below. In the published
papergheseRSAsarecalledacceleation techniques acceleation methodsacceleation schemesetc.
TheseRSAsusuallyassumehataray-objectintersectiortestis availablefor eachshapeof object,which
allow usto usegeneralshapeof objects,unlike the RSAsdevelopedin thefield of computationabe-
ometry It is alsocommonlyrequiredthatanaxis-alignedoundingboxtightly (or boundingvolumein
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generalseeSubsectiori.6.1)enclosinganobjectfor anarbitraryshapeof the objectcanbe computed.

The mostcited surney on RSAswasgivenin Glassnes book[18] by Arvo andKirk. RSAswere
alsosuneyed by Foley [47] andby Watt andWatt [157]. A morerecentandfuller surney on RSAs
waspresentedn Simiakakis’Ph.D.thesis[132]. The Arvo/Kirk’s suney, althoughvery systematicis
becomingobsoletesinceit doesnot cover developmentsn thelastdecadelt alsodoesnot containary
quantitatve comparisorof RSAs Thesameholdsfor othersuneys. Similarly, thesurey by Simiakakis
doescover developmentssince1995.

Further we presenta list of algorithmictechniguesdatastructuresandissueshat have beendealt
in the context of RSAstogethemwith the mostimportantcitations::

e basicspatialdatastructures

— boundingvolumes[123]
— boundingvolumehierarchy[158, 96, 63, 147
— spatialsubdvisions
* binaryspacepartitioning(BSP)tree[94, 148 82, 8(]

* kd-tree [105, 30, 15, 144, 145, 82, 8(]
x octrees(including Octree-R)[59, 139, 126, 118 45, 159 54, 147, andmary others,

(for sunwey, see[74])
* uniformgrid [53, 33, 90, 45,163
* non-uniformgrid [57]
* hierarchyof grids[93, 100, 90, 25, 26]
* Voronoidiagram[106]
— ray classificatiorschemd17, 133 132, 107
— ray coherenceéheorem116, 89

e augmentingspatialdatastructures

— macroregions[41]

— pyramidclipping [156]

— proximity clouds[38]

— directedsafezoneq124]

— largestcommontraversalsequencé§r/8|

e additionalimprovementdor spatialdatastructures

— ray cache(mailbox)techniqug23, 12, 97]
— ray boxingtechniqud136, 163

e specialtechniques

— handlingCSGprimitives[23, 32, 165 56, 167, 113
— planetraversal[49]
— hierarchyof 1D sortedlists [51]
— object/raycoherencg64]
— generalizedays
* beamtracing[87]

% conetracing[11]
* penciltracing[131]]

— techniquedor restrictedsetsof rays

 fixing the origin of rays(including hiddensuriaceremoval, i.e., ray casting)[55, 155

77] andmary others.
x fixing thedirectionof rays[101, 77]

1Thefull list of BibTeX entriescanbe foundat: http://iwww.cgg.cvut.cz/"havran
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e specificissues

— terminationcriteriaandheuristicsfor constructingspatialdatastructure§146]

— memorystorage/accesssueqd120, 73]

— performancepredictionof RSAs[122]

— acceleratiortechniqueso generatéhesequencef imagedq50, 19, 60, 108 121, 92, 28, 67,
29, 114

— coherencgl56, 95|

— hybrid spatialdatastructuregmetahierarchies]16]

— compleity analysisandcomparisorof RSAs[128, 49, 45,33, 69, 109, 152, 153 150, 151,
107, 48, 74, 85, 86]

Someof the techniquedisted abose can be combinedtogetherto get a more efficient RSA For
example, the ray cachetechniquecan be pluggedinto nearly all RSAs Moreover, a more general
conceptknown as meta-hiearchies which combinesthe basic spatialdatastructuresinto one, was
proposedy Arvo [16], but no constructioralgorithmfor sucha meta-hierarchyrasbeenproposedet.

A detailedreview of all thesetechniqueswould be rather spacedemandingand would requirea
separataeview publicationof major extent. For this reasonwe recallin this chapteronly the most
importantfactsconcerningRSAswhich arenecessaryor anunderstandingf therestof thethesis.

1.5 Complexity of RSA

Thetheoreticacompleity boundsusing O-notationfor ray shootingoroblemwereaddresseih aseries
of papershy Szirmay-KalosandMarton(chronologicallycited: [107, 48, 150, 151, 152 153).

Sincetheir resultsare importantfor understandinghe contritution of this thesis,we malke a brief
suney of their work here. The interestedeaderis advisedto studythe paper[153] for more details.
Most of this sectionfollows the mainresultsof this paper

Szirmay-Kalosand Marton statethat worst-caseoptimal RSAsare both difficult to implementand
practically infeasibledue to the their prohibitve memoryand preprocessingime compleity. They
presentthe conceptof a “good” RSA which shouldrun in sublineartime after sub-quadrati@repro-
cessingwith linear spacecompleity. They shav why heuristicRSAsare usedin globalillumination
andtheirworst-caseindaverage-caséme compleity.

They proposea complementeplane algorithm that solves the ray shootingproblemin O(logN)
compleity with O(N®) spacecompleity for ageneraklassof corvex objectsin IE3. The mainideais
to defineray spaceusingthecomplementarplaneperpendiculato aninputray. Therequiredcomple-
mentaryplanefrom a setof suchplanesfor a givenray canbefoundusingapointlocationsearch.The
numberof topologicallydifferentprojectionsof objectsto the planeis finite, andthusthewhole search
spaceof complementarylanesis alsofinite. The numberof objectsprojectedto ary complementary
planeis againfinite, which alsoboundsthe searchspace.The numberof intersectionswvith objectsfor
a singleray is alsofinite, which discretiseghis searchspace.As a result,all the threesearchspaces
(complementarplane,the positionof the ray projectedon the complementaryplane,andthe position
of the objectalongthe ray path) canbe searchedising point location. This is the classicalproblem
in computationalgeometry solvable using balancedbinary treesin O(logN) time. As a result, the
proposedRSAreachesO(logN) time with O(N8) spacecompleity, which is very prohibitive for ary
practicaluse.

Theirnext resultis thelower boundof spacecompleity for ary worst-casdR SAworkingin O(logN)
time compleity. They shawv thatthis lower boundis Q(N#) in worst-casewhichis still prohibitive for
ary practicaluse. They further shaw the lower boundof worst-casecompleity of ray shootingasa
problemitselfis Q(logN).

They alsoprovide anaverage-casanalysif heuristicRSAs They proposeheconcepbf aprovoca-
tive RSA assumingheray origin is fixedin the space.The basicideaof the provocatve RSAIs to sort
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objectsaccordingto their distancefrom the origin point of aray in O(N.logN) time. A ray shooting
queryis solved by checkingthe intersectionwith the closestobjectfirst andthe farthestobjectlast,
resultingin O(N) time compleity in theworstcase.They analyzethe average-caseompleity of this
provocatve RSAfor a setof sphere®f the sameradiusuniformly distributedin the scene.They shav
thattheaverage-caseéme compleity of a provocatve RSAfor thescends formally O(1), andthisalso
holdsfor a scenewith randomlydistributedsphere®f varyingradii [107].

They statethatalmostevery heuristicRSAbasedon spatialdatastructuredhasa commonideain the
provocatve RSA Theunderlyingspatialdatastructuredry to representhedistancebetweertheobjects,
not from a singlepoint. To save the distancefrom all possiblepositionswould requireinfinite storage
space.The spatialdatastructuref heuristicRSAsusesomeapproximatiorthatsubdvides spaceanto
finite spatialregionsfrom wherethe objectscanbe roughly sortedaccordingto their distance. They
supporttheir theory by resultsof simulationfor randomlydistributed spheredor uniform grids [53],
ray coherenc¢116], ray classificatior17, 133, andthe Voronoidiagram[106].

They concludewith the statementhatthe fundamentabssumptiorof uniformly distributed objects
in the scenecanbeviolatedin mostcasesn practice.We may remarkthatmary sceneghatrepresent
the realworld requirea lot of free spacen them. The inhabitablestructureformedby humansmust
containmuchfree spacgust to allow movementof humansandanimalsandtransportof things(e.g.,
streetsgcorridors,rooms).

The unknavn multiplicative factorhiddenbehind O-notationandthe assumptioron uniformly dis-
tributedobjectsin the scenedisabledair comparisorof the heuristicRSAsusingcommonformal com-
plexity tools— O-notation. A significantquantitatve differencein performanceof heuristicRSAshas
beenobseredin mary paperg144, 109, 49, 44], althoughtheseRSAshave theoreticalO(1) average-
casecompleity for scenesvith randomlydistributedobjects[153].

Theaverage-casanalysidor practicalsceneshathave a distribution of objectsuncatchabléy sim-
ple mathematicatoolstypically usedfor this purposeemainsanunsohed problem.If thedistribution
of objectscannotbe describedby several parametersit raisesthe questionof whetheran analysisis
a sohable problemfrom a theoreticalpoint of view at all. For this reasonthe performanceof RSAs
is practicallycomparedn setof testscenesysingfor examplethe scenedrom Standad Procedual
Databasgabbreiatedto SPD throughouthethesis)introducedoy Haines[69].

PapersaddressingheuristicRSAsin the pastusedonly a subsetof SPD scener a private setof
scenesgcontainingtypically from 3 to 6 scenes.Researchsupportedby experimentson sucha low
numberof sceness not statisticallyrelevant. Further the differentimplementatiorof referenceRSAs
andthe useof hardware-dependeriming statisticsratherthan hardware-independercharacteristics
hasmadea fair comparisorof work publishedin variouspapersratherinfeasible. Additionally, it is
not known whetherSPD scenes- althoughbeingscalable- offer a goodrepresentaie setof scenes
suitablefor testingof RSAs As aresultof all the factorsmentionedabove, the papersaboutheuristic
RSAsublishedn the pastoften containmutually contradictorystatements.

1.6 BasicTechniquesusedin RSAs

In this sectionwe presenta shortsuney of heuristicRSAs sincetheseare further elaboratedn the
thesis. For a more detailedstudy the readeris referredto the surveys by Arvo andKirk [18] and/or
Simiakakis[132], or to theoriginal paperscited here.

RSAdasednbasicspatialdatastructurediave in practicealowertime complity thananave RSA
They useeitherspatialsubdvisions[18, 157], hierarchicalclusteringof objects[25], or acombination
of theseprinciples[100]. Below we describeall commonlyusedspatialdatastructures.
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1.6.1 Bounding Volumes

A nave RSAtestsevery objectfor intersectiorwith agivenray. Theray-objectintersectiortestitself can
be anexpensve operation particularlyfor someshape®f objects(NURBs andothersplinessurfaces,
polygonswith mary edgesetc). Thereforat is advantageouto enclosdightly theobjectin abounding
volumewith a simpleray-objectintersectiortest. Practically the boundingvolumeof anobjectO is a
cell ¥ for which holdsON ¥ = O. If aray intersectghe objects’boundingvolume, anintersection
betweertheray andthe objectis performed.If aray doesnotintersectheboundingvolume,it cannot
intersecthe objectandthusa substantiapartof the computatiorcanbe avoidedon average.

A simple boundingvolume is a sphere,which hasa particularly simple ray-objectintersection
test[61]. The secondpossibility is to usetight 2B of the object. Anotheralternatve is to usear
bitrarily orientedrectangulaparallelepiped$18], also called slabs. The requirementgposedon the
propertiesof a boundingvolumeareasfollows:

Tightness: If aray intersectghe boundingvolume,thenthe probabilitythatthe ray alsointersectghe
objectis high.

Efficieng/: The time compleity of the intersectiontest betweena ray and the boundingvolume is
small.

Sometradeof mustbe soughtfor thesetwo requirements An exampleof boundingvolumeis the
abore-mentioned4B. The useof boundingvolumesfor the datastructureof RSAsasdescribedabore
is moregeneral- boundingvolumescanbe usedbothinsideboundingvolumehierarchiesandalsoin
the spatialsubdvisionsdescribedelow.

1.6.2 Bounding Volume Hierar chies

A naturalextensionto boundingvolumesis a boundingvolumehierarchy (abbreiatedto BVH further
in thethesis) whichtakesadwantageof hierarchicatoherenceGiventhe boundingvolumesof objects,
ann-ary rootedtreeof the boundingvolumesis createdvith the boundingvolumesof the objectsat the
leaves. Eachinterior nodev of BVH correspondso the boundingvolumethatcompletelyencloseshe
boundingvolumesof the subtreerootedat v.

The hierarchyprovides naturally the methodfor testinga ray with the objectsin the scene.If the
ray doesnot intersectthe enclosingboundingvolume at the root node, it cannotintersectary object.
Otherwise the hierarchyis recursvely descendedgainonly for thosenodesof BVH whosebounding
volumeswere intersectedoy theray. The interestingproperty of BVH is that althougha bounding
volumeof anodealwayscompletelyincludesits child boundingvolumes thesechild boundingvolumes
canmutuallyintersect.Themethodfor automatiacconstructiorof BVH wasfirst describedy Goldsmith
andSalmon[63]. Theconstructiorof BVH proceed$ottom-upandis object-orientedit doesnothave
the propertyof ESSDor HSSD, sincethe boundingvolumesoverlap.

1.6.3 Spatial Subdivisions

A numberof basicheuristicRSAdlevelopedn thepastarebasedn spatialdatastructureshatsubdvide
thespatialregion of asceneanto cells,mostlyusingamethodknown asdivideandconquer Theresultis
approximatie orderingof objectsin spaceaccordingto their distanceamongthe objects.The distance
is somehav encodednto the propertiesof the spatialdatastructureswhich are usuallycalled spatial
subdivisions The quality of the distanceencodingand the easeof accessinghe distancein spatial
subdvisions directly effects the performanceof the correspondindRSA which traversesspatialdata
structuresandfinally producesaresultfor a givenray shootingquery The basicspatialsubdvisions
weredevelopedby sereral authorg[95, 53, 59] andaredescribedn moredetail belov. The common
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principle of all spatialsubdvision structuress to subdvide thecell 7 correspondingo the sceneaB
into a setof cells Sy by a setof boundariess;,,. In termsof terminologygivenin Section1.2, the
principleis to createESSDor HSSDfor initial cell 7/, whereeachelementarycell containsa list of
pointersto objectsfully or partially containedn the cell. The geometryof ESSD/HSSDfor known
spatialsubdvisionsexcluding Voronoidiagrams[106], is inducedby splitting planesperpendiculato
oneof thecoordinateaxes.

Using spatial subdvisions, the correspondindgRSAlocatesthe elementarycells along the ray. If
ary intersectionexists betweena given ray andan objectbelongingto the elementarycell, andif the
correspondingntersectionpoint lies inside the elementarycell, thenthe answerto the ray shooting
queryis found. If thereare more objectsfound to be intersectednside the cell, the closestone is
selected.If no objectwith anintersectionhasbeenfound or if the intersectionpoint lies outsidethe
currentlyprocesse@lementarycell, the computatiorproceedso the next elementarycell alongtheray.
Thealgorithmidentifying the cellsalongthe ray pathis calledthe ray traveisal algorithm An RSAis
thuscomposeaf anunderlyingspatialdatastructureanda correspondingay traversalalgorithm.

Somespatialsubdvisionsrequireto have elementarycells of the sameshapeandsize. Thecommon
property of spatial subdvisions, unlike BVH, is that the elementarycells are always disjoint (non-
overlapping). The constructecelementarycells are eitheraddressedlirectly or from the hierarchical
cells. The constructionof spatialsubdvisions usually proceedsn a top-downway. The conceptof
spatialsubdvisionsis space-oriented

Sincewe dealwith RSAsasedon spatialsubdvisionsin detailin therestof thethesiswe continue
belav with a descriptionof the mostcommonlyusedspatialsubdiisions.

1.6.3.1 BSPTreesand Kd -Trees

A Binary SpacePartitioning (BSP)treeis a spatialsubdvision that canbe usedto solve a variety of
geometricaproblems.It wasinitially developedasa meansof solving the hiddensurfaceproblemin
computergraphicg52]. It is a higherdimensionabhnalogyto the binarysearchiree. TheBSPtreehas
two majorvariantsin computergraphicswhich we call axis-alignedandpolygon-aligned

Thepolygon-alignedorm [52, 66] chooses planeunderlyingthe polygonasthesplitting entity that
subdvidesthe spatialregion into two parts. The scenes typically requiredto containonly polygons,
which is too restrictive for ray shootingapplications We do not dealwith the polygon-alignedorm of
BSPtreehere.For asuney andapplicationof thetechniquesasedn the polygon-alignedorm of the
BSPtreeseefor example [43, 117.

In the axis-alignediorm of the BSPtreethe splitting entity is the planethatis alwaysperpendicular
to oneof coordinateaxes. The conceptwasfirst usedfor an RSAby Kaplan[94]. Sincethe splitting
planesare perpendiculato the coordinateaxes, the spatialsubdvision is alsocalleda rectilinearBSP
treeor anorthogonaBSPtree. Sincein mostof thethesis(Chapterd—7)we dealwith the axis-aligned
form of the BSPtree,we describét in greaterdetailthanotherbasicspatialdatastructures.

A BSPtreefor a setS of objectsis definedasfollows: Eachnodev in the BSPtreeis associated
with its axis-alignedboundingbox A4B(v), whichis acell. Thecell associateavith theroot of theBSP
treeis the axis-alignedooundingbox A3 of all objectsfrom S. Eachinterior nodev of the BSPtree
is assigneda splitting planeH, thatsubdvides 28(v) into two cells. Let H," bethe positive halfspace
andH,  thenegative halfspacéoundedy H,. Thecellsassociatedvith theleft andtheright child of v
are28(v) NH; andA2B(v) NH, , respectiely. Theleft subtreeof v is aBSPtreefor the setof objects
S = {sNH; # 0|s € S}, andtheright subtreeis definedsimilarly. Eachleaf nodevE may contain
alist of objectsS,e thatintersectthe axis-alignedooundingbox A8(vE) associatedvith vE. Whena
leaf containsat leastoneobject,we call it afull leaf. Otherwisewe call it anemptyleaf. We call acell
AB(vE) associateavith theleafvE aleaf-cell For the sale of corvenienceljet Ichild(v) denotea left
child of nodev andsimilarly let rchild(v) denoteits right child.

An exampleof a BSPtreein IE? is depictedn Fig. 1.3. In termsof terminologygivenin Sectionl.2
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theleaf of a BSPtreecorrespondso the elementarycell of HSSDandthe interior nodeto the generic
cell of HSSD.
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Figure1.3: An exampleof the BSPtreein IE2.

The orthogonalityof splitting planesin the BSP tree significantly simplifies the intersectiontest
betweera ray andthe splitting planes. The costof computationof the signeddistancecorresponding
to theintersectiorpoint betweera ray andthe axis-alignedsplitting planeis roughly threetimeslower
thanfor anarbitrarypositionedplane(for a detailedexplanation seeSection4.2).

A BSPtreeis usuallyconstructedierarchicallyin top-davn fashion,asoutlinedin the pseudocode,
Algorithm 1. At acurrentleafv a splitting planeis selectedhatsubdvides 2B(v) into two cells. The
leaf thenbecomesan interior nodewith two new leaves. The objectsassociateavith v aredistributed
into its two new descendantsThe processs repeatedecursvely until certainterminationcriteria are
reached.Commonlyusedterminationcriteriaarethe maximumleaf depthandthe numberof objects
associateavith theleaf.

Algorithm 1 BSPtreeconstructionyecursve versionof thealgorithm.
procedureSubdvide(CurrertNode, Currert TreeDeoth, Current SubdividingAxig
if ((CurrertNode containstoo mary objects)
and(CurrerntTreeDgathis nottoohigh)) then

Childrenof CurrertNode <+ CurrertNode's BoundingVolume
{Notethat child[0].maxDividingAxisand child[1].min.DividingAxisare alwaysequal }
if CurrerntSubdividingAxis= X-Axis then
child[1].min.x « mid-pointof CurrertNode's X-Bound
child[0].maxx < mid-pointof CurrertNode’'s X-Bound
Next SubdividingAxis«+ Y-Axis
elseif CurrentSubdividingAxis= Y-Axis then
child[1].min.y +— mid-pointof CurrertNode's Y-Bound
child[0].maxy < mid-pointof CurrertNode's Y-Bound
NextSubdividingAxis«+ Z-Axis
elseif CurrentSubdividingAxis= Z-Axis then
child[1].min.z +- mid-pointof CurrertNode's Z-Bound
child[0].maxz < mid-pointof CurrertNode's Z-Bound
Next SubdividingAxis«+ X-Axis
endif
for all objectsreferencedn CurrertNode do
if the objectis within children'sboundingvolumethen
addtheobjectto thechildren's objectlist
endif
endfor
Subdiide(child[0], CurrertTreeDeth + 1, Next SubdividingAxig
Subdvide(child[1], CurrentTreeDepth + 1, NextSubdividingAxig
endif
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An importantfeatureof theaxis-alignedorm of the BSPtreeis its adaptabilityto thescenggeometry
thatis inducedby the possibility to positionthe splitting planearbitrarily. Traditionally the splitting
planeis positionedat the mid-point of the chosenaxis, and the order of axesis regularly changed
on successk levels of the hierarchy[94]. Anothermethodusesadaptve positioningof the splitting
planeswhenthe position of the splitting planeis chosenalongthe whole rangeusing a surfacearea
heuristic[105] (describedn Chapter).

The positioningof the splitting planeis sometimesisedto distinguishbetweerthe BSPtreeandthe
kd-tree,which wasintroducedoy Bentley [21] in 1975.Conceptuallythe BSPtreeandthe kd-treeare
equialent. Theimportantfeatureof the kd-treeis thatit alwayshasaxis-alignedsplitting planesunlike
the BSPtree. In someliterature,the axis-alignedorm of the BSPtreeis only atype of kd-treewhere
the splitting planealwayslies at the mid-pointof the currentbox resultingin two childrenwith cells of
equalsize.In someotherliterature theaxis-alignedorm of the BSPtreecanhave arbitrarypositioning
of the splitting planesandis thusequalto the kd-tree. In this thesis,a BSPtreerefersto abinaryspace
partitioningin the axis-alignedorm thatalwaysusesmid-pointpositioningof the splitting planes.The
kd-treecanhave arbitrarily positioningof the splitting planes.Thusary BSPtreeis a kd-tree, but not
vice versa.The positioningof the splitting planescansignificantlyinfluencethe performanceof RSAs
basednthe kd-tree,particularlyfor sparselyccupiedscenes. Thisis describedn detailin Chapter4.

Algorithm 2 The BSPtreeandthe kd-treeray traversalalgorithm,recursve version.
functionRayTreelntersect(raiR, node, min, max: objea
if nodeis emptythen
RayTreelntersect- "no intersection”
else
if nodeis aleafthen
Intersectray R with eachobjectreferencedn theleafdiscardingthosefartheraway thanmax
RayTreelntersect the”objectwith the closesintersectiorpoint”
else
t « thesigneddistancealongray to the splitting planeof the node
Near « thechild of node for half-spacecontainingthe origin of R
far < the”other” child of node—i.e. notequalto near
if (t>max and(t < 0) then
{Wholeintervalis on nearcell — recuision .}
RayTreelntersect— RayTreelntersect(Rpear, min, max
else
if t < minthen
{Wholeintervalis onfar cell —recursion.}
RayTreelntersect— RayTreelntersect(Rfar, min, max
else
{Theray intersectsheplane—recuision}
hitData+ RayTreelntersect(Rpear, min, t) {Testnearcell.}
if (hitDataindicateshattherewasa hit) then
RayTreelntersect— [hitData]
else
{Theewasnohit in thenearcell —testfar cell.}
RayTreelntersect— RayTreelntersect(Rfar, t, max
endif
endif
endif
endif
endif

Given a ray and a BSPtree, the ray traversalalgorithm identifieselementarycells along the ray.

23parselyoccupiedscene(alsocalled unevenly occupiedscene)is sucha scenewherethe distribution of objectsin the
scends non-uniform.Most of the spacen the scends thenempty
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Therearea few variantsof the ray traversalalgorithmfor the BSPtree, they arefurther elaboratedn
Chapter5. Here,we shortly describeonly the recursie ray traversalalgorithm for BSP tree, which
is outlinedin the pseudocodeAlgorithm 2. The basicideaof this algorithmis thatfor eachnodewe
identify oneof four possiblecasesto traverseonly theleft child, only theright child, theleft child first
andthenthe right child, or theright child first andthentheleft child. Whenwe descendo theleft or
right child, we recursewith the samealgorithm.

1.6.3.2 Octrees

An octree(Octaltree)in IE® is a spatialsubdvision thatis similar to the quadtreg127] in IE? spacelt
is alsobuilt recursvely in top-davn fashion but unlike to the BSPtreetheinitial cell 7 is not split into
two cellsbut into eightcubiccells(in IE" spacento 2" cells). The cubiccellsof theoctree oftencalled
octants lie atvariousdepthsrom theroot nodeandthusthey varyin size. Theoctreeitself cansene as
therepresentationf a three-dimensionabbject[127]; in this casethe learesof the octreearemarked
eitheremptyor full. The useof the octreefor RSAwasintroducedby Glassnef59]. Cellswith high
objectoccupang canberecursvely subdvided into smallerandsmallercells, generatinghew cellsin
theoctree.

Theaddressingf child nodeswhenaccessingheinterior octreenodeis providedby directpointing
or hashing.In the former casethe interior nodehasto containeight pointersto its descendantdn the
latter casethe addresof the child nodesusedfor hashingis usuallyformedby postfixingor prefixing
the parentaddresdy digits from 1 to 8 correspondingo the geometricapositionof the child node,as
depictedn Fig. 1.4. Numberingthe nodeshis way (insteadof from 0 to 7) losesthe octal purity of the
original schemebut improvesthe hashingtself [59].
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Figurel.4: Octreespacepartitioning.

Theray traversalalgorithmfor the octreeis morecomplicatedhanfor the BSPtreeor the uniform
grid (seesubsectiorbelan). Eachray intersectingan octreenodecanvisit at mostits four of eight
descendantgndthe computationof their orderto be visited alongthe ray pathis thusmoreinvolved
thanfor the BSPtree. The time consumedy a ray traversalalgorithmfor the octreeis given by the
efficiengy androbustnes®f thealgorithmdeterminingwhich child nodesareto bevisitedandin which
order Recentlyasunwey [74] dealingwith ray traversalalgorithmsfor the octreehasbeenpublished.

The octreenaturally exploits spatialcoherencébecausehe objectsthat are closeto eachotherin
spaceare referencedn leaves that are closeto eachotherin the octree. The commontermination
criteriafor octreeconstructionarethe sameasfor the BSPtree: the maximumallowed depthandthe
minimum numberof referenceso objectsin theleaves.

The propertiesof the octreethatarerelatedto the RSAcanbe comparedo the propertiesof kd-tree
(orthe BSPtree).However, therearecasesvherethe performancef RSAasedn theoctreeandthe
RSAbasedon the kd-tree significantlydiffer. We shouldnotethatthe geometryinducedby the octree
canbe simulatedby the BSPtree, but the octreehasa moreregular structure. Dependingon the ray
traversalalgorithm, the order of all the octantsto be visited in the ray traversalalgorithmis usually
determinedevenif the ray canterminatealreadyin the first octant. Smalloccupang of the leavesfor
sparselyoccupiedsceness thenext disadwantageof theoctree. Theemptyneighboreavesin theoctree
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have to bedeterminedandtraversedwhereasn the caseof constructiorof the BSPtreeit is likely they
would berepresentethy a singleleaf. The smalloccupang of leavesimpliesrelatively large memory
requirementsor octreerepresentation.

Thereis a variant of the octreecalled Octree-R[159] that resultsin arbitrary positioningof the
splitting planesinsidetheinterior nodes.The differencebetweenthe octreeand Octree-Ris similar to
that betweerthe BSPtreeandthe kd-tree. The smartheuristicalgorithmfor positioningthe splitting
planesinside the octreeinterior nodeis appliedindependenthyfor all threeaxes. Thenthe speedup
betweenthe octree-Randthe octreecanbe from 4% up to 47%, dependingon the distribution of the
objectsin thescend159].

1.6.3.3 Uniform and Non-Uniform Grids

A uniformgrid is anotherommonspatialsubdvision usedn RSAs It involvesthesubdvision of initial

cell 7 into equallysizedelementarycellsformedby splitting planesthatareaxis-alignedregardlesf
the distribution of objectsin a scene.In termsof introductoryterminologythe uniform grid is ESSD.
The n-dimensionalgrid resembleghe subdvision of a two-dimensionakcreeninto pixels. A list of
objectsthatarepartially or fully containedn thecell is assignedo eachparallelepipedell (alsocalled
avoxelin IE space). The uniform grid in the context of RSAwasfirst introducedby Fujimoto [53].

The ray traversalalgorithmfor a uniform grid hasbeenimproved by several researchersincluding

Hsiung[90] andEndI[45].
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Figure1.5: An exampleof theuniform grid in IE2.

Sincethe uniform grid is createdregardlessof the occupang of objectsin the voxels, it typically
forms mary morevoxels thanthe octreeor the BSPtree,andthereforeit demandsecessargtorage
space Neverthelesstheray traversalalgorithmfor the uniform grid canbe performedvery efficiently,
sincethevoxelsareof thesamesize.

Theray traversalalgorithm,oftenreferredto as3D-DDA, is analogougo the Bresenhanalgorithm
for drawing astraightline in IE? rasterspaceandthusrequiresasimpleoperatiorfor eachtraversalstep
(addition,subtractionandcomparison).

Thedisadwantageof theuniform grid is thattheoccupang of mostvoxelscanbevery small,particu-
larly for sparselyoccupiedsceneslin this casearay typically hasto traversemary emptyvoxelsbefore
hitting the full voxel. Sincein sparselyoccupiedscenesnostobjectsarelocatedin a relatvely small
numberof all thevoxels, thefull voxels containmary referenceso objects.Thesevoxelsarecostlyto
checkfor intersectiorwith theray. Theuniform grid doesnot adaptto the distribution of the objectsin
thesceneandin theworst-caséheimprovementof anRSAbasedntheuniformgrid over anave RSA
neednot besignificant.

The uniform grid was analyzedby Clearly and Wyvill [33]; they shaved that the optimal subdi-
vision for oneaxis is k = dyoxer v'N voxels and the minimum total time per ray then correspondso
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tmin = cong.+/N for N objectsof the sameshapeandsizethatareuniformly distributedin space.The
parameted,oxel denotes/oxel density— therequiredratio betweernthe numberof voxelsandthe num-
berof objects.Therequirednumberof voxelsis thenn, = N.d,oxel. We call this methodfor settingthe
resolutionof the uniform grid a homa@eneouanethodsinceit disregardsthe shapeof the scene43B.
Theshapeof thevoxel is asmallcopy of thescene4B.

In orderto getamoreefficient RSAbasednauniformgrid, othermethodgor settingup theuniform
grid resolutionhave beendeveloped(mostof themin the contet of hierarchicalgrids as described
below).

In orderto achieze amorecubicshapeof voxelsWoo [163] useshemethodof settingup the uniform
grid resolutionthatwe call hereWoo’s method Let %, y, andz bethe sizeof the scene4B in all three
axes.Thento getn, voxelsin theuniform grid thefollowing formulasareused:

c=MAX(X,¥,2), N =N.Oyoxel, U= V3 Ovoxel-Nr
X y z
Ny = MAX(1,— = MAX(1, — N, = MAX(1, — 1.2
X ( ’U.C)’ Ny ( ’U.C)’ z ( ’U.C)’ ( )
whereNy, Ny, andN; is the numberof voxelsalongthex, y, andz-axis.

Similarly, Klimaszevski [100] developeda methodto setthe resolutionof the uniform grid that
we call herea hetengeneousmethod In orderto getn; voxels, the heterogeneoumethodusesthe
following formulas:

o/ Np.28 "
Xy Ny.N;

The non-uniformgrid wasproposedoy Gigante[57]. In the non-uniformgrid the splitting planes
arealsoaxis-alignedput alongthe axisthey canbe positionedarbitrarily. Non-uniformgridscanhave
a betterfit of voxelsto the scenegeometry sincefor sparselyoccupiedsceneshey put moresplitting
planesto the spatialregionswith higherobjectoccupang. The positioningof the planesis performed
accordingto the histogramof objectsalongthe coordinateaxes. The disadwantageof the non-uniform
grid is the lower efficiency of its ray traversalalgorithm,sincethe 3D-DDA algorithmcannotbe used.
Giganteshavedthatfor severaltestedsceneshe performancef RSAbasedon the non-uniformgrid is
lower thanthatof RSAbasedon the uniform grid.

In orderto improve further the efficiency of ray traversalalgorithms,a few techniquesf coding
emptyspacearoundeachvoxel have beendeveloped. If a voxel is empty thenwe candeterminethe
smallestdistanceérom somevoxel to thefirst full voxel in thenumberof emptyvoxelsin all directions.
If the voxel with the encodeddistanceto the empty voxel is visited, a ray traversal algorithm can
determinethatall the emptyvoxelsin thedirectionof theray canbe skipped.This techniquewasfirst
introducedby CohenandShefer [38]; for eachvoxel it determineshe smallestdistanceto afull voxel.
A similar but directionaltechniquewas presentedy Semwval andKvarnstrom[124]. It considerghe
six possibledirectionsto encodethe smallestdistanceto thefirst full voxel. This directionalityallows
usto increasehe distanceto the first full voxel. Obviously, both techniquesuffer from large storage
spaceandpreprocessingequirementshatstronglydependon thedistribution of objectsin the scene.

nl’ .y_|

N, = [ -|> Ny = |— N,.x Ny = |— -| (1.3

1.6.3.4 Hierarchical Grids

A hierarchicalgrid is anotherattemptto avoid the regularity of uniform grids, sincethis regularity is

particularlyincorvenientfor sparselyoccupiedscenesThecommonprincipleusedn hierarchicarids

is to insertuniform gridsrecursvely into otheruniform grids. Theknowvn method<of severalhierarchi-
cal grids stronglydiffer in the constructionphase.Hierarchicalgrids alsorequirea morecomplicated
ray traversalalgorithmthanuniformgrids. ThreeRSAdasedn hierarchicabridshave beenpublished.
For a suney, moredetaileddescription andperformanceomparisonsee [135], or for alessdetailed
suney [85]. We describehereonly the basicpropertiesof RSAdasedon hierarchicalgrids.
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Recursive Grids

Recusivegrids (abbreiatedto RG furtherin thethesis)simply bring the concepiof recursvenessnto

uniform grids. The principleis asfollows: constructa uniform grid over the setof objects,assignthe
objectsto all voxelswherethey belong. Thenrecursvely descendthatis, for eachvoxel thatcontains
more objectsthan a given threshold,constructa grid again. The constructionof gridsis terminated
whenthenumberof objectsreferencedn thevoxel is smallerthanathresholdor somemaximumdepth
for gridsis hit. This maximumdepthis usuallysetto two or three. The principleis thussimilar to the
BSPtreeor the octree but at onestepa cell is subdvided into morethantwo or eightchild cells.

Hierarchy of Uniform Grids

Cazalset al. [25, 26] publishedan RSAbasedon a hierarchy of uniform grids (abbreiatedto HUG
furtherin thethesis)thatis similarto recursve grids. Therearetwo maindifferencesFirst, theinserted
gridsneednotalign with the parentgrid subdvision. Eachgrid is understoodgisan autonomousbject
possiblycontainedn anothemgrid. Secondthe constructiorof HUG is quitedifferent. In thefirst step,
the objectsarefiltered accordingto their sizeinto groups,andthe numberof groupsis usually either
two or three. Let us supposehreegroupsare constructedy filtering. The first groupcontainslarge-
size objects,the secondgroup middle-sizeobjects,andthe last group small-sizeobjects. Within the
middle-sizeandsmall-sizegroupswe performclusteringaccordingto the distancebetweerthe objects
in thegroup. Thuseachgroupcontainsseveralclusters.For objectsin thelarge-sizegroupwe construct
aninitial globalgrid. For all clustersfrom the middle-sizeandsmall-sizegrouphaving alarge enough
numberof objectswe alsoconstructa grid. Thesegrids areinsertedinto the global grid recursvely,
so the smallergrids are containedin biggerones. The authors statemenin the introductionto the
paperghatthe methodis fully automaticis true asfar asit goes;however, it doesrequireat leasttwo
parameter$o be setinitially (thenumberof groupsanddelta-conneciity).

Adaptive Grids

Klimaszevski andSedebeg describecanRSAbasedn adaptivegrids [100, 98] (furtherabbreiatedto

AG). The spatialdatastructureprincipally differsfrom RG andHUG within the construction.Thefirst

stepof the constructiomalgorithmis clusteringof objectsaccordingto somecriteriabasedon the dis-

tancebetweenwo candidatesA candidatecanbe alreadyexisting clusterof objectsor asingleobject.
The criteriatake into consideratiorcandidatesandtheresultingclusters suriaceareas.Moreover, the
resultingclustermustbe smallenoughin comparisorwith the 28 of the whole scene.In the second
phaseof thealgorithm,aboundingvolumehierarchy(BVH) is built up overtheclusters.Gridsarethen
constructedor the clusters(leaves of the BVH). The numberof childrenin the interior nodesof the
BVH is small,soit is incorvenientto creategridsfor thesenodes.In thelastphaseso calledsub-voxel

gridsareconstructedor thosevoxelswherethenumberof objectsis greatethanagiventhreshold.The
ray traversalalgorithmis thussimilar to thatfor BVH.

1.6.4 Ray-SpaceSubdivisions

SeveralRSAsarebasedon the subdvision of aray space Theray spacds describedy 5-dimensional
coordinatesThefirst threecoordinatesf theray spaceare EuclideanlE® andcorrespondo the origin

of theray. The next two coordinatesare sphericalo® anddeterminethe directionof theray. Theray

spacesubdvision thus useslE® x a2 space. Let us supposeve have N objectsin the cell, which are

indexedfrom 0 to (N — 1). Thenwe candefineanassignmentunctionfor theray space:

Definition 1 The assignmenfunction fa(x,y,z,¢,p) for a setof N objectsis the discretefunction
f:IE3x 02— Zd4 J{—1} thatsolvestheray shootingproblemdirectly andis definedasfollows:
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PG 2, 0) =i i=kke (0,N—1) icorrespondsotheindex of theclosestbbjectintersected
AXY, 50,0) = i=-1 if theray doesnotintersectary objectin thecell

The ray space over which function fa is defined,hasto be discretisedor ary practicaluse. The
spacelE? for the origin of the raysis discretisednto cells. Similarly, 62 spaceis alsodiscretisedso
thata setof solid anglescompletelycoversthe unit sphere.Becausef discretisationpnenodeof the
datastructuredescribingthe fa doesnot correspondo a singlehalf-line but to a spatialregion calleda
hypercubicregion. The assignmentunction f4 shouldreturnthe candidatelist of indexesof objects
insteadof oneindex to an objectthatcanbe visible from the origin point of aray. For a particularray
shootingquerythe correctcandidatdist is searchedindall the objectsin the candidatdist aretested
for intersectionwith theray. The objectwith the closestintersectionpoint is thenchosen|f suchan
objectexists.

Theray classificatiorschemevassuggestedhy Arvo andKirk [17] andfurtherelaboratedy Simi-
akakis[133, 132. Rayspacecanbe subdvided usingsomevariantof binary spacepartitioning. This
is performedfor primary raysandalsofor higherorderraysin ray tracing. The geometryprimitive
correspondingo the approximatiorof ray spaceis the polyhedralvolumedefinedin IE3, alsocalleda
beam.Whatever theimprovementf thealgorithmbasedn theray spacesubdvision over nave RSA
the methodsuffers from an algorithmic paradox:the constructionof the candidatdists is muchmore
computationallydemandinghanwith spatialsubdvisions. Arvo andKirk reportthe high time com-
plexity of detectingpolyhedralintersectionsand suggestan approximatiorwherehypercubicregions
are boundedby cones[18]. Kwon et al. [102] presentedan approachaimedat decreasinghe space
compl«ity of ray classificationby remaoving one dimensionof ray space. Neverthelessthe results
presentedby Simiakakis[132] shawv thatthe performancedf ray classificatiorstronglydepend®n the
distribution of the objectsin the scene.Theresultsof Kwon etal. [102] supportthis conclusionfor six
scenevith uniform gridsandoctrees.

Severalothersimilar RSAsbasedon the directionalityof rayshave beenpublished.The bestknown
technique py OhtaandMaekava [116], is basedon theray coheencetheoem further elaboratedy
Horvath et al. [89]. This theoremboundsthe anglebetweenthe rays startingon the first objectand
hitting the secondobject. If we considertwo spheref radiusr, andr; andif the distancebetween
their centerss dy», thenthe maximumsizeof theangle@is:

cosp>4/1.0— ri+r
V dio

RSAdasedntheray-coherencéheorentor eachobjectandseveral primarydirections(usuallysix
correspondingo threecoordinateaxesin positve and negative directions)computethe potentialset
of objectsthat canbe intersected.The objectsin thesesetsare sortedaccordingto the distancefrom
the baseobject. Whena ray shootingqueryis to be answeredthe ray is testedfor intersectionwith
all the objectswithin the set,startingfrom the closesibject. This techniquehasat most O(N?) space
compleity.

Unfortunately all RSAsasedn ray-spacesubdvision areactuallyanapproximatiorof worst-case
RSAshencethey exhibit high storagespaceandpreprocessingime compleity.

1.7 Contribution of the Thesis

Thisthesiscoverstwo majortopics.In thefirst partwe developanRSAcomputatiormodel. Thismodel
allows mappingof any RSAto this computationmodel by using commonalitiesof underlyingdata
structuresandray traversalalgorithmsof all RSAs Basedon the propertiesof the computatiormodel
we develop an RSAperformancemodel. Basedon thesetwo models,we presenthe methodologyfor
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comparingvariousRSAdasedntheresultsof experimentdor asetof scenesUsingthismethodology
we comparel2 differentRSAausinga setof 30 scenes.

Thesecondartof thethesisdescribeseveralnen methodgor improving RSAdasednthekd-tree.
It coversbothconstructiorandray traversalalgorithms.Emphasiss putonthepracticalapplicability of

theachievedresultsin computergraphicsapplications More specifically the contritution of thethesis
is:

e GeneralssuesoncerningRSAs

— designof a new computatiormodelandperformancenodelfor RSAs Thesemodelshave
enabledhedevelopmenbf anenv methodologyfor comparingvariousRSAdy experiments
onasetof sceneg$83].

— practicalcomparisorof 12 RSAdor a setof 30 scenesthe designof testingprocedureso
shootraysin ascendn this comparisor{84, 79].

e Constructioralgorithmsfor kd-trees

— anew constructionmethodthat usesempty spatialregionsin the scene resultingin im-
proved performancef the kd-treefor RSA

— anew terminationcriteriaalgorithmfor kd-treeconstruction.

— anew principleusefulin kd-treeconstructiorthatsplitsthe 43 of theobjectintersectedy
the splitting planeinto two nev 43Bs.

— anew generalcostmodelfor kd-treeconstruction.

— anew constructioralgorithmfor the kd-treebasedn the generacostmodelfor apreferred
setof raysfixing eitherthe origin or directionof aray [77].

e Raytraversalalgorithmsfor kd-trees

— anew fastrobustrecursve ray traversalalgorithmfor a kd-treewith the minimumnumber
of conditionsto be performed82].

— anew conceptof alongestcommontraversalsequencéor a setof raysbasedon kd-trees,
particularlysuitablefor hiddensurfaceremoval [78].

¢ Memorymappingof thenodesof thekd-treeto increasehecachehit ratio,andthusperformance,
for all traversalalgorithmsfor computerarchitecturesvith alarge cachdine [72, 73].

1.8 Organizationof the Thesis

Thethesisincludesseveral chaptersdescribingthe authors developmenttogetherwith the description
of somepreviouswork. Thesechaptershave beenarrangednto anorderthatwill be morelogical for
the readerthanthe chronologicalorderin which the authors paperswere originally published. The
thesisshouldbereadfor bestunderstandingn linear order, startingwith theintroductorychapter The
chaptergnclude the motivation for the problem,previous work, possibledefinitionsandterminology
usedthedetailedelaboratiorof problemsthedescriptionof new algorithms,andasummaryof results.
The main contentof the thesisis presentedn Chapters2—7. In Chapter2 we dealwith the RSA
computationmodel and performancemodel. Thesemodelsallow us to develop a methodologyfor
comparingvariousRSAdasedn experimentswith asetof scenesChapter3 presents comparisorof
12 RSAdor asetof 30 scenewvith differenthumbersf objects. Theperformedcomparisorshavs that
for the setof sceneghe statisticallybestRSAis thatbasedon the kd-tree. Chapter4 is devotedto kd-
treeconstructionalgorithmsin detail. It describeghe adaptve positioningof the splitting planeusing
acostmodel,utilization of emptyspatialregionsin thesceneterminationcriteria,andthe construction
for preferredray setsfixing eitherthe origin or directionof aray. In Chapters we describeseveralray
traversalalgorithmsfor the kd-treein detail. It includesa sequentiatay traversalalgorithm,arecursve
ray traversalalgorithm,andtwo variantsof a neighbotlinks basedray traversalalgorithm. Chapter6
dealswith theimproving theray traversalalgorithmfor the kd-treeto decreas¢he numberof traversal
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stepsfor restrictedray sets. Chapter7 dealswith a more hardware specificissue;how to mapthe
nodesof the kd-treeto the physicalmemoryto improve the datalocality duringexecutionof atraversal
algorithmworking overthe kd-tree. Finally, Chapter8 concludeghethesiswith a shortsummaryof all
theresultsandsereral possibletopicsfor furtherresearch.



Chapter 2

Comparison Methodology

In this chaptemwe develop an RSAcomputatiormodelthatallows usto mapary particularRSAto the
computatiormodel. Further we developanRSAperformancenodelthatestablishethecorrespondence
betweerthe computatiormodelandtherunningtime of theRSAfor asequencef ray shootingqueries.
Basedonthe RSAcomputatiorandperformancenodels we proposea setof parameterslescribingthe
useof RSAin applicationghatallow usto make a fair comparisorof variousRSAdor the samesetof
inputdata.This chapterfollows the paper [83].

2.1 Motivation

Oneof the main problemsin researcton RSAss how comparethem qualitatvely and quantitatvely.
Thisshouldbedoneonatechnicallysoundbasisjt shoulddefinetime andmemorycompleity, suitabil-
ity for varioustype of scenesandparticularfeaturedor anRSA In spiteof two decade®f researcton
RSAin the computergraphicscommunity it is notyet clearif someparticularRSAis morecorvenient
and/ormore efficient thanary otherRSA SomecontradictorystatementaboutRSAshave appeared
with theintroductionof new typesof RSAin the publishedpapers.

Only afew paperdevotedto thecomparisorof variousRSAs[109, 45, 49] have beenpublisheduntil
now. Moreover, eachpaperthatintroducesa new RSAmust,or at leastshould,comparethe proposed
algorithmwith somereferencealgorithm. Thereis no commonchoicefor the referencealgorithm,
but in mostcasesa uniform grid (seeSubsubsectiod.6.3.3)wasused. The quantitatve comparison
betweerareferenceRSAandnenly proposeRSAalwaysdepend®nthesoftwareimplementatiorand
on a particularhardwareplatform. For this reasorary crosscomparisorof the resultspresentedn the
differentpapershasbeenratherproblematicor evenimpossible.

In this chapterwe will try to decreas¢he gapin understandin@f the functionality of variousRSAs
by finding out their commonalities.The commonalitiefoundin all RSAsallow usto describethe RSA
computatiormodelin a generalway thatallows usto mapa particularRSAto this computatiormodel.
Further we will definethe performancemodel that establisheghe connectionbetweenthe running
time of the applicationandthe differentalgorithmicoperationghatarethe subjectof the computation
model. Thenwe will develop an*“ideal RSA thatallow usto computethe answerso ray shooting
gueriesn constantime. The“ideal RSA resultsin thesmallespossibletime thatcanever beachiered
usinga certainhardware and a setof ray-objectintersectionroutines. We usethe time consumedy
the“ideal RSA asareferencedime valuefor all the partsof the computationn a specificRSA These
partscoverthetime neededo traversethe datastructureon which RSAis basedray-objectintersection
tests,andthe remainingtime consumedy the application. The designof the computatiormodeland
performancemodelallow usto definethe setof thirteenparameterseferredto asthe minimumtesting
outputthatshouldbe reportedfor one experiment,given a scenea particularRSA anda sequencef
ray shootingqueries.Further we describenow to getthe minimumtestingoutput. The definitionof the

21
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two modelsandthe minimumtestingoutputis thebasisfor amethodologyor makingafair comparison
of variousRSAs

The conceptsproposedbelov form a comparisormethodologythat allows us to comparevarious
RSAsndependentlyf thehardwareandtheimplementatiorused.Theinitial concepof thecomparison
methodologybasedon experimentswas describedn Havran and Zara [86] for the kd-tree, and the
techniquepresentedhereis a generalisecindextendedversionfor any RSA

2.2 RSA Computation Model

In this sectionwe introducethe RSAcomputatiormodel We will shav thatany RSAcurrentlyknown
or developedin the future canbe mappedo this computatiormodel. The computatiormodelis based
on the definition of algorithmic operationan an RSA Thesealgorithmic operationsmust always be
performeddueto thenatureof theray shootingoroblem.Wethenusethecomputatiormodelto describe
the setof parameter$o bereportedwhenan RSAIs testedexperimentally

Theray shootingproblemcanbe understoogsaninstanceof geometriccange-searchinfb], which
impliesthatsomedatastructureis built to answetthe specificquery The definitionof theray shooting
implies that every RSAcontainssomavhere pointersto objectsthat areto be testedfor intersection
againstgivenray. ThismeanghateachRSAis separatedhto two parts(like all algorithms see[10]):
the datastructure(further abbreriatedto DS) containingat leastpointersto the sceneobjectsandthe
ray traversalalgorithmworking over DS. The lifetime of an RSAis composef two phasesthefirst
oneis calledprepmocessingphaseandit involvestheconstructiorof theinitial DS. Thesecondhaseof
anRSAis calledthe executionphase Within the executionphasethe RSAanswerggivenray shooting
queries.

More theoretically an RSAcanbe describedas a specialcaseof a generalRAM model[10, 154,
wherearny memorycell can be accessedn constanttime or througha seriesof pointers. A DS is
composedf somedataentries herereferredto asnodes which containsomedata. It usuallyinvolves
the pointersto the sceneobjects,the pointersto the othernodesof DS, the descriptionof cells, etc.
Nodesof aDScanbedividedinto two groups:elementarynodesareintendedo containonly pointersto
objects(and,if RSArequiredt, someotherdata) whereagienericnodesareall othernodeswhichpoint
to othergenericand/orelementarynodes. A specialcaseof elementarynodesare emptyelementary
nodesthatdo not containary pointersto objectsandactas“free spacecontainers’within the DS,

When answeringa ray shootingqueryin a particularRSA the computationproceedsas follows.
Given aray R, a ray traversalalgorithm begins at a specialstartingnode of a DS and performsa
sequencef thefollowing operations:

TRAVERSAL STEP: visit anew nodeof the DS
NEW NODE: createa newv nodeof theDS,

DELETENODE: deleteanodefrom the DSandunlink all pointersto thenodefrom theremaining
nodesof theDS

TESTOBJECTS: whenaccessingnelementarynodeof theDS, testobjectspointedto in thisnode
for theintersectionwith theray R,

finally finding the closestintersectedbjectif suchanobjectexists. Therearetwo casesaDSis or is
notchangedy aray traversalalgorithm.If aDSunderlyingthe RSAis notchangedy theray traversal
algorithm, thenthe operationsS’NEW NODE” and“DELETE NODE” are not performedduring the
executionphase SuchanRSAis referredto asthe RSAbasedon a staticdatastructue.

Thereare several RSAsthat modify the underlyingDS on the fly within the executionphasefor
exampleray spacesubdvisiontechnique$l7]. TheoperationSNEW NODE” and“DELETE NODE”
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canbe usedwithin the preprocessinghaseto build up someinitial DS, however, this DS is modified
duringthe executionphase SuchanRSAis referredto asRSAbasedn a dynamicdatastructue.

Sinceevery RSAcanbe mappedo this generaRSAcomputatiormodel, this enablesusto definea
commonsetof parameterso bereportedvhenary RSAis performedon aninputscenes containingN
objectsover aninput sequencef ray shootingqueries.The sequencef ray shootingqueriesinduced
by theapplicationfor aninputscenes is associateavith atestingprocedue. Thesymbolfor thetesting
procedurdas TP. Thetestingprocedurds analgorithmin the applicationthatgenerates sequencef
ray shootingqueriesto be answeredy a particularRSA A particulartestingprocedurel P canbe the
resultof aglobalillumination algorithmsuchasray tracing,etc, or justanartificial algorithmshooting
raysto obtainsomerequireddistribution of raysin spacq84.

We proposeto organizethe setof parametergesultingfrom the useof a particularRSAon the
inputsceneandgivena TP into threesubsetsthefirst two of themhardware/implementatioobmgler
independent:

¢ RSAparameterselatedto staticpropertiesof datastructureDS,

— If anRSAiIs basedn a staticdatastructurethe parametergependnthescenes only, and
they areevaluatedatthe endof the preprocessinghase.

— If anRSAis basedon a dynamicdatastructure the parametersiependon the scene$ and
the testingprocedureT P, andthey are evaluatedduring the executionphaseasmaximum
valuesreached.

Ng[-] — maximumnumberof genericnodesn DS,

Ne[-] - maximumnumberof elementarynodesin DS,

Neg[-] — maximumnumberof emptyelementarynodesn DS (Neg < Ng),

Ner[—] — maximumnumberof thepointersto objectsin all the elementarynodesof

DS(Ner > N).

e RSAparameterselatedto dynamicpropertieof datastructureDS, i.e., the useof DS within an
executionphaseof anRSA The parameterglependon the scene$ andthetestingprocedurel P,
they areevaluatedatthe endof the executionphase:

frm[—] — ratio of ray-objectintersectiontestsperformedto minimum number of
intersectiontests(r;Ty > 1.0, assumingat leastone objectis intersected
givenS$ andTP),

Nrs[—] — averagenumberof all DS nodesaccesse@erray(NTs >1.0),

Ners|—-] - averagenumberof elementaryDSnodesaccessegerray (Nets < Nrg),

NEETS[—] - alveragenumberof emptyelementanDSnodesaccessegerray (NEETS <
NeTs).

e RSAhardwvare/implementationbmgler dependenparametersObviously, theseparameteralso
dependonthescene$ andtestingprocedurel P:

Tg[s) — timeto build initial DSfor the RSAin the preprocessinghase,

Tr[s — runningtime of theapplicationthatuseshe RSA It involvestheexecutionphase
of the RSAandpossiblyothercomputations.(Obviously, Tg is notincludedin
Tr.)

We considetheparameters thefirst two subsetastheminimumhardware/implementationfmpiler
independenparameter$o bereported.It is certainlypossibleto extendthe setof parameter®y others
(for example,the varianceof numberof objectsin leaves),but we wantto keepthis setof the smallest
possiblesizethatstill characterizean RSAvia the computatiormodel.

The parameterdg and Tr dependnot only on the hardware used,but alsoon the quality of imple-
mentation(and programminglanguage)the compilerusedandits version,the optimizationswitches
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usedfor compilation,etc. For this reasonall theseexperimentalconditionsshouldbe describedn de-
tail. Thetreatmenof theseparameterselatedto theimplementatiormakesthe problemof comparing
variousRSAgatherdifficult; we describeour solutionto the problemin moredetailbelow.

2.3 RSA PerformanceModel

TheRSAcomputatiormodelenablesisto countthe numberof basicalgorithmicoperationgperformed
on averagein an RSA The RSAcomputationmodel doesnot defineary cost of theseoperationsn
termsof runningtime, it only coversthedescriptionof Tg andTg.

In orderto establishthe relationshipbetweerhardware/implementationlependenandindependent
parametersye furtherdevelop an RSAperformancemode] which separatethe costof aray traversal
algorithmandthe costof ray-objectintersectiontests. The conceptof the performancemodelfor an
RSAwasfirst introducedby ClearyandWyvill [33] in the contet of uniform grid analysis We present
herea moregeneralperformancanodelfor ary RSAthatis derived from the RSAcomputatiormodel
describedhbore. The RSAperformancenodelis basedn thedecompositiorof the runningtime Tr of
theapplicationthatusesanRSAinto threeparts:

e computingray-objectintersectiortests,
o traversingthe DS of theRSA and
o theremainingcomputatioreffort requiredby the application.

We bind thetime-dependerandindependentharacteristicby meansf costconsumedy specific
algorithmicoperationsThenwe canexpressly as:

Tr= (ntm.ra .Cit +Nrs.Crs).Nrays+ Tapp, (2.1)

whererg is theratio of the numberof raysintersectingobjectsto the numberof all rays(rg < 1.0),
thusthe averagenumberof ray- obJeCUntersectlortestsperray|s Nt =r1m.ls- FurtherQT[ g isthe
averagecostof a ray-objectintersectiontest, CTS[ g is the averagecostof the traversalstepof a ray
traversalalgorithmamongthenodesof DS, N;aysis thetotal numberof raysinducedby atestingproce-
dureTP, andTapp|s| is theremainingtime of theapplication.Thetime T,pp coversanothercomputation
effort performedin the application,for example,in a renderingapplicationT,p, might cover the time
consumedo computetheray reflection,lighting, texturing, andothermaterialcalculations. Thus Tapp
is alwaysconstanfor a particularscene$ andtestingprocedurel P, providedthe samemplementation
andhardwareis used.

We canrefinethe performancemodelif we considerthe ratio of successfutay-objectintersection
teststo all intersectiortests:

TR = [(NF—FCCC"F'PCC—F le-l—all C|f1iall ).rS + NTS-éTS].Nrays+ Tapp, (22)

whereN°Cis the averagenumberof successfutay-objectintersectiortestsper ray; CSUC‘{S] is the
averagecostof successfutay-objectintersectiortests, N,fTaII is the averagenumberof failed ray-object

intersectiortestsperray; andleT"""[ g is theaveragecostof failedray-objectintersectiortests.

2.4 ldeal RSA

Having describedhe refinedperformancemodel, we cannow introducethe “ideal RSA” asan RSA
thathasthe bestpossibleperformanceThe conceptof the“ideal RSA senesusasthe ultimatebut in

LFor the sale of conveniencewe further usethe term cos{s] asthe runningtime to performsomeparticularalgorithmic
operation.
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practiceunachigable goal. However, it is importantsincethe runningtime of the“ideal RSA is used
asthereferencdime valuefor comparingvariousRSAs

Definition 2 An “ideal RSA” is an RSAthatfor a given ray shootingquery computeghe answerin
0(1) timeindependentlyf whetheranintersectebjectexistsor not. Themultiplicative factorhidden
behindthe O-notationis very small.

SinceSzirmay-KalosandMarton[153] proved thatary RSAworks at leastattime Q(logN) in the
worst-casewe canaskwhetherthe definition of an“ideal RSA makessense.Inspiredby the ideaof
ParametrizedRayTracing[129], we canconstructhe“ideal RSA providedthe sametestingprocedure
TP is repeatedlyperformedfor the samesceneS. Further it is requiredthat the applicationcodeis
deterministicin the sensethat the testingprocedurel P in the applicationalways generateshe same
sequencef ray shootingqueriesfor a given scene. This canrequirethe settingof initial seedsin
pseudo-randorgenerator$o the samevaluein theapplication etc.

Further we describeghetwo procedureshatform the“ideal RSA. Thefirstassumptiorthatenables
usto executethe“ideal RSA is thattheapplicationis run atleasttwice usingthesameTP and.S. Each
objectis assignedheidentificationtagID (integer)in therange(0,N — 1). Thenwe constructhearray
Ar whereobjectsareaddressedirectly usingIDs of objectsin O(1) time.

In the first applicationrun we use somecornventional RSAto computethe answersto given ray
shootingqueries.Theresultsobtainedby the conventionalRSAfor the sequencef input ray shooting
queriesgeneratedy TP aresaved linearly to a temporaryarray As usingthe objects’IDs. Whenno
objectis intersectedthe correspondingrrayentryis setto a speciallD value(IDspec = —1). Sincethe
numberof ray shootingqueriescanbe high, it maybe necessaryo save theresultsof the corventional
RSAto externalmemory The procedurghatmustbe usedin thefirst applicationrun andthe interface
betweerthe applicationandthe conventionalRSAis outlinedin the pseudocodeilgorithm 3.

Algorithm 3 Thefirst run of an“ideal RSA thatsavestheresultsof ray shootingqueries.
{Preprocessingphasé
Assigneachobjecta uniquelD in therange(O,N — 1).
AllocatethearrayAgsto storelDs of objects thenumberof entriesin As mustbegreateithanor equal
to the numberof all ray shootingqueriesgeneratedby TP.
{Theindex into thearray — order of ray shootingquery}
i+ 0
{Executionphasé
functionShootRay(ray): object
{Computeheresultof thei-th ray shootingqueryby someotherspecificRSA}
Computetheresultfor R usingsomecorventionalRSA
ObjectO < theresultof a conventionalRSAfor R
if objectO wasfoundthen
Agli] + ID of objectO
else
Ag[i] + IDspec
endif
i+—i+1
ShootRay— objectO
{Postpiocessingphaseé
Possiblysave As to externalmemory

In thesecondrepetitve) applicationrun, insteadof callingaspecificRSAwe readthecorrectanswer
to theray shootingqueryfrom the array As provided thatrepetitve run(s)of the applicationresultsin
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the sametestingprocedurel P andusesthe samescenes. If we getthe objects valid ID, we getthe
addresof the objectthroughthe array Ar andcomputethe ray-objectintersectionpoint exactly by at
mostone ray-objectintersectiontest. This computationis requiredto getthe correctsigneddistance
for the currentray shootingquery If the objects ID hasthe value IDgpec, thenthe answerto the ray
shootingqueryis “no object”, and no ray-objectintersectiontestis computed. Sincethe ray-object
intersectiontestis computedat mostoncefor eachray shootingquery the “ideal RSA runsin O(1)
time. The “ideal RSA performedin a repetitive run of the applicationis outlinedin the pseudocode,
Algorithm 4.

Algorithm 4 Thesecondun of an“ideal RSA readingtheresultsof ray shootingqueries.

{Preprocessinghasé
Assigneachobjectits uniquelD in therange(O,N — 1).
{ThesdDs correspondo thefirstrun of “ideal RSA”.}
AllocatethearrayAg to storelDs of objects.
PossiblyreadAs from the externalmemory
AllocatethearrayAt to storethe pointersto objects sizeof Ar is thenumberof objects.
for eachobjectO is specifiedby its ID. do

Ar[ID] + addres®f theobjectO
endfor
{Theindex into thearray — order of ray shootingquery}
i< 0
{Executionphasé
function ShootRay(rayR): object
ID of object« Agli]
i+—i+1
if 1D # IDgpecthen

ObjectO «+ Ar[ID]

Computethe signeddistanceor theray R andthe objectO.
else

ObjectO « “no object”
endif
ShootRay— objectO

For the repetitve run(s) of the “ideal RSA the time Tr becomeghe minimum applicationrunning
time TMN:

TRMIN[S] = RMSIAN + Tapp, (2.3)

whereTFQASkN is the minimumtime devotedto ray shootingonly, furthercalledtheideal ray shooting
time

TR& 8 = le'lt'JCC-Nrays-rSI (2.4)

If externalmemoryis usedto save the array As, we shouldavoid the time consumedo transfer

the datafrom this externalmemoryto internalmemoryto minimize the repetitve runningtime of the

applicationTg. Practically, arrayAs is readfrom afile by blocksto internalmemory andthetime for
readingthe blocksis notincludedin TMN.

2Fromtheimplementatiorpoint of view, the“ideal RSA is fairly easyto implementin theapplication.
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2.5 Minimum Testing Output

The resultsof experimentspublishedin the papersintroducingnen RSAswere often restrictedonly

to times Tz and Tr and someother parameters.Basedon thesehardware dependenparametersye

could not fairly comparenewly introducedRSAswith thosepublishedin the past. It follows from the

descriptionof the computationandperformancenodelthatexperimentsallowing usto fairly compare
variousRSAsnustbeperformedor thesamescenes andtestingprocedurd P. For this purposeHaines
introduceda Standad Procedurl Databas€69]. This databasenablesusto procedurallygeneratea

setof sceneswith variousnumbersof objects. It alsodefinessomestandardsizesof the sceneghat

shouldpreferablybe usedfor testingRSAs However, the useof SPD scenedor testingRSAshasalso
beerviolated,andresearctpaperoftenshow resultsfor testingperformedon privatescenespr ononly

a small subsebf SPD scenes.Sucharesearches behaior is a directviolation of researcletiquette,
sincethe natureof sciencds thatevery researctpapershoulddescribenew techniquesandexperiments
thatwill bereproducibleandverifiableby all following researchergB7]. Thereforewheneerpossible,
gualitatve propertiesf algorithmsshouldalwaysbetestedon non-privateinput data.

Let us discusswhy the comparisorof variousRSAsasedonly on time Tr consumedy the whole
applicationis ratherincorrect. The first reasonis that Tg alsoincludesT,pp, Which is constant.If we
wantto comparethe ratio of performance®f variousRSAson the samehardware andwith the same
implementation,insteadof comparingTa for RSA and T2 for RSA it is more correctto compare
(T3 — Tapp) With (T2 — Tapp), Sincethenwe consideronly the time consumedy the RSA Obtaining
the value of T,pp canbe difficult, asit usuallyrequiresprofiling of the applicationby somesoftware
tool. We proposeaway avoiding the useof a profiler in the sectionbelow. Thevalueof Tgr canbeused
correctlyonly for rankingof RSAs but it cannotbe usedto expresshow muchan RSAis fasterthan
anotheRSA

The SPD package[69] also recommendghat some time-independentharacteristicsshould be
reported: Nrays N,STUCC. Nrays Nrs. Nrays We follow this approachby extending this set of hard-
ware/implementatioindependentharacteristics.

In orderto avoid mutually contradictorystatementsn further papersconcerningRSAs we define
a setof parameterso be reportedfrom the experiments. We call the setof parametershe minimum
testingoutput This consistsof threesubsetsasalreadypresentedRSAparametershatrelateto static
propertiesof DS, RSAparametershatrelateto dynamicuseof DS, andRSAparameterslependenon
hardware/implementationThe hardware/implementationlependentharacteristic§g andTr aresup-
plied by threeotherparametersWe normalizethe time portionsdevotedto the particularphasego the
ideal ray shootingtime TFQ"S'AN to allow usto make a fair comparisoramongdifferentimplementations
anddifferenthardware usedfor testing. Our maingoal is thatthe parametersn the minimumtesting
outputshouldallow usto comparethe performanceof variousRSAsindependentlhyof hardware and
implementatiorissues We definethe minimumtestingoutputfor an RSAas:

subset of parameterslescribingthe static propertiesof a DSwithin theRSA
% = {Ng, Ng, Neg, Ner},

subseth of parameterslescribingthe dynamicuseof the datastructureDS within the RSA which also
dependntheinputscenes andtestingprocedurel P:

A = {rirm,Nrs,Nets, Neers},

andsubse® of hardware/implementationtenpiler dependenparametersf the RSAthatconcermrun-
ningtime, which alsodependn theinput scene$ andtestingprocedurerl P:
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© = {Tg,Tr,9arpP,Ora,OrUN} = (2.5)
{Ts, TR,
Tapp.
T
N (oG R GIE
Tr— Tapp ’
Tr— TAPP}
K

The paramete@app expresseshe ratio of the remainingapplicationtime to the ideal ray shooting
time TA4Y, which is not necessaryor the comparisorof RSAs however, suitablefor otherreasonsas
we will shav later The paramete, 4 (Oa € (0,1)) is theratio of time requiredfor computingthe
ray-objectintersectiorteststo time consumednly by anRSA The paramete®gryn givestheratio of
time consumedy anRSAto TALN.

The time portionsrelatedto the ideal ray shootingtime TN can be difficult to measure.In the
next sectionwe deal further with this problem. The value of TASN enablesus to comparedifferent
hardware/implementationtanpiler dependentharacteristicsSubset® containsthe valueof theideal
ray shootingtime TAWN only indirectly, sinceit canbe computedas:

MIN TR TR
TRSA = = S = ~ suce Rsuce, < fail ~fail (2-6)
app rays-INTS-LTS rays\'NIT AT IT -MT
Onrp+ORUN  Tapp | NayslrsCrs | Ny (NF*CH N Cir')
TREA TROA TROA

2.6 Measuring the Minimum Testing Output

The minimum testingoutputallow usto make a fair comparisonof variousRSAs We pay for it by
additionaleffort neededo getthis setof thirteenparametergor oneexperiment. The counterso get
the subsets. andA mustbe codedinsidethe RSAIn its preprocessingnd executionphasewhich is
fairly easyto implement. It is advantageouso checkthesecountersfor verificationpurposesaswell,
sincethey canindicateto us animplementatiorerror of a particularRSA In orderto have a correct
implementatiorof a particularRSAgivensometestingprocedure§ P andscenes, theparameters;ays
andrg musthave correctvalueswhentheapplicationrunis over. Although N;ays canbe consideredas
anindependeninput quantity it is oftenthe casethatthe numberof raysgenerateds connectedvith
the useof an RSAandthusN;ays is dependenon the correctnes®f the RSA For example,this is the
casefor higherorderraysin variousglobalillumination algorithms. Referencesaluesof Nyays andrg
canbeobtainedby runninganotherRSAthatis known to be correct. The simplestway is to implement
nave RSA althoughthe naive RSAis inefficient.

To obtainsubset® we needthe runningtime Ti to be decomposethto the threeportions:thetime
for the ray traversalalgorithm performedwithin the RSA the time of the ray-objectintersectiontests
performedwithin theRSA andtheremainingapplicationtime Tapp. Therearetwo waysto obtainsubset
©; two profiling methodsaredescribedelow.

2.6.1 Software Tool Profiling

Onewayto getsubse® is to usea softwareprofiler tool. Thisis acommonmethodfor solvingperfor
manceissuesn softwareapplicationslt enablesisto distinguishthetimesconsumedvithin particular
software functionalunits, suchasfunctions,procedurespr even the lines of a sourcecode. Thenwe
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cansumthetime devotedto ray-objectintersectiontestroutines,thetime consumedy traversingthe
nodesof aDS, andtheremainingapplicationtime.

We alsorequireto profile the run of the applicationwith “ideal RSA. In this casewe needto sum
only thetime consumedy ray-objectintersectiortestswhich givesus T,

Softwaretool profiling shouldbe preferredfor getting®, sinceit providesor atleastshouldprovide
precisevalues.However, undercertainconditionsthis is not possible for oneof thefollowing reasons:
the profileris not available,the profiler doesnot work correctly the profiler cannotdeterminethetime
portionsof the requiredRSApartswithin a given implementation the profiler needssomecompiler
switchesto be used whichinfluencesly (a detuggingswitchis usuallyrequired,andthis canincrease
the applicationtime considerably)and the differenttime portionsof Tr. Thereforewe proposean
alternatve to obtainsubset without usinga softwareprofiler tool below.

2.6.2 Multiple Run Profiling

This profiling methodinvolvesrunningthe applicationseveral timesandcomputingthe unknavn vari-
ablesin Eq. 2.2 from linear equations.Eq. 2.2 containsfour unknavn variablesthat expressthe costs
of distinctalgorithmicoperationsn someRSAapplication:C3uee €' Ers, andTapp,

In orderto obtainthe four unknavn variableswe needfour differentapplicationruns. Thesehave to
usethe samesequencef ray shootinggueries but they have to resultin differenttotal runningtimes.
For this purposewe utilize the conceptof the“ideal RSA, andmodify the ray-objectintersectiortests
to be performedK-times. The first usedequationcomesfrom the commonapplicationrun, described
by Eq.2.2. Thesecondusedequationis for the applicationrun, whenthe ray-objectintersectionestis

performedK-times,resultingin therunningtime:
Tr(K)[s] = (K- (NFCF+ R .CRY) + Rrs Crs) Nrays+ Tapp, 2.7)

The third usedequationis the time of the “ideal RSA, Eg. 2.3. The fourth usedequationis for
the casewhentheray-objectintersectiortestin the “ideal RSA is performedK-times,resultingin the
runningtime:

TR"M(K)[8 = K.C¥*Nraysrs + Tapp, (2.8)

Theportionsof time consumedor thesefour runsof RSAapplicationis visualizedin Fig. 2.1.

(a) Tapp Tir Trs

(b) Tapp KxTr Trs
(c) Tapp Tr | Tree

(d) Tapp KxTir Trve

Figure2.1: Visualisationof the runningtimesfor four runsof an RSAapplication. (a) Normal appli-
cationrun (Eqg. 2.2). (b) Normal applicationrun, ray-objectintersectiontest K-times (Eq. 2.7). (d)
“Ildeal RSA run(Eg.2.3).(d) “Ideal RSA run,ray-objectintersectiortestk-times(Eq. 2.8). Notation:
Tit —time devotedto ray-objectintersectiortests, Trs — time devotedto traversing, Tapp — remaining
applicationtime, Tryr —time requiredto readthevisibility datafrom afile.

AssumingCsice &l & and Tapp areof the samevaluein thesefour applicationruns, we can
computetheseunknavn variablesby solvingsystemof linearequationsFromEgs.2.3and2.8,we get
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CiiccandTypp asfollows:
AN )

Gsuce _ 2.9
Tapp = TRN“N - Nrays.rg -C~|S1L'JCC (2'10)
FromEgs.2.2and2.7we derive theC 2" andCrg:
"y TRK) = TR <euce 1
Cfall _ R _ Gsucc jsuce) 2.11
T (7Nrays-(K_1) T NPT ) Rjsuee (2.11)
. TRK) —TR  xsyce e xfail o fail 1
Gro= (TR —Te _ gpue e cfon it @12
Nrays Nrs

We call the profiling methodbasedn thefour equationsnultiplerun profiling. It is orientedonly to
the softwareapplicationghatuseRSA

2.6.2.1 Properties

Multiple run profiling hasonebig adwvantagejt doesnot requireary software profiler tool. However,
it suffers from several disadwantages.First, it requiresthe multiple ray-objectintersectiontestto be
implementedn routinesfor all the objecttypesin the application. Second the time of the multiple
ray-objectintersectionestis affectedby the cachebehaior of the processousedduring experiments.
Evenif theray-objectintersectiortestis performedK-times,insteadof beingK-timesslower it is only
K’ timesslower, where0 < K’ < K. Further we have foundoutduringthetestingof an“ideal RSA that
cachingandbranchpredictionwithin the processorlsoinfluencesthe time of ray-objectintersection
testswithin the “ideal RSA. Sincein this caseray-objectintersectiortestis alwayspositve (Egs.2.3
and2.8), the branchesare awayswell predicted resultingin lower costC¥¢ Our experimentshad
bestmatchingwith the softwaretool profiling usingK = 2. Third, the applicationmustbe run at least
five timesover the sameinput scene.In additionto the four applicationrunsdescribecabove, onerun
is requiredto save the resultsof RSAinto the visibility arrayAs for the“ideal RSA notto influenceTg
in theapplicationrun correspondingo Eq. 2.2. _

Thesecondway is to getdirectly someotherestimateof Crs, €svcc @ andTapp. Someof these
may be known or well estimatedor given hardware,implementationand compilerindependentlyof
TP and s for someprevious runs of the application. Provided Tapp > TYW', we canalso assume
Tapp = TM'N. Third, we canobtainthe estimatefor €siccandC?" whenwe usethe sameRSAwith a
differentsettingusedfor theconstructiorof datastructureunderlyingthe RSA For example,if akd-tree
is used,we cansetthe maximumdepthallowedto variousconstantandthenwe geta setof equations
of type 2.2, which allows usto computeCrs.

Although multiple run profiling hasseveral disadantagesjt remainsthe only knovn way when
software tool profiling is not possiblefor somereason. Below, we improve this methodusing some
correctionparameters.

2.6.2.2 CorrectedMeasuring Subseto

To obtain more preciseprofiling resultswe can modify the equationsof applicationrunsto model
the behaior of cachingand branchpredictionto someextent. We proposeto usethree correction
parametersn this modifiedmultiple run profiling. They expressthetime betweerthe operationthatis
expectedto be cachedandthe time of uncachedperation:rich, rit  rl3h all of themin the range
(0.0,1.0). First,we correctC;t providedthatthe ray-objectintersectiortestalwayssucceeds:

Cr =Crrih (2.13)
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Secondwe correctC;t of therepetitve successfutay-objectintersectiortest:

C3YK) = Cir.(1+ (K — 2).rht ) (2.14)

Third, we correctCyt of therepetitive failed ray-objectintersectiortest:

Gl (k) = Gir.(1+ (K — 1).rfal) (2.15)

Thenwe canexpressthe correctedhreeequationsasfollows:

and

TRN“N = C~|S+JCC-NrayS-rSI Tear + Tapp; (2.16)

TRKY = (RFCH (L4 (K- 1)r5r) + (2.17)
(REER (14 (K = 2).rf21)) + Rirs.Crs)-Nrays+ Tapp,

TAN(K)[g] = CREoerie (14 (K — 2).rM ) Nrays FiT + Tapp- (2.18)

Similarly to Eqs.2.9-2.12we canderive theformulasto obtainCrs, €stcc €2 andTapp. Corrected
measurinds morepreciseut it requiresusto setthecorrectionparametersThesecanbeestimatedy
usinga softwareprofiler whencompilingwithout usingoptimizationswitches or for a differentsetting
of K. Anotherway is to usevariousray traversalalgorithms,sincethe correctsettingof the correction
parameter®,t remainsthe same pecause¢he numberof ray-objectsdoesnot differ and©ts depends
ontheray traversalalgorithmused.

2.7 Comparison Methodology

The establishmenof the subsets, A, and © of the minimum testingoutputenablesusto compare
differentfeaturef RSAs For theuseof anRSAIn anapplicationwhenwe areconcernedn spaceand
time complity of the RSA thereareseveral differentfeaturedor usto distinguish:

S:

RSA
TP:

HW:
COMP:

IMPL:

thecompleity of inputscenes isimportant,for example someRSAcanbeefficientfor scenes
with a small numberof objects,althoughslow for sceneswith a highernumberof objects.
Thescendnfluencesall parameteran 2, A, and®.

theideabehindRSAhasa majorimpacton performanceRSAinfluences, A, and©.

thetestingprocedurds specificto the applicationused,andthe useof RSAcanvary greatly
It only influencesA and®© for an RSAbasedon staticdatastructureotherwisejt alsoinflu-
ences.

typeof hardwareused- thisinfluencesall parametergn subset, particularlyTg andTg.

the compiler its version, and the switchesusedcaninfluenceTg and Tg significantly and
thusall parameterén subse®. (For example,settingoptimizationswitch“-O2” of the C++
compilerin the UNIX operatingsystemcandecreasé¢he runningtime by half comparedvith
“—OO”_)

implementation- the actualcodingof the algorithmalsohasa greatimpacton performance,
dependingon the programmes experience etc. Variousimplementation®f the sameideas
canexhibit significantdifferencesn performancelt influencesonly subse®. Whenthe RSA
is (re)implementedaorrectly the parameterén subset andA arenotinfluenced.

3Thenotionof scenecompleity is alsoa specificissue dealtwith in Section3.3.
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We notethatHW, COMP, andIMPL canbeintertwinedto someextent, sincea certainimplementa-
tion canbetterfit to a certainhardware,etc. It is obviousthatsomary dimensionf freedommale the
comparisorof variousRSAgatherdifficult in general gspeciallyfor subse®. For example,if we want
to comparetwo differentRSAswe have to fix asmary otherpossibledimensionsaspossible,in this
cases, TP, HW, COMP, andIMPL. As the minimum requirementye canrequirethe samesceneand
thetestingprocedurewithin the applicationto be used. The existenceof dimensionsHW, COMP, and
IMPL disablethedirectuseof Tg andTg for comparingvariousRSAs Someparameterin subset, A,
and© allow usto compareeven suchcasesgdueto the generalityof the underlyingRSAcomputation
andperformancemodel.

In general,we canperformthe following comparisongor one experimentusingthe sameTP and
scenes for two ray shootingalgorithmsRSA andRSA, wherevaluesfor RSA aredenotedby super
script®, for RSA by superscript:

e memorycompleity, we compare(Ng + N2) with (NZ + N2). To a constanfactorgiven by an
implementatiorof a particularRSA it expresseshe differentmemoryrequirements.

e useof hierarchywe compareNd /NE andNZ/NZ.

e useof emptyspacewe compareNZ. /NE andNZg /N2.

¢ time complity, we have severalchoicesdependingon the conditionsfor comparison:

Ta — Tahp with TZ — T2 for performanceratio, T3 with TZ for rankingonly — time can
be useddirectly for comparisonwhen HW, COMP, and IMPL attributes of RSAsto be
comparecarethe same.For all experimentshe HW/COMP/IMPL attributesmustalways
be statedexplicitly.

Ok, With ©F — concernghetime requiredfor ray shootingin the applicationrelatedto
ideal ray shootingtime. Assumingthattheimplementatiorof ray-objectintersectiontests
is practicallythe same this enablesa really fair comparisonindependenof HW, COMP,
andIMPL attributes. The paramete@ryn defineshow farthetestedRSAis from the“ideal
RSA, andthusthe maximumportion of the time that could possiblybe reducedoy some
RSAwith higherperformancelt canbe consideredasthe mainindex of the performance.
Unlike comparingTs — Ta}pp with T2 — Tazpp, it enablesisto comparevariousdifferentRSAs
virtually independenthypf HW, IMPL, andCOMP.

O}, with @2, —we cancomparehow muchof thetime for anRSAis devotedto computing
ray-objectintersectiortests.

Oy n-OL: with O3 ,-©2%; — concernghe portion of time for ray-objectintersectiortests.
It canbeusedvirtually independentiypf HW, COMP, andIMPL.

Ok n-(1—OL;) with @4,-(1 — ©Z;) — concernghe portion of time for traversingand
manipulatingwith datastructures.It canbe usedvirtually independentlyof HW, COMP,
andIMPL.

riy with rzr,, — an efficient RSAshouldhave a ratio of ray-objectintersectiontestsper
formedto the minimumnumberof intersectiorntests,ascloseto 1.0 aspossible.

Nt with NZg — anefficient RSAhasthe numberof traversalstepsperray assmall aspossi-
ble.

Nigro/Nirs or N2gro/NZ s —this shavs usthe utilization of emptyspacewithin theexecu-
tion phaselt canhave a greatimpacton RSAperformance.

Basedon thesedevelopmentswe canformulatea comparisonmethodolgy for two or moreRSAs
First,we mapeachtestedR SAto the RSAcomputatiormodeldescribedn Section2.2. Whenperform-
ing a setof experimentdor a setof scenesve have to measurghe minimumtestingoutputfor all the
experiments(Thesceneshouldbe publicly available,SPD scenesresuitable.)Thetestingprocedure
usedwithin the applicationhasto be the samefor onesceneandary RSAandmustbe well described.
(Four testingproceduresaredescribedn the next chapter) This guaranteeshe samesequencef ray
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shootingqueriesandthusthe correctnessndreproducibility of experiments. Then,we cancompare
variousfeatureof testedRSAsasdescribedbore, for eachscenaisedandalsoasawholesetof scenes
usingbasicstatisticstools (e.g., minimum, maximum,average variance).lt is necessaryo reportfully
the minimum testing output for eachsceneand eachexperimentin the researchwork, for example,
whenintroducinganev RSA

2.8 Discussion

The proposedmninimum testingoutputorganizedinto threesubsetdasa total of thirteenparameters,
which canbe considered high number Nonethelesswe considerthis asthe minimum setof parame-
tersthatshaws differentfeaturesof anRSA sinceit is basedn the generakcomputatiormodelthatfits
ary RSA The minimum testingoutputcontainsboth hardware/implementatioindependenandhard-
ware/implementatiomlependentharacteristicshat allow us to make mutual comparisonf various
RSAaundercertainconditions.The disadwantageof this comparisormethodologyis theunderlyingas-
sumptionthatthe costsof theray-objectintersectiortestsareof the equalefficiencgy for variousshapes
of objectson differentimplementationskortunatelytheray-objectintersectiortestsfor objects’shapes
in the SPD packageare moreor lessstandardized3, 18, 88]. Thereis a setof standardscenesanda
well-definedtestingprocedurenamelyray tracingin the SPD packageHowever, we shav thatatleast
thesamesceneS$ andthe sametestingprocedurel P mustbe usedto validatethe comparison.

Letusnow discusdf it is possibleto manipulatehe minimumtestingoutputby changinghe quality
of theimplementation .t is not possibleto influencethe parameteren subset2 andA, assuminghat
theimplementatiorof statisticscountersandRSAitself is correct.If lessefficientor moreefficientray-
objectintersectiortestsareapplied,thenpracticallyall the parameterén © areinfluenced,excluding
Tg. However, it is virtually impossibleto influencethe valueof OryN.Or 4

2.9 Conclusion

In this chaptemwe have shawvn theconcepthatis commonfor all RSAsi.e., anRSAcomputatiormodel
andperformancenodel. We have describedhe“ideal RSA thatprovidesuswith thereferencevaluefor
comparingwo RSAs Further we have presente@methodologyfor comparingvariousRSAsHowever,
aftertheanalysiswe performedt is clearthatanexperimentatomparisorof variousRSAsstill remains
a difficult problemin general. The comparisonrmethodologypresentechereenablesus to compare
variousRSAs assuminghat eachapplicationusesthe samesequencef ray shootingqueriesfor the
samesetof objects. The constructionof an “ideal RSA, which givesus the minimum time devoted
to ray shootingonly, alsoshavs usthetime in the bestpossibleandideal casegiven a hardware and
implementation.The minimum applicationrunningtime expresseshe minimum time of a particular
applicationthatusesan“ideal RSA for agivensceneandtestingprocedure.

A by-productof this developments thatwe canmeasurdow far we arefrom theminimumapplica-
tion runningtime ever achiezablein dependencenthe RSAused giventheapplicationimplementation
thatcomputeghesetof ray shootingquerieson thetestedhardware. For example,it canthenbeshavn
whetheror notit is possibleto computea particularglobalillumination tasksuchasray tracingin real
time, givenacertainhardwareanda certainsoftwareimplementation.
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Chapter 3

BestEfficiency Ray Shooting Algorithm

In this chaptemwe presenainexperimentakfficiencgy studyof severalRSAs For this purposewne propose
four testingprocedureghat inducevarioussetsof ray shootingqueriessimulatingthe useof an RSA
in globalillumination algorithms. We usethe testingprocedurego producestatisticsfor comparison
basedon the developmentsput forward in the previous chapter We comparevariousRSAsthat have
beerreimplementedollowing thepublishediterature.For reason®f thespacevereportonly themain
resultsof 1440experimentgor 30 SPD scenesand12 RSAs

3.1 Motivation

Looking at the literatureaddressindgR SAswe find that mary recentresultsareeitherlimited to a sub-
setof SPD scenespr have beenmeasuredn private scenesets. Additionally, it is not known if SPD
scenes- althoughthey arescalable- is a goodrepresentate setof scenesuitablefor testingvarious
RSAsThetime compleity of mostdevelopedheuristicRSAds unknavn, or it is formally O(1), which
canbe usedfor no valuablequantitatve or qualitatve comparisonsincethe timings for performing
experimentsvary greatly Further the sameRSAon differenthardware canhave betteror worseim-
plementationsAs aresultof thefactorsmentionedabove, mary papersgpublishedaboutRSAscontain
mutually contradictorystatements.

Researchergwolved in RSAshave tried long to find the besteficiencyRSA i.e., an RSAthat out-
performsall otherknowvn RSASfor ary setof ray shootingqueriesandary input scene.As might be
supposedno suchRSAhasbeenfound to be generallythe bestuntil nowv. We proposean alternatve
in the searchor the globally best-performindRSA basedon statisticsprovided by numberof different
RSAgestswe will try to find the statistically bestRSA.The work presentedn this chapteris part of
anongoinglong-termundertakingcalledthe BES (BestEfficiencySdiemé@ project,announcean the
globillummailinglist [58] in October1999[79]. Owingto thelong-termnatureof theprojectwe report
in this thesisonly thefirst resultsof experimentdbasedn 30 SPD scene®f differentcompleity.

This chapteris further structuredas follows: Section3.2 gives more detailson the goalsof the
BES project. Section3.3 recallsthe knowvn scenecomplity measures.n Section3.4 we describe
the designof thetestingproceduresised.Section3.5 presentshe resultsfrom experimentson 30 SPD
scene®f differentcompleities anda possiblanterpretatiorof theobtainedresultswith regardto scene
compleity measuresFinally, Section3.6 makessomeconclusionsandproposesnoutlinefor future
work on BES.

3.2 Project Goals

The basicideaof the BES projectis to collect a reasonablesetof testscenesf varying compleity,
andto usethesescenego measurdhe hardware/implementationbmigler independentharacteristics

35
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of variousRSAs Thecollectedscenewill notexhibit self-similarbehaior exposedby the SPD scenes
thataregeneratedilgorithmically Thescenesandmeasuredesultswill be madeavailableto the com-

putergraphicscommunityin a suitableform. Theresultsof the projectfor collectedscenewill enable
usto evaluatethe propertiesof SPD scenedor testing.

TheBESprojectwill helpin clarifying thefollowing points:

e BESEXxistence The questionwhethera bestefficienoy RSAdoesor doesnot exist will be an-
sweredusinga statisticallyrelevant setof scenes.We supposehatthe answemwill be negative
for currentlyknown RSAsbut this still hasto beverified.

e AlternativeBESFormulation.A proposafor analternatve definitionof abestefficiency scheme,
basedn hardware/implementatiomdependenstatisticsor arelevantnumberof sceneswill be
given.

e BESTestingProcedues. Simpletestingproceduresvith moderatetime requirementwill be
defined.Theseproceduresanbeusedby otherresearcher® presenthepropertieof anew RSA
Theseproceduresvill notbedirectly global-illuminationalgorithmsrequiringothercomputation
thanray shooting-they will justinducedifferentsetsof ray shootingqueries.

e BESComparison A concisesummaryandcomparisorof currentlyusedRSAswill be provided.
In orderto minimisediscrepanciesll testedRSAsareimplementedvithin auniform framework
(GOLEM renderingsystem[75]).

e BESRepository A collectionof freely availabletestsceneof varying compleity will be made
availablefor the scientificcommunity This canmalke future researchn globalillumination and
the visibility field easierand more verifiable, as the lack of commonly usedsceneanales it
impossibleto verify theresultswhenreimplementingreviously publishednethoddor reference
purposes.

e BESPrediction. We will checkhow the proposediefinitionsof scenecompleity canhelpusto
predictwhich RSAshouldbeoptimally selectedn advancefor agivenscenelf sucha prediction
doesnotexist, theway to definesuchpredictorswill beopened.

e Hybrid Methods.We will try to find outif it paysoff to constructhybrid spatialdatastructures
for somespatialregionsin a scene.The conceptof meta-hiearchies[16] wasdefinedtenyears
ago,but we arenot awareof present-daymplementations.

3.3 SceneComplexity

As we would like to be ableto predictwhich RSAis the mostappropriatdor a given scenewe need
ameanscharacterisinghe scenewith respecto runningtimesfor differentRSAs This canbe accom-
plishedby measuringifferentscenecompleity characteristicendexaminingthe correlationbetween
thecompleity characteristicandrunningtimesfor differentRSAdor a setof scenesThenwe cantry
to formulatean RSAselectionalgorithmwhich suggestshe useof a particularRSAfor a givenscene
usinga certaincompleity measureThe RSAselectionalgorithmis expectedto selectsucha RSAthat
is likely to performbestof all RSAs

Thereare several waysto estimatescenecompleity. We cantake into account.for example,the
numberof objects,scenesparsenessparsenesgarianceand standarddeviation, non-uniformity and
soon. We have madeuseof several methodsof evaluatingscenecharacteristicshatwereintroduced
for this purposg98, 27, 46].

3.3.1 Count Approach

The prevalentway to characterizescenecompleity is to take the numberof objectsN in the scene,
oftenreferredto asscenesize Althoughthis is a very simplistic definition of scenecompleity — N



3.3. SCENECOMPLEXITY 37

objects—, it raisesthe questionwhetherthe useof this compleity measuras not exaggeratedTo the
bestof our knowledgeno answerto this problemhasbeengiven.

3.3.2 VoxelisationApproach

A methodof scenecharacterizatiorbasedon the presencef objectsin voxels of a uniform grid has
beenproposedy Klimaszeavski [99, chapter4].
Theresolutionof thegrid is selectedaccordingto the O( 3/N) rule, usinghomogeneoumethod:

resoltion, = resoltion, = resoltion, = | Y/ 0voxel- N+ 0.5], (3.2)

whereN is the numberof objectsandd, kel is the voxel density (It is usuallyassumeah,gxe = 1.0.)
Thenthe numberof voxelsin the uniform grid is Ny = resoltiony.resoltiony.resoltion,. Theratio
betweerthe numberof emptyvoxels N to all voxels expresseshe coeficientknovn assparsenes®:.

Ng
Y—_= 3.2
Themeanf givestheaveragenumberof objectsin avoxel:
1 Nv

wheren; is the numberof objectsin thei-th voxel of a grid comprisingNy voxels. Variancev, the
variability of the dataaroundthe mean andstandardieviation o aregivenas:

v=—1 S (n — fi)? (3.4)
N1,

o =+/V. (3.5)
To measurdhe unevennesof a distribution, the nonuniformity coeficient A is used. The largerit is,
thelargerthedisparitiesof voxel occupang. A is definedas:

A=0o/f (3.6)
Additionally, higherordermomentseportedareknowvn asskewness
s=1/Nv.i§1(n‘;n)3, 3.7)
andkurtosis N
k= [1/Nv-i;( )-8 (3.8)

The objectsshouldbe assignedo the voxels using the intersectionof the object surfacewith the
voxel, nottheintersectiorof the objects 23 with the voxel.

3.3.3 Integral Geometry Approach

CazalsandSbert[27] investigatedseveralintegral geometrytoolsthatcharacterizeweragecasescene
propertiesTheir stratgy consistedn probingthe scenewith randomentities(linesandplanes)paying

specialattentionto thosestatisticsthat may reveal the spatialdistribution of sceneobjects. A global

line in this context is aray with its origin outsidethe scene Whenshootinga globalline, thegoalis to

find out not only the closestintersectedbject,but all objectsintersectedclongtheray path.

We selectedall therandomline-basedestsfor our experimentswhich allowed usto determinethe
following characteristicsaveragenumberof intersectiorpointsfor agloballine crossinghesceneng,,
probability of notintersectingary objectin the scenepy, andrelative averagelengthof aline spanthat
liesin freespacesen.
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3.3.3.1 AverageNumber of Intersection Points

When castinga global line throughthe whole scene,an averagenumberof intersectionsvith scene
objectsn®, maybedeterminech priori as:

ng _ 2.SAtal
int %(%(5)) ’

where SA(AB(S) ) is the surfaceareaof a tight sceneaxis-alignedboundingbox and SA(O;) is the
surfaceareaof thei-th objectin thescene A posteriori,we cancomputethis characteristic®y casting
n globallinesto thescene:

N
Shvta = 3 SA(O) (39)

1 n
erf, = - zlinti, (3.10)
i=

whereint; is the numberof intersectionsvith objectsfor i-th globalline. Standardieviation oerf?,
of this characteristicgs alsoreportedn [27] for castingthe setof globallines.

3.3.3.2 Probability of Zero Intersections

The probability of aray notintersectingary objectin the scenedenotedpy, is quite hardto determine
analytically As we have to castgloballinesanyway in orderto computeothercompleity characteris-
tics, we computethe probability as: 0
o
MNotal
wherenytg is the total numberof global lines castandng is the numberof global lines that did not
intersectary objectin thescene.

(3.11)

3.3.3.3 FreePath Statistics

While tracinga globalline througha scene gvery intersectionaddsan additional“span” to the traced
line. The averagelengthof spansmay give us aninsightinto the spatialdensityof the sceneunder
investigation.For every globalline n; castwe sumupthe spanlengthsly andalsoidentify themaximum
spanlengthlmax. For thetotal of ngpansspanghefree pathstatisticis thengivenas:

Nspans

1
Sen— ———— zl l;. (3.12)
Nspans- Imax i

Similarly to erﬁt, standarddeviation for free path statisticsogen, is in [27] alsoreportedfrom the
experiments.

3.3.4 Information Theory Approach

Feixaset al. [46] describescenecomplity asataskof determiningthe mutualinformationtransfer
In their paperthey presenta numberof compleity measuresrom informationtheoryquantifyinghow
difficult it is to computevisibility in the sceneaccurately While working with a scenediscretised
into patchesthe paperalso containsa definition of scenecontinuousmutual information, which is
mutualinformationindependenbf ary discretisationof the scene.We have usedcontinuousmutual
informationl$ to characterizeur scenes.

The scenecontinuousmutual visibility information can easily be determinedusing Monte-Carlo
integrationwith globallines. Thewhole quiteinvolved formulaboils down to:

1 e (SAtotm cosBy cosev)

IS~ — S I
S npp & o9 md(U,V)?

(3.13)
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wherenpp standsfor the total numberof point pairsobsered, SAwia IS the total scenesurfacearea,
(U,V) is the point pair underinvestigation,d(U,V) is the distanceof thosetwo pointsand6y, 8y are
the anglesbetweerthe directionvectorandthe correspondinghormalvectorto the objects’suriaceat
U andV. As objectsin the SPD scenesusedfor testsheredo not overlap,for the purpose®f testingin
this chaptemwe have SAyptal = ZiN:1 SA(G;), whereSA(O,) is thesurfaceareaof i-th objectin the scene.
In the caseof morecomplex geometry(CSGobjects),the stochastiareaestimationmethodproposed
by Wilkie etal. [161] canbeused.

3.4 TestingProcedures

The designgoal of the RSAtestingproceduesis to emulatethe useof ray shootingin renderingalgo-
rithms. For the designwe preferto take only suriacegeometryinto accountanddo not performary
lighting or materialcalculations.This way mostof the computatiortime in thetestsis really devotedto
ray shooting,whichis the subjectof our mainconcern.

We proposdour differenttestingproceduresThefirst threetestsaregeneraimethodssimulatingthe
useof ray shootingin globalillumination renderingalgorithms.Thelasttestingprocedures ray tracing
animageasdefinedin SPD asanexampleof simpleandrealrenderingtask. We do not useray tracing
justto getavisually appealingmage;it alsoallows usto find errorswhenimplementinga nev RSA
andit alsoallows subjectve evaluationof sceneproperties.

Whenatestscenehasquite a varying objectdistribution, performingray shootingtestsfor a single
origin of a ray locatedsomeavherein the scenemay reveal only local propertiesof the testedRSA In
orderto testRSAbehaior over the whole scenethe useof uniformly distributed global raysis more
appropriate. In orderto obtain equalray distributions for all testedRSAsthe sameinitial seedsfor
randomnumbergeneratorfiave to be usedin eachtestingprocedure.

Theusualway of generatingyloballinesis to generatewo uniformly distributedpointsonthescene
boundingsphereandto shoottheray betweerthesegwo points. This methodwould howeverbeunfair to
thoseRSAghatusearay spacesubdvision method,assuminghe successie ray queriesaresomehav
similar [17, 137, seeSectionl.6.4. Algorithm 5 shavs an alternatve uniform global ray generation
schemethat preseresthe ray cohereng of subsequentays at the sametime. The basicideaof the
algorithmis to split a spherento the B bandsof the samewidth (andthusthe samesurfacearea)and
assignthe samenumberof pointsto eachband.This preseresthe samesurfaceareais alsoassignedo
eachpoint. Thencastingthe globallinesamongall pairsof pointshasuniform line density

3.4.1 Definition of TestingProcedures

Thefirst of four testingproceduresgdenotedT Pa, testthe propertiesof RSAfor raysdistributedin the
wholescene.The secondestingprocedurel Pg testthe propertiesof RSAIn the spacewherethe most
objectsarepresent.Thethird testingprocedurel Pc simulatesa randomwalk in the spaceweremost
of the sceneobjectsare present. The lasttestingprocedurel Py is the alreadymentionedray-tracing
accordingo SPD. Thetestingproceduresredesignedasfollows:

Testingprocedue TPa: Shootsonly primary raysthataregeneratedisingAlgorithm 5 on a sphere
circumscribedo the 438 of the scene.The 43 of the scenels computedasa union of the 43s of all
objectsin thescene.

Testingprocedue TPg: Assignsatight 2B(0;) to eachobjectO; in the scene.For each4B(0;)
computests centerpoint Q; andcomputeshe centerof thesphereasQ = 1/N- zi’\‘zl Q. Usingabinary
searchfinds the minimum radiusof a spherewith centerQ containing90% of all Q;. Shootsonly
primaryraysgeneratean this sphereusingAlgorithm 5.

Testingprocedue TPc: ThesameasTPg, but theraysarerandomlyreflectedusinguniform distri-
bution over the hemispheragiven by the surfacenormal at the hit point. The bouncescontinueuntil
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Algorithm 5 Systematicallycastingn- (n— 1) raysuniformly distributedon sphere.

{Computen pointsuniformly distributedonthe unit sphee.}
B « numberof bands
Subdiide sphereby (B—1) planesz=cond {z =1—-2(i+1)/B,i € {0,B—2}}.
{CreateB bandshavingthe samesurfaceareaonthesphee.}
b + 0 {currentbandindex}
SAone < 4/3- 11/n {requiredsurfaceareaof oneregion}
o + 0 {theendangleof the currentregion}
for all i € n pointsdo
SAcurr < 0 {Currentregion haszeo area. Alwaysgenerte point at theendof a new region.}
Integratebandsby increasingx or/andb until SAcyrr = Sone
B.z=05-(1—(1-2i)/n)
R=1/1.0— (P.2)2, B.x = Rcogq;), P.y = Rsin(a;)
endfor
Transformn pointsto world spacegiventhe spherecenterC andradiusR.
for all i € n pointsdo
for all j € npointsdo
if i # j then
{FOF TPa, TPg, andTPC.}
Shoot(primary)ray betweerpointsi and j onthespheren theworld space.
{Onlyfor TPc spawnhigherorderrays}
endif
end for
endfor

the maximumdepthof recursiond,ec = 4 is reachedprimaryrayshave d.ec = 0) or until theray leaves
thescene.

Testingprocedue TPp: Recursie ray tracingexactly asdefinedin SPD. Thistaskrequiresacamera
to besetandsurfacematerialgo bedefined.Depthof recursions thesameasfor TPc, andthenumber
of primaryrayscastis 513x 513. All otherdetailscanbe foundin the Readme.txt file in the SPD
distribution [69].

Obviously; it is alwayspossibleto constructanartificial scenewvhereour testingproceduresvill not
fulfill the proposedyoal. However, sceneshatareusedfor practicalpurposesvill not posedifficulties
to ourtests.

3.4.2 Invariants

Givenatestingprocedurel P anda scene$ we candeterminea setof parameter$or every testedscene
thatwill remainconstantregardlesof the RSAused.Theseinvariantscanbe usedto verify theresults
of RSAimplementation.However, we will be awarethatthis verification doesnotimposea globally

correctRSAimplementationjt merelyprovesthatthe resultsare correctfor the particularscene.The

invariantsare:

Ngj,g: numberof primaryrayshitting the sceneaxis-alignedoundingbox (appliesfor TPa-TPp),

NBIrtim: numberof primaryrayshitting ary object(appliesfor TPA-TPp),

Nsec numberof secondaryays(reflectedraysfor TPc, reflectedandrefractedraysfor TPp),

NOE - numberof secondaryayshitting ary object(reflectedraysfor TPc, reflectedandrefractedrays
for TPp),

Nshag: NUMberof shadav rays(appliesfor TPp only), and

NAt - numberof shadev rayshitting opaqueobjects(TPp only).

In practicewe obseredthattheinvariantsareequalor thatthey differ justvery slightly dueto numer
ical precisionproblems. The relative error for shooting10® raysusingsingle-precisiorfloating point
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arithmeticwas alwaysbelav € = 10~ in our experimentswhich is acceptableinderthe assumption
that no differenceshetweenimagesobtainedasa resultof TPy for differentRSAsarevisible. Given

the finite precisionarithmetic,we shouldconsiderthat tuning an RSAimplementationo get exactly

the sameresultscan even be impossibleto achiere, sincethe RSAneednot be robust to numerical
imprecision.

3.5 Resultsand Discussion

In this sectionwe describethe scenesusedfor the experimentstheir scenecomplity measuresand
theresultsfor all testingprocedures.

3.5.1 TestScenes

Theprocesf collectingandpreparingestscenestartedn Octoberl999andnow in November2000
is still underprogress.We decidedto groupthe collectedscenesaccordingto the numberof objects,
creating7 groups: GX, X € 0...5, eachG* containing15 sceneswith (10X + 1, 10¢+1) objects,and
G?, 10 scenesvith morethan1(P objectswhichis 100scenesn total.

Thereare mary WWW sitesoffering 3D modelsusablefor our purposeshut we have encountered
two problems:First, modelsareusuallyavailablein proprietaryformatsandconversioninto openfor-
mats(VRML’97 [2] in ourcase)doesnotusuallywork verywell. Thisresultan scene$aving corrupted
faces,nvalid normals,missingtextures,andsoon. Secondonecannever estimatethe scenesize be-
fore actuallydownloadingthe model. We obsered that mostof the 215 sceneslownloadeduntil now
typically contain5- 10°-5- 10* objects. We did not found ary suitablescenesaving lessthan100 or
morethan5- 10° objectson WWW. While small scenesanbe modeled composingmeaningfullarge
sceness quite a demandingask. As a result,groupssupposedo containscenewith highernumbers
of objectsarestill incomplete.Thereforethe projectcannotprogressat present.

In the experimentspresentecherewe have usedthreegroupsof SPD sceneswith differentobject
counts. Since SPD scenesare scalable we decidedto generatandividual sceneswith objectcounts
ascloseaspossibleto maximumcountsrequiredfor scenesize: groupG2pp, (10° objects),Gépp (10
objects}, andG‘gPD (10° objects).Thescenesizein generatedPD sceneslepend®n anoptionalsize
factor Sz, wherethe ratio of scenesizesfor S and (S: + 1) variesfrom 1.2 for “teapot” to 8.0 for
“jacks”. Table3.1lists onescenesizein the SPD scenedor sizefactorS = 1...6. Thebold typeset
numbersof objectsdenotesceneselectednto groups:G3pp, Gipp, andG2pp A SPD scendurtherin
thethesisis referredto as“sceneX”,whereX is the valueof the sizefactor We decidednot to usethe
sceneentitled“shells” for our experimentsasthisis theonly SPD scenecontainingdenselyoverlapped
objects,which shouldnot be the casefor a correctly modeledscene. Naturally sucha scenecauses
problemsfor arny RSAthatwe tested.

As soonasthe RSAcharacteristicsneasuredn the dovnloadedscenesare available, they canbe
comparedo datameasurean theseSPD groups.This way we canverify the suitability of SPD scenes
for testingRSAs

Table 3.2 shavs selectedscenecompleity measuregor the 30 SPD scenes.Comparingthe com-
putedcompleities with thetestingresultspresentedelow, it unfortunatelyseemshatthereis nodirect
correlationbetweerexisting compleity measuresndRSAperformance.

3.5.2 Results

We implementedhefollowing RSAswhich areall basedon the staticdatastructures:

lWhenSPD sceneareusedfor testingan RSA G, correspondso the standardsetof sceneshatis usedfor testing.
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Scene
S balls| gears| jacks| lattice | mount| rings | sombrero| teapot| tetra| tree
1 11 147 9 20 12 61 1922 57 4 7
2 92| 1169 81 81 36| 301 7938| 244 16| 15
3 821 | 3943 657 208 132 | 841 32258| 561 64| 31
4 7382| 9345| 5265| 425 516 | 1801| 130050, 1008| 256| 63
5 66341| 18251 | 42129| 756 | 2052| 3301| 522242| 1585| 1024 | 127
6 || 597876| 31537 | 337041| 1255| 8196 | 5461 — | 2292 4096 | 255
Table3.1: Numberof objectsof SPD scenesccordingto the sizefactorS:.
[ I Complexity
[SceneX [[Growp | N SAwa [[ $[ a] o] X s ] KT 3 [ ey [oefi T Po T Sen [ 0%n [ IS |
balls3 G%PD 821 588.57 0.49 1.72 12.23 7.12 10.01 99.91 0.92 0.92 0.43 0.995 0.040 1.16 10.194
balls4 G5pp 7382 591.71 0.97 1.28 19.20 15.00 17.68 344.85 0.92 0.92 0.47 0.995 0.036 1.12 11.167
balls5 GgPD 66431 594.85 0.99 1.01 23.20 2291 26.68 780.77 0.93 0.93 0.51 0.994 0.033 1.09 11.518
gears2 G%_PD 1169 32.61 0.81 1.58 5.01 3.18 3.89 15.47 1.36 1.36 1.65 0.787 0.110 0.40 4.833
gears4 Gng 9345 59.61 0.78 2.27 6.08 2.68 2.88 7.49 2.48 2.48 3.65 0.723 0.060 0.23 9.003
gears9 G2pp 106435 126.16 0.76 2.82 6.70 2.37 2.40 4.62 5.25 5.25 8.46 0.691 0.025 0.14 12.728
jacks3 G§F,D 657 26.72 0.47 2.84 3.37 1.19 0.80 -0.76 1.32 0.95 1.72 0.749 0.092 0.31 4.512
jacks4 Gspp 5265 57.26 0.58 2.63 3.61 1.37 0.96 -0.61 2.50 1.78 2.89 0.661 0.078 0.27 6.843
jacks5 GgPD 42129 118.33 0.63 2.58 3.76 1.45 1.01 -0.58 4.87 3.34 5.05 0.604 0.064 0.19 9.437
lattice6 G3_PD 1225 14.72 0.00 2.33 1.35 0.58 0.96 -0.20 4.17 3.13 2.63 0.299 0.086 0.18 5.471
lattice12 Gng 8281 24.47 0.00 3.69 1.68 0.45 0.03 -1.12 7.49 5.48 4.07 0.172 0.069 0.13 7.581
lattice29 G2pp 105300 52.73 0.02 3.59 1.68 0.47 0.10 -1.01 16.92 11.42 7.65 0.087 0.046 0.07 10.819
mount4 Ggpp 516 9.25 0.65 3.06 5.29 1.73 1.68 1.73 0.68 0.68 1.09 0.865 0.144 0.38 5.636
mount6 Gspp 8196 10.16 0.84 2.36 6.89 291 3.24 10.34 0.74 0.74 1.23 0.849 0.119 0.36 6.193
mount8 GgPD 131076 10.52 0.93 1.88 9.38 4.99 5.76 35.20 0.79 0.79 1.51 0.847 0.095 0.32 7.649
rings3 G%_PD 841 362.58 0.69 2.40 541 2.25 2.44 5.23 1.16 0.82 1.38 0.867 0.119 1.70 3.763
rings7 G?PD 8401 2817.90 0.72 2.69 5.46 2.03 1.94 2.45 2.46 1.53 2.62 0.748 0.071 2.12 6.718
rings17 G2pp 107101 | 32717.00 0.74 2.43 4.93 2.03 2.00 2.99 5.95 3.47 5.57 0.642 0.043 2.56 10.412
sombrerol GgED 1922 72.86 0.70 2.78 4.60 1.65 1.31 0.35 0.81 0.81 0.78 0.966 0.104 0.43 5.245
sombrero2 Gspp 7938 73.51 0.80 2.44 5.32 2.19 1.93 2.07 0.82 0.82 0.80 0.963 0.114 0.42 4.858
sombrero4 GgPD 130050 73.70 0.92 1.91 6.96 3.64 3.60 11.40 0.82 0.82 0.79 0.962 0.117 0.42 4.622
teapot4 GgPD 1008 115.56 0.64 3.05 7.85 2.58 4.85 36.36 1.01 1.01 111 0.795 0.232 1.19 7.101
teapot12 G?PD 9264 116.73 0.85 2.20 9.74 4.43 9.21 125.22 1.02 1.02 1.13 0.791 0.255 1.20 7.408
teapot40 G2pp 103680 116.87 0.92 1.78 13.19 7.42 19.40 625.33 1.02 1.02 1.13 0.791 0.255 1.20 7.382
tetrab GSpp 1024 13.86 0.63 3.27 5.11 1.56 1.44 1.03 1.15 1.15 1.75 0.610 0.059 0.25 5.006
tetra6 Gng 4096 13.86 0.76 2.74 5.70 2.08 2.15 3.47 1.15 1.15 1.89 0.638 0.043 0.24 6.205
tetra8 G2pp 65536 13.86 0.90 1.99 7.02 3.52 4.12 18.44 1.15 1.15 2.14 0.681 0.030 0.22 8.747
tree8 Gpp 1023 10006.00 0.50 1.53 23.04 15.02 22.54 509.36 0.94 0.94 0.23 1.000 0.087 7.05 7.220
treell G?PD 8191 10007.00 0.67 1.37 42.97 31.41 45.86 2188.41 0.94 0.94 0.24 1.000 0.091 8.04 7.548
treel5 GSPD 131071 | 10008.00 0.80 1.60 100.10 | 62.59 87.38 8379.39 0.94 0.94 0.24 1.000 0.086 7.74 7.587

Table3.2: Scenecompleity accordingo Section3.3for G5, Gépp, andG2, scenes.

BSP: TheBSPtree[94] usingan efficient recursve ray traversalalgorithm[82]. The splitting plane
alwayscreatesqually-sizecchildren. The maximumallowed depthwas 16, maximally 2 ob-
jectswereallowedin anode(seeSubsubsectiof.6.3.1),

KD:  Thekd-tree,similarto the BSPtree,but the splitting planeis put accordingto the surfacearea
heuristic[105]. Theconstructiorof the kd-treeis discussedn thefollowing chapter Thesame
terminationcriteriaasfor the BSPtreewereused,

UG: Theuniform grid [53], with resolutionaccordingto [85] (Woo’s method)with voxel density
dvoxel = 3.0 (seeSubsubsectiot.6.3.3),

BVH: Theboundingvolumehierarchybuilt with costfunction[63] (seeSubsectiorl.6.2),
AG: Theadaptve grid, BVH over uniform grids[100] (seeSubsubsectiof.6.3.4),

RG: Therecursve grid, agrid recursvely putin the parentgrid voxels again[93] (seeSubsubsec-
tion 1.6.3.4),
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HUG: Thehierarchyof uniform grids[26] (seeSubsubsectiofi.6.3.4).

084: Theoctreewith asequentiatay traversalalgorithmbuilt usingmidpointsubdvision [59] (see
Subsubsectiof.6.3.2),

0O84A: Theoctree-Rusingsuriaceareaheuristic[159] with the sequentialay traversalalgorithm[59]
(seeSubsubsectiof.6.3.2),

089: Theoctreeusingneighborfinding for theray traversalalgorithm[126] usingmidpointsubdvi-
sion(seeSubsubsectiot.6.3.2),

093: Theoctreeusingtherecursve ray traversalalgorithm[54] (seeSubsubsectiot.6.3.2),

0O93A: Theoctree-Rusingsurfaceareaheuristic[159] with therecursve ray traversalalgorithm[54]
(seeSubsubsectiof.6.3.2).

The detaileddescriptionof parametesettingsto build up underlyingdatastructuresof all RSAss
beyondthe scopeof thethesis,sinceit supposesletailedknowvledgeof all RSAs We have consistently
usedthe bestsettingsthat we found during previous experiments[85, 74], with one exception— if
we ran out of memory we allowed threeiterationsof modifying RSAconstructionparametesettings
to requirelessmemoryandthentestedagain. This occurredfor RG, AG, andHUG. Failuresof this
iterative parametesettingsarereportedn Table3.4. Therearetwo casesvhenresultsarenotreported:
eitherthetestingprocedurelid notfinishin 10 hours,or thecomputermemorywasstill exhaustedaven
after threeiterationsof settingparametergor construction. It shouldbe clearthat manualtuning of
theseparameters$o constructfailure-proofdatastructuredor all 12 given RSAsand 30 sceness quite
impractical.

All thetestspresentedn this chaptemwereconductedn PCsrunningLinux, kernelversion2.2.12-
20, processomtel Pentiumll, 350MHz, 128MB RAM. Testprogramin the GOLEM renderingsystem
wascompiledusingegcs-1.1.2with “-O2” optimizationswitch. The total numberof experimentsvas
1440 (12 RSAsby 30 scenedy 4 testingprocedures).With 10 reportableparametergor every ex-
periment(seeSection2.5) we measured. 1520hardware/implementatiomndependenand 2880hard-
ware/implementatiodependenRSAparametersWe omittedto find out thevalues@a, 1, andOys
dueto thetime requirementshatarenecessaryo getthesevalues,sincewe aresatisfiedwith ranking
of testedRSAs

Dueto spacdimitationsit is not possibleto reportall the resultsfrom experimentshere. We have
thereforeselectedhe main characteristicérom all the experimentsandwe presentherea shortsum-
mary, theresultsfor TPy aregivenin AppendixE, lines48-58.All measuredtatisticsareavailableon
the WWW site of the BES project[79].

Table 3.3 reportsfor eachtestedscenethetime Tg neededo build the underlyingdatastructurefor
thefastesRSAandthe minimumtime Tg over all RSAsneededo run all testingproceduresTable3.4
reportsheaveragerunningtime T for agivenRSAandtestingprocedurdor all thescenesndsummary
timesfor columnsandrows. The parametem is the numberof taskswhereexperimentfailed dueto
memorylimits, f denoteghe numberof casesvhentestswerenot finishedwithin thetime limit. The
RSAsaresortedinto T for the total sumincluding all testingprocedures We canseethatthe winner
in thetestson SPD sceness the RSAbasedon the kd-tree, while the RSAbasedon the BVH hasthe
worstaveragerunningtime, beingin sometestseven morethantwo ordersof magnitudeslowver than
theformer

The total runningtime of the whole experimentwas about400 hourson a single processor Tests
TPA—TPc used1(® primary rays (exactly 10091008= 1017072rays), and the numberof bandsin
Algorithm 5was8161.Thegraphsn Fig. 3.1andFig. 3.2shav asummaryof thehardware/independén
parametersParametergor eachRSAaresummecover all testedscenesndtestingproceduresandare
normalizedo thehighestvaluefor all RSAs Thegraphin Fig. 3.3shavs for eachRSAits total running
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TestingProcedure

SceneX TPA TPB TPC TPD

RSA| Telg | Trlg || RSA| Te[sl | Trls || RSA| Tels | TrIg || RSA| Telg | TrIg
balls3 KD 0.30| 3.72 KD 0.30| 13.63 || KD 0.30 | 50.25 KD 0.30 21.4
balls4 KD 1.75| 3.51 KD 1.75| 17.64|| KD 1.75| 62.87 KD 1.75 | 27.06
balls5 KD 16.2 3.82 KD 16.2 | 31.41 KD 16.2 | 102.2 KD 16.2 | 42.0
gears2 KD 0.6 501 KD 0.6 10.1 KD 0.6 | 34.24|| KD 0.6 | 38.96
gears4 KD 245 | 571 KD 2.45| 12.94|| KD 2.45| 57.49 KD 2.45| 36.24
gears9 KD | 22.79| 7.91 uG 7.24 | 18.36|| KD | 21.89| 91.01 KD | 22.97| 40.59
jacks3 UG 0.04 | 12.59 uG 0.04 | 30.51|| UG 0.04| 74.05|| UG 0.04 | 10.46
jacks4 UG 0.3 | 16.38 uG 0.3 | 38.87 UG 0.3 | 118.8 uG 0.3 ] 19.82
jacksb KD | 12.68 | 21.76 uG 29| 46.45| UG 29| 167.4| UG 2.9 | 30.69
lattice6 UG 0.1 9.47 uG 0.1 13.36|| UG 0.1| 48.56 || UG 0.1 33.24

lattice12 uG 0.6 | 12.02 uG 0.6 | 16.88| UG 06| 7296 | UG 0.6 | 39.95
lattice29 uG 8.6 | 14.53 uG 8.6 | 19.35| UG 8.6 | 93.45| UG 8.6 | 43.65

mount4 KD | 0.09| 6.83 KD | 0.09| 11.18|] KD | 0.09| 26.65| KD | 0.09| 18.88

mount6 KD 149 9.11 KD 1.49| 15.71 | KD 1.49| 39.3| KD 1.49| 21.06
mount8 KD 25.9 | 18.45 KD 259 | 37.07|| KD | 26.9| 114.7|| KD | 25.82| 25.14
rings3 KD | 047, 8.14 KD | 0.47| 30.01| KD | 0.47| 80.93| KD 0.47 | 40.39
rings7 KD 2.36 | 12.61 KD 2.36| 38.09|| KD | 2.36| 139.5| KD 2.36 | 64.76
ringsl7 KD | 23.55| 22.23 KD | 23.55| 61.13|| KD | 23.55| 260.4|| KD | 23.55| 106.6

sombrerol|| KD | 0.32| 6.18 KD 03| 800 KD | 031 18.21| KD 0.33| 3.82
sombrero2|| KD 1.37| 6.82 KD 1.37| 9.16|| KD 1.37| 20.99|| KD 1.37 4.0
sombrero4|| KD | 26.39| 11.83 KD | 26.39| 16.88|| KD | 26.39| 40.61|| KD | 26.39 6.9

teapot4 KD | 0.38| 5.65 KD | 0.38| 11.56| KD | 0.38| 35.25| KD 0.38 | 13.94
teapotl?2 KD 2.18| 6.65 KD 2.18 | 13.89| KD | 2.18| 43.12|| KD 2.18| 15.66
teapot40 KD 224 9.54 KD 2241 23.46| KD | 22.4| 7458| KD | 22.39| 23.85

tetra5 KD 0.1 6.6 KD 0.1| 933 KD 0.1| 19.6| KD 0.1| 248
tetra6 KD | 049 7.74 KD | 0.49| 109| KD | 047| 21.96| KD 0.47| 2.66
tetra8 KD 10.9 | 13.69 KD 10.9| 19.47 | KD 10.9| 36.65| KD 10.9| 3.57
tree8 RG| 0.13| 3.72 KD | 0.34| 20.66| KD | 0.34| 34.23| KD 0.34| 18.39
treell AG | 1.75| 3.82 AG 1.8 29.96| KD | 2.04| 47.28| AG 1.8 | 20.61
treel5 RG | 3585| 3.72| HUG | 10.4| 76.37| AG | 380.0| 68.71|| AG | 380.0| 43.38

Table3.3: The RSAswith minimumTg[s] for TP g c p), hardvware/implementatiodlependentharac-
teristicsTg andTg.

time Tr andthe build time Tg andthe sumof both. Thesecharacteristicare summedover all testing
proceduresindscenes(120experimentdf all thetestswerecompletedsuccessfully

3.5.3 Discussion

Below, we commenton the characteristico®f eachRSAtested. We sortedall RSAsaccordingto their

time Tr summedbver all tests we startour discussiorwith the slovestRSAandfinish with the fastest
one.We useTr justfor rankingaccordingo Section2.7. Comparingheresultspresentedn Tables3.3

and3.4,andFigures3.1,3.2,and3.3togethemwith all theextradata[79], we cancommeninthetested
RSAs

BVH: Hasratherpoor resultsfor all testingproceduresomparedo otherRSAs We seethe main
problemin the natureof the constructionof BVH. It doesnot keeptrack of spatialcohereng
—wheninsertinga new objectinto the existing hierarchythereis no global spatialinformation
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TestingProcedure Total

RSA TPa TPs TPc TPp S TP=ABCD

-I:R ‘ m/f ‘ W -I:R ‘ m/f ‘ W -IN—R ‘ m/f ‘ W -I:R ‘ m/f ‘ W T—R ‘ m/f ‘ W
KD 9.98| 0/0| 22| 26.29| 0/0 | 21| 76.27| 0/0| 23 || 29.42| 0/0 | 22 || 142.0 0/0| 88
093A 1501| 0/0| O 4091 O/O| O | 106.8f O/0O| O 3859| 0/0O| O | 2013 0/0 0
084A 1541| 0/0| O 41.72| 0/0| O 109.0f O/0O| 0O 39.08| 0/0| O | 2052 0/0 0
RG 35.09( 3/0| 2| 64.44| 3/3| 0| 1344| 0/2| 0| 47.84| 0/0| 0| 2818 6/5 2
HUG 39.63| 0/0| 01 9952 0/0O| 1| 268.2| 0/0| Ol 77.38| 0/0| 0| 484.7 0/0 1
AG 63.31| 3/0| 1 1086| 3/0| 1| 2789| 3/1| 1| 1365 0/0| 2| 587.3 9/1 5
UG 11.74) 0/0| 5| 372.7| 0/0| 7| 525.5| 0/0| 61| 1454| 0/0| 6 1055 0/0| 24
093 16.86| 0/0| O 1114| O/0| O | 2575| O/O| O 392.8| 0/0| O 1781 0/0 0
BSP 28.63| 0/0| Ol 1291| O/O| O 3259| O/O| 0| 560.3| 0/1| O 2206 0/1 0
089 14.49| 0/0| O 1127| 0/0O| O 1421 | 0/0| 0O 381.7| 0/0| O 2944 0/0 0
084 17.44| 0/0| 0O 1132| 0/0| O 1437| 0/0| 0| 400.2| 0/0| O 2987 0/0 0
BVH 1903| 0/0| Ol 4569| 0/2| O 5111| 0/6 | O 3376| 0/0| O | 14960 0/8 0

| Yairsall 2170] 6/0 | 30 || 9986| 6/5 | 30 || 10050] 3/9| 30| 5625 0/1] 30| 27832| 15/15] 120 |

Table3.4: Averagerunningtime Tg, memory(m) andtime limit (f) failures,andnumberof “wins” W
for all testedacceleratioralgorithmsandtestingprocedures.
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Figure3.1: Parameter®Ng, Ng, Neg, andNgr summedor all scenesandeachRSA normalizedto the
worstRSA A descriptionof the parameterss in Section2.2.

aboutotherstill uninsertedbjects.

084: Theoctreewith asequentiatay traversalalgorithmrequiresmary traversalstepsrom theroot
node.Subdviding at midpointsdoesnot work particularlywell for sparsesceneg‘treeX”).

089: Hasaslightly bettertraversalalgorithmthatoutperform384,especiallyfor scenesvith higher
numbersof objects.
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Figure3.2: ParameterdN,t, Nts, NeTs, andNgets summedor all scenegor eachRSAandnormalized
to theworstRSA A descriptionof the parameterss in Section2.2.
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Figure 3.3: Total times Tg[s|, Tr[s|, and Tg + Tr[s| for eachRSA The number gives the total
build+runningtime (Tg + Tg) for all testsfor a particularRSA

BSP: Althoughconceptuallythe samestructureasthe kd-tree,subdviding at midpointsagainresults
in poor performancdor sparsescenes.For denselyoccupiedsceneghe BSP tree performs
comparablyto the kd-tree.

093: Dueto the mostefficient ray traversalalgorithm, this outperformsO84 and O89 evenif con-
structedusingthe midpoint subdvision. We canseethatfor all midpoint subdvision octrees,
shootingraysinsidethe octree(TPg, TPc, andTPp) is very time demanding.Thisis the price
we pay for traversaldown to the leaf whenthe intersectedobjectis inside or very closeto
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this node.

UG: ClassicaRSA Theemploed smartalgorithmfor heterogeneougrid resolutionsettingresults
in the bestperformanceof UG for several scenes. Thesescenesare denselyoccupiedwith
mostly regular structure(*jacksX”, “latticeX”, and“mountX”). In this kind of scenethe dovn
traversalphasefor hierarchicalspatialdatastructuress expensve, sincetheray intersectghe
objectvery closeto the origin of aray. For sparselyoccupiedsceneghe UG hasratherpoor
performancesit lacksa senseof hierarchy

AG: As acombinationof the BVH with UG this hasaverageperformancejut the predictionof
memoryneededo constructhe underlyingdatastructureis difficult for G2, scenesFor one
scenethe computationfailed the time limit dueto swapping. Tweakingof the construction
parametersvasnecessaryo getsomt—:‘G‘gPD scenego work on availablememory

HUG: Consistsof UGs arbitrarily positionedin otherUGs. It hasnot only a slightly betterperfor
mancethanAG, but alsosmallerandmorepredictablenemoryusage.

RG: UG nsertedn voxelsof UG recursvely shawvs neggligible performanceémprovementespecially
for TP¢. Its performancevaries,but five testswerefailed on thetime limit. Tuningtheconstru-
ction parameterso keepthetestwithin thememorylimit wasdifficult asmemoryconsumption
wasratherunpredictable.

O84A: We canseethatalthougha simpleray traversalalgorithmwasused,a moreappropriatesubdi-
vision processmprovedthetotal performancéoy oneorderof magnitudecomparedvith O84.
The improvementis particularly apparenbn sparsescenesn G2p, Unfortunately the build
time Tg risesrapidly for G2, aswell.

093A: ThesamemprovementasbetweenO84andO93canbeobsereddueto the moreefficientray
traversalalgorithm. Again, the build time Tg risesrapidly with the numberof objectsin the
scene.

KD:  Althoughkd-treeisin principletheBSPtree,thepositioningof thesplitting planeusingthesur
faceareaheuristicandfastray traversalalgorithmmalkesthis hierarchicakpatialdatastructure
into awinner, evenif theimprovementsrom O93A arenot significant. The kd-treeis beaten
in several casesfor regular artificial sceneg“jacksX”, “latticeX”, and“mountX”) by UG, for
Gng sparsesceng(“treeX”) by AG andHUG. However, the differencesn performancen all
thesecasesaresmall. The only disadantageis thatthe build time Tg for G2, sceneswhich
is comparabldo the build timesof O93A and O84A, canbe ratherhigh in comparisorwith
thebuild time of UG. Thereforejf thenumberof ray shootingquerieds low, usingthe kd-tree
probablydoesnot pay off.

In generalwe obsere thatusingsurfaceareaheuristic[105] paysoff for boththe octreeandBSP
treeto getthe Octree-Randkd-tree. Also, RSAdasedn hierarchicaldatastructuresvin overtheRSAs
basedon non-hierarchicabnesin mostcasesgspeciallyfor sparsescenesWhethertheseresultsand
therankingof algorithmsaccordingto S tp_agcp Tr Will be maintainedor the plannedcollectionof
100downloadedsceness not currentlyknown.

3.5.4 Preliminary RSA SelectionAlgorithm

Examiningthe resultsof Tables3.2 and 3.3, we would like to presenta preliminary proposalof an
algorithmfor selectingan RSAto be usedgiven a scene:First, constructa uniform grid over the 4Bs
of objectsusingthe heterogeneougsolutionsettingwith voxel densityd,oxei = 1.0. Thencomputethe
sparsenesgarameter®, s, andk. Whend, s, andk arelow (seeTable3.2),thenusean RSAbasedon
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UG. If thesethreeparameterarein the middlerange useanRSAbasedn kd-tree. If theseparameters
arevery high, thenconsidereitheran RSAbasedon kd-tree or RG/AG for even betterperformance,
but be awareof the possiblehigh or evenunrealizablenemoryrequirement$or RG/AG. If noneof the
conditionsabove areapplicable thenusethe RSAbasedon kd-tree. Here,we shouldstressthat this
preliminaryRSAselectionalgorithmis derived from theresultsof experimentgor 30 SPD sceneswvith
afractalnature.lts validity hasto beverifiedon largerasetof scenesKnowledgeof whethemostrays
will beshotinsidethescenewill alsobehelpful for selectingghe RSA

3.6 Conclusionand Futur e Work

In this chaptemwe outlinedthe goalsof the BES projectandits statusin late November2000. We have
proposedour testingproceduregor testingRSAsthe RSAinvariantsfor particulartestingprocedures,
andan algorithmfor systematicallyshootinguniformly distributed rays. Basedon the measuredlata
we have alsooutlineda heuristicto selecta suitableRSAgiven a statisticsbasedon scenesparseness.
Evenif theheuristicpredictsreasonablyvell for thetestedSPD sceneswe donotknow if thealgorithm
in its presenform will be applicableto generalscenesandits successatio. It is only clearthatfor
a smallnumberof raysto be shotno constructionof an underlyingdatastructurefor a particularRSA
paysoff atall.

After testing12 RSAsover 30 SPD scenef differentcompleities and 4 testingproceduresye
canconcludethatusingRSAsbhasedon hierarchicalspatialdatastructuresparticularlyon the kd-tree,
definitely paysoff — exceptfor denselyoccupiedscenesThis obsenation supportsour opinionthatit
is very unlikely thattherewill beasingleoptimalRSAfor generaluse.

The BES projecthasnot yet cometo anend. In orderto provide a soundbasisthatwill helpusto
avoid furtherspeculationaboutthedesignanduseof differentRSAsseveraltaskshave to becompleted:
First, we have to make our collectionof 100 practicalscenesompleteandrun all the testsagainover
this set. Thiswill provide uswith avastamountof statisticaldatathatwill have to beanalyzedogether
with the resultsof experimentsalreadypresentechere. Whenthe resultsare ready we will be able
to concludewhetherthe resultsfor the SPD scenegresentedn this chaptercorrelatewith the results
obtainedor thepracticalscenesThiswill alsorevealhow well thedistribution of objectsin thescenes
from SPD actuallysimulateghedistribution thatoccursin the practicalscenes.



Chapter 4

Construction of Kd -Trees

In this chaptemwe describeseveralnew methodgor constructinghe kd-treefor RSAghatarebasedn
this spatialdatastructure . Theconstructioralgorithmsusethecostmodelthatestimatesheaveragecost
of traversinganarbitraryray throughthe kd-tree,combiningthe costof the traversalstepandthe cost
of aray-objectintersectiortest. The estimatedccostis thenusedto governthe positionandorientation
of the splitting planeduring kd-tree constructionwhich proceedsn top-davn fashion. The structure
of this chapteris asfollows. We describeour motivationfor selectingan RSAbasedon the kd-treefor
detailedresearchpreviouswork, andseveral contritutionsof oursin separateections.

4.1 Motivation

Startingwith this chaptertherestof thethesisis devotedprimarily to the kd-tree. Thefirst phaseof the
BES projectpresentedn the previous chaptershaved usthatthe kd-treeis statisticallythe bestfrom
commonheuristicRSAsat leastfor tested30 SPD scenesTherearealsootherreasongor selectinghe
kd-treeasthewinning candidateof thefirst phaseof the BES projectfor detailedresearch:

e The kd-treedoesnot suffer from exhaustve memorycompleity requirementsyWe canobsere
from thefirst phaseof the BES projectthatthe numberof elementaryandgenericcellsis roughly
linearwith thenumberof objects.Moreover, the limitation on maximummemoryusageagivenby
hardwareavailablefor the kd-treecanbe encodedn theterminationcriteriafor its construction.

e The kd-tree hasalso beenstudiedwithin the field of computationalgeometry with promising
resultsfor IE? andhigherdimensionsTheresearclin computationatjeometryis connecteavith
termpartitionstronglyrelatedto the kd-tree. A partition is abinaryspacepartitioningtreewith a
linearsplitting entity (line in IE?, planein IE%) in generalpositionsuchthateachleaf of the con-
structedpartition containsat mostoneobject. d’Amore andFranciosd36] shav thatis possible
to constructa partition for a setof disjointisotheticrectanglesn IE?. Mark de Berg et al. [39]
shaw that for IE? it is possibleto constructa partition of linear sizefor a setof objectsunder
certainconditionsfor input data. Agarwal et al. [4] discusspracticaltechniquedor constructing
of the kd-treefor orthogonatectanglesn IE3. Theseapproachewith O(N.logN) preprocessing
andwith linear storageachieve O(logN) time compleity for point-locationqueries. However,
for generalshapesof objects,no algorithmfor constructinga partition with linear storageand
O(N.logN) preprocessingiasbeenfound, even for IE?. Theseresultspromotethe useof the
kd-treefor RSAsdisregardingthe worst-case&ompleity measures.

e The kd-tree allows flexible positioningof the splitting planes,which resultsin varioussizesof
the elementarycells. The cellsadaptwell to the geometryof the scenesAccordingto theresults
of thefirst phaseof the BES project,this featureis particularlyimportantfor sparselyoccupied
scenesandwe canquantify the significantdifferencein performancéetweenan RSAbasedon
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the BSPtreeandan RSAbasedon the kd-tree. Althoughthe BSPtreeis in principle the same
spatialdatastructureasthe kd-tree,fixing the positionof the splitting planesin the centerof the
cell causedheperformancef anRSAbasednthe BSPtreesometimeso beworseby order(s)of

magnitudehanthatof anRSAbasednthe kd-tree.We obseredthis for experimentperformed
within thefirst phaseof the BES project,whenthe performanceof an RSAbasedon the kd-tree
wasalwaysbetterthanor equalto anRSAbasednthe BSPtree.

The kd-treeis principally scalableo IE" spaceor arbitraryn. This holdsfor the kd-treeconstru-
ction andray traversalalgorithmsdescribedn this thesis.

The kd-tree can be usedto modeltopologically mary other spatialsubdvisions. This means
that the kd-tree can be constructedn sucha way that it correspondgo the spatialtopology
of elementarycells for the uniform grid, non-uniformgrid, both elementaryand genericnodes
of an octree,Octree-R,and BSP tree. On the other hand,the spatialtopology of the kd-tree
canbe mappedo a moregeneralspatialdatastructure:the boundingvolume hierarchy(BVH).
Unfortunately the ray traversalalgorithmfor the BVH is much lessefficient thanfor the kd-
tree,dueto the generalnatureof BVH, sincethe cells of the child nodesof BVH referencedn
onenodecanoverlap. Further this overlappingof cells within a hierarchicaldatastructuress
not suitablefor efficiengy reasonsseethe point belov andthe resultspresentedn the previous
chapter

The kd-tree containsno overlappedelementarycells,andthusno two descendantseferencedn

one interior nodeof the kd-tree. This overlappingof cells occursin the hierarchyof uniform

grids (HUG) by Cazals[26], adaptve grids (AG) [100], and BVH [63]. The overlappingof

cells, which is the overlappingof spatialregions,alwaysinducesan elementary/genericell V

is to bereferencedn morethanoneothergenericcell. First, suchmultiple referencingeadsto

repetitve testingof elementarycell 9 for the intersectionwith aray. It is usuallynecessaryo

solve theray queryfor thewholecell 9 asif it werethe scendtself. Repetitve computatiorfor

1 canbereducedyy aray-cachdalsocalledamailbox[23, 12]), wheretheresultof intersection
betweertherayand ¥’ is cached Nonethelesshetime neededo accessheray-cachecannotbe
completelyeliminated.Secondsinceanelementarycell 7/ canalsobe overlappedwith another
elementarycell 7 (or several suchcells), thenboth of thesemustbe checled for intersection
within the overlappingspatialregion, sincethe objectwith the closestray-objectintersection
mustbe chosen.Thereforeit may occurthata part of the spatialregion coveredby 4’ checled

for intersectionwith theray is not usedat all, thatis, the computationwithin partof cell 7 was
useless.Whetherthe computationis uselesgor a particularcell 7/ cannotbe determineduntil

the secondcell 77 is tested. It would be theoreticallypossibleto traversemorethanonecell in

parallelwithin aray traversalalgorithm,but this would be rathercomplicated We arenot aware
thatary suchray traversalalgorithmhasbeenpublished.Theresultsof thefirst phaseof the BES

projectsupportour view on cell overlapping:it shouldbe avoided,in ordernotto decrease¢he
quality of encodingthe distanceamongthe objectsin spatialdatastructures.

The kd-treeis a hierarchicalspatialdatastructure,i.e., it enablesusto dealwith objectsof var
ious sizesusingthe level of detail concept. It is particularlyrequiredfor sceneswith unevenly
distributed objects. The useof a hierarchyin datastructuredor RSAswasconsideredy some
researchers the pastasa disadwantagg53] in comparisorwith RSAsasecn non-hierarchical
datastructuressuchasthe uniform grid. Unfortunately theseRSAsbasedon non-hierarchical
spatialdatastructuresare very inefficient for sceneswith unevenly distributed objects. As we
have seenin the previous chapterthey canslightly outperformRSAsbasedon hierarchicaldata
structuredor denselyoccupiedsceneswith a regular structure but in generalthey suffer from
performanceroblems.

There are several efficient ray traversalalgorithmsfor the kd-tree. The efficiengy of the ray
traversalalgorithmfor the kd-treeis given by the simple representatiof informationin the
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kd-tree node- sincethe interior nodecontainsthe splitting planeandthustwo child nodeswe
have to decidebetweerfour casestraverseonly left child, only right child, theleft child firstand
thentheright one,or theright child first andthenthe left one. Efficient ray traversalalgorithms
for the kd-tree have beendevelopedin the contet of the BSPtree,andarefurtherdealtwith in

Chapters.

Therestof this chapteiis structuredasfollows. First,we discussvhy anRSAbasednthe kad-treeis
moreefficientthanan RSAbasedon the BSPtreewith arbitraryorientedsplitting planes.The problem
of top-davn constructiorof kd-treesis in factsimply formulatedin two issues First, we have to decide
if to declarethe currentnodecontainingthe referenceso the objectsasa leaf. Whenthe answerto
this questionis negative, we have to put the splitting plane,andthe secondssueis: whereto position
the splitting plane. We discussmethodsfor positioningthe splitting plane,andwe describein detail
the conceptof a costmodel,andits use. Further we shav how the emptyspatialregionsin the scene
can be utilized in kd-tree constructionto increasethe performanceof an RSAbasedon the kd-tree.
Then,we dealwith the terminationcriteria— whetheror not the currentnodeof the kd-treeshouldbe
alreadydeclaredasa leaf. Further we generalizethe costmodeland shav several possiblekd-tree
efficiency improvementsandalsotheir limitations. We concludethe chapterby a summaryof results
from experimentghatwe have performed.

4.2 Previous Work

In this sectionwe describethe work concerningkd-tree constructionperformedin the past. First, we
recallseveralbasicfacts. Therecursve constructiorof kd-treesin top-davn fashionis similarto thatfor
theBSPtreedescribedn Subsubsectioft.6.3.1,namelyAlgorithm 1. We arenot awareof ary method
publishedthatusesa bottom-upapproachevenif this might be possibleusingsomeclusteringmethod
andredistriluting the objectsstraddlingthe splitting planebackdown to the children. Obviously, the
top-davn constructioris morestraightforvard. Therecursvenesf thetop-davn approachs encoded
sothatin eachstepof the constructionthe setof objectsis taken asthe whole sceneandthe splitting
planepositionandorientationis determined.

4.2.1 Orientation of the Splitting Planein the Kd-Tree

Here, we shav why we usefor RSAthe kd-tree, which hasaxis-alignedsplitting planes,insteadof
the BSPtreewith arbitrarily orientedsplitting planes.The mainreasoris imposedby theray traversal
algorithmsfor thesetwo spatialdatastructureswhich requirethatwe computethesigneddistancerom
theorigin of aray to a splitting plane.For example,a planell, perpendiculato the a-axis (a € X, Y, z)
is describedby theformula: M4 : a= a, = cong. A ray R is describedy its origin OR andthedirection
vectorDR. The computationof the signeddistancet for the intersectionof an arbitraryray with the
planeis:
ap— O3
DR ~’

t= (4.1)

assumindR # 0. Notethatinverseof DR canbe precomputedhatis practicallyimportantfor speed
of computation.For anarbitrarily orientedplanegiven by the equationl : a.x+ b.y+ c.z+d = 0 the
computatiorof the signeddistancewith theray is morecomputationallydemanding:

~ a0f+b.0f+cOf+d
~ aDR+bDR+c.DR

(4.2)

For the arbitrarily orientedplane,the numberof elementaryarithmeticoperationds about3 times
higherthanfor the axis-alignedplane. Note that unlike Eg. 4.1 the denominatotin Eq. 4.2 cannotbe
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precomputedThecomputatiorof the signeddistancdormsonly a portionof the costof atraversalstep
in theray traversalalgorithm,but it is significantenoughfrom the viewpoint of the total runningtime

of theray traversalalgorithm. To justify the useof a BSPtreewith arbitrarily orientedsplitting planes
for RSAwe could requirethat we decreasehe total runningtime significantly (about2-3 times) by

reducingthe numberof traversalstepsor ray-objectintersectiortests.To the bestof our knowledgeno

suchmethodhasbeenpublisheduntil now. Whetheror not the objectsbelongto onehalfspacenduced
by the generallyorientedsplitting planeis alsomuchmorecomputationallyjdemandingMoreover, the
numberof possiblepositionsof the splitting planewould increasefrom O(N) to O(N®). As aresult,
thebuild time of the kd-treeincreasesonsiderablywhichis ratherunacceptable-or thesereasonsve

do not dealwith generallyorientedsplitting planesin the restof this thesis,andthuswe staywith the
kd-tree.

Thereareseveralwaysto selectthe orientationof the splitting planeprovidedthatit is perpendicular
to oneof thecoordinateaxes. In the axis-alignedorm of the BSPtree(Sectionl.6.3.1)the orientation
of thesplitting planeis changedn cyclic order(x,y, z,x, ...) with theincreasinglepthof thenodein the
kd-tree. Thestartingaxisfor thesplittingis notspecifiedput it is usuallythex-axis[94, 14§ regardless
of the shapeof scene4B. Therearealsosereral otherwaysto orientatethe splitting plane,but since
theusedmethodis intertwinedwith the positioningof the splitting plane,we describat below.

4.2.2 Positioning of the Splitting Plane

During constructionof a kd-treein top-davn fashionwe have to solve algorithmicallythe problemof
splitting the 4B of the currentnodeinto two new child nodes.This alsocoverstheassigningof objects
into the child nodes.Oneof our assumptionss thateachobjectO; hasafinite sizeandthusit alsohas
finite 2B(0O;). Sincethesplitting planesin the kd-treeareaxis-alignedandwe have to decidewhether
the objectslie on theleft sideor theright sideof the splitting plane, it is alsoadwantageous$o usethe
ABs of the objectsfor this decision. Thereareseveral known methodsor positioningandorientating
the splitting planein the kd-tree:

SpatialMedian: In BSPtreeconstructiorthe splitting planealways splits the 48 associatedvith the
currentnodeinto two halves. Sincethe resultof the splitting is two A43Bs of the same
size,thentheseA4Bs have to be smallerwith the increasingdepthof the nodein the
kd-tree. This approactbalanceghe spaceon the sidesof the splitting plane.

ObjectMedian: Anotherway is to positiona splitting planesothatthe numberof objectslying onits
left sideandright sideis equal. Someobjectscanbe assignedo both children,since
their ABs straddlethe splitting plane. This methodbalanceshe numberof objectson
the sidesof the splitting plane. This may seemnatural,sinceit resembleshe way of
constructinga balancedinary searchtreeover a setof numbersn IEL. Onecanthen
supposehat the constructionof sucha balancedinary searchtree could be advan-
tageoudor anRSA Unfortunately thisis aratherincorrectintuition, andthe method
hassevere performancealeficienciescomparedwith othermethodsaswe will shav
by the resultsof our experiments.We remarkthatthe kd-tree constructedor RSAis
not the binary searchtreeusedfor a commonrangesearchwithin a one-dimensional
intenval. Themaindifferences thatin searchstructuresn IE* suchasrangetreeq40],
thesearchis finishedin O(logN) time. Within aray traversalalgorithmfor the kd-tree
afterwe descendo thefirst leaf of the kd-tree, this doesnot meanthatthe searchis
finished;whena ray doesnot intersectary objectreferencedn thefirst leaf, the ray
traversalalgorithmcontinuedinding the leavesalongtheray path.

CostModel: This methodis basedon a furtherrefinemenof the computatiormodelintroducedn
Section2.2for the kd-tree. This approactis basedon a costmode] which estimates
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the averagecostof traversingan arbitraryray throughthe kd-tree during the constru-
ction. The methodoutperformsboth spatialmedianand objectmedianmethodsfor
all testedsceneghat we have testeduntil now, asimplementedwithin the GOLEM
renderingsystem Historically speakingthe methodwasfirst introducedoy MacDon-
ald andBoothduringthe Graphicsinterfaceconferencg104] in Junel989,andwas
furtherrevisedandpublishedin [105]. This costmodelwasalsoresearchedthy Sub-
ramanianandFussel[144, 145, who alsopublishedthe an experimentalcomparison
of the theoreticalcostand measuredost of the hierarchybasedon its termination
criteria[146]. We dealwith this constructiormethodin deepdetail below.

The constructionof the kd-treefor the caseof the spatialand objectmedianneedsno further dis-
cussion.This is not however the casefor the costmodel,which we recallanddiscussbelow in detail,
following MacDonaldandBooth[105].

4.2.3 CostModel for Kd-TreeConstruction

The costmodelis a theoreticaimodelthat estimateghe costof a ray passinghrougha kd-treeunder
severalassumptionsSuchanestimateancludesboththecostfor visiting theinterior nodesandleavesof
the kd-treeandthe costof computingray-objectintersectiortests.In thefollowing text, let X denotean
estimateof quantityX, thatis, we cannotdetermineavalueof quantityX exactly in advance but we can
only somehw estimatdts value. The developmentof the costmodelis enabledby several simplifying
assumptionsOneof theseassumptionsisesgeometricprobability

4.2.3.1 Geometric Probability

Thedevelopmenbf the costmodelis connectedvith thefollowing obseration, knovn from geometric
probability theory For more mathematicalletails,see[138] or the surey by Cazalsand Sbert[27],

which is moreorientedto applicationsin globalillumination algorithms. Geometricprobability tools
for the constructiornof underlyingdatastructuredor RSAswerefirst usedfor BVH by Goldsmithand
Salmon[63]. Theirapproacths alsooutlinedin the surey by Arvo andKirk [18].

Let X andY bespatialregionsof corvex shapesuchthatX containsy, i.e, XNY =Y. We wantto
expressthe conditionalprobability py|x thatanarbitrary ray intersectghe spatialregionY assumingt
intersectghe spatialregion X. Thearbitraryray is aray thathasuniform distribution of the origin and
directionof theray, sotheline densityinducedby raysin the spatialregion X andhenceY is constant.
Further it is supposedhatthearbitraryray hasa directionoutsidethe spatialregion X. Thesituationis
depictedn Fig. 4.1.

region X

regionY /
arbitrary

ray

Figure 4.1: Computingthe conditionalprobability that an arbitrary ray hits spatialregion Y onceit
passeshroughspatialregion X.

Stonein [140] (citedaccordingo [63]) shavedthatthis probability py|x is proportionato thesurface
areaof thecorvex spatialregion Y divided by the surfaceareaof the corvex spatialregion X:
AY)

Pyix = m (4.3)
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If werestrictour obserationto X andY to be ABs, thenwe canexpresspy x asfollows:

(YW.Yh + Y. Yq +Yh.Yd)
XX -+ K- Xd + Xn.Xq)”
wheresubscriptav, d, andh denotethewidth, depth,andheightof 43.

(4.4)

pY|x=(

4.2.3.2 BasicCostModel Development

The developmentof the costmodelherefollows the paperby MacDonaldandBooth [105]. The cost
modelis basedon several ratherunrealisticassumptiongor ray shootingin orderto apply the for-
mula4.4in theestimatedjuantities:

¢ all raysintersecthe 438 associatedavith theroot nodeof the kd-tree,
o thedistribution of raysis uniform,
¢ all raysdo notinterseciary object.

The lastassumptions very unrealistic,sinceit contradictsthe purposeof ary RSA Nevertheless,
undertheseassumptionsve canestimatethefollowing quantitiesof a kd-treeasfollows:

Numberof interior nodesof the kd-treetraversedperray:

N. .

- L SA()

Nr=Y ———, 4.5

I i; SA(rod) (4.5)
numberof leavesof the kd-treetraversedperray:

. NoosA(l)

NrL=) oo (4.6)
I; SA(roat)

numberof ray-objectintersectiortestsperray:

N SA(.N(I)

Nr=Y 2t/ 4.7
1T I; SA(rO(I) ’ ( )

wherethe otherquantitiesare:

N; — numberof interior nodesof the kd-tree,

N — numberof leavesof the kd-tree,(N; = N; + 1),
N(I) — numberof objectsstoredin leaf| of the kd-tree,
SA(i) — surfaceareaof interior nodei,

SA(l) — surfaceareaof leafnodel,

SA(roat) — surfaceareaof the 4B of thewholescene.

The estimateof the numberof operationsabove performedduring the ray traversalalgorithmcan
be usedto estimatethe averagetotal costof ray shootingunderthe assumptionsbove, if we know
the costsof specificoperationsof the ray traversalalgorithm. For further developmentwe assumea
recursve ray traversalalgorithmfor the kd-treeasoutlinedin Subsubsectiof.6.3.1.Thecostof these
operationss connectedvith a givenimplementatiorandcanbe obtainedexperimentally Thenfrom a
generaldefinitionof the performancenodel(Eq. 2.2) we canestimatehetotal costCr for shootingan
arbitraryray:

Crld = GCri.Nm+CGr.NrL+Cir.NiT (4.8)
1

N ' R N N
= m.[Cﬂ .i;SA(I) +CT|_.I;SA(|) +C|T.I;SA\(|).N(|)], (49)
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where Cri[g - theestimatectostof traversinganinterior nodeof the kd-tree,
éTL[S] — theestimatedtostof traversingaleaf nodeof the kd-tree,
Cr[ - theestimatectostray-objectintersectiortest.

The estimateof the total costis ratherthe upperbound,sinceit assumeshatall arbitraryraysdo
notintersectary object,but atthe sametime it assumeshatray-objectintersectiortestsarecomputed.
MacDonaldandBoothalsodiscusghevariantwith aray-cachehatavoidsray-objectintersectiorcom-
putationfor aray morethanoncefor the sameobject. Theray traversalalgorithmtestsaray only once
againsi particularobject,andtheresultof theray-objectintersectiortestis storedin theray-cacheFor
the next ray-objectintersectiortestwith the sameobjecttheresultis retrieved from the cache.Several
researctpapersreportthat useof the ray-cachedoesnot alwaysincreasehe performanceof RSAsn
aray tracingalgorithm[147]. The useof the ray-cachealsoincreaseghe ray-objectintersectiontest
costCr of all objects.Evenif theray-cachehelpsfor several scenesthe impacton performancecan
benggligible andtakesafew percentat maximumof the computatiortime consumedy anRSA Since
our obseration on the useof theray-cachen the RSAsn our previous experiment[80] confirmedthat
theimpacton performances ratherquestionableywe will notfurtherdiscusghis extensionhere.

MacDonaldandBooth[105] claim the validity of the presenteestimategor Ny, Nr, andN,t by
a simulationperformedon arbitrarysceneswith arbitrarily built kd-treesfor arbitraryrays. Assuming
that the estimateof the total costis accurateenough,we canuseit to govern the constructionof the
kd-tree. This meanghatwe choosehe positionsandorientationsof the splitting planesin the kd-tree
soasto minimizeits total estimateccost(Eq. 4.9). MacDonaldandBoothcall ary algorithmthattries
to minimizethe estimatedcostof a kd-treefor anRSAa surfaceareaheuristic We shouldremarkhere
that surfaceareaheuristicdoesnot necessarilyfind the global minimum of the estimatedcost, but it
rathertriesto decreas¢he estimatedcost.

4.2.3.3 Position of the Splitting Plane

In top-davn constructiorof the kd-treewe alwaysconsideisomesetof objectspointedto in an.4B. The
kd-treeconstructioralgorithmis thenreformulatedo find the positionandorientationof the splitting
planefor the 4B associateavith the currentlyprocessedhterior node.MacDonaldandBooth[105], in
orderto minimize Eq.4.9,proceedasfollows, we quote:

We assumehatonly majorplanes areusedassplitting planesandwe ignorethe possibility
of anobjectstraddlinga splitting plane(a caseof practicalimportance put onewe ignore
nevertheless)We have to choosea parameteb to positionthe splitting plane whereb =0

correspondso thelower limit of the splitting planeandb = 1 is theupperlimit. Choosing
b = 0.5 is equvalentto selectingthe spatialmedian.

Let uslook atthe costasa function of this parameteb. We obsere thattheinternalnode
andleaf nodecomponent®f this costsavings functionare constanwith respecto b. For
the purpose®f minimizing cost, we canminimize thefunction:

f (b) = LSA(D).NL(b) + RSA(b).(N — N_ (b)) — SAN, (4.10)

whereN isthenumberof objectsn thenode N, (b) isthenumberof objectsto theleft of the
planeatb, and(N — N (b)) is thenumberto theright of theplanebecausef ourassumption
thatnoobjectsstraddletheplane. Thesurfaceareaof theleft andright subnodesireLSA(b)
and RSA(b), respectiely, andthe surface areaof the nodeitself is SA. The first term

1By majorplanethey meanthe axis-alignedplane.
2This costcorrespondso the estimatedcostin Eq. 4.9.
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representshe probability that a ray intersectghe left subnodemultiplied by the number
of intersectiontestsperformedin the left subnode.The secondtermis a similar quantity
for the right subnode. The SA.N termis the amountof work requiredif the nodewere

not subdvided andthusis anamountof work saved by changingthe original nodefrom a

leafto aninternalnode hencethe minussign. This lastquantityis a constaniith respect
to b, soit may be remaoved from the function, resultingin the following function to be

minimized:

f'(b) = LSA(b).N_(b) + RA(b).(N — N (b)), (4.11)

Endof quotation.

We considerthatthe descriptionof the surfaceareaheuristicis rathersimplified anduncleay sowe
will elaboratet in moredetailbelonv. Fromnow on we presentanotherview of the positioningof the
splitting plane.Let usassumehe situationbeforesplitting the 48 associatedvith theinterior nodeby
a splitting plane,e.g., at the root nodeof the kd-tree. The 48 associatedvith the nodeintersects\
objects.If thenodeis not subdvided, it is actuallya leaf of the kd-tree—thenall its objectshave to be
pointedto in this leaf andthey have to be testedfor intersectionwith aray. Let Ct(i) be the costof
the ray-objectintersectiortestfor thei-th object. The costof suchan unsubdiided nodevE for aray
shootingqueryis then:

N
Ce =3 Girl0) (4.12)

Cye Crs splitting
:> plane

region L region R

o
(@)

Figure4.2: Onesubdvision stepin a kd-tree

If the 2B is subdvidedasdepictedn Fig. 4.2,thenit is replacediy anew treestructure-theinterior
nodevC® with two leavesv andvf. Theestimatectostof thenew treestructureCye is givenasthesum
of threeterms—Crs, C., andCr. ThetermCrs is the estimatectostof traversingthe interior nodeof
the kd-tree, eitherthe leaf or theinterior node.It doesnotincorporateary ray-objectintersectiortests,
but the decisionwhetherto visit eithertheleft child or theright child or bothchildren. Moreover, CTS
involvesthe pointing to the child nodeswithin a ray traversalalgorithm. The costsof visiting the left
andright childrenshouldcontaina factorwith the conditionalprobabilitythataray hits the 28s of the
leavesvf or v§ onceit visits the parentnodev®. TheestimatedtostC,c of theinterior nodev® is then
expressedsfollows:

éVG = éT5+ pL.CL + pR.CR (4.13)
where CTS — estimatedraversalcostof interior nodev®,
pL,pr — probabilityof arayintersectingheleft or right child node,respeciely,
C.,Ck - estimatectostof theleft andright subtreerespectiely.

Underthe assumptiorof uniformly distributed rayswe cancomputethe probability of a ray hitting
the 48 of the left andright child nodeusingEq. 4.1, i.e., p. = SA(AB(Ichild(v®)))/SA(AB(v°)),
pr(b) = SA(AB(rchild(v®)))/SA(AB(v®)). Further we can estimatethe costof the left and right
subtree,supposingthey will be constructed. The simplestinput for the estimateis to considerthe



4.2. PREVIOUSWORK 57

numberof objectscontainedn the spatialregionscorrespondingo the subtreedo beconstructed, =
fc(NL) andCg = fc(NRr), whereN_ andNg arethe numberof objectsin the left andthe right child,
respectiely. If we further choosethe estimateto be linear function, e.g., fc(k) = k, andsupposehe
objectsdo not straddlethe splitting plane,we canrewrite the estimatedcostin Eq.4.13to beEqg.4.11.
For the sale of corveniencewe give the namecostfunctionto ary formulathatestimateghe costof a
kd-tree,e.qg.,, Eq.4.13.

4.2.3.4 Position of a Splitting Planewith Minimum Cost

As describedabove, surfaceareaheuristiccorrespondso the computatiorof costfunctionfor all pos-
sible positionsof the splitting planefor all its threepossibleorientations,andto the selectionof the
positionthathasthe lowestestimatedcost. MacDonaldandBooth [105] claim thatthe positionof the
splitting planewith thelowestestimatedosthasto lie betweerthespatialandobjectmedianassuming
thatno objectsareintersectedy a splitting planeatthe sametime. In this casethey prove thatthe cost
value f'(bom) = f'(bsv), whereboym andbgy arethe positionsof the objectand spatialmedian. For
furtherdiscussionlet the medianinterval be anintenal betweerthe objectandspatialmedian,andlet
the minimumcostsplitting planebe a splitting planethatminimizesthe valueof somecostfunction.

The proof of f/(bom) = f/(bsy) is simple. Thevalueof f/(bom) = f/(0.5) = N.LSA(0.5) because
LSA(0.5) = RSA(0.5). Sincethevalueof LSA(b) + RSA(b) = 2.LSA(0.5) is a constanindependentf
b, the valueat the spatialmedianis f'(bom) = [LSA(b) + RSA(b)].N/2 = N.LSA(0.5). It canalsobe
provedthatthevalueof the costfunctionin the medianinterval is lower thanthe valueof costfunction
outsidethe medianinterval, sothe minimumis insidethe medianinterval.

The assumptiorthat objectsdo not overlap in the projectionto the coordinateaxis is unrealistic
for a generalscene. If we wantto minimize the costfunction (Eq. 4.11) correctly for objectsthat
possiblyoverlapin projection,the full rangeof the 28 alongthe axis shouldbe searched Although
the rangeis continuous,certaindiscretepoints can be usedto simplify the searchfor the minimum
cost. Without lossof generality let us consideronly one possibleorientationof the splitting plane,for
instanceperpendiculato the x-axis. Objects’ 48Bs canalsobe usedinsteadof real objects. Fig. 4.3
shawvs anexampleof a scenewith four objectsandthe correspondingraphof the estimatedcost.
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Figure4.3: The value of the costfunctionin IE? for four objectsalongthe axis. Objects’boundary

positionsplay thekey rolein selectingthe positionof the splitting planewith minimum cost.

Assumingthe numberof objectsstraddlingthe splitting planeis Ns» and a linear costestimateis
usedwe canformulateanothewariantof the costfunctionfor surfaceareaheuristicas:
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1

Cyp = W[%(ﬂ%(lchild(ve))).(NL + Nep) + SA(AB(rchild(v®))).(Nk+Nsp)],  (4.14)

The costfunctionthatusesa linearestimateof the costfor child subtreess a piece-wisecontinuous
linearfunction. Thediscontinuitypointsaregivenby the objects’boundariealongthe axis. The num-
ber of objectsbetweerntwo adjacenbbjectboundarypositionsremainsconstantandthe costfunction
dependon the projectedsurfaceareaonly, which is a linear functionin respecto the positionof the
splitting plane,whichis b. Thisimpliesthatthe minimumvalueof the costfunctioncanbefoundjust
at positionscorrespondingo objectboundariesi.e., usinga finite numberof splitting planepositions.
Sincethecostfunctionhasdiscontinuitiesof thefirst order its valuehasto be evaluatedo beminimum
atthediscontinuitypoint thatcorrespondso takingthe minimumnumberof objectsin ABs associated
with theleft or theright child nodes.

We call the algorithm for positioninga splitting plane that minimizesthe costfunction given by
Eq.4.14anordinary surfaceareaheuristic(abbreiatedto OSAH). The algorithmcomputeghevalue
of the costfunction Eq. 4.14for eachpositionof all objectboundarieswithin the 43 to be splitin all
threeaxes. As aresult,it selectghe positionof the splitting planewith the minimumvalue of the cost
function.

4.2.4 Termination Criteria

Thecostmodelgivesusa recipefor positioningthe splitting planein thisinterior node,but it doesnot
tell uswhetherwe shouldproceedo subdviding the nodefurther, or shoulddeclarethe nodeasaleaf.
Any nodev in the kd-tree hassomebasiccharacteristicsits depthd(v) from the root node, 2B(v)
associateavith v, andthe numberof objectsN intersecting28(v). The constructionof the kd-tree
implies that the numberof objectsintersectingthe nodes 48 decreasesvith increasingdepthof the
node. The positioningof the splitting planeon the objectmedianimplies that the numberof objects
will beonehalf of it, but this constructiormethod aswe have remarled,is notsuitablefor anRSA The
numberof objectsalsoneednot decreasaignificantlyin eachsubdvision step,sincesomeobjectscan
straddlethe splitting plane. We now facethe question:to subdivideor notto subdivid® This issuein
the context of hierarchicalpatialsubdvisionsis usuallycalledterminationcriteria.

We canview the terminationcriteria in termsof the kd-tree cost model (Eg. 4.9). We want to
getan averageheightof the kd-treethat resultsin some“pseudo-minimumtotal costof the kd-tree.
Whenthe averageheightof the kd-treeis increasedthe averagenumberof traversalstepss increased
andthe numberof ray-objectintersectiontestsis expectedto decrease- it may be possibleto reach
somepseudo-minimuntostpoint dependingpon the maximumallowed depthof the kd-tree. Below we
discusssomecommonterminationcriteria.

4.2.4.1 Ad Hoc Termination Criteria

Ad hocterminationcriteria weredevelopedwith the introductionof RSAsbasedon the BSPtree[94]
andoctree[59]. They areeasilyformulated,asalreadymentioned:the currentnodev becomesa leaf
whenthe numberof objectsintersectinghe 23(v) is lower thanor equalto a fixed constantNpay Or
its depthd(v) in the kd-treereachesnotherfixed constantyax. Thesetwo constantarespecifiedoy
auser

The valuesof thesetwo constantdNmax and dyax are left to the users experienceand practicein
renderingsystemsasednray shooting(MentalRay[137]). Nmaxis usuallyone[94], we arenotaware
of ary recommendationtor maximumleaf depthdmnax In software packagesomedefault valuesare
provided, MentalRay[137] hasthe default valuesdmnax = 24 andNmax = 4 regardlesof the numberof
objectsin thesceneandotherscenecompleity characteristicg¢seeSection3.3).
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Figure4.4: Thecostin dependencendnmayx, Mmeasuredaluesfor TPy anngpD Left top shavs ratio of
ray-objectintersectiortestsperformedo minimumnumberof intersectiortests.Left bottomshavs the
numberof traversalstepsperray. Righttop shavs the averagerunningtime perray, andright bottom
shaws the costnormalizedto theidealray shootingtime. (SeeChapter2 for details.)

Settingthe maximumleaf depthdy,ax limits the memoryusedby the kd-tree, sinceit restrictsthe
numberof kd-tree nodesto a constantmore preciselyto 29max \When drax is too low, the numberof
objectsin the leavesremainshigh evenif further subdvision stepscould bring performancemprove-
ment. It hasbeenshavn by Subramaniarand Fussel[146] thatthe estimatedcostof a kd-treefor a
particularscenehassomecritical point with regardto dnax The dependencef the measureatoston
dmaxiS shavn in Fig. 4.4for SPD scenesor G,

We canseefrom the graphsthat increasingthe maximumleaf depthdy,ax behindthe critical point
(dmax = 16+ 2), which is specificfor eachscenedoesnot bring ary significantimprovementin the
total cost. It can even happenthat the total costincreasesasit clearly doesfor the scene‘rings”.
Subramaniaand Fussel[146, 143 do not discussary methodhow for detectingthe critical point or
ary algorithmfor terminationcriteria utilizing this propertyof the kd-tree. We deal with this issue
below.
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4.2.4.2 Automatic Termination Criteria

Subramaniamand Fussel[146, 143 coinedthe term automaticterminationcriteria, which shouldnot
requireary userspecificconstantsput they did not proposeary particularalgorithm. Motivatedby
theideaof automatiderminationcriteria,we have designedanautomatiderminationcriteriaalgorithm
basednthecostmodel,andwe will describét in Section4.5.

4.3 Analysis of the Cost Model

In this sectionwe performthe initial analysisof the cost modelthatis requiredfor a betterunder
standingof the following sections.The analysisconcernghe puregeometryview of the splitting and
minimizationof the costof thewhole kd-tree.

4.3.1 Splitting Geometry of an Axis-Aligned Bounding Box

The costfunction of surfaceareaheuristiccanbeinvestigatedrom the purely geometricviewpoint of
splittingthe AB(v) associateavith theinterior nodev into two halves. Until now we assumedhatrays
areuniformly distributedin spacewhich enablesisto useEq. 4.4 for thegeometryof the split 2B(v),
asdepictedin Fig. 4.5. Let the size of 2B(v) be describedby width w, heighth, anddepthd. The
splitting planeis positionedo be perpendiculato the coordinateaxisthatcorrespondso thewidth, so
the 2B associateavith theleft child hasits right boundaryatadistancen from theleft sideof 2B(v).

Figure4.5: Geometryof split nodes 43.

Let us denotethe surface areasof all 28s that are inducedby the geometryof the split AB(v) :
SA(AB(v)) = 2.(Ww.h+h.d+d.w) bethesuriaceareaof thenodeaB(v), SA(AB(Ichild(v))) = 2.(w.h+
h.wi +w.d) thesurfaceareaof AB(|child(v)) associatedvith theleft child of v, SA(AB(rchild(v))) =
2.(Wwh+h.(w—w)+d.(w—w_)) thesurfaceareaof the 2B(rchild(v)) associateavith theright child
of v, andSA(SP) = 2.d.h the surfaceareaof the splitting planerestrictedto AB(v). Obviously; it holds
for the notationabove thatb = w; /w. We cancomputethe probabilitiesof all four possibletraversal
caseghatoccurin therecursve ray traversalalgorithm:

po = (SAAB(chId(Y))) — 5. SA(SP))/SAAB(Y)) (4.15)
Pro = (SA(ﬁlQ%(rchiId(v)))—%.SA(SP))/SA(%(V)) (4.16)
Pr = PrL= 5 SA(SP)/SACTB()), @17)
where po — probabilityof aray hitting theleft child nodeonly,
p.r — probabilityof aray hitting theleft child first andtheright child afterwards,

Pro — probabilityof aray hitting theright child nodeonly,
pr. — probabilityof aray hitting theright child first andtheleft child afterwards.
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Obviously, p. + pr+ pLr+ PrL = cong > 1.0. Thesizeof 4B(v) canbearbitrary providedh > 0,
d > 0, andw > 0. Assumingobjectsassociatedvith 28(v) do not overlapin the projectionto the
coordinateaxesandthe objectsare uniformly distributedin spacewe caninvestigatethe value of the
costfunctionwith regardto the choiceof orientationof the splitting plane. Without lossof generality
we furtherassumén < d < w.

If 4AB(v) is split on the largestside of sizew, thenthe averagenumberof child nodeshit by aray
N7y is asfollows:

NY, = (SA(AB(Ichild(v)))(w) -+ SA(AB(rchild(v)))(w)) /SA(AB(v)) (4.18)
= 2hd/SAAB(V))+1

Similarly, if the splitting planeis orientedat 2B(v) sothatit splitsthe sideof sized andh, we get
the averagenumberof child nodeshit by aray as:

NG, = (SA(AB(Ichild(v)))(d)+ SA(AB(rchild(v)))(d))/SA(AB(V)) (4.19)
= 2wh/SA(AB(v))+1

N, = (SA(AB(Ichild(v)))(h) + SA(AB(rchild(v)))(h)) /SA(AB(V)) (4.20)
= 2.wd/SA(AB(v)) +1

Sincewe assumed < d < w, we caneasily prove that N, < N%, < NI\,. For example,for the
sizeof the 4B d = 2.h,w = 3.h we getN¥, = 4/22+1 = 1.18,N%, = 6/22+ 1= 1.27,andN,, =
12/22+ 1 = 1.55. We canthensupposehat it shouldbe adwantageoudo split the 4B in the axis
correspondingo the largestside of the 4B. Sincethe distribution of objectsin the projectionto the
chosenaxis is not generallyuniform, and objectsmay overlap, we cannotrely on this assumption.
However, we seethatthe estimatedtostis biasedwith the geometrygivenby 43(v). The orientation
of the splitting planethat resultsin the minimum estimatedcost cannotbe chosenin adwance;the
costfunction mustbe evaluatedin all threeaxesfor the boundarief the all objects,thuspossiblyat
3.2.N = 6.N positionsfor N objects.At leastwe have shavn thatthe selectiornof anaxisof thesplitting
planeis crucialfor minimizing theestimatedotal costof the kd-tree,andthusthis orientationcannotbe
chosenin adwance.The orientationof the splitting planechangedn cyclic order[94, 14§ in BSPtree
constructionstartingwith the x-axis, is thusonly onepossibleway, which may beratherincorvenient
especiallyfor the oblongshapeof the scene43.

4.3.2 The Kd-Treewith Minimum Total Cost

Evenif the costmodelis basedon someunrealisticassumptionsywe can ask whetherit is possible
to constructa kd-tree that accordingto Eg. 4.9 hasthe minimum estimatedcost from all kd-trees.
Obviously, this taskis not solved by selectingthe minimum costsplitting planeusingEq. 4.14in the
currently processednterior node,sinceit usesa linear estimatefor the costof the subtreeghat have
not yet beenconstructed.The linear estimateis valid only for the casewhenthe subtreeis not further
subdvided,i.e., for aleaf. Thereforejt is possibleto computethe estimatedtostof thenodev correctly
accordingto Eq. 4.9 after the processof the kd-tree constructionis finishedfor the whole subtree
rootedatv.

In orderto getthe global minimum estimatedcost for the whole kd-tree accordingto Eq. 4.9, it
is necessaryo take into accounteachpossibleposition of the splitting planefor all nodeswithin the
constructionatmost6.N positionsfor N objectspointedto in the currentnode).For all thesepositions
we have to constructeft andright subtreesbothof themagainwith theminimumestimatedtost. Then
we cancombinethe obtainedcostsusingEg. 4.13to computetheestimatedtostof the currentnode.As
thefinal step we mustselectasplitting planethatcorrespondso theminimumtotal estimateatost. This
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algorithmis of arecursve nature,andthis causeghe problemof obtainingthe kd-treewith minimum
total costaccordingEqg. 4.9 to be NP-hard. Proving this statementormally correctlywould be rather
difficult andlengthy it requirespolynomialtime reductionfrom thhekd-treeconstructioralgorithmto
aproblemwhoseNP-hardnes$iasalreadybeenproven.

4.4 Construction of Kd -Treeswith Utilization of Empty Spatial Regions

The assumptiorthat splitting planesdo not intersectobjectslimits the position of the splitting plane
with minimum costto the medianintenal. It canbe supposedhat both sidesof the splitting plane
containsomeobject(s) which obviously holdsfor theroot nodeof the kd-tree,becauseve usethetight
ABs of all objects.lIt is notthe casefor non-rootinterior nodesof the kd-tree;the splitting planeneed
nothave ary objectson oneof its sides.If asplitting planeis positionedsothatonechild nodecontains
no objects thechild is notfurthersubdvided andit is declareda leaf. We call sucha positioningof the
splitting planecutting off emptyspace The complementaryiew to cutting off emptyspaces thatthe
splitting planeis the faceof a boundingvolumeenclosingthe objectsin thenode.

SubramaniaandFusse[144, 145 first noticedtheutilization of emptyspacen thekd-tree,but their
view of the useof empty spacewithin the hierarchyis inconsistent.First, they presenthe following
opinion,quotedfrom their paperf145):

To sumthingsup, the creationof emptyvoxelsis itself a sourceof inefficiengy in thefirst
placesinceno ray-objectintersectioncanbe foundin suchregions, but the fact thatthey
arenotsubdvidedary furtheris adesirablgactorsinceit helpsthestructureadapttself to
thelocationsanddensitiesof the primitivesin theinputscene.

.... Thevoid spaceaepresents measuref threedimensionakpacehatcontainsno useful
information.

Endof quotation.

They also provide a “void areameasure”in the kd-tree that we considerratherincorrect. They
proposeo constructtight 28s for all the objectspointedto in theleft andright child, andto compute
the“void areameasure’asthe differenceof volumeof the 438 of the original nodeminusthe volumes
of the tight 4Bs of the child nodes. Sincethe child nodesarefurther subdvided, someempty space
within the hierarchycanbe includedin the total sumfor the whole kd-tree several times (at mostsix
times,since4B hassix facesn IE%). They alsoclaimthattheir“void areameasure’s ausefulmeasure
of performanceof the kd-tree whenusedfor ray shooting. On the otherhand,they apply tight ABs
includedinto theinterior nodeswe againquotethe paperf145]:

..... By surroundingcollectionsof objectscompletelywith boundingvolumes,large sec-
tionsof objectspacecanbe prunedaway, drasticallyreducingtheray searctspace.Thisis
becauséf aray misseghis boundingvolume,its contentsneednot be examined.Bound-
ing volumesare more effective thanspacepartitioningstructuresn this respectsince,in

generalthey provide tighterenclosuresroundobjectcollections.

.... Spacepartitioningstructuresareadaptve, concentratinghe partitioningin the vicinity
of objects. Sinceall the partitioning planesare axis-aligned,they have the potentialto
createlarge void spacesvhich area sourceof inefficieng. Boundingvolumehierarchies,
on the otherhand,optimizeray tracingby culling away large sectionsof objectspaceand
provide a compactepresentatiofor the objectsat every nodeof the hierarchy

... Thusboundingvolumesshouldbe usedonly wherethey resultin culling alargeamount
of void space.
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Endof quotation.

Theirtwo views to auseof emptyspacearecontradictory First, they wantto useemptyspaceusing
ABs includedinto the interior nodes,which canbe relatively costly to checkfor intersectionwith a
ray. Secondthey wantto avoid the creationof emptyleaves,evenif this canbe understoodsanother
variantof the ABsin theinterior nodes.

4.4.1 Theoretical Remarks

Beforewe describamprovedversionsof kd-treeconstructiorusingcutting off emptyspacewe present
our motivationfor this concept.The recursve ray traversalalgorithmon the kd-tree constructedvith
“good” utilization of emptyspaceshouldbehae for ary ray asfollows: afterdescendingnot very deep
from the root nodeto thefirst leaf containingthe origin of a ray, only emptyleavesof possiblylarge
sizeshouldbe traverseduntil the first full leaf with oneobjectis hit andthe ray intersectghis object.
In this casethe ray neednot be testedfor intersectionwith ary otherobjects. With increasingsize of
the emptyleaves,the ray musttraverseonly a few leavesto getto thefirst full leaf; sothe costof the
kd-treefor ray shootingis decreasedThe emptyleaves containusefulinformationexactly by virtue
of their emptinesssincethey areempty the spatialregion thatthey cover canbe skippedwithin aray
traversalalgorithm. No objectscanbe intersectedn emptyleaves,andthis is the sourceof potential
efficiengy improvement. The basicunderlyingideain this context of visibility is asfollows: whenan
objectfrom aviewpointis visible (alonga half-line), theremustbe emptyspacen front of this object.

Let us describehow kd-tree constructionwith utilization of empty spatialregions could proceed.
After localizing empty spacein kd-tree we canorganizeempty spaceto stayin the leavesin upper
levels of the kd-tree hierarchyandthensplit the leaves, whereobjectsare locatedandthe probability
thata ray will intersectthe objectis high. Onecanthenproposea generalalgorithmfor constructing
the kd-treewith “good” utilization of emptyspatialregions:

1. For agivenscenes$ of N objects,identify all “empty space’within thescene4B. Representhis
emptyspacen thesetSgg of non-averlapping43s. For suchasetSer holdsyicg., VoI(ABi) =
cong, whereVol(43;) is thevolumeof 48;. Theoptimizationcriteriato searchtheoptimumset
SR canbedervedfrom Eq. 4.4, sincefor anarbitraryray we wantto getthe minimumnumber
of emptyspatialregionsto beintersected:

R={VSr § SAMUB)< T SA(1B))}

ieSR j€%R

2. selectthesubse'sel(%%) of empty 4Bs from ﬁm, which representsnostof theemptyspacen
thehierarchy

3. constructhe kd-treeover sceneobjectsandempty 4Bs from sel(ﬁ%), which usessomevariant
of surfaceareaheuristic. Try notto split boththe objectsandthe empty 4Bs. Oneway couldbe
to considerthe 4Bs of sel(S%) asobjects.

When the objectswere non-overlapping A8s, an RSAusing the correspondingkd-tree could be
efficient. After locating the first full leaf a ray traversalalgorithm terminates since the ray-object
intersectiommustoccur If ABsonly approximatebjects-intersectioroccurswith acertainprobability
— it is difficult to predictthe advantageof surface areaheuristicthat useempty spatialregions over
OSAH. Thisis alsothe casewhenthe 4Bs associatedavith the objectsoverlap.

The outline of the kd-tree constructionmethodthat usesthe empty spacegives us several other
subproblems. One of themis how mary empty spatialregions exist for $pt, given a sceneS(N)
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containingN objects. Let us supposehat the sceneconsistsof non-orerlappingobjectshaving the
shapeof 4B. Sincethe numberof facesfor objects’ 4Bs is finite, the boundarybetweenthe empty
spatialregions and object spatial regions containsa finite humberof cornersand edges,andis thus
O(N). Thenumberof possibleemptyspatialregionsis thenalso O(N).

A difficult problemis the algorithmfor constructingthe setﬁ%. The problemwas studiedin IE?
by Lingaset al. [103] (cited accordingto [42]), andis calledthe Minimum Edge LengthRectangular
Partition Problem They formulateit asfollows: given a rectilinearfigure, partition it into rectangles
with the minimum total lengthof new boundaries.Lingaset al. [103] shav thatthis problemis NP-
hard. Althoughwe do not prove it hereformally, we cannotexpectthatin IE® spacethe problemwill
notbeNP-hard.Moreover, we have to describehe emptyspaceboundaryasthe complementargpace
of the 4Bs associatedvith the objectsin the scene.We canusesomeheuristicalgorithmto getan
approximatre solutionfor ﬁm, but for IE® spacewe arenot awarethatary suchalgorithmhasbeen
published For IE? someheuristicsarepresentedy Du andZhang[42].

Althoughthe useof emptyspaceasdescribedabove hasits potential thetime complity of kd-tree
constructionwvould becomeunacceptabléor practicalapplications.Insteadof usinga generalconcept
for cuttingoff emptyspacewe describebelav threesimplermethodsasedon the costmodel.

4.4.2 Early Cutting Off Empty Space

Cutting off empty spacecan occurwhen the estimatedcost computedaccordingto Eq. 4.13 is the
minimum found. For this reasoncomputationof the costfunction shouldbe performedon the whole
rangeof the 2B for all threeaxesto find outthe minimumestimateatost. We call this caseearly cutting
off emptyspace It occurswhenthe geometryterm of the spaceo be cut off outweighsthe otherterms
in the costfunction, resultingin a reductionin the total cost. Assumingthe left child nodeis empty
Eq.4.13simplifiesto:

é\,e = éTS+ pR.CR (4.21)

Early cutting off empty spacecreatesnen emptyleavespossiblyin upperlevels of the kd-tree hi-
erarchy: large empty spatialregions can be skippedduring the ray traversalalgorithm as described
above.

4.4.3 Late Cutting Off Empty Space

Mostly, the terminationcriteria for kd-tree constructionas alreadymentionedare a fixed numberof
objectspointedto in the leaf and the maximumdepthof the leaf in the hierarchy It seemsto be
uninterestingo split a leaf nodecontainingoneobjectonly. Below we shav thatthis caseshouldalso
beinvestigated.

Let nodev of kd-treeis associatedvih 4B(v) representinghe whole scenethat consistsof one
objectonly. Thecostfunction(Eg.4.12)is thenexpresseds:

1
=3 Gl (4.22)

Let ussupposehe 4B(v) is split by a planein sucha way thatthe objectremainsin theright child
nodeonly, whereasthe left child nodeis empty Thenusingthe costfunction Eq. 4.21 we getthe
following new costfunction:

1
C2 =Crs+ pr( > Cir(1) =Crs+ prCit. (4.23)
&

The positionof the splitting planeinfluencesonly the lasttermin the costfunction, Eq. 4.23. Since
thetraversalcostCrsis included thecostC2 couldalsobehigherthantheoriginalcostCl. Theselection
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of the minimum costusingeitherEq. 4.23or Eq. 4.22is thus sensitve to ratio betweerf:TS andé.T
unlike the early cutting off emptyspace Obviously, the cuttingoff emptyspacemethoddiscussediere
shouldbeappliedonly if C& < C\} Sincethis occursin theleavesof the kd-tree,in thelate phaseof the
kd-treeconstructionwe call the methodlate cutting off emptyspace

Therealvaluesof Crs andC;t dependon theimplementatiorof aray traversalalgorithmandray-
objectintersectiortests.We dealwith efficient ray traversalalgorithmsfurtherin Chapters. Thetime
of the ray-objectintersectiontestCit dependson a particularalgorithm and implementationandis
relatedto the objects shape. Simple geometricalobjectslike spheresandtrianglescan be testedfor
intersectionat a costcomparabldo Crs, however, Ct for thesesimpleobjectsis still higherthanCrg
for anefficientrecursve ray traversalalgorithm.Complec objectslike NURBShave Ct by order(s)of
magnitudenhigherthansimpleobjects therefordate cuttingoff emptyspaceypically paysoff for them.
SinceSPD scenesonsistof simplegeometricabbjectsonly, cuttingoff emptyspaceneednotdecrease
the estimatedcostconsiderably

In Fig. 4.6 we canseethedifferencebetweerate andearly cutting off emptyspacemethodsWhen-
ever possible early cutting off emptyspaceshouldbe preferred sinceit createghe kd-treewith fewer
nodesandthustheray traversalalgorithmis in anaveragecasemoreefficient underthe assumptiorof
uniformly distributedrays.

1 L

10 0 & 100/

Figure4.6: A spatialregion with empty spaceand a correspondingkd-tree. Late cutting off empty
spacqleft) is lesseffective thanearly cutting off emptyspacgright).

We cancompareate cutting off emptyspacefor a singleobjectwith the useof boundingvolumes
in the interior nodes[145] of the kd-tree. Usually asthe boundingvolume of a singleobjectis taken
its 48. This boundingvolumeis checled for intersectiorwith a ray beforethe ray-objectintersection
testis performed.For the kd-tree,the useof A4Bs is particularlysuitablesincethe shapeof an 43 fits
the geometryof the kd-tree. Evenif efficient algorithmsfor computingan intersectiorbetweera ray
and A8 areknown (for asuney, see[112]), thecostof theintersectiortestis relatively highcompared
with the costof traversalstepCrs. It requiresatleastfrom two to six intersectiortestswith the planes
of an 438 thatareperpendiculato the coordinateaxes,andothercomputationakffort, evenif the 28
is notintersectedUnlike the 2B usedasa boundingvolumeandputin theinterior nodeof the kd-tree,
late cutting off emptyspaceputssplitting planesonly for the objects’sides(at mostsix planesin IE®),
wherethis is advantageoud$rom the viewpoint of the costmodel. In the worst case all six bounding
planescanbe put aroundthe object, which is unlikely to occur sincein this casethe useof 48 asa
boundingvolumeis lesscostly

We canalso comparethe useof boundingvolumesfor a setof objectseitherin the leaf or in the
interior node. Further we againassumehat we useasthe boundingvolumean 43 pointedto in the
nodev. Whentherecursve ray traversalalgorithmreacheshenodev, it is requiredto have acomputed
entry andexit signeddistancefrom the origin of a ray with the 4B. This is necessargincethe 43
usedastheboundingvolumeis thentakenasaroot of the subtreeof the kd-treethatis furtherbuilt. As
for the singleobject,the useof the 4B asthe boundingvolumeis insensitve to the size of the empty
spacesaved on eachside of the 4B usedasthe boundingvolumein respecto the size of the AB(v)



66 CHAPTER4. CONSTRJUCTION OF KD-TREES
associateavith thenodev.

4.4.4 Two-PlaneCutting Off Empty Space

In additionto early and late cutting off empty spacemethodswe canask aboutthe existenceof an
algorithmassomecheapalternatve to the algorithmproposedn Section4.4.1. This algorithmshould
find large emptyspatialregionsandcut themoff from the restof the kd-tree hierarchy The problem
with the kd-tree is that wheneer a nodeis subdvided, empty spatialregions on both sidesof the
splitting planecannotever be connectedhgainto oneleafnode,seeFig. 4.6 (left). If possiblewe want
to detectthesesituations,andtry to promotethe splitting that resultsin the creationof emptyleaves,
but we wantto usethe costmodelfor our decision.

Therefore ,we further proposeand analyzea simple methodthat searchegor aninterval of empty
spaceon oneaxis only. The techniqueis an extensionof early cutting off empty space,andfurther
promotesthe creationof empty leavesin the upperlevels of the kd-tree hierarchy The underlying
geometryis depictedn Fig.4.7.
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Figure4.7: Two-planecutting off emptyspace.(a) Spatialregion with emptyspacensidetheintenal
alongtheaxis. (b) RF cutting. (c) LF cutting.

Whena kd-treeis constructedisdepictedn Fig. 4.7 (b) or (c), we canrefinethe costmodelaccord-
ingly. Further we assumehattwo subdvision stepsare performedasdepictedin Fig. 4.7 (b). In this
case the costfor parentnodevp correspondso Eq. 4.14. Thenthe emptyspaceis cut off in the next
step,sothe costof thenodeis:

CRF = Crg+ SA(AB(VR)) /SA(AB(Vre) ) Cr
Thenthetotal estimatedtostfor the parentnodebecomes:
CXF = SA(AB(vL))/SA(AB(ve)).CL + SA(AB(VR)) /SA(AB(vp)) .Cr+ (4.24)
(SA(AB(vrr))/SA(AB(vp)) + 1) Crs

Similarly, whenthe kd-treeis constructedasshavn in Fig. 4.7 (c), we canestimatethe costfor this
way of splitting as:
CF = SA(AB(vL))/SA(AB(vp)).CL+ SA(AB(vR))/SA(AB(vp)) Cr+ (4.25)
(SA(AB(vLr))/SA(AB(vp)) +1) Crs

We computethe costfunction using Eq. 4.25and Eg. 4.26 only whenthe empty spaceintenal is
identifiedwithin the searchfor theminimumcostevaluatingEg. 4.14.We selectthe caselLF or RF that
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usestwo predeterminedplitting planepositionsonly if it hasthe costlower thanthe costaccordingto
Eq. 4.14for the boundarief all objects’alongthe axis. We canseethatthis methodis alsosensitve
to theratio betweerthevalueof Cys andCit, like late emptyspacecutting off.

It is obviousthattwo-planecuttingoff emptyspacecanalsobethe caseof two successie subdiision
stepsin OSAH. In this casédt requireshothsplitting planesto have aminimumestimatedtostindepen-
dently The combinationof two subdvision stepsinto one equationfurther promotesthe creationof
emptyleaves;it revealsthe geometrywith theemptyspaceonestepin adwance.

4.5 Automatic Termination Criteria

As we describedhetermin Subsectiort.2.4.2 automaticterminationcriteriaareterminationcriteria
thatdo not requireary usersetting. In this sectionwe dealwith the designof automatictermination
criteria. Looking atthegraphsin Fig. 4.4 we couldrequirethatthey resultin a kd-treewith atleastthe
critical performancepoint asdepictedon thegraphs.

A simple automaticterminationcriteria algorithm canfollow the curves on thesegraphs. We can
constructa kd-treefor somemaximumleaf depthdmnax and computethe estimatecdcostof the kd-tree
C(dmax UsSiNngEq. 4.9. Thenwe subdvide all the leaves of the kd-tree one stepfurther (if possible)
to the maximumleaf depth (dnax+ 1), and we computethe new estimatedcostC(dmax+ 1) of this
deepenedd-tree. WhenC(dmax+ 1) is sufficiently lower thanC(dmax), thejust performedsubdvision
stepimprovestheestimatedostandthe kd-treecanbefurtherdeepenetb depth(dmax+ 2). Otherwise,
we shouldnot continuesubdviding.

However, incrementallyincreasingmaximum leaf depthdnyax for the whole kd-tree construction
is not the only way to get the pseudo-minimunof the estimatedcost. Actually eachnodev to be
potentially subdvided hasits own history of splitting thatis associatedvith all the nodeson the path
betweertherootnodeandthennodev. Settingonly onemaximumleafdepthdnax for thewhole kd-tree
is not very appropriateo the problem. Automaticterminationcriteria shouldkeeptrack of the history
of splitting the nodesof the kd-tree.

We shouldremarkthat one subdvision stepneednot necessarilyring animprovementin costim-
mediately It is possiblethat the estimatedcostincreaseslueto a currentsubdvision step, even if
the splitting planewith minimum costis selected.This canbe causedyy two possiblereasons First,
the splitting planecould not separateenoughobjects. In this case mostobjectsareintersectedy the
splitting plane,thus a recursve ray traversalalgorithm canrequireone moretraversalstep. Second,
thelinear costestimateof the unsubd¥ided child nodeis just an estimate.If a subdvision stepis un-
successfulit doesnot meanthatfurther subdviding of the correspondinghild nodescannotdecrease
the total estimatedcostof the kd-tree considerably If mary unsuccessfusubdvision stepsoccuron
the pathbetweenthe root nodeandthe currentnode,this would indicatethat objectsin thesespatial
regionsweredifficult to separate Avoiding further subdvisions stepsin this casecould decreasehe
costof the kd-tree.

We obsered during experimentswith the terminationcriteria algorithmthat usingsomemaximum
leaf depthdy,ax is a usefulfeatureof the terminationcriteriaalgorithm. First, the useof dmax bounds
the maximummemoryrequirementgor the kd-treerepresentatiomy limiting the numberof kd-tree
nodesto a constantSecondsince4Bs associateavith objectscanoverlap,they neednotbe separable
by a splitting planeat all. In this casethe numberof objectscannotbecomedower thanor equalto a
constantNmax If the objectswith the shapeof 28 do not averlapin the projectionto all coordinate
axesandthe kd-treewith oneobjectin every leaf is required,the maximumdepthof a leaf nodefor
thebalancedkd-treeis dmax = logN. Whenwe assumaerbitrarily distributed objectsin the scenewith
possibleoverlappingof objects,thenthe maximumleaf depthdnax to achieve the critical costpoint
couldbehigher To boundthis quantitywe proposeto expresshe maximumleaf depthas:

Omax= 1. 10gN + ko (4.26)
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The valuesof constantk; andk, canbe chosenaccordingto experimentson somesetof scenes
to achieve the critical performancepoint. We found by averagingfor experimentson 30 SPD scenes
(group G, Gdpp, andG2pp) that one possiblesettingof theseconstantsn the GOLEM rendering
systemis k; = 1.2, k, = 2.0.

Further we discusgthe settingof the constaniNmax. Our obserationis basedon the casewhenwe
accesa leafwith Ny« 0bjectsduringaray traversalalgorithm. Assumingthatthe costof traversalstep
Crsis sufiiciently lowerthanthecostof ray-objectintersectiortestC 1, it shouldbeadwantageousave
Nmax= 1. Thenin theideal casein the constructedkd-treethe leavescontaineitheroneor no object.
First, theemptyleavesaretraversedquickly. Secondfull leaveswith oneobjectarealsoadwantageous
for efficiency reasonslif aleafwith oneobjectis checledfor ray-objecintersectiorandtheintersection
exists, no further ray-objectintersectionseedto be performed. Placingone objectto leavesis not
always possible, sinceobjectsor/and 4Bs associatedvith the objectscanoverlap. Therefore,during
the constructionwe have to detectthesebranchesf the kd-tree where further deepeningdoesnot
bring ary improvementof the whole costof the kd-tree. In orderto detectthesecasesve alsousethe
costmodel.

Let usdescribeheuseof thecostmodelin automatiderminationcriteriaalgorithm.Whenthenode
v with N objectsis subdvided,its resultingestimatectostéve is computedaccordingo Eq.4.13.When
thenodev is declareda leaf, its costé\,E is expressedy theEq.4.12. Thenwe canexpresstheratio of
thesetwo costs,which shavs the quality of the subdvision step:

A~

g = 2°

7 Ge

Crs+ Cir.(SA(AB(Ichild(v®))).NL + SA(AB(rchild(v®))).Ng) /SA(AB(V®))
Cit.N

(4.27)

The higher the quality of the subdvision stepthe lower rq: for a successfububdvision stepwe
assumaq < 1.0. For example,if a nodewith 238 of cubic shapethat containsuniformly distributed
objectsis subdvided in its spatialmedian thenfor Crs = 0 we getthe quality of the subdvisionrq =
2/3. If rq is a constantgreaterthan constantrg“i” (we can setrg"” to one or someconstantslightly
lower thanone), we canconsiderthe subdvision stepunsuccessfulHowever, the casethatrg > rg"”
canoccuronly transiently andthe quality of subdvision steprq canimprove againin the subsequent
subdvision steps.Therefore we shouldkeeptrack of the numberof unsuccessfusubdvision stepson
the pathfrom the root nodeto the currentnode. If the numberof theseunsuccessfutubdvision steps
is higherthanthe allowed fixed constantax We declarethe nodeasa leaf, sincefurther subdvision
stepsareunlikely to decreas¢hetotal estimatedostof the kd-tree. We proposeo computeFyax from
the maximumleaf depthdmax Sincefor sceneswith highernumberof objectsthe numberof allowed
unsuccessfustepscould be higher and dnax is derived from the numberof objects. We proposeto
computeFyax asfollows:

Fax= K} + K2, -Omax (4.28)

We found one possiblese_ttingfor the constantsempirically in the GOLEM renderingsystem:
Kfai = 1.0, K¢y = 0.2 andrg™ = 0.75.

The automaticterminationcriteria algorithmdescribechereis an empiricalalgorithmbasedon ex-
perimentsusingtestsceness3 o, Gépp, andG2,p, We do notclaimits optimality or the bestsettingof
constantgyiven abore. Suchsettingof constantss implementatiordependentand particularly it de-
pendsontheratioCrs/Cit. Theadwantageof the proposedilgorithmfor automatiderminationcriteria
is thatit doesnotrequireary userintervention,it limits maximummemoryusageandit resultsin a kd-
treewith lower or comparablecostwith the kd-tree built with ad hocterminationcriteria. We verified
experimentallythe performancef kd-treesbuilt with automaticderminationcriteria(Section4.10.2).
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4.6 Further Resultsand Problems

Thedevelopmenbf the costmodelandthe surfaceareaheuristichasbeenconditionedoy severalrather
unrealisticsimplifications.Thefirst is the estimateof the costof the child subtreeto be subdvided;the
estimateis linearwith a numberof objects,which correspondso the worst-casecompleity measure.
We have shavn the validity of this linear costestimateonly for the casewhenthe nodeis not further
subdvided, however, the goalis that the time compleity of the RSAbasedon the kd-tree shouldbe
muchlessthanlinear

The secondsimplificationis thatwe approximateobjectsby their 2Bs, regardlesof their tightness
to theobjects.Thenthe objectsneednotintersecthe 48s of theleaveswherethey arereferencedand
this canalsoinfluencethe constructiorof the kd-tree.

Thethird simplificationis the assumptiorthat an arbitraryray doesnot intersectary object,which
againcorrespondso the worst-casecompleity measure.This is obviously not true in general since
the caseof the existenceof anintersectiorbetweera ray andanobjectis acommonresultof anRSA

The fourth simplification is the assumptionof the uniformity of ray distribution, which can be
stronglyviolatedin general Ray distribution dependgreatlyontheapplication.

Further we presenour studyin whichwe try to avoid thesesimplifying assumptionsThethird and
fourth simplificationmentionedabore areelaboratedn separateectionshelav, sincethe scopeof the
text is ratherlarge.

4.6.1 CostEstimate

Until now we have supposedhat the worst casein the linear costestimateis valid — whena node
containingobjectsis not further subdvided, which correspondso declaringthe nodeasa leaf. For
nodesof the kd-tree with mary objects,suchan estimateseemsunrealistic. Sincethesenodesare
furthersubdvided, their costis decreased.

Estimatingthe costof nodev, whichis to be subdvided,is however difficult for generalscenesWe
cansolve the problemin severalways. Thefirst solutionis preciseandcostly; we canreally construct
a subtreefor nodev, then evaluateits estimatedcostusing Eq. 4.9. This leadsto a combinatorial
explosion of the constructionalgorithm, as we statedin Section4.3.2, and this is not usablefor a
practicalalgorithm.

Thesecondsolutionis thatwe canusefor anestimateheresultsmeasure@nthe SPD scenesSince
thesescenesanbe generatedvith variousnumbersof objectsby specifyingthe sizefactorS:, we can
getthefunctionC = f(N), whereC is the costof the kd-tree constructedisingEq. 4.14,andN is the
numberof objects. Thesefunctionsfor all the SPD scenesare plottedin Fig. 4.8. For constructing
kd-treesin the experimentswve appliedautomaticcerminationcriteria.

Unfortunately all the measuredceneshave completelydifferentfunctions f (N), which cannotbe
expressedy a single function of onevariableN. We alsofailed with the following approach:we
computedthe estimatedcost f}(N) for a particularscenes asthe function of onevariableN. We
appliedthe estimateduring the constructionof the kd-treefor the scenes, however, the resultingcost
of the kd-tree was higherthanfor the linear estimate. This is probablydue to the fractal natureof
the generatedPD scenes- increasingthe numberof objectsneednot imply a similar distribution of
objectsin thescene.

In our third attemptto solwve the problem,we cantry to estimatethe costfrom Eq. 4.9 underthe
following assumptionsa BSPtreewith a spatialmedianmethodis built over a setof uniformly dis-
tributed objects. The input for the estimateof nodev is the numberof objectsN andthe surfacearea
SA(A4B(v)) of the AB associatedvith v. We canestimatethe averagedepthfor the constructed3SP
treeasd = logN + ki, k1 > 0, sincesomeobjectscanresidein morethanoneleafatthe sametime. For
simplicity we assumehat 48(v) is of cubicshapewith edgesizew. Thenthe surfaceareaSA(AB(v))
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Figure4.8: Thecostin dependencen thenumberof objectsfor SPD scenedor TP, for differentsize
factors.Thegraphstm = f1(N), Nrs= f2(N), Tr/Nrays= f3(N), andOryn = f4(N).

is 6.w2. The estimatedcostC(v) of nodev is the sumof threeestimatedcosts: the cost of travers-
ing interior nodesCr, (v), the costof traversingleavesCr (v), andthe costof ray-objectintersection
tEStSérr (V) .

The numberof leavesin the BSPtreeat the averagedepthcf is N; = 29, andthe numberof interior
nodesis N; = 29 — 1. We can computethe estimatedcostén (v) consideringthe costof the nodes
separatelyat different depthsof the kd-tree. A nodev at one particulardepthd in the kd-tree has
the sameshapeandthusits surfacearea4B(v) is constantregardlesshe positionof v in the kd-tree
becausaeve assumea spatialmedianmethod. The shapeof 48 associatedvith a nodeat depthd
for which holdsd = 3.i, i € {0,1,2,...} is cubicagain. Table4.1 shavs thatthe surfaceareaof 4B
associateavith theonenodeandall the nodesasa functionof thedepthin the kd-tree.

Thenusingthe sumfor ageometricsequenceve canderive Cr (v):

C le S SA(l) = =& d/SSi SAx(36/6)'] =C (IogN+k1)/348' Crs.O(N+k
T1(V) S Ts-izl (i) @ Ts-izD [SA*(36/6)'] = Cr. izb =Crs.O(N+ky)
(4.29)
Similarly, we canderive thatCri (v) = &.Crs. Y1 SA(l) = Crs.O(N + k1). Sincein aleaftheaver
agenumberof objectsis constantprovidedthatthedistribution of objectsin the scenespacds uniform
andno objectis intersectedy aray; it holdsthatCir(v) = & .Cir. T1¥; SAG).N(1) = Cir.O(N +ky).
To conclude the linear estimateof costC(v) = O(N + k;) is thusvalid andk; is unknavn underthe
conditionsstatedabore. However, the multiplicative factorhiddenbehind O-notationis unknawn.
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Table4.1: Thesurfaceareaof a nodeaccordingto thedepthd, assumingheinput of cubicshapgsize
of sidew) andspatialmedianmethod.

4.6.2 ReducingObijects’ Axis-Aligned Bounding Boxes

Thenotionof 4Bs for sceneobjectssignificantlysimplifiesthe kd-treeconstruction Sinceobjectscan
straddlea splitting plane,it canoccurafterseveralsubdvision stepshatsomeobjects surfaceneednot
intersectthe currentnode 438 of the kd-tree hierarchy althoughthe 28s of someobjectsintersecthe
AB associateavith the currentnodeof the kd-tree. Thisis depictedn Fig. 4.9 (a).

node's splitting node's object right bound.
/bound. box plane ‘bound. box box
P
- — \ object's
/_ bound. box
_object
object's
left bound. splitting plane
box
(a) (b) (c)

Figure4.9: (a) Splitting during the kd-tree constructiorcanresultin referenceso objectsthathave no
intersectionwith the leaves. (b) Whenthe 4B associatedvith an objectstraddleghe slitting plane,it
doesnot guaranteghat the objectalso straddleshe splitting plane. (c) Split clipping — reducingthe
ABs of the object,oneontheleft andoneon theright of the splitting planeby clipping.

Although 43Bs of objectsfit well for kd-tree construction thereare several disadwantagesarising
from the simpleuseof 48s insteadof objects’suriaces.First, objectsthatcannothave anintersection
with aray arealsotestedin someleaves. Secondpbjectsonly virtually presentin the interior nodev
influencethe estimatedcostof v andthusthe whole procesof kd-tree construction.We have found
threepossiblewaysto dealwith this problembasedn morecomples intersectiorroutinesbetweerthe
surfaceof anobjectand 2B associateavith the currentlyprocesseaodeof a kd-tree.

First, we canpostprocessll leavesof the kd-tree and checkusinganintersectiontestbetweenan
AB associatedvith aleaf andanobjects surface. For eachleaf of the kd-treewe canthusremove the
redundanteferencedo objects. We call this methodleaf pruning In this casewe do not avoid the
problemof influencingthe kd-tree constructiorby objectsthatonly virtually intersectthe 48s of the
interior nodes. In the postprocesse#d-tree we canalsoget subtreeswith emptyleavesonly. These
branchef the kd-treewould be consolidatedo emptyleavesusinganothempostprocessingtep.

Secondwe canapplytheintersectiortestbetweerthe 43 of the kd-treenodeandsurfaceof anob-
jectnotonly to leavesbut alsoto interior nodes.In eachinterior nodev, excludingtherootnode,before
evaluatingthe costfunctionwe checkwhetherall the objectsbelongto 28(v). We do this intersection
alsofor leaves,which correspondso leaf pruning. In this way we canguarante¢hata minimumsetof
objectsis consideredor the currentlyprocessediodewhenevaluatingthe costfunction. However, this
methodaspresentedlsosuffersfrom anothemproblem.An objectis consideredo straddlethesplitting
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plane,whenthe 4B associatedvith the objectsstraddlethe splitting plane. It neednot hold asshavn
in Fig. 4.9 (b). This methodcanbefurtherimprovedby testingthe objects’assignmento left andright
subtreeof the objectsstraddlingthe splitting planefor eachsplitting planepositiontested.This way is
apparenthcostlyandredundansincetheintersectiortestdack any computatiorcohereng for adjacent
positionsof thetestedsplitting plane.

Third, we cansolwve the problemin onestepadwance. If the positionof a splitting planeis known,
we alsoknow the objectsstraddlingthe splitting plane. For theseobjectswe canreducethe 438s on
both sidesof the splitting planewheneer possible asdepictedin Fig. 4.9 (c). This requiresa special
intersectiommethodfor all shape®f objects since for agivenobjectO, its current438, andtheposition
and orientationof a splitting plane,we wantto constructtwo tight 28s associatedvith the objects
spatialregion taken on the left and on the right of the splitting plane. Thesereduced43s for the left
andright side of the splitting planemustbe passedwvith the referencego the objectsfor the left and
right child nodes.We call this methodthatclips the 4Bs of objectswith regardto a splitting planesplit
clipping. Principally split clipping works bestof all thealgorithmsdescribecdhere.

Thedescriptionof the algorithmsfor leaf pruningandsplit clipping, which handlegheintersection
testsbetweenan objectanda plane,for particularshapef objectsis beyond the scopeof this thesis.
However, we have designedandimplementedhesealgorithms[80], the resultsfrom the experiments
aresurweyedin Subsectiors.10.4.

4.7 General CostModel

In the developmentof the surfaceareaheuristicwe assumedhat a ray doesnot intersectary objects.
Although such an assumptioris ratherunrealistic,the developed OSAH significantly improves the
performanceverthe spatialmedianmethodfor sparselyoccupiedsceneslin this sectionwe extendthe
costmodelto includethe possibility thata ray traversalalgorithmterminatedn its child nodebecause
theray intersectsan object. Thusinsteadof usingthe upperboundof anestimaten theworstcasewe
usethe averagecaseestimatebasedn morerealisticassumptions.

We call the proposedxtendedcostmodelthegenerl costmodel(abbreriatedto GCM furtherin the
text). Insteadof formulatingthetotal costof thewhole kd-treewe dealdirectly with the positioningof
asplitting planeinsidetheinterior node,i.e., with the costof a subdvided node(Eq. 4.14). During the
recursve ray traversalalgorithm(Chapter5) thereareexactly four ways,in which anarbitraryray can
traverseaninterior nodeof a kd-tree;theleft child only (subscriptLO), theright child only (subscript
RO), the left child first andthe right child afterwards(subscriptLR), andthe right child first andthe
left child afterwards(subscriptRL). Thenwe canexpressthenew estimatectostasthe sumof the four
estimatedcostsfor the d|st|ncttra/ersalcasesC|_o, CLR, CRL, andCRo Further we assumehata ray
canintersectan objectin oneof its child nodeswith a probability p™. For the sale of corveniencea
ray thatin 48(v), associatedvith a nodev, intersectsanobjectwill be calledthe hit ray with respect
tov. Similarly, we call aray thatdoesnotintersectary objectin 28B(v) the missray with respecto v.
Let us denotethe casefor hit raysby superscript andthe casefor missraysby superscript!. If we
have a setof raysintersecting38(v), thenp' for thenode 4B(v) canbe estimatedasthe numberof
hit raysdivided by the numberof all raysshotinside 2B(v).

Thenwe canestimatehetotal costCSSM of aninterior nodev to be subdiided asfollows:

CEMv) = Clo+Cirt+Cro+CaL (4.30)
Co = po(pl.C +(1- pL)é) (4.31)
Cr = pLR(pL Cl+ (1= pD)(C + pRCE +(1- pR)-CR)) (4.32)
Cro = (pRc +(1-pR).CR) (4.33)
CrL = pRL(p +(1-pR).CR+pl T +(1-pl).CY)), (4.34)
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where p.o — (PLr, Pro, @ndpry) is describedn Sectior4.3.1,
pl - probabilityof aray hitting anobjectin theleft child node,
pL. — probabilityof aray hitting anobjectin theright child node,
C[ — estimatedcostof subtredn left child only for hit rays,
CLN — estimatedcostof subtredn left child only for missrays,
ég — estimatedcostof subtredn right child only for hit rays,
CF'\Q' — estimatedcostof subtredn right child only for missrays.

Thegenerakostmodelcanbe evenmoredetailed whenwe distinguishthe estimatedtostsbetween
hit andmissraysfor all thetraversalcased.O, RO, LR, andRL. Corversely if we do not distinguish
betweerthe estimatectostof hit andmissrays(CK = CE,CN = C[T), the costmodelsimplifiesto the
formulas:

Co = pC (4.35)
Cr = pwrlp C+(1-p)-CL+CR)]=pr[CL+(1-p)Cr] (4.36)
Cro = PrCR (4.37)
Cre = PrUIPRCr+ (1—pR).(CL+CR)] = pru[Cr+ (1— pR).CL, (4.38)

whereC, is the estimatectostof the left nodeandCr is the estimatectostof theright node.

Sincethe generalcost model more realistically describethe useof a kd-treein an RSA(for aver-
agecaseandassumingecursve ray traversalalgorithm),it could give us a more efficient RSAbased
on the kd-tree. Obviously, we shall pay for this by increaseccomputationakostduring the kd-tree
construction.

Theformulationof the generalkcostmodelbringsusat leasttwo subproblemsThesearethe estima-
tion of the costof anodev distinctly for hit andmissrays,andthe estimationof the probability p" that
aray intersectsanobjectinsidethe node.We discusgheseissueselow.

4.7.1 Estimating Blocking Factor

Thefirst subproblemarisingwith the generalcostmodelis to estimatethe probability thata ray inter-
sectsanobjectin thenodev, i.e., inside2B(v). This probabilityis requiredto be evaluatedfor theleft
andright child of v in Egs.4.31-4.34or all testedpositionsof the splitting planewhenevaluatingthe
costfunction. The problemwasdiscussedby Reinhardetal. [122] for the leavesof spatialhierarchies.
Theprobability pT thataray hits anobjectaccordingto thatpaperis referredto asthe blocking factor.
Theinput datagivenanodev is the AB(v) associateavith v andthe setof N objectspointedto in v.
Theobjectsneednotlie in 28B(v) completelybut only partially Theoppositecaseis alsopossiblethe
tight 238 of all objectscanbe smallerthan 48(v) sincethe objectswereseparatedby splitting planes
in previoussubdvision step(s).In thelatter casethe probabilitythata ray intersectsanobjectis lower.
First,we recallthemethodusedby Reinhardetal. [122] for theleavesof the spatialhierarchy They
take the 4Bs of objectsandcomputethe blockingfactorfrom the projectedsuriaceareaf objects4B
insidetheleaf 238 for all threeaxes. The geometryof the problemis depictedn Fig. 4.10.
Theblockingfactorp’ is thencomputedas:

o L S(AB(0y) + SN(AB(0)) + SN(AB(0)))
- J; SAX(AB(VE)) + SAY(AB(VE)) + SAY(AB(VE))’

(4.39)

whereSA*(48B(0j)) is the projectionareaof the j-th object 4B to the planeperpendiculato the
a-axis, a € {x,y,z}. Similarly, SA*(2B(VE)) is the surfaceareaof the leaf-cellin projectionto the
planeperpendiculato the a-axis. In orderto considerthe overlappingof objectsin the projectionthey
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Figure4.10: A cell in projectionto the z-axis. (a) Oneobjectin acell. (b) Two objectsin a cell that
overlapin projectionto the planeperpendiculato they-axis.

computethe projectedsurfaceareaof theintersectiorfor eachpair of objectsandthey addor subtract
it from thetotal surfaceareacoveredby the objects.The methodis thuslimited to the smallnumberof
objectsin the leaf, sincecomputationof overlappingN objectssuffers from combinatorialexplosion.
We canremarkthatthe 48 associateavith anobjectsenesonly asanapproximatiorof theobject,and
thetightnes=of objectto its 48 would alsobeinvolvedin the computatiorof the blockingfactor

To estimatep’ in generalfor mary objectsin the noderemainsa problem. Onesimpleway is to
samplethe spaceof the nodewith Nr4ys raysandrecordthe terminatingposition of the raysandthe
entry andexit pointsfor given 48. The numberof samplerays N;ays mustbe high enough,assuming
the raysare uniformly distributed. If we sort successfulay intersectionpoints alongthe axis to be
subdvided, we canestimatefor eachpositionof the splitting planethe blocking factor p’ for the left
andright child. This algorithmfor blockingfactorcanbe costly sincemary ray-objectintersectiortest
canbe computed.Efficient samplingassumesnotherkd-treeis constructedn advanceand usedfor
the samplingrays. In orderto achieze someprecisionfor the blocking factorestimate the numberof
samplingraysshouldbesuficiently high; we assumetleastof theorderN;ays= 107, If theconstructed
kd-treehasNy interior nodesthetotal costof the estimatealgorithmcould be unacceptablyigh. We
implementeahis algorithm, andthe resultsof applyingit to the generalcostmodel are presentedn
Subsectior®.10.5.

4.7.2 CostEstimate for Hit and Miss Rays

Thesecondsubproblemnducedby thegenerakostmodelis thecostestimateor hit andmissrays.Let
us preseniargumentsfor the valueof the ratio betweencostsof hit raysandmissrays. First, the cost
of hit rayscouldbe higherthanfor missrays,sincein theformercaseit mustincludeatleastoneray-
objectintersectiortest. Secondthe costof hit rayscouldbelower thanfor missrays,sincein thelatter
casea ray traversalalgorithmhasto performmary traversalstepsand possiblyseveral unsuccessful
ray-objectintersectiortests. The questionis whetherit is possibleto predictsimply theratio between
the costof hit and missrays. We performeda setof experimentson SPD sceneqG2,p, Gipp, and
G2pp- Theresultsaresuneyedin Table4.2, andwe reportthe subsetA of minimum testingoutput.
Thesuperscripmissdenoteghe casefor missrays,the superscriphit denoteghe casefor hit rays.

Theresultsin Table4.2 shav thatfor thetestedsceneshe averagenumberof ray-objectintersection
testsperray N1 is on averagelower for missraysthanfor hit rays. The sameholdsfor the average
numberof traversalstepsperray Nrs. Unfortunately the valueof the ratio betweerthe costfor miss
raysandhit raysis not constantandthuscannotbe determinedn advance.For example,for the scene
“lattice” the costfor hit raysis lower thanfor missrays,sincethe missraysmusttraversemorenodes
to getout of the scene4B. In generalthe ratio betweenthe costof hit raysandmissraysis difficult
and/oralmostimpossibleto predict.
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| Scene || Group | N || N¥ NS I NP [ NFE° ] NPT [ NEFS [[ NPErs | NEEYs
balls3 G%PD 821 || 6.52 -26% || 21.4| -24% | 4.11| -10% | 0.956| +0%
balls4 G‘éPD 7382 || 7.37 -30% || 30.9| -25% || 5.61| -9% 154 | +8%
balls5 G%PD 66341|| 8.25| -35% || 40.7| -27% || 7.10| -14% 212 | +2%
gears2 G3pp 1169 || 3.71 9% || 19.8| -18% || 3.58 | -26% || 0.733| -51%
gears4 Gépp 9345 || 4.11 -34% || 26.6 | -30% || 4.28 | -40% 1.09| -68%
gears9 G%PD 106435 4.44| -38% || 32.5| -33% || 4.67| -45% 1.09| -70%
jacks3 Gipp 657 || 9.40| -55% || 33.4| -28% | 5.87| -13% 1.48 | +85%
jacks4 Gépp 5265 12.4| -55% | 50.8| -25% | 8.73| -25% 2.18 | +89%
jacksb Gng 42129 14.7 -60% || 67.2| -27% | 11.2| -18% 2.80 | +92%
lattice6 Gipp 1255 || 3.59 | +13% | 33.8| +19% | 5.61| +34% 2.17 | +65%
lattice12 G‘éPD 8281 || 4.12 +4% || 41.9 +5% || 6.60 | +14% 2.78 | +26%
lattice29 GZPD 105307|| 4.33 -10% || 56.0| -13% || 7.74| -8% 3.55 -6%
mount4 G%PD 516 || 4.08| -48% || 15.4 +2% || 2.81| +12% || 0.786| +87%
mount6 G‘éPD 8196 || 4.36 -39% || 21.6 5% || 3.66| +5% 1.36 | +52%
mount8 GZPD 131076|| 4.03 -43% || 24.9| -30% || 4.23| -20% 1.60| +4%
rings3 G3pp 841 || 9.63 -29% | 26.0| -16% || 4.82| -4% 1.29 | +57%
rings7 G‘éPD 8401 || 11.2 -31% || 43.9| -18% | 7.55| -9% 2.76 | +30%
rings17 Gng 107101} 11.2 -33% || 63.9| -15% | 10.6| -8% 4.39 | +26%
sombrerol| GZpp 1922 || 3.04| -56% || 24.7| -50% || 4.80| -53% 292 | -51%
sombrero2|| Gipp 7938 | 3.05| -56% | 29.9| -52% | 5.53| -53% 3.68 | -50%
sombrero4 G%PD 1300501 3.43 -56% || 41.4| -44% | 7.18| -54% 5.00| -52%
teapot4 Gipp 1008 || 5.20 | -31% || 23.3| -13% | 4.71| -7% 2.00 | +26%
teapotl12 G‘éPD 9264 || 4.57 -36% || 33.8| -19% | 6.19| -15% 3.23| +5%
teapot40 GZPD 103680|| 5.03 -37% | 45.6| -23% || 7.82| -19% 461 | -50%
tetrab Gipp 1024 || 5.53 -79% || 23.4| -61% | 4.50| -60% 3.08 | -50%
tetra6 G‘éPD 4096 || 5.68 | -81% | 31.3| -64% | 5.75| -63% 4.28 | -54%
tetra8 GZPD 65536 || 5.91 -96% || 51.1| -68% || 8.95| -67% 7.39 | -63%
tree8 G%PD 1023 | 470 | -31% || 17.0| -35% | 4.28| -30% || 0.465| +11%
treell G‘éPD 8191 || 4.86 -34% || 20.7| -33% | 4.82| -27% || 0.842| +10%
treel5 G%PD 131071|| 5.75| -60% || 27.9| -31%| 6.27| -29% 1.41| +6%
Average - - — | -40.3% — | -28.7% —| -22% - 4%

Table4.2: TheA subsebf minimumtestingoutputmeasuredor missandhit raysfor testingprocedure

TPp for G¥pp, Gipp and G2,y scenes.Valuesfor missraysaretaken relatively in % relatedto the

valuesfor hit rays.

Sincethe costestimatefor hit raysandmissraysis not easilypredictablewe areforcedto useone
of thefollowing ways:

e disrggardthe conceptof distinguishingbetweenthe costsfor hit and missrays, andthususea
simplerform of GCM, i.e., Egs.4.35-4.381n the casewe usefor examplealinearcostestimate,
but the blockingfactoris estimatedszia sampling.

e similarly to the estimationof p’, we canevaluatethe costsexperimentallyassuminga sampling
kd-treeis built in adwance. The samplingkd-treeis not the kd-treewe build up now, but it can
betakenasaroughapproximatiorof it with similar characteristicssinceit wasconstructedvith
asimilaralgorithmfor thesameinputdata. Thenthe numberof traversalstepsandthe numberof
ray-objectintersectiortestscanbe estimatedvell enough.Theerrorof suchanestimataemains
unknawn.

A simpleway of estimatingthe costfor hit and missraysgiven a nodewith the objectsremainsa
difficult problem. We thusimplementedhe samplingstratgy for estimatingthe costs. The resultsof
applyingtheseestimatedo the generalcostmodelarepresentedn Subsectiord.10.5.
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4.8 Preferred Ray Sets

Thebasiccostmodel(Eq. 4.9) andthusthe surfaceareaheuristicalgorithmsdevelopeduntil now have
beenbasedon the assumptionthat rays are distributed uniformly in ray space. This enablesus to
computethe probability thatan arbitraryray hits the 2B(v) associateavith the nodev usingEq. 4.4.
If an RSAis appliedfor examplein a globalillumination renderingalgorithm, the algorithmcanalso
imply for a givensceneandviewpoint someparticularray distribution. The questionis if it is possible
to usethis knowledgeaboutthe expectedray distribution to build up a kd-treesothatanRSAbasedon
the kd-tree andthis ray distribution hasimproved performance.Further we breakthe assumptiorof
uniformity of ray distribution andchangethe abore presentegquationdo consideronly a certainray
setwith a particularray distribution.

Wefocusonthreetypesof ray setsthatcorrespondo parallel,perspectie, andsphericaprojections.
For theseray distributionswe shav how Eq.4.4is changedor aparticularray distribution. Theideaof
the kd-treeconstructiorfor preferredray setswasintroducedby HavranandBittner [76, 77].

4.8.1 Parallel Projection

Probablythe mostintuitive setof raysis formedby fixing their direction. Rayswith the samedirection
areinvolvedin the parallelprojectionof the sceng157].

In this casethe raysare perpendiculato the projectionplanelp. Let ussupposdhattheray dis-
tribution on Mp is uniform. Additionally, we canrestrictthe preferredsetof raysto a certainviewport
Theprobabilitythataray hits the 48(v) associatedvith anodev of the kd-treecanthenbe expressed
usinga surfaceareaof the projectionof the 4B(v) to Np clippedto the viewport. The corresponding
geometryis depictedn Fig.4.11.

N

<0
&
X

R(AB)

RS"(AB)

Figure4.11: Parallelprojectionof an 43 to the planellp.

Let viewportWik bearectangulawindow ontheprojectionplanellp. Let SRﬁﬁR(WR) beasetof rays

perpendiculato Mp andintersecting\r. The silhouetteedgesof an 2B(v) projectedontolMp form a
corvex polygonPc(AB(v)). Optionally we candefinePc(AB(v)) asacorvex hull of all the vertices
of AB(v) projectedto Mp. In orderto determinethe polygon PSP (AB(v)) = WeN Pe(AB(v)) lying
on[Mp, aclipping algorithmmustbe applied[157]. Let SA"AR(X) bethe surfaceareaof theentity X on
theplanellp andlet 4B(S) betheaxis-alignedboundingbox containingthe whole scenes. Similarly
to Eq. 4.4 we canexpressthe probabilitythata ray from Sgv{(Wk) hits the 48 onceit passeshrough
2B(S) asfollows:
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SAPAR(pCIIP( g3y
p(%): PAéC ( ( )))
SAR(Pe(AB(S)))
Eq.4.40canbeusedto replacedirectly the probabilitiesin Eq.4.9for bothleft andright child nodes.

We call the surface areaheuristic modified for parallel projectiona parallel surfacearea heuristic
(abbreiatedto PARSAH).

(4.40)

4.8.2 Perspectve Projection

We form anotherpreferredray setby fixing the origin of therays. Similarly asfor parallelprojection,
we focusonly on rayspassinghrougha certainviewport. The origin of rays (viewpoint) OR andthe
viewport definea viewing frustum seeFig. 4.12. Assumingthat the rays are uniformly distributed
on the viewport, the correspondingay set Sz (Wk) containsraysinvolved in the commonlyused
perspectie projectionthatintersectghe viewport\Wk.

AB

R(AB)

PSP(AB)

R

0)

Figure4.12: Perspectie projectionof 43 to the planellp.

Let Pc(X) bethe polygonobtainedby projectingan axis-alignedooundingbox X perspectiely to
theplanelp andSAPER(P: (X)) thesurfaceareaof the polygonPc(X) onthe projectionplane.In order
to computethe projectedsurfaceareaof AB(v), which is associatedvith the nodev, a clipping to the
viewing frustummustbe applied,PS"P(4B(v)) = We N Po(48(v)), similarly to the parallelprojection.
The conditionalprobability that a ray from SRRER(Wk) hits the 4B onceit passeghroughthe axis-
alignedboundingbox of thewholescene4B(.S) canbe expresseds:

SAPER(PETP(AB(v)))
SAPER(Pc(AB(5)))

We call the surface areaheuristicmodified for perspectie projectiona perspectivesurfacearea
heuristic(abbreviatedto PERSAH).

Theclipping of 4B to theviewport mustbealwaysapplied,hencehespeedf theclippingis crucial
for the build time Tg of the kd-tree. In the following text, we outline the algorithmsof clipping and
computingthe surfaceareaof the projected43.

p(AB) = (4.41)
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Viewing Frustum Clipping

A generalalgorithm determiningthe surface areaof the projectionof an 4B to projectionplanellp

canbeasfollows: Projectall the verticesof the A3 to Np andconstrucia corvex hull of the projected
vertices.This convex hull correspondso a certainpolygon. Thenclip the polygonwith respecto the
viewportandcomputets surfacearea.

Obviously, theprojectionof all eightverticesandconstructiorof thecorvex hull of the 2B for aspe-
cific viewpointis both costlyandcomputationallyedundantWe needto constructonly the projection
of thesilhouetteof the 238, sincethenthemaximumnumberof projectedpointsis six andtheminimum
is four. Accordingto themutualpositionof theviewpointandthe 438 we canidentify twenty-seenre-
gionsfor whichthe projected4B hasthesamesequencef silhouetteedges.Theseregionsareinduced
by six planesthatdeterminegthe 48. Givena viewpoint OR andan 43 the correspondingequencef
silhouetteedgescanbe determinedy atablelookupandeasilyprojectedo Mp.

The sequenceof silhouetteedgesis clipped in object spaceby the Sutherland-Hodgmamlgo-
rithm [157] usingthefour planegshatboundtheviewing frustum. Theresultof clippingis asequencef
connecteedgesvith atmosttenvertices.Theverticesareprojectedonto the projectionplane forming
acornvex polygon.Finally, the surfaceareaof the polygonis computed.

A specialcaseoccurswhenthe viewpoint lies inside the 48. Obviously, every ray originating at
suchaviewpoint mustalwaysintersecthe 28 andhencethe conditionalprobabilityusedin Eq.4.41is
equalto one.Whenthis caseoccurs,t coulddegenerateheresultof thecostfunctionusedin PERSAH
andwe mustuseanothemethodto positionthe splitting plane eitherspatialmedianmethodor OSAH.

4.8.3 Spherical Projection

Anothersetof raysis inducedby thoseinvolvedin sphericalprojection As with perspectie projection,
theorigin of theraysis fixed. Theraysinducedby sphericabrojectionarenot uniformly distributedon
aprojectionplane,but on a spherewith its centerat the origin of aray. Let usdenotethe setof raysof
sphericalprojectionSRggH, notethatno viewport needbe definedin this case thusthe clipping phase
presenin perspectie projectioncanbe omitted. A kd-treebuilt accordingto sucha setof rayscould
beusedto accelerateay queriesfor pointlight sources[157].

Sincethe ray distribution in SRg;’H is uniform for the sphere the taskis to computea solid angle
Q inducedby the frustumenclosinga given 4B with respecto the centerof projection. This taskis
similarto thecomputatiorof the point-to-polygorform factor[62]. Neverthelessin ourcaset involves
determininga region boundedby Jordans curve [47] on a unit sphere.The solid angleinducedby a
given 4B canbe computedasthe sumof all solid anglesfor visible facesfrom a givenviewpoint. The
solid angleQ of a rectanglewith heighth andwidth w positionedwith one cornerat the origin and
perpendiculato the z-axiscanbe computedn thefollowing way (seeFig. 4.13):

| = /Xy T @ cosp— S.dA = dxdy.do = ACOP 4o cdxdy (4.42)
I 12 (@ +y2+c2)3

Thesolid angleis thencomputedoy integration:

w h
Qfst] = /X . /y . c.dxdy (4.43)

Solvingthis integral with the substitutionu = % andv = ¥ resultsin:

Q[sr] = arcta (4.44)

w.h
n—
C.VC? 4 h?+w?

The computationof the solid anglefor a rectanglewith one cornernot positionedin the origin is
performedby moregeneralsolutionof the equationabore. Thenwe cancomputethe solid angletaken
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by all threefacesof the 48 that canbe visible from a viewpoint. The conditionalprobability with
respecto the 4B(S) of thewholescenes is then:

Q(aB)
Q(aB(5))

We call the surface areaheuristicmodified for sphericalprojection(Eqg. 4.45) a sphericalsurface
areaheuristic(abbreiatedto SPHSAH).

p(AB) = (4.45)

¥ X

\ 4

Figure4.13: Computatiorof sphericalprojectionfor rectangle.

It is obviousthatfor aviewpointlocatedinsidea given 43 thecorrespondingolid angleis Q = 4.1,
thus the probability p(2B) is equalto one. In this case,similarly PERSAH, it is necessaryo use
anothemway for positioningthe splitting plane.

4.8.4 Discussion

Below we discusghe propertiesof suriaceareaheuristicfor preferredray sets.

First, we discusarallelsurfaceareaheuristicfor the normalN"? = (x,Y,2) of the projectionplane
Mp. We caneasilyprove thatthe kd-treeconstructedvith PARSAH with anormalwhere|x| = |y| = |Z
correspondgo the kd-tree constructedvith OSAH. (Eq. 4.14). Thereare exactly eight vectorson a
unit spherewith theseproperties Hence the costestimateof the kd-treeconstructedor PARSAH with
othervectorsthantheseeight vectorscanbe potentiallydecreasedandthusan RSAbasedon the kd-
treeassuminghe requiredray distribution with othervectorsthantheseeight vectorswould be more
efficient.

Oneproblemcanarisewith theclipping of the projected48, whentheconstructedkd-treeis usedfor
raysoutsidethe viewing frustum. Sincethe probability usingEq. 4.40is zero,the constructedd-tree
candegenerateandthis cannegatiely influencethe costfor a ray traversingthis part of the kd-tree.
We have foundtwo solutionsto this problem. Thefirst detectghesituationandthenfor thesecasesises
OSAH for ary nodeof the kd-treethatis partially or fully outsidethe viewing frustum. Theneventhe
nodeson the boundaryof theviewing frustumwill be constructedisingOSAH. The secondsolutionis
simpler;we canapproximatahe perspectie projectionby sphericalprojectionfor all casesvherethe
solid angletakenby theviewing frustumis small. For socalledparaxial rays(maximumanglebetween
ary two raysupto 5°) theapproximationis suficiently precise.Thenthe ray distribution for spherical
andperspectie projectionis similar andno clipping is performed.
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4.9 Time Complexity Analysis

Until now we have notanalyzedhe time compleity of kd-tree construction.We shav belov thatfor
N objectsin the scenethetime complexity for constructioralgorithmsabore is O(N.logN), but with
variousmultiplicative factorshiddenbehind O-notation. For analysiswe assumehatthe constructed
kd-treehasa numberof leaveslinearwith N. This corresponds$o the useof the automatidermination
criteria algorithmdevelopedin Section4.5, wherethe computationof dmnay is derived from N. Since
eachobjectis referencedit O(Ner/N) leaveson average the numberof leavesis atmost O(Ngg). For
ad hoc terminationcriteria the numberof leavesis dueto the constantvalue of dyax formally O(1),
whichis notusablefor ary analysisatall.

For the kd-treeconstructiorbasedn the spatialmedianmethod(seeSubsectiort.2.2)givenanode
v with N objectswe put the splitting planeto a known position. If we do not sortobjectsaccordingto
their mutual positionbeforethe constructionwe musttestall the objectsto find if they belongto the
right or left node,thusin O(N) time. The total numberof objectsassociatedvith the interior nodes
for onedepthof the kd-treealsolinearwith N, andthe depthof kd-treeis O(logN), thusresultingin
O(N.logN) for thewhole kd-tree.Whenwe sortthe objectsbeforesplitting therootnode,sortingtakes
O(N.logN) time, which resultsagainin O(N.logN) for kd-treeconstruction.

Forthekd-treeconstructiorbasednthesurfaceareaheuristicalgorithmswefirst sorttheboundaries
of A4Bs associatedvith the objectsin the scenealongall threeaxes. Sortingitself takes O(N.logN)
time. In IE2 for eachsubdvision step,we have threelists of sortedboundariesndwe evaluatethe cost
functionfor eachpossiblepositionof the splitting plane. Whenwe selectthe splitting planell to be
usedwe subdvide thelistsinto two halves,duplicatingthe 2Bs of objectssplit by . Bothtestingand
splitting of lists takes O(N) time. The depthof the kd-tree constructeds also O(logN), which again
resultsin O(N.logN) time compleity for kd-treeconstruction.

The running time consumedo perform particularoperationsof surface areaheuristicalgorithms
within the kd-tree constructioncanvary greatly It includesthe computingof the estimatedcost, esti-
matingblockingfactorandthe costsof subtreesprojectingandclipping within the generalcostmodel,
etc. Thetime neededo constructthe kd-treeis expectedto be saved within the executionphaseof an
RSAbasedon the kd-tree,which is justified by the numberof ray shootingqueries.We discusshese
experimentakesultsin the next section.

4.10 Summary of Resultsand Discussion

In this sectionwe suney the experimentalresultsconcerningkd-tree construction. The experiments
were performedon the abore-mentionedG3,, Gipp, and G2y, testscenedrom SPD package see
Section3.5 for more characteristic®f the scenes.Preferably we reportthe experimentalresultsin
the form of minimum testingoutputs(Section2.5) — for eachexperimenta setof 13 parameters.To
decreas¢he spacetaken by tableswe decidedto useonly testingprocedurel Pp whenever applicable.
Theresultsof the first phaseof the BES project(seeChapter3) indicatethatthe resultsof using TP,
TPg, andTPc aresuficiently similar. The Tablesin AppendixE shav the minimumtestingoutputfor
eachsceneandtestedRSAshasedon the kd-treewith a particularconstructionalgorithm. The results
in this sectionjust summarizeheresultsfor a particularconstructioralgorithn?.

Someof the presentednethodsfor kd-tree constructioncanbe combinedtogether andthis is also
sometimesecessaryObviously, late cutting off empty spaceandtwo-planecutting off empty space
mustbe combinedwith ordinarysurfaceareaheuristic(OSAH). In kd-treeconstructiorwith the useof
ageneralcostmodelit would be possibleto usetheray distribution for somepreferredray set,but we
shav theresultsonly for thetestingprocedurel Py (seeSubsectior8.4.1). Theterminationcriteriaare
justanotherpartof the kd-tree constructioralgorithm,split clipping of objects’ 48s hasto be applied

3Theline 0 in the Tablesin AppendixEshavs theresultfor a“naive RSA.



4.10. SUMMARY OF RESULTSAND DISCUSSION 81

on thefly, andleaf pruningin postprocessingWe thusdo not reportall the possiblecombinationsof
themethodsdescribedn this chapterbut only thereferencealgorithmanda nev methodthatallows us
easycomparisonlf not statedotherwise we comparedg,n of the presentedR SAwith referenceoneto
compardghetime devotedto ray shootingonly. For the all testingpresentedn this chaptemwe usedthe
recursve ray traversalalgorithmTAE, . (describedn Section5.4).

4.10.1 Positioning of the Splitting Plane

Let ussummarizeheresultsfor positioningof thesplitting plane asstatedn Sectiond.2.2. Theresults
arefully givenin AppendixE, let us describethe settingsfor the experiments. The settingis always
describedor aline X, which correspondso denotationin AppendixE:

Line 1: kd-treeconstructedvith a spatialmedianusingad hocterminationcriteria(dmax= 16, Nmax=
2) andchangeof the splitting planeorientationin cyclic order(x,y,z,x...).

Line 2: kd-treeis constructedwith an object medianusing ad hoc terminationcriteria (dmax = 16,
Nmax= 2) andchangeof the splitting planeorientationin cyclic order(x,y,z,X...).

Line 3: kd-treeconstructedvith anobjectmedianusingadhocterminationcriteria(dmax= 16, Nmax=
2). Theorientationof the splitting planeis taken soasto split the smallestpossiblenumberof
objects.

Line 4: kd-treeconstructedvith OSAH usingad hocterminationcriteria(dmax= 16, Nmax= 2).

Line 5: kd-treeconstructedvith OSAH usingad hocterminationcriteria (dmax = 16, Nmax= 2). The
searchof the minimumcostsplitting planeis restrictedto the medianintenal.

Line 6: kd-tree constructedvith OSAH usingad hoc terminationcriteria (dmax = 16, Nmax= 2) and
changeof the splitting planeorientationin cyclic order(x,y,z,x...).

For thefollowing discussioron kd-treeconstructiortechniquesywe selectasareferenceheconstru-
ctionalgorithmgivenby line 4 thathasachieredthebestresultson average.Theresultsaresummarized
in Table4.3.

| Line||  Avg | CountBetter] Best| BestName|  Worst | WorstName
4 referencealgorithm
1 +1804% 0| +25% jacks5| +36604% treel5
2 +354% 2 -7% | lattice29| +1755% teapot40
3 +577% 1 -3% | lattice29| +2764% teapot40
5 -3% 24| -12% tetrab +5% gears9
6 +7% 11| -8% mount4 +88% | sombrero4

Table4.3: Summarytablefor positioningof the splitting plane.

The spatialmedian(line 1) always achiezed worseperformancehanthe referencealgorithm. On
averagefor 30 SPD scenewas1804%slower thanthereferencgline 4), in the bestcase25% slowver
(“jacks5”), andin the worst case36604%slower (“treel5”). The lack of performancds particularly
remarkablefor large scenesandfor sparselyoccupiedsceneg“treeX”). For highly occupiedscenes
(“gearsX”)thedecreasén performances only small. The maximumleafdepthsetto 16 doesnotallow
the BSPtreeto adaptwell for highly occupiedspatialregions.

The object medianwith changeof the splitting plane orientationin cyclic order (line 2) wason
averageof higherperformancehanthe spatialmedian.However, it wason average354%slowver than
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thereferencein thebestcaser% faster(“lattice29”), andin theworstcasel 755%slower (“teapot40”).
With increasinghumberof objectsthe methodreachesvorseperformance.

The object medianwith arbitrary changeof the splitting plane orientation(line 3) shavs similar
characteristicasabore (line 2), but hasevenworseperformancelt wason average577%slover than
thereferencein thebestcase3% faster(“lattice29”) andin theworstcase2764%slover (“teapot40”).
Moreover, thetime requiredfor constructions alsohigherthanthetimefor line 2, sinceit requireshat
we evaluatethe possibleplanepositionin the objectmedianfor all threeaxes.

OSAH restrictedto medianintenal (line 5) achieved practically the sameresultsasthe reference
solution(line 4). The constructedBSPtreeshave practicallythe samenumberof leaves,andthe tim-
ings differ only slightly. On average,it was 3% fasterthanthe referencejn the bestcasel2% faster
(“tetra5”), andin theworstcaseb% slower (“gears9”).

OSAH with changeof the splitting planeorientationin cyclic order (line 6) was on average7%
slower thanthereferencein the bestcaseit was8% faster(*mount4” and“teapot4”),andin the worst
caseB8%slower (“sombrero4”).Theinterestingoropertyof this constructioralgorithmis thereduction
of thebuild time, whichis particularlynoticeablefor G2, scenesith high numberof objects.

4.10.2 Termination Criteria

Herewe summarizehe resultsfor the terminationcriteria. We testedthe terminationcriteria for this
setting:

Line 7: kd-treeconstructedvith OSAH usingad hocterminationcriteria(dmax= 8, Nmax=1).
Line 8: kd-treeconstructedvith OSAH usingad hocterminationcriteria (dmax= 8, Nmax= 2).
Line 9: kd-treeconstructedvith OSAH usingad hocterminationcriteria (dmax= 16, Nmax= 1).
Line 10: kd-treeconstructedvith OSAH usingadhocterminationcriteria(dmax= 16, Nmax= 2).
Line 11: kd-treeconstructedvith OSAH usingadhocterminationcriteria(dmax= 24, Nmax=1).
Line 12: kd-treeconstructedvith OSAH usingad hocterminationcriteria (dmax= 24, Nmax= 2).

Line 13: kd-tree constructedwith OSAH using automaticterminationcriteria (k; = 1.2, ko = 2.0,
Kfa = 1.0,KZ; = 0.2, andr{" = 0.75).
As a referencealgorithmfor the following discussingve take the algorithmgiven by line 13, the
automatiderminationcriteria,sincein practiceit achieredthebestperformancenaverage.Theresults
aresummarizedn Table4.4.

| Line || Avg | CountBetter] Best| BestName|  Worst | WorstName
13 referencealgorithm
7 +2977% 0| +19% mount4 | +30321% treel5
8 +2979% 0| +18% mount4 | +30259% treel5
9 +19% 6| -12% rings3 +225% treel5
10 +22% 3| -12% rings3 +228% treel5
11 +7% 6| -12% tree8 +44% gears9
12 +5% 71 -10% tree8 +20% jacks4

Table4.4: Summarnytablefor theterminationcriteria.
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Theresultsfor the kd-treespecifiedby line 7 and8 arepracticallysimilar, andthe settingNmax= 1
producesa highernumberof leavesfor the kd-tree specifiedby line 7. Comparingthe resultsof these
ad hoc terminationcriteria with reference(automaticterminationcriteria), settingspecifiedby line 7
and 8 wason average2977%slower, in the bestcasel9% slower (“mount4”), and at the worst case
30321%slower (“treel5”). Settingdmax to 8 is thusinsuficient evenfor a smallnumberof objectsin
thesceng(G,p), particularly it decreasethe performancdor G, andG2, scenes.

The resultsfor the kd-tree specifiedby lines 9 and 10 are also quite comparableand the setting
Nmax= 1 againresultsin a highernumberof leaves. Comparingwith thereferenceline 9 is on average
19% slower thanthe referenceijn the bestcasel2%faster(“rings3” and“tree8”, fasterthanreference
for 6 scenes)andat the worstcase225%slower (“treel5”). The kd-tree specifiedoy line 10 achieved
slightly worseresults,it wason average22% slower, in the bestcasel0%faster(“rings3”, fasterthan
thereferencdor 3 scenespandin the worstcase228%slower (“treel5”). For large scenesthe setting
of themaximumleaf depthto Nimax= 16 wasinsufiicient, particularlyfor sparselyoccupiedscenes.

The resultsfor kd-tree specifiedby line 11 and 12 showv that settingNmax = 24 achieres the best
resultsof all ad hoc terminationcriteria tested. The kd-tree specifiedby line 11 is on average7%
slower thanthereferencejn the bestcasel2% faster(“tree8”, fasterthanthe referenceor 6 scenes),
andin theworstcase44%slower (“gears9”). This settingof adhocterminationcriteriatriesto continue
thesubdvision evenif thisneednotimprovethetotal performanceaswe canseefor thescene'gears9”.
The kd-treespecifiedby line 12is on average5% slower thanthereferencein thebestcasel0%faster
(“tree8”, fasterthanreferencefor 7 scenes)andin the worst case20% slower (“jacks4”). Unlike for
Omax= 8,16, for dmax= 24 the settingNmax to 2 (line 12) insteadof settingNmaxto 1 (line 11)improves
the performancen average.

We canalsocompareautomaticand ad hoc terminationcriteria generally The ad hoc termination
criteriaresultin kd-treeswith higher performancethan automaticterminationcriteria for 22 out of
180 experiments. However, in the bestcasethe improvementis only 12% andin the worst casead
hocterminationcriteriaare30321%slower. If we requireto usead hocterminationcriteria,we canon
averagerecommendheuseof thebestresultsachievedfor Nyax= 2 anddmax= 24, however, we should
be awareof theincreasedweragebuild time Tg andmemoryconsumedy the kd-tree comparedvith
theautomatiderminationcriteria.

4.10.3 Cutting Off Empty Space

Herewe summarizethe resultsfor cutting off emptyspacemethods We usedthe following settingfor
the experiments:

Line 14: kd-treeconstructedvith OSAH andautomaticterminationcriteria, but slightly modifiedac-
cordingto the paperby SubramaniaandFussel[145]. The probability of intersectingheleft
andright child nodess takentwo tights 4Bs enclosingobjectson the left andright sideof the
splitting plane.We have implementedhis othervariantof surfaceareaheuristiconly to verify
theresultspresentedy SubramaniamandFussel.

Line 15: kd-tree constructedvith OSAH using automaticterminationcriteria. In addition, late cut-
ting off emptyspaces applied,with the setting: C;t = 0.7 andCys = 0.3. Thelimit for the
maximumnumberof planegto be put within late cutting off emptyspacewvassetto 3.

Line 16: kd-treeconstructedvith OSAH usingautomaticterminationcriteria. In addition,two-plane
cuttingoff emptyspacds applied,with thesetting:C;+ = 0.7 andCrs = 0.3.

Line 17: kd-tree constructedvith OSAH usingautomaticterminationcriteria. In addition, both late
andtwo-planescutting off emptyspaceis applied,with the setting:C;+ = 0.7 andCys = 0.3.
Thelimit for the maximumnumberof planesto be putwithin late cutting off emptyspacewas
setto 3.
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As areferencealgorithmfor thefollowing discussiorwe take the RSAspecifiedby line 13—t is the
standardalgorithmfor the kd-tree constructionwithout the additionalimprovements. The resultsare
summarizedn Table4.5.

| Line || Avg | CountBetter| Best| BestName| Worst | WorstName

13 referencealgorithm

14 +9% 4| -4% tree8| +26% teapot4
15 +2% 5| -2% trell | +13% rngs3
16 +0% 9| -14% gears4d| +13% rngs3
17 -4% 22 | -18% | sombrerol| +25% rings3

Table4.5: Summarytablefor cutting off emptyspacefor automaticderminationcriteria.

The kd-treeasdescribedy line 14 is on average9% slower thanthereferencein the bestcase4%
faster(“tree8”, fasterthanreferencdor 4 out of 30 scenes)in the worst case26% slower (“teapot4”).
In addition, the build time is increasedn averageby 20%. The useof this surfaceareaheuristicis
guestionable.

The kd-treeasdescribedby line 15 is for given settingof Cit andCrson averageslower thanthe
referencedoy 2%. For 5 outof 30scenest performsfasterin thebestcasas 2%fasterthanthereference
(“treell”),in theworstcases 13%slower (“rings3”).

The kd-treeasdescribedy line 16 is on averageof the sameperformanceasthereferencesolution.
In the bestcaseit is 14% faster(“gears4”),andin the worst caseis 10% slower (*'rings3’). For the
givensettingof the constantst is fasterfor 9 out of 30 scenegested.

The kd-treeasdescribedy line 17— a combinationof split clipping andlate cutting—is on average
4% fasterthanthereferenceln thebestcaseit is 18%faster(*sombrerol”),in theworstcaseit is 19%
slower (“rings3”). For thegivensettingof the constantst is fasterfor 22 scenesut of 30 tested.

The resultsfor kd-treesasdescribedby lines 15, 16, and 17 do not correspondwith the results
thatwereachiezedin the previousexperiment4134]. However, thesepreviousexperimentsveretested
for thead hocterminationcriteria setting: dmax = 16 andNmax= 1. Thereforewe have performedthe
experimentdor thefollowing setting:

Line 18: kd-treeconstructedvith OSAH, andlate emptyspacecutting off is applied,with the setting:
Cit =0.7 andCrs= 0.3. Thelimit for maximumnumberof planego beputwithin latecutting
off emptyspacewvassetto 3. Ad hocterminationcriteriawereused:dmnax= 16 andNpax= 1.

Line 19: kd-tree gonstructedNitrl OSAH, andtwo-planecutting off emptyspaceis applied,with the
setting: Cit = 0.7 andCys = 0.3. Ad hoc terminationcriteria were used: dyax = 16 and

Line 20: kd-treeconstructedvith OSAH, andboth two-planeand late cutting off empty spaceis ap-
plied, with the setting: C;t+ = 0.7 andCys = 0.3. Ad hoc terminationcriteria were used:

To evaluatetheseexperimentswve usedasthe referencealgorithmthe algorithmspecifiedoy line 9,
which useshe sameterminationcriteria. Theresultsaresummarizedn Table4.6.

For the kd-tree specifiedby line 18 we got resultsthat correspondto the previous finding by
Sixta[134]. On average,the performancewasimproved by 9% comparedwith the referencealgo-
rithm. In the bestcaseit was20% faster(“sombrero2”),andin the worstcase2% faster(“tetra6” and
“rings17”). Sofor all 30 testedscenedate cuttingoff emptyspacamprovedthe performance.
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| Line || Avg | CountBetter| Best| BestName| Worst | WorstName

9 referencealgorithm

18 -9% 30| -20% | sombrero2| -2% tetra6
19 -9% 29 | -18% | sombrero2| +0.5% lattice29
20 -9% 30| -20% | sombrero2| -2% tetra6

Table4.6: Summarytablefor cuttingoff emptyspaceor adhocterminationcriteria.

Similarly, for the kd-treespecifiedby line 19 we alsogotimprovedresults.On average the perfor
mancewasimproved by 9%, in the bestcaseit was 18% faster(“sombrero2”),andin the worstcase
0.5%slower (“lattice29”). For 29 out of 30 sceneshe performancevasimproved.

For the combinedsolution(line 20) the performancemprovementcorrespond$o thatpresentedor
line 18. Combiningof thetechniquegline 20) did not bring ary improvement.

To conclude bothcutting off emptyspacamethodsloesimprove the performancef the RSA when
thisis possiblej.e., for the kd-treebuilt with adhocterminationcriteria. Ontheotherhand,theresults
obtainedfor automaticterminationcriteria shav thatit is not likely to improve the performanceof an
RSAbasednthe kd-treewith theseadditionalcutting off emptyspacemethods.

4.10.4 ReducingObjects’ Axis-Aligned Bounding Boxes

Herewe summarizeheresultsof applyingthetechniquesntroducedn Subsectiort.6.2.We usedthe
following settings:

Line 21: kd-treeconstructedvith OSAH usingautomaticderminationcriteria(asfor line 13). In addi-
tion, leaf pruningwasusedasa postprocessing.

Line 22: kd-treeconstructedvith OSAH usingautomatiderminationcriteria(asfor line 13). In addi-
tion, split clipping wasapplied.

As areferencalgorithmfor thefollowing discussiorwe againtake thealgorithmspecifiedoy line 13,
sinceall theimprovementdry to increaseheperformancef thisalgorithm. Theresultsaresummarized
in Table4.7.

| Line || Avg | CountBetter| Best| BestName| Worst | WorstName

13 referencealgorithm
18 -6% 18 | -41% | teapotl2| +19% gears9
19 -8% 29| -35% jacks5| +11% gears9

Table4.7: Summarnytablefor reducingobjects’ 4Bs.

The kd-treespecifiedby line 21 is on average6% fasterthanthereferenceln thebestcaseit is 41%
faster(“teapotl2”),andin the worst casel9% slowver (“gears9”). For 18 out of 30 testedscenest is
fasterthanthereferencealgorithm,but the build time is alsoslightly increased.

Thekd-treespecifiedby line 22 is on averageB% fasterthanthereferencelgorithm.In thebestcase
it is 35%faster(“jacks5”), andin theworstcasel1%slower (“gears9”).For 22 out of 30 testedscenes
it is fasterthanthereferencealgorithm.

It might be expectedthat ©gyn andthusthe whole runningtime Tr shouldalways be decreased
by leaf pruning or split clipping. We have shavn abore that this is not the case. It always holds
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thatthe numberof intersectiontestsperray is decreaseavhenthe ray traversalalgorithmfor the ray
shootingproblemis usedfor all ray shootingquerieswithin the testingprocedureTPy. To testthe
visibility for a pair of pointswe have usedmodifiedray traversalalgorithmthat stopswhenany ray-
objectintersections found (seeSectionl.3) andthe correspondingoint of intersectiories at mostat
somesigneddistancefrom the origin of theray. This enableghatthe numberof traversalstepsin the
kd-treeto beincreasedhowever, the numberof ray-objectintersectiortestscanalsobeincreasedWe
seethatmodifying theray traversalalgorithmfor visibility for a pair of pointsinfluencegheresultsfor
leaf pruningandsplit clipping.

4.10.5 General CostModel

Herewe describethe resultsfor the generalcostmodel (GCM). We implementedandtestedthe algo-
rithmswith thefollowing settings:

Line 23: kd-tree constructedor a variantof GCM that estimatesonly the blocking factorusingthe
samplingkd-tree — a resultingkd-tree is constructedusing Egs. 4.35-4.38. The numberof
samplingrays Nrays Was determinedas Nrays = 0.3 x N with the conditionsN;ays > 100 and
Nrays < 1000, whereN is the numberof objectsm the node. Automaticterminationcriteria
wereused. The estimatectostof hit ray Ch.t wascomputechsCh.t = 1.5x C, whereC is the
costof missrayscomputedasa linearestimateiakinginto accountthe numberof objects.

Line 24: like line 23, but the costwas also estimatedn the samplingkd-tree, disregardingthe dif-
ferencebetweenthe costof hit andmissrays. The costof the subtreefor oneray wasthus
computedasC = 1/Nrays (Ci7-Nit +Crs.Nrs) for Nrayssamplingraysin thesamplingkd-tree,
whereN,t wasthe total numberof ray-objectintersectiontestsand Nrs wasthe total number
of traversalstepdor all samplingrays.

Line 25: likeline 24, but distinguishingoetweerthe costsfor hit andmissrays.

As areferencdor the following discussiorwe againtake the kd-treespecifiedby line 13, sincethe
generalcostmodelis intendedto increasethe performanceover the kd-tree constructedwvith a linear
costestimate Theresultsaresummarizedn Table4.8.

| Line | Avg | CountBetter] Best| BestName] Worst | WorstName
13 referencealgorithm
23 -1% 17 | -12% treell +30% gears9
24 +17% 3| -5% tetrab| +123% ringsl7
25 +131% 1| -1% | sombrerol| +2637% ringsl7

Table4.8: Summarytablefor generalcostmodel.

The kd-tree specifiedby line 23 hasapproximatelythe sameperformanceasthe reference.lt is on
averagel% fasterthanthereferencein the bestcaseit is 12%fasterthanthereferencg“treell”),and
in the worst case30% slower (“gears9”). For 17 out of 30 sceneghe generalcostmodelimproved
the performanceput the build time for the kd-tree includesthe samplingandthusit is considerably
increased.

The kd-tree specifiedby line 24, which tries to estimatethe costvia sampling,is on averagel7%
slowerthanthereferencesolution.In the bestcaseit is 5% faster(“tetra6”), andin theworstcasel23%
slower (“rings17”). We canremarkthat costestimatealgorithm basedon the samplingas described
above doesnot performwell for the scenesvith objectswhoseA43s overlap.
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Thekd-treespecifiedby line 25 hasevenlower performancehanthe kd-treespecifiedonline 24. On
averageit is 131%slower, in the bestcaseit is 1% faster(*sombrerol”),andin the worstcase2637%
slower (“rings17”).

Thesummaryresultsof theimplementecstimate®n thesamplingkd-treetreeshav thatthegeneral
costmodelfor mostSPD scenedasapproximatelythe sameperformanceput for several sceneghe
kd-tree constructedvith GCM hassignificantlylower performance With increasingnodelprecision
andestimationof the costvia samplingthe resultingperformances evendecreased.

To conclude the experimentsperformedhereon a generalcostmodelvalidatethe linear cost esti-
mate. To the bestof our knowledge, linear costestimateachie/es the bestresultsfor RSAbasedon
the kd-tree. The algorithmproposecherefor generalcostmodel, which estimateshe costof the kd-
treeto be constructedor a givensetof objectsusingthe samplingon anotherkd-tree,in severalcases
completelydegradeghe performance.

4.10.6 Preferred Ray Sets

To testthe kd-treebuilt for the preferredray setswe usedthe automaticterminationcriteriaalgorithm

for the constructedd-trees,sinceit guaranteeapproximatelythe samenumberof leavesandthusthe

performancef theRSAfrom thisviewpoint. Theuseof testingprocedure3 Pa—TPp (seeSection3.4.1)

hasno sensesincewe requiresomeparticularsetof rayswith a certainray distribution. Thereforefests
wereperformedasfor thetestingprocedurel Pp, but with the depthof recursiorsetto 1, thusshooting
only socalledprimaryraysto the sceng(numberof raysN;ays = 513x 513), which correspondso the

preferredray setsonly. Thisholdsfor perspectie, parallel,andsphericaprojection.Thesphericabpro-

jectionusesaviewport sizeof perspectie one,andfor parallelprojectionwe constructed viewportto

coverroughlythesameportionof thescenean the projectedmageasfor theperspectie projection.For

all threeprojectionswe shaw theresultsbetweerthe kd-treeconstructedisingOSAH asthereference
andthe kd-treeconstructedor the specialsurfaceareaheuristicintrinsic to the projection.

First,we comparedPARSAH with OSAH for parallelprojection.We usedthefollowing settings:

Line 26: kd-treeconstructedor OSAHwith automatiderminationcriteria,theraysinducedoy parallel
projectionwereused.

Line 27: kd-tree constructedor PARSAH with automaticterminationcriteria, the rays inducedby
parallelprojectionwereused.

To compareline 27 with line 26, we can concludethat the kd-tree built using PARSAH wason
averageb%fasterthanOSAH. In thebestcasait is 46%faster(“jacks3”), andin theworstcaset is 71%
slower (“rings17”). The kd-tree constructedvith PARSAH resultsin lower performanceparticularly
for scenewith objectswhose4Bs overlap. The performancéemprovementalsodepend®n the vector
thatspecifieghe projection.

Secondwe comparedhe kd-treesconstructedor PERSAHwith OSAH for raysinducedby per
spectve projection.We usedthefollowing settings:

Line 28: kd-treeconstructedor OSAH with automaticderminationcriteria. Raysinducedby perspec
tive projectionwereused.

Line 29: kd-tree constructedor PERSAHwith automaticterminationcriteria. Raysinducedby per
spectve projectionwereused.

Line 30: kd-treeconstructedor SPHSAHwith automaticterminationcriteria. Raysinducedby per
spectve projectionwereused.

The kd-tree constructedvith PERSAH (line 29) wasfasterfor 11 scenedhanthe referencealgo-
rithm (line 28). For sceneslattice6”, "rings3”, "latticel2”, "rings7”, "lattice29”, and*“rings17”, the
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useof PERSAHobviously resultsin somedegeneratedd-trees.For thescenélatticeX” thisis under

standablesincethe viewpoint lies insidethe scene3. If we considerall the scenesthenthe kd-tree
constructedvith PERSAHIs on average621% slower thanthe reference.In the bestcaseit is 27%
faster(“tree15")in theworstcasel5330%slower (“lattice29”). If we remove the degeneratedkd-trees
for thesceneslatticeX” and“ringsX”, it is onaveraged4%fasterin thebestcase27%faster(“treel5”),

andin the worst casel8% slower (“tetra5”). The advantagesof PERSAHover OSAH are question-
ablefor automaticerminationcriteria, asthetime requiredfor constructinghe kd-treeis significantly
increased.

The kd-tree constructedas specifiedby line 30 but for raysinducedby perspectie projectionwas
fasteronly thanthe kd-treeconstructedor OSAH for threesceneg“mount4”, “balls4”, “mount8”). On
averagejt is 5293%slower. In thebestcasdt is 11%faster(*“mount4”), andin theworstcasel53829%
slower (“tree15”)). Carefully examiningthe resultswe againobsenre thatfor several sceneghe kd-
treesconstructedvith SPHSAHagaindegenerate- the scenessombrerol” “lattice12”, “sombrero2”,
“treell”, “jacks5”, “rings17”, andparticularlythe scené‘treel5™.

Third, we examinedthe resultsfor the raysinducesby sphericalprojection. We usedthe follow-
ing settings:

Line 31: kd-tree constructedor OSAH with automaticterminationcriteria. Rayswere inducedby
sphericalprojection.

Line 32: kd-treeconstructedor SPHSAHwith automaticterminationcriteria. Rayswereinducedby
sphericalprojection.

In generaltheresultsachieredfor sphericalprojectionarevery similarto thoseobtainedoy perspec-
tive projection,sincethedistributionsof ray setsinducedby thesetwo projectionsaresimilar.

The kd-tree constructedas specifiedby line 32 is on average5217%slower thanthe kd-tree con-
structedfor OSAH. In the bestcaseit is 12% faster(“lattice29”), andin the worst caseby 153422%
slower (“treel5”). It againincludessomedegeneratectasesasfor PERSAH,for the scenes’ som-
brerol”,“lattice12”, “sombrero2”,“treell”, andparticularly“treel5”.

The preprocessingimesfor OSAH and PARSAH without clipping are quite comparablesincein
this casethe parallelprojectioncorrespondso multiplying the surfaceareaof the 48 faceshy elements
of the projectionvectordefiningthe preferredsetof rays.

Thepreprocessingime to construcia kd-treewith OSAH andPERSAH/SPSAHiiffer significantly
Evenif the clipping algorithmfor PERSAHis performedin anincrementalway andit thus utilizes
the coherencef clipping for subsequentutting planesalongthe testedaxis, the build time differs by
oneor two ordersof magnitudecomparedvith OSAH. To decreasé¢he build time requiredby kd-tree
constructiorwith SPHSAHwe usedthe approximatior{24] for arctanin Eq.4.44.

Parallel Projectionin Close-Up

The most promisingresultsfor the useof kd-treesfor preferredray setswere obtainedfor parallel
projection(PARSAH). Thereforewe conductedmore experimentswith PARSAH, namelyasregards
the sensitvity of the constructionof the kd-tree to the direction of ray shootingqueries. We used
the scene“treel1” with the following initial projectionsettings: viewpoirt = (4.5,0,1.5), lookat =
(0,0,1.5), upvector = (0,0,1). This correspondso the normalof the projectionplaneN = (1,0,0)
andazimuh = 0. In the experimentghe obserer moved aroundthetree. Thatis, |ookat andupvedor
remainedconstantandboth viewpoint andN changedaccordingto the azimuh in therange(0,1/2).
Settingazimuh to 11/2 correspond$o viewpoirt = (0,4.5,1.5) andN = (0,1,0).

First, we comparedthe kd-treesbuilt using OSAH and PARSAH. The kd-tree constructedwith
PARSAH correspondo the azimuth(N). Fig. 4.14(a) shavs the runningtime Tg which alsoincludes
othercomputation(shading the renderedmagescorrespondo ray casting). Fig. 4.15(a) depictsthe
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averagenumberof ray objectintersectiontests. Fig. 4.16 (a) shawvs the averagenumberof traversal
stepsperray. Thecurvesfor PARSAH arereferencechsPARSAH-A.

Secondyve testedthe sensitvity of the kd-treeconstructedor afixedazimuh = 1t/360for shooting
the primaryraysfor otherdirectionsthanthis for which kd-treewasconstructed Fig. 4.14 (b) shavs
the runningtime for views specifiedby the azimuth,Fig. 4.15 (b) depictsthe averagenumberof ray
objectintersectiontests,and Fig. 4.16 (b) shavs the averagenumberof traversalstepsperray. The
cune for PARSAH is referencecasPARSAH-B. We canobsenre thatthe performanceémprovementof
the RSAbasedon the kd-tree constructedvith PARSAH is restrictedto angulardivergenceof 12/3
from theusedfor construction.

The performancamprovementsare rather significant. Both the numberof intersectiontestsand
the numberof traversal stepsare reducedby more than one half for the testedscene. The kd-tree
constructedvith PARSAH for N = (1,0,0) degenerateshecauseone principal axis is not taken into
accountat all. For this reasonwe selectedasthe referencefor Fig. 4.15 (b) the kd-tree constructed
for azimuh = 1/360. The differencebetweenthe kd-tree constructedusing OSAH and PARSAH is
visualisedn Fig. 4.17.

4.11 Conclusionand Future Work

In this chaptemwe have shavn in detailthe constructiorof the kd-treebasedon a top-davn approach.
The algorithmspresentedor kd-tree constructionare heuristics solving a problemwith a simpleand
intuitive recursve characterwhenandwhereto put the splitting planefor an 428 containinga setof
objects. The solutionto the problemis nottrivial: we shav how to decreasé¢he estimatedcostof the
kd-treeto bebuilt up for theworstandaveragecasecompleity, undercertainsimplifying assumptions.
However, we cannotclaim ary optimality of our methods.

The presentedechniquesappliedin kd-tree constructioncanbe combinedtogetherin someways.
A techniqueof preferredray setsrequiressomeknowledgeaboutthe ray distribution of ray shooting
gueriesin adwvance. Thetime consumedy kd-tree constructionis a tradeof with the performanceof
answeringay shootingqueries.Thelongerthebuild time the moreefficient would bethe kd-tree. The
upperboundof expectedaverage-caseompleity of anRSAbasedon the kd-treefor ray shootingcan
be determinedy usinga costmodelwhenthe kd-treeis built.

Futureresearctwork concerningkd-tree constructionfor RSAscould include a study of more effi-
cientalgorithmsfor estimatingthe cost,the blocking factor andthe computatiorof the costitself. A
moreintelligentmethodfor searchingandutilizing emptyspatialregionsis arealchallengethatshould
alsobe studied andthe automatiderminationcriteriaasdescribedshouldalsobefurtherelaboratear
changeusingRussiarnrouletteor othermathematicatools dealingwith probability Anotherpossible
researchopic coulddealwith building up a kd-treewith someclusteringmethod.Herewe have always
discussedhe kd-treeconstructiorusingatop-davn approachFor scenesvith very varyingsizeof ob-
jectsit may be possibleto find setsof objectswith roughlythe samesizethatoccupy particularspatial
regions,to build up the kd-treesfor suchobjectssets,andthento take thesekd-treesasobjectswithin
the kd-tree constructionof a “global” kd-tree. Dueto the formulationof the costfunctionin surface
areaheuristicalgorithms the setsof objectsseemto beinitially disjointfrom therestof thesceneand
the kd-treeis thenbuilt moreor lessfor clustersof theseobjects.Clusteringcould furtherimprove the
performanceof an RSAbasedon the kd-treein thesesparselyoccupiedsceneshut this needsto be
verifiedexperimentally A studyof the degeneratedkd-treefor preferredray setsis anothelinteresting
topic for researchwhich could combineordinary and preferredray setsurfaceareaheuristics. The
importantissueof furtherresearchn the kd-tree constructionis to whatextentandat which costit is
possibleto improve the performancef RSAdasedn the kd-tree.



90 CHAPTER4. CONSTRJCTION OFKD-TREES

T 30 30
Trls] Tls]
R
PARSAH-B
25 25
OSAH
20 20 OSAH
15 PARSAH-A 15
10 10
5 5
0 0
0 0.5 1 1.5 0 0.5 1 15
— —_—
azimuth[rad] azimuth[rad]
() (b)
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Figure4.17: Visualizationof the kd-tree built for a preferredray setfor scenefluid”. (a) depictsa
kd-treebuilt usingOSAH. (b) shaws a kd-treeconstructedor PARSAH. For the sale of visual clarity
maximumleaf depthdmax wassetto 10.
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Chapter 5

Ray Traversal Algorithms for Kd -Trees

In this chapterwe dealwith ray traversalalgorithmsfor RSAshasedon the kd-tree. First, we describe
threetypesof ray traversalalgorithms: sequentialrecursve, andthosewith neighbo#inks. Thenwe
analyzetherecursve ray traversalalgorithmanddevelop a nev morerobustversionof it. Finally, we
presenta summaryof the resultsof our experimentalcomparisonof the ray traversalalgorithmsfor
G3pp Gipp andG2, scenes.

5.1 Motivation

Givena kd-tree,which approximatelyrepresentshe distancebetweerpbjectsin thescenewe needan
algorithmthatfor a givenray R identifiesthe sequencef the kd-treeleavesintersectedy R. We call
this algorithmthe ray traversal algorithm It shouldbe efficient, robust, andas simple aspossibleto
implement.

The first ray traversalalgorithmfor the kd-tree was developedby Kaplan[94], togetherwith the
first useof the BSPtreeto acceleratgay tracing. The algorithmbasedon repetitve computationof a
point-locationsearchalongthe ray pathwithin the kd-treewaslatercalledthe sequentiakay traversal
algorithm Further Janserf91] introduceda recussiveray traversal algorithmthatsignificantlydiffers
from the sequentiablgorithmin theway it identifiesthe nodesof the kd-treeto be visited. This algo-
rithm recursvely descendshe branche®f the kd-treealongtheray path,startingat the root node,and
visits eachnodeat mostonceperray. Theefficiengy androbustnesof therecursve ray traversalalgo-
rithm wasfurtherimprovedby Havranetal. [82]. MacDonaldandBooth[105] describedaraytraversal
algorithmthat usesneighboflinks startingon the facesof leaves of the kd-tree, further elaboratedy
HavranandBittner[80]. Here,we call it theray traveisal algorithmwith neighborlinks.

5.2 BasicTerminology

In this sectionwe describesometerminologyusedin this chapter The input of the ray traversalal-
gorithmis aray R anda kd-treethatis constructedor a particularscene$. Thesetwo input entities
give two basicinput configurationsaccordingio the mutualpositionof the origin of aray andthe axis-
alignedboundingbox of thescene43B(S). Thefirst configurations whentheorigin of aray is located
outside43B(S). We call this aray with external origin. Whentheorigin of aray is locatedinsideor on
theboundaryof AB(S), we call it aray with internal origin.

GivenarayR andan 43 intersectedy R, we candistinguishtwo importantpointsalongtheray path
andthustwo signeddistancesThepointwhereR enterghe 43 is calledentrypoint A; this corresponds
to the entry signeddistance The pointwhereR learesthe 23 is calledexit point B; this corresponds
to the exit signeddistance A ray traversalalgorithmcanuseknowledgeof whetherit processes ray
with internalor externalorigin andpossiblysomeadditionaldatastructures.
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Eachray traversalalgorithm hasits own pros and cons,resultingin varlousaveragecostsof one
traversal stepCTS and averagenumberof traversal stepsper ray (parameteri\lTs, Nets, and Neets
of subsetA of the minimum testingoutput, seeChapter2). A correctlyimplementedandrobust ray
traversalalgorithmshouldvisit eachleaf alongthe ray path exactly oncefor an arbitraryray. In this
caseonly Nrs from subset\, andTg, ©y4, andOgyn from subse® of the minimumtestingoutputcan
beinfluencedby the propertiesof the ray traversalalgorithm. Whena ray traversalalgorithmrequires
someadditionaldatastructuresisedonly for traversalpurposessubsetg andA canalsobeinfluenced.
TheC-pseudocodesf all ray traversalalgorithmsdescribedn this chapteraregivenin the Appendices.

5.3 Previous Work

In this sectionwe describein detail all threetypesof ray traversalalgorithmsfor kd-treesdeveloped
in thepast.

5.3.1 SequentialRay Traversal Algorithm TAgeq

The sequentiaray traversal algorithm designedby Kaplan [94] is simply the repetitve application
of a point-locationsearchin the kd-tree alongthe ray path. We denotethe sequentiakay traversal
algorithmby TAseq

LetusdescribeTAseq Wedenoteby U thepointalongtheray. ThepointU is usedto locatecurrently
visitedleafof the kd-tree. First, TAsggdeterminesninitial pointU alongtheray, whichsenesto search
the first leaf to be visited. If aray hasan externalorigin, the pointU is equalto the entry point A of
AB(S). If aray hasaninternalorigin, thenU is equalto theorigin of theray. The point-locationsearch
is appliedto geta leaf vE, wherefor the pointU holds: U € AB(vE). If theleafvE is not empty the
objectspointedto in vE aretestedagainstheray for intersection.If ary intersectedbijectsarefound,
the objectwith the closestintersectiomointis selectedandit is checled whethertheintersectiorpoint
liesin the 2B(VE). If thisis the casethe TAseqis finished.If theleafvE is emptyor no objectis found
to beintersectedr the intersectionpoint lies outsideA8(vE), the exit point B for 2B(vE) alongthe
rayis determinedPointB is slightly movedforwardalongtheray pathto ensurehenext point-location
searchfinds the next leaf. Thenthe ray traversalalgorithmrecursespoint locationis appliedagain,
etc. TAseq continuesuntil the closestobjectalongtheray pathis found, or exit point B getsoutsidethe
AB(S) —thusno objectis intersectedThe C-pseudocodef TAgeqis givenin AppendixA.

TAseqrequiresusto know the ABs associateavith all leavesvisited alongtheray path,evenwhen
theleavesareempty Thisis necessaryor two reasonsto determingheexit pointfor 48 alongtheray
path,andto testif the pointof intersectiorbetweertheray andanobjectliesin the 4B associatedvith
aleaf. Thefirst wayis to storethe 2Bs directly in theleaves,which requiressix floating-pointvariables
in eachleafin the kd-tree. The secondway is to computethe size of the 2B associatedvith a leaf
duringa point-locationsearchprogressiely restrictingthe sizeof the 2B(S) of thescenes, however,
thisincreaseshe averagecostof ray traversalstepCrs.

The obvious disadwantageof TAseqis thatit performsmary traversalstepswithin a point-location
search.Evenif it is very likely thattwo successie point-locationsearchesraversea commonsubse-
quenceof interior nodesstartingat the root node, TAseq disregardsthis fact and always performsthe
point-locationsearchagain,alwaysstartingat theroot node.Whenaray traverses\, leavesbeforethe
objectintersecteds found,thenit visits theroot nodeN;-times. Althoughthe costof onetraversalstep
Crsis small, mary interior nodesare traversedredundantlyfor the ray, sothe informationaboutthe
distancebetweerobjectsencodedn the kd-treeis not utilized well.
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5.3.2 Recursive Ray Traversal Algorithm TA%.

A recursve ray traversalalgorithmtriesto avoid the basicdisadwantageof the sequentiatay traversal
algorithm— eachinterior nodeandleaf of the kd-tree alongthe ray pathis visited exactly once. Ob-
viously, the averagecostof traversalstepCrs for the recursve ray traversalalgorithmmustbe higher
thanthatfor thesequentiahlgorithm. Thecostmodelfor kd-treeconstructiordescribedn the previous
chaptemwasbasedn theassumptiorithattherecursve ray traversalalgorithmis used.

Here,we describeavariantof therecursve traversalalgorithmthatwasfirstintroducedoy Janserf91],
whichwasdiscussedn moredetailby Arvo [15], andwasalsorepublishedy Sung[148]. We further
denotethis variantof therecursve ray traversalalgorithmby TAR,..

The pseudocodef the recursve ray traversalalgorithm TA%, . was outlinedin Chapterl asAlgo-
rithm 2. Whenaray enterstheinterior nodeof the kd-tree,which hastwo child nodesthenit decides
if bothof themareto betraversedandin which order It classifieghe child nodesof thecurrentinterior
nodeto betraversedaccordingo thepositionof theorigin of theray with regardto the splitting planeas
“near” and“far” child nodes Whentheray traversesonly the“near” child node thenit descendso this
nodeand TAZ,. recursesWhenthe ray hasto visit both child nodesthen TAZ,. savesthe information
aboutthe “far” child node,descendso the “near” child nodeandthenrecurses.Whenno objectis
foundto beintersectednsidethe “near” child node,the“far” child nodeis retrievedand TA%,. recurses,
startingatthe“far” child node.

The detailedC-pseudocodef the efficient implementationof TAZ,. is givenin AppendixB. The
efficientimplementatiorusesthe traversalstackto avoid recursion.The stackis usedto save the“far”
child nodeif bothchild nodesareto bevisited.

TA%,. uniformly decidesvhich child nodesareto betraversedandin whichorder It alwayscomputes
thesigneddistance to thesplitting planein thecurrentlyvisitedinteriornode.Theentryandexit signed
distancesa andb for the currentnodeareknown from previous traversalsteps,sincethey correspond
to the signeddistancesith the splitting planesthatwerecomputedn previoustraversalsteps.For the
root node theentryandexit signeddistancegit alwaysholdsa < b, a is the entry signeddistanceand
b is the exit signeddistance)are computedby an explicit algorithmfor the intersectionbetweenthe
ray andthe 4B [162]. Basedon therelationof the signeddistancesalongthe ray patht, a, andb it
is possibleto determinewhetherto traverseonly the “near” child (the case:(t < a) or (t > b)), or the
“near” child first andthenthe“far” child (thecase:a < t < b).

5.3.3 Traversal Algorithms with Neighbor-Links

Here,we describawo variantsof aray traversalalgorithmwith neighboflinks. Historically, theideaof
usingthe neighbotlinks for aray traversalalgorithmin the kd-treewasintroducedn [105]. However,
no clearresultsof experimentor sometheoreticalanalysiswerepresented.

Theray traversalalgorithmwith neighbo#links is basedon additionaldatastructuresi.e., neighbor
links startingon the facesof ABs associatedvith the kd-treeleaves. We describethe constructionof
theseadditionaldatastructuresandthe correspondingay traversalalgorithm.

5.3.3.1 Motivation

It is supposedhat a leaf vE of the kd-tree can containat leastthe list of objectsthat intersectthe
AB(vE) associatedvith vE. As we have seenfor the caseof the sequentiaray traversalalgorithm,
a ray traversalalgorithmscanrequireadditionaldatastoredin the kd-treeleaves— for exampledata
describing48(vE) explicitly. Otherwise the costof the traversalstepis increasedsincethe 43s of
leaves visited would hadto be computedon the fly during the point-locationsearch.A ray traversal
algorithmthat usesneighboflinks mustalways storetheseadditionaldatastructuresexplicitly inside
thenodesof the kd-tree.
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Theray traversalalgorithmwith neighbotlinks is anothemmethodfor eliminatingrepetitive visiting
of theinterior nodedor theleavesalongtheray path,asoccursin thesequentiatay traversalalgorithm.
Unlike therecursve ray traversalalgorithmit requiresadditionaldatastructuresn theleavesof the kd-
tree. Theray traversalalgorithmwith neighbotlinks canalsoavoid thedown traversalphaseneededo
locatethefirst leafif theorigin of arayis locatedinsidethe 28(S). Thisdown traversalphaseoccursin
boththe sequentiabndtherecursve ray traversalalgorithm. In applicationswith anRSA(for example,
in globalillumination algorithmsfor higherorderrays)it occursquite frequentlythatthe origin of ray
OR is locatedon the surfaceof anobjectO; in aknown leafvE, sinceOR andO; werethe answerto a
previousray shootingquery It is oftenthe casethatthis higherorderray intersectsan objectcloseto
its origin andthusthe down-traversalphasefrom the root nodecanform a large portion of the whole
time consumedy ray traversalalgorithm.

Thedisadwantageof ray traversalalgorithmswith neighbotlinks is theincreaseaostof onetraversal
stepCrs comparedwith the sequentiabndthe recursve ray traversalalgorithm. If mary leavesare
likely to bevisitedalongtheray path,particularlywhenno objectis intersectedthenCrs canoutweigh
the numberof traversalstepsperformedin the total costof an RSAbasedon the kd-tree. For these
ray shootingqueriesthe ray traversalalgorithmwith neighboflinks is thusslower thana recursve ray
traversalalgorithm. Below, we describawo variantsof traversalneighbotlinks.

5.3.3.2 Ray Traversal Algorithm with SingleNeighbor-Links TAgy.

Letusdescribeasimplerversionof aray traversalalgorithmwith neighbotlinks, whichwe call theray
traveisal algorithmwith singleneighbotlinks (denotedoy TAgy ).

In a kd-tree eachleaf VE is associatedvith its axis-alignedooundingbox, 28(vE). EachAB(VE)
hassix facesof a rectangulashapethatwe call leaf-faces Let F (VE) denotea leaf-faceof the 2B (v)
associateavith theleaf vE. For the sale of corveniencewe herecall an 4B associatedvith aleaf the
leaf-cell If two parallelleaf-facesassociateavith theleaf-cellsof two leaveshave someintersectiorof
rectangulashapethentheleavesarecalledneighborleaves

Given a leaf-face F (VE) andits neighborleavesthereare two mutual geometricrelations. Firstly,
thereis only oneneighboreafv correspondingo theleaf-faceF (vE) —aleaf-faceF (vE) is completely
containedin the faceof the neighborleaf-cell F(v): F(vE)NF(v) = F(vE). Secondlythe leaf-face
F(vE) canhave intersectiorwith thefacesof severalneighborleaves.

For a given leaf-face F (VE) we call a neighbornodethe nodev of the kd-tree with the smallest
A8(v) for which onefaceof 4B(v) containsF (VE) completely The neighbomodeis eithera leaf or
aninterior nodeof the kd-tree.

A single neighborlink is a link from a leaf-faceto its neighbornode. Using theselinks TAsnL
canavoid mary traversalstepsof interior nodesthatwould have beenperformedin the sequentiatay
traversalalgorithm.We have to constructhesdinks andstorethemfor all thefacesof all leavesin the
kd-tree.Fig. 5.1 (b) shavs anexampleof singleneighborlinks for ascendn IE2.

Construction Algorithm

Theconstructiorof singleneighbotlinks is straightforvard. For eachfaceof eachleafin the kd-treea
singleneighbo#link is setup. Thisrequireghatwe storesix pointersin eachleaf of the kd-tree,regard-
lessof whetheror not the leaf is empty For a given leaf-faceF (VE) the kd-treeis searchedstarting
from theroot nodeof the kd-tree. In eachstepthe searchcontinuesn the subtreghatcorresponds$o a
cellintersectinghefaceF (vE). If thefaceF (VE) is split by the planereferredin the currentlyreached
node(i.e., it intersectdoth subtrees)the searchis terminated.A singleneighbotlink to the neighbor
nodeobtainedby thesearchis storedwithin theleaf-facethe algorithmwasapplied. The C-pseudocode
of thealgorithmfor constructingsingleneighboxlinks is givenin AppendixD.
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Assumethata kd-treehasn leavesandits averagedepthis O(logn). For eachfacethedown traversal
takes O(logn) stepson average.lt is appliedon 6.n faces.Hencethe compleity of the algorithmis
O(n.logn).
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Figure5.1: (a) Scendn IE?. (b) A kd-treewith singleneighbotlinks. (c) A kd-treewith neighboslinks
trees.

5.3.3.3 Ray Traversal Algorithm with Neighbor-Links TreesTANLT

Theray traversalalgorithm TAgyL usesneighbotlinks to locatea neighborleaf for a ray leaving the
leaf-face of the currentleaf. Single neighbotlinks point eitherto leaves or to interior nodesof the
kd-tree. We denotea single neighboflink that pointsto aninterior nodeof the kd-treeasanindirect
neighborlink. After anindirectneighbotlink is used,the searchdown to the next leaf on theray path
continuesasin the sequentiafay traversalalgorithm. Eachindirectneighbo+link in the kd-treecanbe
replacedoy aneighborlinks treg which solvesthe searchproblemmoreefficiently. Thecorresponding
ray traversalalgorithmis morecomplicatedandinvolvesthe constructiorof additionaldatastructures.
We call it theray traveisal algorithmwith neighborlinks trees(denotedoy TAnLT).

Let us discussthe motivation for replacingindirect neighboflinks with neighbotlinks trees. Al-
thougha leaf-faceis two-dimensionala searchwith an indirect neighbotlink is performedin three
dimensions.This is the potentialinefficiengy spotof TAgy.. An auxiliary spatialdatastructurecalled
a neighbotlinks treeenableausto replacethe three-dimensionadearchby a two-dimensionakearch.
Further we discusghe constructiorof neighboflinks treesin detail.

A neighbotlinks treeis a two-dimensionalkd-tree that is formed by pruning the splitting planes
in the neighbornodeto a given leaf-face. The prunedsplitting planesare either parallelto the plane
supportingtheleaf-faceor they do notintersectheleaf-face. Thefirst way, pruningthe splitting planes
parallelto the planesupportingheleaf-face,eliminatesonedimensionfor a point-locationsearch.The
secondvayis basedntheprojectionof theneighboreaf-facego theplanesupportinga givenleaf-face
thatdecreasethenumberof nodesn aneighboflinks treeandthusthe numberof traversalsteps.Only
splitting planes(projectedaslinesto the plane)intersectinghe leaf-faceareusedin the neighboflinks
tree. This pruningcorrespondso clipping the two-dimensionakd-tree againsta rectangleformed by
theleaf-face.

Thealgorithmconstructinghe neighboflinks treereplacesanindirectneighbotlink for a leaf-face
F (VE) by the correspondingieighborlinks tree. Startingfrom the nodethatthe indirect neighbo#link
pointsto, aconstrainedlepth-fist-seach (DFS)onthe kd-treeis performed.Only subtreegorrespond-
ing to the cellsthatintersecthe leaf-faceF (VE) arevisited duringthe DFS. Only the nodeswherethe
facesintersectthe leaf-faceF (vE) areaddedto the neighbotlinks tree. An exampleof a kd-treewith
neighbodlinks treesfor ascenen IE? is depictedn Fig. 5.1 (c).

Two-dimensionaklipping of a neighbotlinks treeis depictedin Fig. 5.2. On the left side of this
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Figure5.2: Building of neighbotlinks tree:left - unclipped right - clipped.

figure a leaf-faceis shavn (smallerrectanglewith thicker edges)for which the neighbotlinks treeis
built. The large rectangleis a projectionof the correspondingneighbornode subtreeonto the plane
supportinga given leaf-face. The numberamarkingthe splitting planesdenotethe depthof the nodein
the subtree(the root nodeof the subtrees at depthzero). Note that the first splitting plane(the root
nodeof the subtree)alwaysintersectshe leaf-facewhich the neighboslinks treeis built for. On the
right sideof Fig. 5.2 a neighbotlinks treeis constructedy clipping the subtreeagainstthe leaf-face,
which resultsin the minimum numberof splitting planesin the constructedeighbotlinks tree. Three
grey rectanglescorrespondingo neighborleaves depict partsof the leaf-face wherethe traversalis
acceleratedwing to theclipping.

5.3.3.4 Ray Traversal Algorithm for Neighbor-Links

The ray traversalalgorithm for the kd-tree using neighbo#links follows the sequentiakray traversal
algorithm. It replacegheredundanpoint-locationsearchthatalwaysstartsfrom theroot of the kd-tree
by thatonethat startsin the nodepointedto by a neighbo#link. It alsorequiresto explicitly storethe
AB of leavesdirectly in leaf nodestructure. The ray traversalalgorithmconsistsof two components:
the exit-facedeterminatiorandthe pointlocation

Assumethe ray traversalalgorithm startsin a certainleaf vE. When a ray doesnot intersectary
objectpointedto in vE, we requireto locatethe next leaf vE,, sothat 2B(vE,,) is piercedby theray.
First, we determinethe exit-faceF (vE) thatis intersectedy theray in its positive direction. Knowing
the exit-faceF (VE), the exit-point B lying alongthe ray pathandon the exit-faceF (VE) is computed.
Thenwe follow the neighbotlink correspondingo the exit-face F (VE), thus obtaininga nodevneq.
Whenvpe pointsto aleaf, we follow this leaf directly (vVEy, = Vne¢). Otherwise therearetwo cases
accordingo useof eitherTAgy. or TAnLT.

TAsyL: The nodevne: correspondgo an indirect neighboflink and we perform a point location
searchfor exit point B in thekd-tree,but startingat Ve -

TAnLT: Thenodevne correspondso the root nodeof a neighboslinks tree. We performa point-
location searchfor exit point B to determinethe next leaf vE,, but startingat the root nodeof the
neighbo#links tree (vhe¢), cOmparingthe coordinatesf the exit-point B to the splitting planesof the
interior nodesof theneighbotlinks tree.

If the ray-traversalis terminatedn aleaf vE by anintersectingobjectat a point I, thenthe leaf vE
canbe usedto startthe ray-traversalfor all the rays spavned from the point | (higherorderraysin
global illumination algorithms,etc). In this casethe initial dowvn-traversal phaseto the first leaf is
avoided. Most of the traversalstepsare eliminatedwhenthe ray traversalalgorithmvisits only a few
leavesalongtheray.

If theorigin of aray lies outside4B(S), theentry point A of the ray with respecto 23B(S) mustbe
computed.Theentrypoint A is usedto locatethefirst leaf whose 4B is piercedby theray. Theleafis
foundusingthe point-locationsearchin the kd-treestartingat theroot node.
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5.3.3.5 Algorithm Analysis

The ray traversalalgorithmwith neighboflinks treesrequiressomememoryto storethe two-dimen-
sional kd-trees,andthusadditionalpreprocessingOn the otherhand,it further decreasethe average
numberof traversalstepsper ray, which canbe particularly usefulwhencomputingthe resultof ray
shootingqueriesfor higherorderraysin global illumination algorithms. The startingleaf to initiate
thetraversalis alsoknown whenthe viewpoint for primaryraysin a globalillumination algorithmlies
insidethe 438 of thescene.

MacDonaldandBooth [105] have shavn thatthe averagenumberof neighboreaf-cellsperleaf-face
is alwayslower thantwo for anoctree.lt seemdlifficult to analyzethe caseof a kd-treewith arbitrarily
positionedsplitting planes. Neverthelesswe have found [80] experimentallythatthis numberis on
averageboundby a small constani{smallerthanfour) independentlyf the depthof the kd-tree. This
obsenrationis important,sinceit boundsthe averagesize of neighbotlinks treesaswell asthe average
numberof point-locationsearchtraversalsteps(traversalstepswithin the neighboflinks tree). Assum-
ing thatthe numberof leavesin kd-treeis n (whenusingautomaticterminationcriteria,n = O(N) for
N objects),the constructionof neighborlinks treesin TAy 1 alsotakes O(n) time, requiring O(n)
memory

5.4 NewRecursive Ray Traversal Algorithm

In this sectionwe developanew recursve ray traversalalgorithmTAE, . thatis robustandmoreefficient
than TAZ,, i.e., it hassmallerexpectedcostof onetraversalstep. This algorithmwasintroducedoy
Havranetal. [82].

Beforewe startwith a descriptionof the new recursve ray traversalalgorithmwe classify all the
possibleconfigurationdetweeraray andthe kd-treeinterior nodegeometrythatcanoccurwhenaray
entersthe interior node. This classificationallows us to analyzethe problemsarisingwith TA%,. and

subsequentlyo designa new morerohustray traversalalgorithm.

5.4.1 Traversal Classification

Whenvisiting aninteriornodev of the kd-tree,we mustdecidewhich child node(s)of v areto bevisited
andin which order Therecursve ray traversalalgorithmdecidesamongsometraversalcasesnduced
by the geometryof the problem.Theinput of athealgorithmis aray R, the axis-alignedooundingbox
AB(v), thepositionandorientationof asplitting planell thatsplits 2B(v) into two nev ABsassociated
with the child nodes.Fromthis input datawe cancomputethe intersectionpoint | betweenR andIT,
theentrypoint A andtheexit point B betweerR and23(v). Therelationshipdetweerl, A, andB then
specifywhich child nodesareto bevisitedandin which order

Let usclassifyall possibletraversalcases.The classifications depictedin Fig. 5.3 for oneorienta-
tion of the splitting plane. In the left columnthe origins of raysarelocatedbelov the splitting plane
(negative caseN), in the middle columnaborve the splitting plane(positive caseP), andin the right
columntheoriginsof raysareembeddedh the splitting plane(zeo, caseZ). A local coordinatesystem
referencedo the splitting planeis taken for classification.We call the child nodebelav the splitting
planeleft andabove the splitting planeright.

Theclassificatiordepictstherayswith externalorigin with athick cross,andpossiblenternalorigin
is denotedoy athin cross.A ray canhave aninternalorigin (a < 0) in all the caseslepictedn Fig. 5.3,
excludingcases\N5 andP5, because¢hesewould becomeequivalentto cases?1andN1, respecirely.



100 CHAPTERS. RAY TRAVERSAL ALGORITHMS FORKD-TREES

N1: + P1: V " Z1: V +

A v

[ % B|

0 0 \// 0
Ng A I I A

B\A
N2: + P2: oo [* Z22: +
% A B >

0 0 XA B , 0
\Z B -
/N A |:oo

N3: + P3: ’\\A + 73 +

/B A
I/' \l AV R - 0
/B ° W i ,\\A A

#ﬂ : - B
<
A
e

X external ray origin

X internal ray origin

B
\ ) A entry point

B exit point

+ P5: . | §plitting plane _
intersection point

N5:

B/V

e

0 right child ‘*
0

IA\/

B N

left child

Figure5.3: Classificatiorof mutualpositionsbetweeraray anda kd-treeinterior node.

5.4.2 Analysisof TA%.

Herewe analyzeTA%,. andshav our motivationfor designinga new recursve ray traversalalgorithm.
Thetraversalstepbasedn comparinghesigneddistancesn TA%,. suffersfrom therobustnesgroblem
if the origin of aray is embeddedn the splitting plane(traversalcasesZ1 andZ3 in Fig. 5.3). In this
caseTA~,. cannotcorrectly determinewhetherto traverseeitherthe left or the right child. This can
leadto anincorrectselectionof the child nodeto betraversedin the next step. The traversalcasedN2
andP2 are alwayssolved correctly becausehe signeddistanceis computedasan overflon (positve
or negative) andthe“near” child is selected For caseZ2 ary of thetwo child nodescanbe selectedo
obtaina correctresult.

Whenanincorrectchild to visit is selectedor caseZ1 andZ3, the resultof the RSAis incorrect.
Theimpacton the visual quality of animagein a globalillumination algorithmthat usesTA%,. canbe
significant.For example,in ray castingwhentheviewer positionandthustheorigin of theprimaryrays

is embeddedh the splitting planeof theroot nodeof the kd-tree,thenthe partof theimageis incorrect
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(in the worst-casdt is completelymissing). We have found two waysto deal with the robustness
problemof TAZ.. First, we canaddtwo more conditionsto TA%, to recognizethe occurrenceof
caseZl andZ3 (if —e <t < €), wheree is a small positve constantyandthenonemore conditionto
distinguishbetweerz1 andZ3. This apparentlyfurtherincreaseshe averagecostof traversalstepCrs.
Secondwe canlook atthe problemof aray traversalalgorithmfrom a differentperspectie, anddesign
anew recursve traversalalgorithm.We follow this secondwvay below.

5.4.3 Designof a Recursive Ray Traversal Algorithm TAE,.

Uniformity of thealgorithmdeterminingoetweertraversalcasesandlack of robustnesscanbeenseen
asthemaindisadantageof TA%,.. Thereforewe analyzethe problemof traversingarayin the kd-tree
morethoroughly anddesigna new recursve ray traversalalgorithm, further denotedoy TAE,.. It has
lower expectedaveragecostfor onetraversalstepCrs and,in addition, it awayssolvesall thetraversal

casedepictedn Fig. 5.3 correctly

5.4.3.1 Theoretical Considerations

The ideabehindimproving the efficiency in TAE,, is statisticaloptimization,and making use of the
perpendicularityof the splitting planesto the coordinateaxes. Traversalcaseccurringlessfrequently
canbe performedwith a highercost,andtraversalcasesoccurringmorefrequentlywill be performed
with a lower cost. The mosttime-consumingraversalcasesof TA%,. areN4 andP4;the “far” child is
pushedntothe stack. The probability of thesetraversalcasess importantfor the efficiency of theray
traversalalgorithm.

We shouldthusestimatethe probability of varioustraversalcasesWe estimatethemusingthe geo-
metric probability tools alreadydescribedn Subsubsectiod.2.3.1.We assumehat 48(v) associated
with aninterior nodev is split in the spatialmedian(seeSection4.2.2), subdviding the 4B(v) into
halves— this correspondso the BSPtreeconstructiorasdepictedn Fig. 5.4. Let thesizeof 2B(v) in
IE3 bew x d x h. For the sale of simplicity of the analysiswe furtherassumehatthe 48(v) is cubic
in shapgw = d = h). In IE® we needthreesubdvision stepsto getthe leavesassociateavith the 48s
cubicin shapeagain.

p' p" p
—> —> —>
L Ue g
S S c
a a ° a ©

w

Figure5.4: Three-stepsubdvision of 4B usinga spatialmedian.

We candeterminethe probabilitiesthat a ray piercesthe left node(pLo) only, theright node(pro)
only, andboth of them(p.r, prL). We demonstratéhe useof geometrigprobabilityto computep. r +
prL, Which corresponddo the traversalcasesN4 and P4. Further we denotep.rirL = PLR + PRL:
as shavn in Subsectiom.3.1, pL.r = prL, Sincethis correspondgo the casewhen a ray intersects
the splitting planeinside the 28. The probability of intersectingthe splitting plane put in the first
subdvision stepp}_R+RL (w=d = h, a=w/2)is computeds:

d.h 1
wh+wd+dh 3

The probability p'L'RJrRL of intersectingthe splitting planeput in the secondsubdvision step(h = d,
a=b=nh/2)is:

pII_R+RL = (5.2)

a.h 1

1 _ 1
PRRL= 3drdhtah 4 (52)
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Similarly, the probability pII_IFIQ—l—RL of intersectingthe splitting planeput in the third subdvision step
(a=b=c=h/2)is:

11 a.b 1

PLRtRL = bhtrahtab 5 (5.3)

Sincethe probabilitiesarerationallinear functions,it canbe shavn thatthey have no local extreme
for ary of w, d, h, a, b, andc. Sincethe subdvision stepsare mutuallyindependenstartingwith the
AB of cubicshapewe cancomputethe averageprobability p_r,rL asfollows:

1 47 .
PLR+RL = é'(pI_R+RL+ PlRirL+ PLReRD = 180 0.261 (5.4)

Whenaray traverseswithin therecursve ray traversalalgorithmthewhole kd-treewithoutintersect-
ing anobject,it canbe shavn that, for rayswith uniform distribution probability p, r+rL dependon
the sumof the surfaceareasof 4B facesin the kd-tree formedby the splitting planes.Let usremark
thatthe statisticallyworst caseoccursfor the spatialmediansubdvision of the cubiccell: w=d = h,
a=b=c=w/2. In this casethe facescorrespondindo the splitting planesare alsouniformly dis-
tributedin the kd-tree, so the probability of intersectingthe splitting planesby uniformly distributed
raysis the highestpossible.

5.4.3.2 Experimental Statistics

We supporourtheoreticatonsiderationby theresultsof experimentdor testingprocedurél Pp, which
wereperformedon several scenegrom G2, (seeSection3.5 for moreinformationaboutthe scenes).
Table5.1shavsthestatisticof thetraversalcasesandtheunderlyingkd-treeswerebuilt with ordinary
surfaceareaheuristic.

Scene
Probability balls4‘ tetra6‘ mount6‘ gears4| Average
PN1+P1 0.296| 0.18| 0.434| 0.439 0.337
PN2-+P2 0.0004| 0.0| 0.0002| 0.0004| 0.0003
PN3+P3 0.328| 0.39| 0.292| 0.345 0.339
PN4+Pa 0.244| 0.208| 0.205| 0.158 0.204
PN5+-P5 0.133| 0.221 0.07| 0.057 0.12
Pz1+72+73 0.0 0.0 0.0 0.0 0.0

Table5.1: Traversalcasestatisticsfor SPD scenedor TPp.

Pop operationsrom stackare not includedin the tableto get the probabilitiesin correspondence
with thetheoreticabnalysis.Thesepopoperationsareperformedwith alower probabilitythan pya+pa,
sincewhenaray hits anobjecttheremainingnodesstoredin the stackarenotused.

We canseethat pnatpa < PLr+RL, Which enablesus to designa new ray traversalalgorithmwith
improved performancef casetherthanN4 andP4aresolved efficiently in thenew algorithm.

5.4.3.3 NewRecursive Ray Traversal Algorithm TAE,.

Theuseof the signeddistancedor classifyingthe traversalcasesn TA%,. leadsto the robustnessrob-

lem. For thisreasoralgorithmTAE, . discardshe concepof “near” and“far” child nodesandsimplifies
thedecisionphasen thetraversalstepto thefollowing traversalcases:
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visit theleft child only,

visit theleft child first andtheright child afterwards,
visit theright child first andtheleft child afterwards,
visit theright child only.

Theoretically thesefour traversalcasescould be distinguishedoy performingat least[log, 4] = 2
comparisonswhich takesa lower numberof conditionsthanthe numberof conditionsusedin TAZ,.

The algorithm TAE, . usesfor the decisionstepa decompositiorof the traversalcaseshasedon the
mutualpositionof the entry/&it point andthe splitting planepositiongiventhe splitting planeorienta-
tion. Withoutlossof generalitywe furtherassumehatthe splitting planeis perpendiculato thex-axis.

We shaw the differencebetweeriTA% . and TAE,  onthetraversalcaseN1, seeFig. 5.5.

N1: +

[ .
A .
/B\‘ e

Figure5.5: TraversalcaseN1.

Algorithm TA% . First, the signeddistancet to the splitting planeis computed Thenthe “near” and
“far” childrenare determined;in Fig. 5.5 the “near” child is below the splitting planeandthe “far”
child is above the splitting plane. If the signeddistancas smallerthanzero(t < 0.0), the“near” child
is selected.

Algorithm TAS,: If the projectionof entry point A to the currentaxis (x-axis, which correspondso
the orientationof the splitting plane)is lessthanor equalto the positionof the splitting plane(xa < x)
andthe projectionof exit point B to the currentaxisis lessthanor equalto the positionof the splitting
plane(xg < x;), thechild belav the splitting plane(left) is selected.

ThealgorithmTAB,. doesnotrequirethe signeddistanceo thesplitting planeto distinguishbetween
traversalcases. This is enabledby the orthogonalityof the splitting planesin the axis-alignedform
of the kd-tree. TAE,. thenusesa comparisorbetweerthe coordinatesof the entry/eit point andthe
positionof the splitting plane.

Theclassificatiorof traversalcasess simplifiedto acomparisorbetweerrealnumbersn TAE, . The
penaltypaidfor this low costtraversalstepis the needto computeall coordinate®f the new exit point
lying on the splitting planefor the traversalcasedN4 andP4. This is the mosttime consumingpart of
TAE . Aswe have shavn above, the caseN4 andP4occurswith sufficiently low probability (p = 0.26)
sothatthetotal efficiengy of TAE, . canbeimprovedin comparisorwith TA%,.. The C-pseudocodef
the efficient versionof TAB . is givenin AppendixC.

5.4.3.4 Handling Singular Traversal Cases

ThealgorithmTAE, . dealswith the singularcasegZ1, Z2, andZ3) correctly becausehe classification
is basedon a comparisorof the splitting planepositionandthe entry/eit point coordinates.
Theissueof calculationimprecisionis importantfor computingthe signeddistanceto the splitting
planeandthusnew exit point coordinates Naturally duringthe descendinghaseto thefirst leaf the
signeddistanceof a new exit pointis smallerthanfor the currentexit point. An incorrectresultwould
occurdueto thefinite representationf realnumbersandthereforewe shouldanalyzethis case.Let u
denotethe differencebetweenoneof the coordinate®f the origin of a ray andthe splitting plane,and
let DR denotethe componenbf the ray directionfor the a-axis. For the normalizedvectorof the ray
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directionalwaysholdsDR < 1.0. The signeddistanceto the splitting planeis computedas:t = u/DR.
From knowledge aboutthe representatiorf real numbers[1] it canbe shavn thatimprecisioncan
arisefor |D}| < 1 and|u| > |DR|. We canshav by contradictionthat this problemwith calculation
imprecisiondoesnot arisein TAE,, sincethe rangefor u andv as statedabove cannotoccurin the

traversalcasedN4 andP4.

5.4.4 ComparisonbetweenTA%.and TAE,

Thetime compleity of traversalcasesn TA%,. and TAE,. canbe expressedn termsof the arithmeti-
cal operationgrequired. Table 5.2 shavs the traversalcompleity for all traversalcasesn the algo-
rithm TA%

rec

Arithmetical operation
Traversalcase]| = < + x / (=
N1(P1) 5 4 1 01 0
N2(P2) 5 3 1 01 0
N3(P3 5 3 1 01 0
N4(P4) 9 5 1 01 1
N5(P5) 5 5 1 01 0
z2 5 3 1 01 0
pop 31 0 0O 1

Table5.2: Traversalcompleity for the algorithmTA%4,in termsof arithmeticoperations.

Table5.3 givesthe traversalcompleity in termsof arithmeticaloperationgor all traversalcasesn
thealgorithmTAE, .

Arithmetical operation
Traversalcase|| = < + x / [=
N1(PY 2 3 0 00 O
N2(P2) 2 3 0 00 O
N3(P3) 2 3 0 00 O
N4 11 5 3 2 1 13
P4 11 4 3 2 1 13
N5(P5) 2 3 0 00 O
Z1 2 4 0 00 O
Z2(P3 2 3 0 00 O
pop 31 0 0O 0

Table5.3: Traversalcompleity for thealgorithmTAE . in termsof arithmeticoperations.

Below, we compareTA% . andTAE, . basedn theaveragenumberof arithmeticaloperationsequired
for onetraversalstep.Theprobabilitiesfor differenttraversalcasesareobtainedoy averagingtheresults
of experimentdor severalscenes.

Sincethe recursve ray traversalalgorithmalso includesthe pop operation,this mustbe included
in the statisticsunlike for Table5.1. Thatis why the probability valuespresentedn Table 5.1 differ
from thosepresentedn Table5.4. Sinceobjectscanbe hit during the traversal, the probability for
pop operationpyep is smallerthan probability pnay+ps.  The probabilitiesin Table 5.4 are the most

unfavorablefor aIgorithmTArBeC, whichincludesthe highestpna+pa.
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Probability || Without pop | With pop |

PN1+P1 0.308 0.262
PNn2+P2 0.0002 0.0002
PN3+P3 0.294 0.25
PN4+P4 0.261 0.2236
PN5+P5 0.134 0.114
Pz1,2,3 0.0 0.0
Ppop - 0.15
2P 1.0 1.0
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Table5.4: Probabilitiesusedfor comparisorof TAR,. andTAE,.

Table5.5 shavs a comparisorof TA%,. and TAE, . basedon the numberof arithmeticaloperationgo
be computed.The numberof theseoperationsvas computedasa weightedsumof the countsof the
arithmeticaloperationsshavn in Table5.2 and Table 5.3 usingthe weightsgivenin Table5.4. In the
statisticallyworstcasethe theoreticaspeedumf the TAE,. over TAL . achieesa valueof about1.2.

Arithmeticaloperation

Inc

Algorithm = < + X /! Do

TAA [1 | 560 307 085 00 085 037

TAB [1 | 401 3.03 067 045 022 0.29
A

%gec[—] 140 101 127 - 3.79 1.28

Table5.5: ComparisorbetweeriTAL, . and TAE . basedon numberof arithmeticaloperations.

We alsocomparedTA%,. and TAE,. experimentally The resultsof experimentsareincludedfor all
G3pp Gépp andG2pp SPD scenesn AppendixE, andaresummarizedn the next section.Obviously,
the parameterdg, ©;4, andOryN Of the minimumtestingoutput(seeSection2.5) differ. In summary
the costof onetraversalstepof TAE,. wasdecreasedby 22% on averagecomparedwith TA%,.. The
results[82] of us from experimentsthat were performedon different computerarchitecture(MIPS
R4400,200MHzrunninglrix 6.2)shavedusthatthecostof thetraversalstepof TAE,. canbedecreased
evenmore,by 47%]lower on averagethanfor TA%, but it reachedrom 53%to 35%in dependencen
theinput scene Theresultsof the previous experimentsarepresentedn Table5.6.

We do not wantto speculatevhy the resultsof experimentsperformedon variouscomputedarchi-
tecturediffer, sincethisis aprobleminherentto thepointsHW andCOMP, seeSection2.7. A possible
reasonis that MIPS architecturecan executebetterthe part of TAE,., which computesraversalcases
N4 andP4,sincemostof the computatiorcanbe performedusingmorethanonefloating point unit.

TheraytraversalalgorithmTAE,. handlesall thetraversalcasesorrectlyandalwaysperformsbetter
than TAZ.. An interestingpropertyof TAE,_ is thatthe entry and exit points,which in TAE,, unlike

TA%,, arealwayscomputedcanbe useddirectly for ray-boundingoox culling [136].

5.5 Summary of Results

In this sectionwe summarizeheresultsof experimentonall ray traversalalgorithmsdescribedabore.
Sincethe testingprocedurel Pp is the same the input setof queryrays,the parametersn minimum
testingoutputinfluencedby theray traversalalgorithmareonly thefollowing:
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Scene

Algorithm balls4‘ tetra6‘ mount6‘ gears4

Tr(TAR [S] || 94.21| 7.86| 122.4| 307.7
Trs(TARY [s] || 45.58| 4.34| 52.97| 58.52
Trs(TAB) [s] || 21.71| 2.81| 24.83| 32.22

L TAL
(7)1 | 048] 065 047| 055

Table5.6: ExperimentacomparisorbetweerTA%, . and TAE, . for MIPS R4400,200MHzrunningope-
ratingsystemirix 6.2. Parameteil refersto thetotal runningtime of raytracing(TPp), Trsto thetime
devotedto traversingthe kd-tree(Trs = (1 — O ). Tr. %), andrts shavs theratio betweerthe
timesdevotedto traversingthe kd-treefor TA%,.andTAE,.

e Subset: Ng —for TAnLT thenumberof genericnodeds increasedby thenodesf neighboflinks
trees,

e Subsei\: Nys—theaveragenumberof traversalstepsperray,

e Subsel®: Tg, O, andBOgyn —thetime portlon of RSAdevotedto traversingthe kd-tree,since
the averagecostof traversalstepsCrs andNrs is specificto ray traversalalgorithms. The time

devotedto traversingthe kd-treeis Trs = (1— @rat).TR.%.

The resultsof experimentsare fully givenin Appendix E, let us describethe settingsused. The
settingis alwaysdescribedor aline X, which correspond$o denotatiorin AppendixE. Thefollowing
ray traversalalgorithmsweretested:

Line 33, 38,and43: — TAseq— Sequentiafay traversalalgorithm(Section5.3.1),

Line 39,44,and34: — TAX,.—recursve traversalalgorithm(Section5.3.2),

Line 40,45,and35: — TAB,. — recursve traversalalgorithm(Section5.4.3),

Line 41,46,and36: — TAgy. — traversalalgorithmwith singleneighbotlinks (Section5.3.3.2),

Line 42,47,and37: — TAnLT — traversalalgorithmwith singleneighbo+links trees(Section5.3.3.3).

We decidedto verify the time requiredby ray traversalalgorithmson kd-treesbuilt with different
numberof leaves. We usedthe following threedifferentsettingsto build up the kd-treeson theselines
in AppendixE:

Line 33,34, 35,36,and37: — settingCT1 — OSAH + ad hoc terminationcriteria with this setting:
maximum leaf depthdmnax = 16 and the numberof objectsin leaves Nmax = 2 (Subsubsec-
tion4.2.4.1),

Line 38,39,40,41,and42: —settingCT2— OSAH + adhocterminationcriteriawith this setting:max-
imum leaf depthdnax = 18 andthe numberof objectsin leaveSNpax= 2,

Line 43,44,45,46,and47: — settingCT3— OSAH + automaticterminationcriteriawith this setting:
ki=12,k, =20, rm'n 0.75,K},; = 1.0,andK?,;, = 0.2 (Section4.5).

The experimentswere performedusing the testing procedureTPp, in total for one ray traversal
algorithmwe performed30x 3 = 90 experiments.Theray setsinducedby TPp containrayswith both
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externalandinternalorigin. The known origins of higherorderrayswereusedto initiate the traversal
whentestingtheray traversalalgorithmswith neighbotlinks (TAgy. andTAnLT).

Below, we comparethe ray traversalalgorithmsquantitatvely. As a referencefor comparisonwve
take therecursve ray traversalalgorithmTAE,, sincein mostcasest achievedthe bestresults.We can
summarizeheresultsof the experimentsasfollows:

e TAgseq— the slowestray traversalalgorithmfor all experimentsperformed. It wasin all cases
slower thanthe referencealgorithm TAE, . The time for traversingthe kd-tree (Trs) was 60%
higheron averagethanthetime for thereferencealgorithm,in the bestcasel2% (“gears9”with
CT3setting),andin the worst case153% (“lattice29” with CT1 setting). The time Tg wasin-
creasedy averageby 37%,at leastby 8%, andat mostby 100%in comparisorwith TAE,.. The
averagenumberof traversalstepsper ray was considerablyhigherthanfor the referencealgo-
rithm, on averageby 135%, at leastby 69% (“mount4” with CT1 setting)andat mostby 215%

(“jacks5” with CT1setting).

o TARg: —thetraversalalgorithmwith reasonabl@erformancelt wasalsoslower thanreference
ray traversalalgorithm TAS,. for all 90 experiments. The time for traversingthe kd-tree (Trs)
was16% higheron averagethanthereferencealgorithm,in the bestcase5% (“tree15” with CT2
setting),andin the worst case36% (“tetra8” with CT1 setting). The time Tg wasincreasedn
averageby 10%, at leastby 4% andat mostby 20%. The averagenumberof traversalstepsper
ray waspracticallyequalto thereferencelgorithmfor all the experimentssono visualartebcts
dueto thelack of robustnes®of thealgorithmwerefound.

o TAgy —theraytraversalalgorithmwith singleneighboflinks performedetterthanthereference
algorithmfor 20 outof 90 experiments Theimprovedcasesovertheexperimentdor scenesvith
mary secondaryays,wherethe algorithm TAgy. eliminatesthe down-traversalphaserequired
by therecursve ray traversalalgorithm. However, the performancef TAgy. for otherscenesvas
lower thanfor the referencealgorithm. The time for traversingthe kd-tree Trs was 8% higher
on averagethanthereferencealgorithm. In the bestcase,Tts of TAgy wasdecreasedy 18%
comparedvith thereferencealgorithm(“mount8” with CT1setting),andin theworstcaset was
increasedyy 75% (“lattice29” with CT1 setting). Thetime Tg wasincreasedn averageby 6%
comparedwith the referencealgorithm,in the bestcaseit was10% lower, andin theworstcase
it was62% higher The averagenumberof traversalstepsperray Nys wason averagedecreased
by 16% (“jacks3” with CT1 setting),at leastby 1% andat mostby 49% (‘lattice29” with CT2
setting).

o TAnLT — for 18 out of 90 experimentsthe ray traversal algorithm with neighboflinks trees
achieved betterperformancehanthe referencealgorithm. For one casetherewas not enough
memoryto constructhe neighbotlinks treesfor oneexperiment(the scenée‘lattice29” with CT3
setting). Thetime for traversingthe kd-tree (Trs) was17%higheron averagethanthereference
algorithm. In the bestcaselys wasdecreasety 16% (“mount4”, “mount6”, and“mount8” with
CT3 settingand “mount4” with CT1 setting),andin the worst caseit wasincreasedy 307%
(“teapot40”with CT1setting). Thetime Tg wasincreasen averageby 12%thanthereference
algorithm,in the bestcaseit was9% lower, andin the worstcaseby 198%higher Theseresults
contradictwith theresultsof TAgyL, sincetherunningtimesfor TAxLt shouldbe betterthanfor
TAgyL. It wasprobablycausedoy swappingvirtual memoryto the disk andlack of robustness
andprecisionin measuringhe usertime of the processn the UNIX ervironment,sincethecon-
structionof neighbotlinks treesrequiredsomeadditionalmemory The numberof traversalsteps
perray Nrs wason averagedecreasethy 24% whencomparedwith the referencealgorithm, at
leastby 8% (“tree8” with CT1setting)andat mostby 50% (scenéflattice29” with CT2setting);

It is alsointerestingto compareTAn.t directly with TAgy.. ConcerningsubsetA of the mini-
mumtestingoutput,thetime Tg of TAnLT Wasincreasedn averageprobablydueto the abore-
mentionedswappingof memorythatwasallocatedfor neighbotlinks trees.Theaveragenumber
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of nodesallocatedfor neighboflinks treeswasaboutsix nodesper leaf of the kd-tree, i.e., one
nodefor eachleaf-face.

For the sale of clarity, all theaverage minimum,andmaximumvaluesaresummarizedn Table5.7,
whereTAB_. is takenasthereferencealgorithm.

Parameter
Algorithm || Trs | m(Trs) [ M(Trs) | Tr | m(Tr) [ M(TR) || Rirs | m(Rkrs) | M(Riro)
TAs0o 60% | 12% | 153%| 37% | 8% | 100% || 135%| 69% | 215%
TAR: 16% 5% | 36%| 10%| 4% | 20%| 0% 0% 0%
TARec - - - - } } - - }
TAswL 8% | -18%| 75%| 6% | -10% | 62% | -16% -1% | -49%
TANLT 16% | -16% | 307%]|| 12% | -9% | 198% | -24% -8% | -50%

Table5.7: A summarycomparisorof ray traversalalgorithms,where TAB_. is taken asthe reference
— average,minimum and maximumvaluesfor Tts, Tgr, and Nys for all 90 experimentsfor one ray
traversalalgorithm. Testingprocedurd Pp wasused.SymbolM denoteshemaximummtheminimum
achieved.

Thedifferenceof performancdor all ray traversalalgorithmswhentestingon the kd-treesbuilt for
the differentterminationcriteria (CT1, CT2 and CT3 wasnot significant. We only verified that the
higherthe numberof nodesin the kd-tree,the lower the performancef TAsq comparedwith TAB ..

5.6 Conclusionand Future Work

In this chapterwe describedhreetypesof ray traversalalgorithmsfor the kd-tree,onevariantof the
sequentiatay traversalalgorithm,two variantsof therecursve ray traversalalgorithm,andtwo variants
of the ray traversalalgorithmwith neighboslinks. All thesealgorithmsfor a given ray anda scene
identify the samesequencef leaves,but they differ in numberof visitedinterior nodesandin theway
in which theleavesaredetermined.

For the testedscenesthe ray traversalalgorithmwith the bestperformancevasthe recursve ray
traversalalgorithmTAB . For scenewith thelargestnumberof higherorderraysit wasoutperformed
by ray traversalalgorithmswith neighboflinks. The recursve ray traversalalgorithm TAQEC, which
suffers from a lack of robustnessand sequentiakay traversalalgorithm TAsgq were always slower
thanTAB..

Futureresearchwork could includethe developmentof otherray traversalalgorithmswith a lower
averagecostof onetraversalstepandthe smallestpossiblenumberof traversalsteps. For individual
rays,thenumberof traversalstepgor thecaseof therecursve ray traversalalgorithmandthealgorithm
with neighbo#links treescannotbedecreasedThelimitation is thatwe have to visit eachleafalongthe
ray path,andwe have alreadyreachedhe minimum numberof traversalsteps.It possiblyremainsto
decreasdurtherthe costof onetraversalstep,which neednot only be animplementatiorissue,aswe
have shavn by the designof therecursie traversalalgorithmTAE, .

A morepromisingtopicfor researchs analgorithmthatselectsonefrom all implementeday traver

salalgorithmgfor aparticulamray shootinggueryto achieve thebestpossiblegperformanceTheselection
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algorithmfor a particularray shootingqueryhasthe input known or estimatedpropertiesof the input
ray with respecto the sceneconfiguration:is it probablethatthe ray intersectan object? Whatis the
probabledistanceof anintersectiornpoint? Is the ray with internalor externalorigin? Whenwe have
a ray with internal origin, is it known which leaf of the kd-tree containsthe origin of the ray? The
researcheffort in this directionis intertwinedwith the applicationsfor which the RSAbasedon the
kd-treeis used.
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Chapter 6

LongestCommon Traversal Sequencesor
Kd-Trees

In this chaptemwe describetwo methodautilizing spatialcoherencdor a particularsetof ray shooting
queriesthat decreasehe averagenumberof traversal stepsper ray and thus the total running time
consumedy theRSA Thesemethodausethe concepbf thelongestcommontraversalsequencéor the
kd-treeintroducedby HavranandBittner[78].

6.1 Motivation

We describedvariousray traversalalgorithmsin greatdetail in the previous chapter Until now we
have assumedhat solving eachsingleray shootingqueryis anindividual taskindependenbf solving
otherray shootingqueries. In globalillumination algorithmsit is often the casethat setof rayshave
similar directionsandorigins. This occursfor primary andhigherorderrays spavnedwith the same
point of origin, raysbetweerntwo patcheghat areusedto computea form factor etc. This raisesthe
guestionwhetherit is possibleto usesuchknowledgeaboutthe similarity of raysto furtherimprove the
efficiengy of an RSA The basicideaof suchanimprovementfor RSAsbasedon a spatialsubdvision
is illustratedin Fig. 6.1. Rayslying within a certainconvex shaftmustpiercethe samesequencef

genericandelementarycells of a spatialsubdvision. We call this phenomenorraveisal coheence
R

6

Figure6.1: The conceptof traversalcoherencén two dimensions.An arbitraryray Rx lying between
raysRa andRg piercesthe samesequencef elementarycells.

We describetwo techniquesutilizing the conceptof traversalcoherence Our first techniquedeter
minesa longestcommortravesal sequencdor the kd-tree (furtherabbreviatedto LCTS) for a given
convex region (shaft) CS consistingsolely of leaves of the kd-tree. We call the resultingLCTS the
simpleLCTS (SLCTS). The SLCTS (if it exists) canbe usedfor all rays containedwithin CS. As

111
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will be shawn later, if no intersectedbjectis found usingthe currentSLCTS, the ray traversalalgo-
rithm usessomecorventionalray traversalalgorithm,suchasthe onewith neighboflinks presentedn
Subsubsectiof.3.3.3.

Thesecondechniquausesamoreelaboratdreatmenof theinformationgainedduringtraversingof
thespatialhierarchy It determines hierarchical LCTS (HLCTS), which correspond$o a sequence;
of nodesof the spatialhierarchy Thesenodesform a cut of the hierarchyat the level wherethe order
of traversednodescanno longerbe predeterminedor all rayslocatedwithin CS. For ary ray located
in CS we canavoid traversalstepsfrom theroot of the hierarchyto thenodesn G.

As we shaw later, the LCTS concepitanbefurtherimproved. Oneextensionprunesadjacenempty
elementarynodesof a spatialsubdvision. Another extensiondeterminesa terminationobject (if it
exists)thatis hit by all rayslocatedin CS.

The restof the chapteris organizedasfollows: In Section6.2 we describethe previous work re-
latedto the approachpresentedhere. In Section6.3 we presenthe LCTS constructionalgorithmin
detail. Section6.4 describesutilizing LCTS for ray shootingbetweentwo patchesandhiddensurface
removal basednray casting.Section6.5 presentsesultsbasedn a practicalimplementationFinally,
Section6.6 concludegshe chaptewith several possibledirectionsfor futureresearch.

6.2 PreviousWork

Several papersrelatedto the LCTS concepthave beenpublished. Conceptsf generalizedayshave
beenintroduced;conetracing[11], beamtracing[87], and penciltracing[131]. Arvo andKirk [17]
presentec ray classificatiormethodwhich subdvidesthe five dimensionalay space For eachcell of
this subdvision, a sortedlist of objectsis constructedandaray is testedfor intersectioronly with ob-
jectscorrespondingo the elementancell thatis intersectedy theray. SimiakakisandDay presented
atechniquethatimprovesthe spacecompleity of ray classificationby adaptvely subdviding theray
spacq133]. Thememorycompleity of this approachwasimprovedby Kwonetal. [102] by reducing
theray spacerom five to four dimensions.Theray coherencéheorem[116) is a generalizatiorof the
light buffer [70] approach.lt usesdirectionalityof raysanda binary search.HainesandWallace[71]
utilized the conceptof a shaft the ray-objectintersectiontestsare restrictedto objectsthat intersect
a shaftconnectingtwo patches.Teller and Alex [155] subdvide the viewing frustum by combining
Warnocks visibility algorithmandbeamtracing. Similar useof coherencavaspresentedy Gonzles
and Gisbertfor an octree[64]. Pyramidclipping of a spatialsubdvision aimedat a parallelimple-
mentationfor a ray traversalalgorithmwas presentedy van der Zwaanet al. [156]. The technique
of directedsafezonesutilizing free adjacentlementarycells within a uniform grid waspublishedby
Semwval [124]. Recently Genettietal. [55] presenteédnapproactor adaptve supersamplingn object
spaceusing pyramidalrays. All the methodsmentionedutilize somecoheenceconcept,which was
suneyedby Groller [68].

Thealgorithmpresentedh this chapteris acombinationof directionaltechniquesvith ahierarchical
spatialsubdvision, i.e., with the kd-tree. The proposedcombinationtakesadwantage®f bothrecursve
andneighboflinks ray traversalalgorithmsof the kd-treefor a certainsetof rays.

6.3 LCTS Construction

The LCTS is constructedor a corvex shaftdefinedby a setof boundaryrays Typically, theserays
form theedgeof afrustum(if they sharetheorigin) or theedgeof atunnel(if theraysareparallel).For
eachof theboundaryraysatravesal historyis stored.This informationis usedto constructhe LCTS
thatis commonto all raysbelongingto the shaft. We distinguishbetweertwo typesof LCTS. Thefirst
type—asimpleLCTS (SLCTS) exploitstraversalcoherenceisingonly leafnodesof thehierarchy The



6.3. LCTSCONSTRUCTION 113

secondne—ahierarchicalLCTS (HLCTS) alsousedraversalcoherencén thehierarchicahodesput
requiresmorecomputationaéffort to constructhetraversalhistory

6.3.1 SLCTS

The conceptof SLCTS s depictedin Fig. 6.1 for a uniform grid. Similarly for kd-tree,we assumea
corvex shaftdefinedby severalraysthattraversethe samesequence; of elementarycellsof a kd-tree.
Thenan arbitraryray lying within the shafttraversessequencea; aswell. The origin of the ray has
to be positionedin the shaft. Thereare somepotentialproblemsto be solved for SLCTS asdepicted
in Fig. 6.2:

Casel: Nocommonsequencef leaf nodesexist (Fig. 6.2, casel).

Case2: Having someinitial sequencef elementarycells G for theraysdefiningan LCTS, sothelast
commoncell for themis known. If aray doesnot hit ary objectin G, which cellshave to be
traversedthen?(Fig. 6.2, case?).

A 4
C/QO/Q
= heil|
il

4 e

%aseZ

Figure6.2: Two potentialproblemsof SLCTSto besolved. Thenumberanarkthedepthof the cutting
planesin the kd-treehierarchy

We usea simplesolutionto the first problem;we apply ary ray traversalalgorithmfor the kd-tree
describedn Chapter5. The secondproblemcanbe solved for the kd-tree by usingof aray traversal
algorithmwith neighbotlinks (seeSubsectiorb.3.3). Whenno objectis intersectedisingsequences,
thentheraytraversalalgorithmcontinuego thenext leafalongtheray usingeithersingleneighboflinks
or neighbotlinks trees.Theray traversalalgorithmwith neighboslinks startsatthelastcell of G.

It is worth mentioningthatthe conceptof SLCTS is applicablenot only to the kd-tree, but to ary
spatialsubdvision. Thenit is advantageousf the ray traversalalgorithmfor the spatialsubdvision
cancontinuefrom someelementarycell (lastcell of SLCTS) to the next cell alongtheray without the
down-traversalphasge.g., uniformgrids).

6.3.2 HLCTS

The secondproposedmethodusesthe HLCTS and also exploits the traversalcoherenceof interior
nodesof the kd-tree hierarchy We describethe detailsof HLCTS constructiorandthe corresponding
ray traversalalgorithmbelow.

6.3.2.1 Traversal Trees

A traversalhistory for a given ray canbe storedby meansof a traversal tree Thetraversaltreeis a
binary tree, whereeachnodet of the traversaltree correspondgo a nodev in the kd-tree that was
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visited in the scopeof the traversal. Additionally, the nodecontainsinformationabouttraversingthe
nodethatreachesneof the following traversal states LEFT, RIGHT, LEFT/RIGHT, RIGHT/LEFT,

and TERMINATION. The traversalstateTERMINATION correspondgitherto piercedleaf-nodesof

the kd-treeor interior nodeshatwerepushedon thetraversalstack,but astheray hasbeenterminated,
thesenodeswerenot usedfor furthertraversal. Othertraversalstatesexpressthe orderof thetraversal
of the kd-tree“below” nodev. Additionally, a nodet of thetraversaltreecontainsa pointerto anexit-

plane whichis a planeboundingthe 2B(v) associatedvith nodev alongtheray path(seeFig. 6.3(a)).

Theuseof a pointerto the exit-planewill be describedurthet

exit plane

<:> ZO4© 17(%3 (E)

3

O | ©

* - unvisited leaf

(b)

Figure6.3: (a) Exit plane—therayleavesthemarkedleafnodeatthefacein theexit planethatis formed
by the cutting planeof theroot node.(b) Traversaltreecorrespondingo theray. Notationfor nodesof
traversaltree:L — LEFT, LR — LEFT/RIGHT, R — RIGHT, RL — RIGHT/LEFT, T — TERMINATION.

If nodet is not a leaf, thenits left child containsa pointerto the kd-tree nodev; thatwasvisited
first duringtraversing. Theright child of T (if ary) containsa pointerto the kd-treenodev, pushedon
thetraversalstackandthusvisitedlateror urvisited(if theray hasbeenterminatedoeforereachinghis
node).SeeFig. 6.3(b), which depictsanexampleof atraversaltreestructure.

6.3.2.2 Constructing Initial HLCTS

Theinitial HLCTS is constructedusingn traversaltrees(n > 1) determinedior n boundaryrays of
a given corvex shaft. Using corvexity, it canbe proved by contradictionthat the traversal statesfor
somenodesof the kd-treearethe samefor all rayswithin theshatft,if thecorrespondingraversalstates
for all boundaryraysareequal. Traversingof thesenodescanbe avoidedby descendinghe hierarchy
andconstructingan orderedsequencef nodeswherethe traversalstatesor the boundaryraysareno
longerequal. The HLCTS canbe seenasa cut on the kd-treeat the level wherethe traversalstatecan
no longerbe precomputedrom the traversalhistoriesof the boundaryrays. Fig. 6.4 (a) depictsthe
boundaryraysof afrustum.

The HLCTS constructionalgorithm performsa constraineddepth-first-searckDFS) in parallelon
all n traversaltrees. If the traversalstatesassociatedvith all n currently reachednterior nodesare
equal,the algorithmis appliedrecursvely first on the left child andthenon theright child (if ary). If
thereachedhodesareleavesof thetraversaltrees(state=TERMIMTION) or thetraversalstatesarenot
equal,the HLCTS is enlagedusingthe kd-treenodeassociatedvith the reachechodes.Additionally,
eachHLCTS entry containsn pointersto the associatechodesof the traversaltrees(seeFig. 6.4 (b)).
Theirusewill beexplainedfurtherin thetext.

Oncetheinitial HLCTS hasbeenconstructedit canbe usedby theray traversalalgorithmto initiate
the traversalfor all rayswithin the correspondingshaft. The traversal stack can be filled using all
nodesof the HLCTS. Note thatray traversalalgorithmsusuallyassumehatthe entry andexit points
areknown for the currentnode. Usingan HLCTS thesemustbe computedexplicitly for eachvisited
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Figure6.4: HLCTS constructioranduse:(a) Underlyinggeometrytwo boundaryraysRa andRg, the
ray Rc betweerboundaryrays,andtheregionsdefinedby therays. (b) HLCTS L1 generatedrom two
traversalhistoriesTHa andTHg correspondingo boundaryraysRa andRg. (¢c) HLCTS L, generated
from traversalhistoriesof differentnumberof roots,usingTHa andTHc traversalhistoriesandHLCTS
L,. THa isaccessedsinglL,, THc containdfour rootnodesgeneratedrom L;. Notation: ~ X — cut of
thetraversalhistorycorrespondingo HLCTS X. TH —traversalhistory; THa, THg for boundaryrays,
THc for aray betweerboundaryrays.

nodeof the HLCTS, sincethey have not beendeterminedecursvely asin the commonray traversal
algorithm. The pointersto exit planein nodesof traversaltreesareusedto solve this problem.
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6.3.2.3 Constructing General HLCTS

The HLCTS for agivenshaftcanbe refinedfurtherby constructingHLCTS for its sub-shaftsNever
thelessjf theray traversalalgorithmdoesnot startat the root nodeof the kd-tree,the traversalhistory
no longercorrespond$o a singletree. Insteadthetraversalhistoryis storedasa sequencef traversal
treeswith their roots correspondingo the nodesof the HLCTS thatwereusedto asinitial nodesfor
traversing.We considerconstructingHLCTS for the n traversalhistorieswith thefollowing properties:

Propertyl: All traversalhistorieshave beengeneratedrom thesameHL CTS andthusthey correspond
to sequencesf traversaltreesof the sameength.

Property2: Only e traversalhistorieshave beengeneratedrom the sameHLCTS, sayL. Othern—e
historieshave beengeneratedbefore,but they have beenusedto establishi.

Thefirst casecanbe solved simply, by applyingthe previously mentionedalgorithmon all n-tuples
of theroot nodes.If the algorithmis implementedusinga stack,thesen-tuplescanbeinitially pushed
onthestackin reverseorder

In thesecondcasethe informationstoredwithin L is used.Although (n— e) “old” traversalhistories
correspondo sequencesf traversaltreesof lengthl < |L|, eachentry of L containspointersto the
traversaltree nodesthat correspondo this HLCTS entry Using thesepointersthe “old” traversal
historiescanbe accessedilirectly at the “level” correspondingo L. Thusthe algorithmis appliedon
n-tuplesof traversalhistory nodeswheree entriescorrespondo rootsof the traversaltreesgenerated
usingL. Other(n— e) entriesaredeterminedisingappropriatepointersstoredwithin entriesof L. The
problemandits solutionareillustratedin Fig. 6.4 (c).

6.3.3 Further Impr ovements

Below we presenseveralimprovementghatcanbeusedn thescopeof theconstructiorof bothSLCTS
andHLCTS.

6.3.3.1 Unification of Empty Leaves

Although the kd-treeis built adaptvely with respectto the scenegeometry it can happenthat the
LCTS containsa subsequenc€’ of entriescorrespondindgo emptyleavesof the scenekd-tree. This
is depictedin Fig. 6.5. The LCTS constructioralgorithmcanbe modifiedto detectthis situationand
to replaceG’ with asingleentry This approachs analogouso directedsafezoneg124] thatwould be
constructedn thefly.

e

Figure6.5: Unification of emptyleaves. For two rayswith commonorigin threeemptyleavescanbe
found.

The modificationof the LCTS constructionalgorithmis straightforvard. If anew LCTS entry X
that corresponds$o an empty leaf nodeis to be added,it is first checled whetherthe lastentry Y of
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the constructed.CTS corresponds$o an empty leaf of the kd-tree. If this is the case,the LCTS is
not enlaged by X. Insteadthe “exit-plane-node”of X is usedto replacethe exit-plane-nodeof Y. In
this way the spatialextentcorrespondingo Y is enlagedproperlyfor all rayswithin the shaft. Thisis
necessaryor the correctbehaior of theray traversalalgorithm.

6.3.3.2 Termination Object

A remarkableeductionof traversalstepsfor raysin a givencorvex shaftCS canbeobtainedby deter
mining asinglecorvex terminationobjectthatis hit by all raysin CS. Thisis possibleonly if theorigin
of theraysis somehwv restricted.This holdsfor examplefor a pyramidalshaft(frustum)whereall rays
originateat the samepoint.

If thereis aterminationobject,traversinga kd-tree canbe eliminatedcompletely Using LCTS we
canperformasimpletestthatoptionallydeterminesheterminationobjectfor the LCTS. Thepresented
approachs conservativesinceit doesnot alwaysdetermingheterminationobjectevenif it exists,but
it never givesawronganswelif no terminationobjectexistsfor a given shaft. The terminationobject
O existsif all of thefollowing conditionshold:

Condition1: All boundaryraysof the shafthit the sameobjectO and are terminatedin the same
cell 7.

Condition2: ObjectO is corvex andit is theonly objectintersectinghecell V.
Condition3: Thecellsvisited beforereachinghecell 7/ areempty

If the unificationof emptyleavesdescribedabore is applied,thelastconditionreducedo oneof the
following cases:

Condition3a: Cell ¥ correspondso thefirst entryof the LCTS.

Condition3b: Cell v correspondso the secondentry andthefirst entry correspond$o anemptyleaf
(unificationof emptyleaves).

6.3.3.3 Initial Leaf Sequencdor HLCTS

Thisimprovementis applicableto HLCTS only. If the HLCTS corresponds$o a pyramidalshaft(frus-
tum), it canbe expectedthatthefirst entriesof the HLCTS correspondo leavesof the kd-tree.In such
acasethisinitial leafsequencef HLCTS formsan SLCTS.

With eachHLCTS we keepasinglevaluen thatdenoteshe numberof leavesatthe beginningof the
HLCTS. If n=|HLCTS, thesequenceorrespondso a sequencef leaf nodesof the kd-tree. In this
caset formsan SLCTSandcannotberefinedary longer

TheHLCTS constructioralgorithmcanbemodifiedto copy thefirst n leafnodedrom the“parental”
sequenceavithout performingany matching.The previously mentionedHLCTS constructioralgorithm
is appliedstartingat the (n+ 1)-th nodeof the HLCTS. Similarly, index n canbe exploited in the
ray traversalalgorithmwherethe first n nodescanbe visited without usingary traversalstack. If the
traversalis terminatedbeforereachingthe (n+ 1)-th node,stackinitializationis completelyavoided.

6.4 Application of LCTS

Rayshootingwith the LCTS concepttanbeusedin mary globalilluminationtechniquegfor asuney,
see[149, 157]) basedon discretesamplingof spacevia rays, e.g., ray tracing,photontracing, Monte
Carlo methodsshadav determinationform factorcomputation.We discussheretwo techniqueghat
canbeusedin amoregeneralway, namelypatch-to-patclvisibility andhiddensurfaceremoval.
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6.4.1 Patch-to-patch Visibility

For the purposesf computingpatch-to-patctvisibility factors,the HLCTS is moresuitable,sinceit
canoccurthatthereis no SLCTSfor sometwo patches.

Thetaskis to determinemutualvisibility usingray shootingfor a giventwo patchesn the scene.
We createcorvex hulls of both patchesthenwe determinea setof raysthatform boundaryraysof a
corvex shaftbetweerthesecorvex hulls. We constructhetraversaltreefor eachray in thesetandthen
thecorrespondingdLCTS, whichis subsequentlysedfor anyray betweerthe patches.

This applicationof HLCTS is similar to the conceptof shaftculling [71], but therearemajordiffer-
encesdn theway of obtainingthedesiredsetof cellsintersectinghe shaft.In shaftculling, intersection
testsbetweershaftsandcellsareperformedwhich canbe costly The HLCTS techniquausesonly ray
shootingandthenonly non-geometricomputationgor HLCTS constructionwhichis lessexpensve.
Theresultsof applyingthesetwo techniquesrenotthesame . Generally HLCTS determineg superset
of cellsdeterminedy classicakhaftculling, butin muchmoreefficientway.

6.4.2 Hidden Surface Removal

Hidden surfaceremoval that usesray shootingis usually calledray casting For this purpose,both
HLCTS and SLCTS aresuitable;a significantreductionof traversalstepscanbe achieved by usinga
terminationobjectasmentionedn the previous chapter

Thecommonorigin of rays(viewpoint) inducesthattheinitial sequencef commonnodesin LCTS
is likely to be a sequencef leaves (SLCTYS). The more paraxialrays, the longerthe initial SLCTS.
Assumingthecellsarefartherfrom theviewpoint, theraysarelesslikely to generatéhesamesequence
of kd-treeleaves. Thusthe scenegeometrythe kd-tree propertiesandtheimageresolutioninfluence
thelevel of utilization of traversalcoherence.

Thereare severalwayshow to exploit the LCTS conceptfor hiddensurfaceremoval. We candeal
with animageasa one-dimensionalrrayof one-dimensionarrays(scanlineapproachusingtraversal
coherencen onedimension)or asa two-dimensionakrray (usingtraversalcoherencen two dimen-
sions).Sinceboth SLCTSandHLCTS techniquesanbe applied,we have exactly four cases:

SLCTS-1D: Scanlinewith SLCTS - this approacthis basicallyundersamplingn a scanline creating
SLCTS for two adjacentsamplesand using this SLCTS to computesamplesbetween
them. This schemads depictedn Fig. 6.6 (a).

HLCTS-1D: Scanlinewith HLCTS - this approachcan be implementedas above, but a better uti-
lization of traversalcoherence&combinesHLCTS with bisection. Theinitial HLCTS is
incrementallyrefined. The schemes depictedn Fig. 6.6 (b).

SLCTS-2D: Two-dimensionsvith SLCTS—thesamplingcanbe performedasundersamplingpy, x ny
pixels. Having the sequencef traversedleavesfor the four cornersof a rectanglethe
SLCTSis createdandusedfor all theraysinsidetherectangle.The SLCTS-1D canbe
seemasspecialcasefor ny = 1. Theschemas depictedn Fig. 6.6 (C).

HLCTS-2D: Two-dimensionavith HLCTS — the bisectionis appliedin two dimensionsthe axis for
splitting is regularly changed.At the beginning four rayscorrespondingdo the pixelsin
the imagecornersare cast. In one bisectionstep,four raysare castagainandtwo new
rectanglesrecreated.SeeFig. 6.6 (d).

We shouldpoint out that all thesesamplingschemescan be applied more successfullywhenthe
imageresolutionis highwith respecto thespacesubdvision projectedo theimageplane.In thiscase,
mary areadn theimagehave acommontraversalsequenceyhich oftenform SLCTS. An exampleof
sucha projectionis depictedn Fig. 4.17.
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Figure6.6: Hiddensurfaceremoval samplingpatternsfor LCTS: (a) SLCTS-1D (b) HLCTS-1D (c)
SLCTS-2D (d) HLCTS-2D. Thenumbersmarkthe orderin which theraysarecast.

Notethat SLCTS canalsobe usedwith bisection,but sincethe rayscorrespondingo cornerpixels
arefar from beingparaxial,they do notgenerateany SLCTS. We have verified experimentallythatthe
undersamplingnethodasdescribedereis moreefficient for the SLCTS concept.

6.5 Results

We implementedall the samplingtechniquesdescribedabore for hidden surface removal and the
HLCTS approactior ray shootingbetweertwo patchesFor testing we againusedhe SPD scene$69],
but we reporthereonly asubsebf GgPDscene$8 outof 10 scenesilueto alack of space.The kd-trees
for all G‘épD scenesverebuilt usingtheordinarysurfaceareaheuristicwith late cuttingoff emptyspace
(seeChapterd) for ad hocterminationcriteriawith this setting: dmax = 16 andNpyax= 2.
Thebasicscenegropertiesandthenumberof leavesof theconstructedkd-treesarelistedin Table6.1.
More dataon the scenesgescribingtheir scenecomplexities, werepresentedn Subsectior8.5.1.

Scene

balls4 | gears4| lattice12 | mount6 | rings7 | teapotl2| tetra6| treell
objects 7382 9345 8281 8196 | 8392 9264 | 4096| 8191
spheres 7381 | 9345 2197 4 | 4195 - - 4095
polygons 1 - - 8192 1 9264 | 4096 1
cones - - - - 1 - - 4095
cylinders - - 6084 - | 4195 - - -
kd-treeleaves || 5253 | 13830 25689 8554 | 12924 2387 | 2972| 3426

Table6.1: Propertief testingscenesandkd-treeshuilt for experiments.

6.5.1 Patch-to-patch Visibility

We have obsenred thatit is difficult to predictwhetherHLCTS constructionpays off for patch-to-
patchvisibility. If only alow numberof raysbetweenthe patchedss cast,thenthe time requiredfor
HLCTS constructioris notrecoseredlater. For tensandhundredof raysbetweerthepatchesHLCTS
constructioncan be worthwhile, particularly whenthe patchesare incrementallyrefinedas occursin
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hierarchicakradiosityalgorithms.The reductionin the numberof traversalstepsdependson the shape
and the positioningof the constructedshaftin the sceneand the configurationof the objectsin the
scene.The moreelongatedhe shaft,andthe deepeithe kd-tree, the betterimprovementof efficiency
canbeachieved.

We do not provide hereary quantitatve resultsfor two reasonssincewe found that the results
achieved experimentallyvary greatly dependingon the abore-mentionecconditions. First, the SPD
scenesarenot composeaf planarprimitives— sothey areincorvenientfor testingpatch-to-patctvis-
ibility. Secondwe arenot awareof ary standardandwell describedalgorithmthat providesa setof
pairsof patchedor a givenscenen a similar way ashiddensurfaceremoval providesa setof rays,as
describedelow.

6.5.2 Hidden Surface Removal

We testedhiddensurfaceremaval usingray shootingwith the recursve ray traversalalgorithmTAE,

the ray traversalalgorithmwith neighbotlinks treesTAnLT, and LCTS traversalalgorithmsSLCTS

1D, SLCTS-2D, HLCTS-1D, and HLCTS-2D. Sinceapplyingarny LCTS techniqueinfluencesonly

the numberof traversalsteps,the averagecostof onetraversalstepandthusthe whole runningtime

(i.e., Nrs, Nets, Negrs of subseih andTg, Ora, andOgyn of subse® of minimumtestingoutput,see
Chapter2), we presenhereonly a subsebf the parametersyhich neverthelesenablesisto evaluate
theresultsgivenby LCTS techniques.

The ratio of the numberof intersectionteststo minimum intersectiontestsr,ty andthe average
numberof traversalsteps\ys for primaryraysfor 1024x 1024imageresolutionandfor all thetraversal
methodsjs shavn in Table6.2. Therecursve ray traversalalgorithm TAE,. wasusedasa referenceor
comparisonTherunningtimesin thetwo tablesincludethe constructiorof LCTSs, which arebuilt on
thefly, sonoadditionalpreprocessings performed.Table6.3 shavs the sensitvity of the differentray
traversalalgorithmsto theresolutionof theimagefor thescenéteapot12”.

Note that for thesetestson hiddensurfaceremoval the ray traversalalgorithmwith neighbo#links
treesTAnLT IS not efficient comparedo arecursve ray traversalalgorithm. Thefirst reasons thatthe
costof onetraversalstepfor TAn.T is slightly higherthanfor therecursve ray traversalalgorithm. The
secondreasonis thatfor hiddensuriaceremoval for the testedscenesraysare castfrom outsidethe
scenesomary emptyleaveshave to betraversedoeforehitting anobject.

Fig. 6.7 visualizesthe traversalcoherencdor the scene‘'mount6” andthe methodSLCTS-2D. It is
ohbviousthatmostpixelsin the projectionhave atleastonecommoninitial leaf node.

All the experimentswere conductedn the SGI O?, MIPS R10000,180 MHz, 256 MBytes RAM,
runningtheIrix 6.3 operatingsystem.All theray traversalalgorithmstestedwereimplementedvithin
the GOLEM renderingsystem[75].

6.5.3 Discussion

Successfuliseof the LCTS conceptfor patch-to-patchvisibility is conditionedby the numberof rays
shotbetweerthe patchesSimilarly, theapplicationof LCTS for hiddensuriaceremoval via ray casting
depend®nimageresolution.

Let usdiscusdn detailthe propertiesof hiddensuriaceremoval usingray shootingwith LCTS. The
performancemprovementis scenadependenthut thisis the casefor all heuristicRSAs It follows from
theresultsthathierarchicalraversalstepgo thefirst leafaresuccessfullyavoided,andthetotal number
of traversalstepds decreasetypically by morethan60% (for scenélattice12” asmuchas78%). This
correspondso animpraovementin performancedy 20% on average sincemostof the computationis
then devotedto ray-objectintersections.(The total runningtime Tr doesnot include the remaining
applicationtime, the ratio of the time of RSAto the time of the wholeray tracingis scenedependent,
andreachedrom 40%to 75%for the usedtestscenessee[86] andtheresultsin AppendixE.)
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(©)

Figure6.7: Visualizationof the traversalcoherencef SLCTS-2D for the sceneé'mount6” (a) Normal
ray tracing. (b) Blendedwith the color for pixels: white— samplingpixels, red— pixelsfor which there
exists a commontraversalsequenceavith at leastone leaf, green— pixels for which the terminating
objectwasfound, blue— pixelsfor whichit is known thatno objectcanbe hit, bladk — pixelsfor which
no LCTS wasfound. (c) A zoomedn partof image(b), wherethe samplingpatternis bettervisible.

Note that the recursve ray traversalalgorithm T.2, (seeSection5.4) for an arbitraryray usedasa
referencas highly optimizedfor SGI architecture.This meanghatthe improving the performanceof
therecursve ray traversalalgorithmby another20%on averageusingthe LCTS concepis significant.

Specialattentionshould be given to the setting of the undersamplingesolutionfor SLCTS ap-
proaches.We canobsenre atradeof betweenundersamplingesolutionandthe possibleexistenceof
SLCTS or/andits properties.If we take fewer sampledor whole SLCTS, thereis alower probability
of reductionof traversalstepsfor the constructedSLCTS. The numberof samplesieededo construct
one SLCTSwasalwaysconstantgithertwo (SLCTS-1D) or four (SLCTS-2D). Let ustake pixelson
a scanlineandconstructSLCTS-1D for two pixels. Let nk be the distancebetweerthetwo pixels. We
canthenusetheconstructedSLCTSfor n’ = ny — 2 pixelsif suchan SLCTSexists. Theundersampling
resolutionny = 5 pixelsis areasonableompromise.The sameholdsfor SLCTS-2D, whenwe setthe
undersamplingesolutionto 5 x 5 pixels. In general SLCTS-2D enableaisto useSLCTS (if SLCTS
exists)for n”” = ny.ny —4— (ny — 2) — (ny — 2) = nx.ny — N — ny, pixels. For high resolutionimages ny
(andny for SLCTS-2D)canbesetto anevenhighervalue.



122 CHAPTER6. LONGESTCOMMON TRAVERSAL SEQUENCESFORKD-TREES

We canseethattwo-dimensionalL CTS methodsarebetterableto exploit coherenceropertieghan
one-dimensional CTS methods.The HLCTS performsmoreefficiently than SLCTS with sampling
5 x 5 only for high resolutionimages,mainly becausehe costof HLCTS constructionis higherthan
for SLCTS constructionandthusit is recoreredonly for larger regionsof theimage,where HLCTS
forms SLCTS.

6.6 Conclusionand Future Work

In this chaptemwe have studieda new way of exploiting coherencen ray shootingalgorithmsbasedon
the kd-tree for certainray setsthatinducesomesimilarity betweenrays. We tried to avoid as mary
hierarchicaltraversal stepswithin the spatialhierarchyas possible,and at the sametime to presere
all the advantagef usingthe hierarchy We introducedtwo conceptsof longestcommontraversal
sequenceSLCTS and HLCTS. The presentedechniquesiecrease¢he numberof traversalstepsfor
hiddensurfaceremoval basedon ray casting,typically by morethan60%. For high resolutionimages
thereductionof traversalstepss evenmoreremarkable.

Thereareseveral possibletopicsfor futureresearctbasednthe LCTS concept.The applicationof
LCTS couldbestudiedfor higherorderrays,in contet of particularglobalillumination algorithms.A
LCTS canbeappliedif theraysof thefirst order(primary rays)have the sameterminationobjectand
createa shaftthatis thencompletelyreflectedor refracted.In addition,imagespacesamplingpatterns
suitablefor LCTS applicationother than thosestudiedhere should be investigated. The automatic
settingof the SLCTS undersamplingesolutionbasedon scenepropertiesand the useof LCTS in
renderinganimationsequencesire also possibletopicsfor future research.A further researchopic
couldbeanalgorithmdeterminingwhetherit is efficient to constructan LCTS giventwo patchesn the
scendor someapplicationsuchasform factorcomputation.
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Scene
Parameter balls4 | gears4]| latticel2| mount6 | rings7 | teapot12] tetra6| treell
NT™ 740 4.37] 8.81| 5.29] 10.9] 4.82| 759] 101
RaytraversalalgorithmTAER,
NS 30.4] 16.6 499] 30.7| 413 22.2] 137] 232
(TR—Tapp)19%4s] | 15.4| 48.1 25.6 129| 28.6 115| 7.46| 16.1
0(1024[ ] 1.00| 1.00 1.00 1.00| 1.00 1.00| 1.00| 1.00
nto%4—] 1.00| 1.00 1.00 1.00| 1.00 1.00| 1.00| 1.00
n40%—] 1.00| 1.00 1.00 1.00| 1.00 1.00| 1.00| 1.00
RaytraversalalgorithmTAyLT
N 26.2] 15.6 19.1] 26.8] 34.2 19.0] 11.6] 16.9
(TR—Tapp)1%%4s] | 16.0| 48.2 23.5 13.4| 319 12.2| 865| 16.7
0(1024[ ] 0.862| 0.940 0.383| 0.873| 0.828 0.856| 0.847| 0.728
nto%4—] 1.04| 1.00 0.918 1.03| 112 1.06| 116| 1.03
n40% ] 1.02| 1.00 0.913 1.02| 1.01 1.06| 115| 1.02
SLCTS-1D ray traversalalgorithm,window 5 x 1 pixels
N2224 ] 13.2| 7.13 11.6 11.9| 157 8.46| 5.70| 9.83
(TR—Tapp) 19?48 | 14.7| 47.7 20.8 11.0| 28.6 106| 8.32| 159
0(1024[ ] 0.434| 0.430 0.234| 0.388| 0.380 0.381| 0.416| 0.424
nio%24—] 0.958| 0.990 0.812| 0.853| 0.999 0.925| 1.16| 0.988
n40% ] 0.846| 0.977 0.785| 0.787| 0.947 0.871| 0.987| 0.947
y024 ] 0.964| 0.871 0.999| 0.938| 0.981 0.833| 0.560| 0.999
HLCTS-1D raytraversalalgorithm
N2224 ] 10.1| 5.58 13.8 852 11.0 6.35| 4.65| 7.66
(TR— Tapp)19%4s] | 14.7| 48.1 223| 11.8| 275 10.6| 7.39| 15.6
a 024[ ] 0.332| 0.336 0.277| 0.278| 0.266 0.286| 0.339| 0.33
nto%4—] 0.958| 0.998 0.872| 0.913| 0.960 0.929| 0.990| 0.970
N40%—] 0.820| 0.972 0.775| 0.752| 0.868 0.816| 0.851| 0.895
SLCTS-2D ray traversalalgorithm,window 5 x 5 pixels
N 12.4] 6.46 10.8] 10.7] 13.8 7.73] 5.45] 913
(TR—Tapp)19%4s] | 12.6| 46.7 19.7 9.99| 27.2 9.69| 7.24| 151
0(1024[—] 0.408| 0.389 0.216| 0.349| 0.334 0.348| 0.398| 0.394
nt9%4-] 0.819| 0.971 0.768| 0.772| 0.949 0.846| 0.97| 0.939
n40% ] 0.749| 0.956 0.730| 0.691| 0.890 0.796| 0.892| 0.896
Vaca 0.919| 0.780 0.999| 0.916| 0.971 0.798| 0.525| 0.990
HLCTS-2D raytraversalalgorithm
N2224 ] 11.3| 6.37 14.8 9.35| 12.7 7.31| 532| 861
(TR—Tapp)19?4s] | 13.6| 47.5 21.7 104| 26.4 9.60| 6.31| 14.6
0(1024[ -] 0.372| 0.384 0.297| 0.305| 0.308 0.329| 0.388| 0.371
N24-] 0.887| 0.987 0.846| 0.805| 0.921 0.838| 0.846| 0.903
N49%-] 0.800| 0.964 0.782| 0.691| 0.857 0.751| 0.719| 0.855

Table 6.2: Comparisorof ray traversalalgorithmsfor hiddensurfaceremoval basedon ray casting.
rTm — numberof ray-objectintersectionteststo minimum numberof ray-objectintersectiontests.
N%g24- numberof traversalstepgperray on averagefor aspecificray traversalalgorithmandresolution
1024x 1024. (Tr — Tapp) 1924 — the runningtime for ray shootingonly (= cons.©gryn) for a specific
traversalalgorithmfor resolution1024x 1024. a19%4 — theratio betweerthe numberof traversalsteps
for a specificray traversal algorithm and numberof traversal stepsof TAE,. for resolution1024x
1024. n924 _ the ratio betweenthe runningtime of the specifictraversalalgorithmandthe running
time of TAE,_ for resolution1024x 1024. r14096 the ratio betweerthe runningtime of a specificray
traversalalgorithmandthe runningtime of TAE,. for resolution4096x 4096. y'9%* — the ratio of the
numberof SLCTS sequencethatcontainat leastoneleaf to the numberof all possiblesequencefor
resolution1024x 1024.
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Resolution
Parameter 256x 256 | 512x 512 | 1024x 1024 | 2048x 2048 | 4096x 4096
ray traversalalgorithmTAE, .
Nrg[—] 22.1 22.2 22.2 22.2 22.2
(TR — Tapp)'[9 0.734 2.89 115 45.6 182
al—] 1.00 1.00 1.00 1.00 1.00
n[—] 1.00 1.00 1.00 1.00 1.00
ray traversalalgorithmTAy. T
Nrs[—] 18.9 19.0 19.0 19.0 19.0
(TR — Tapp)'[9 0.792 3.08 12.2 48.4 193
al—] 0.855 0.856 0.856 0.856 0.856
n[—] 1.080 1.066 1.064 1.060 1.057
SLCTS-1D traversalalgorithm,window 5 x 1 pixels
Nrs[—] 11.4 9.87 8.46 7.31 6.41
(TR — Tapp)'[3 0.741 2.77 10.6 40.6 159
al[-] 0.516 0.445 0.381 0.329 0.289
n[—] 1.010 0.959 0.924 0.889 0.871
HLCTS-1D traversalalgorithm
Nr[—] 10.7 8.30 6.35 4.91 3.94
(TR— Tapp)'[3 0.782 2.87 10.6 39.6 149
a[—] 0.484 0.374 0.286 0.221 0.177
n[—] 1.065 0.990 0.929 0.868 0.815
SLCTS-2D traversalalgorithm,window 5 x 5 pixels
Nrs[—] 11.6 9.65 7.73 6.09 4.75
(TR— Tapp)'[3 0.683 2.55 9.69 36.9 145
al[—] 0.525 0.435 0.348 0.274 0.213
n[—] 0.930 0.883 0.846 0.809 0.796
HLCTS-2D traversalalgorithm
Nrs[—] 12.4 9.70 7.31 5.43 4.09
(TR— Tapp)'[3 0.711 2.60 9.60 35.8 137
af—] 0.561 0.437 0.329 0.244 0.184
n[-] 0.969 0.90 0.838 0.784 0.751

Table6.3: Comparisorof ray traversalalgorithmsfor primaryraysfor thescené‘teapot12”at different
resolutions. Nrs — numberof traversal stepsper ray for a particularray traversalalgorithm. (Tr—
Tapp)'[s] — therunningtime for ray shootingonly (= cons.Ogryn) for aspecificray traversalalgorithm.
o —theratio betweerthe numberof traversalstepsfor a specifictraversalalgorithmandthe numberof
traversalstepsof TAE,.. n — theratio betweerthe runningtime of the specificray traversalalgorithm

andtherunningtime of TAE,..



Chapter 7

Memory Mapping of Kd-Trees

In this chaptemwe dealwith kd-treerepresentatiom the mainmemoryof acomputer We shav thatfor
computerarchitecturesvith large cacheline sizethe way of mappingnodesof the kd-treein the main
memoryinfluencesthe time neededo transferdatafrom the main memoryto a processqrhencethe
costof onetraversalstepof ray traversalalgorithms.We describeandanalyzea few waysof mapping
kd-treenodeso memory andalsoprovide theresultsobtainedrom experiments.

7.1 Motivation

The mostimportantoperationcarriedout for a kd-treein ary applicationis exhaustve traversal of
interiornodesandleaves;for example thetraversalin depth-fist-seach (DFS)orderor theraytraversal
algorithmdescribedn detailin Chapters.

Input/outputefficientalgorithmsanddatastructuregor memoryhierarchiedave acquirechoticeable
researchinterest31, 119 12Q in lastdecadeThedesignof thesedatastructuress drivenby the prop-
ertiesof external/internaimnemoryhierarchy For example,Nybeg etal. [115] describedanalgorithm
for sortingwhich takesinto accounthe memaoryhierarchy

Unlike the specialalgorithmsfor externalmemorydatastructuresjn this chapterwe dealwith the
internalmemoryhierarchybetweerthe processoandthe mainmemory includingeitheron-chipcache
or second-leel cache.The maindifferencebetweenthis hierarchyandthat for externalmemoryis its
size andthe accesgime to onedatablock. The valuesfor the externalmemoryhierarchyare much
largerthanthosebetweerthe processocacheandthe mainmemory

Moreover, techniquesor externalmemorydatastructuresveredevelopedmostlyfor one-dimensional
searchproblems.For example,the well known B-tree[34] cannotbe usedto decreas¢he time com-
plexity of the kd-treetraversalfor n > 1, sincethe B-treecannotrepresenthe n-dimensionadatathat
arethe subjectof the kd-tree. We analyzenovel methodgo increasethe spatiallocality of datain the
cacheandthusto decreas¢herunningtime of ary algorithmthatworksover the kd-tree. For the sale
of simplicity of theoreticalanalysiswe will assumehatwe traversethe kd-treein DFS orderfrom the
rootnodeto aleaf.

7.2 Preliminaries
In this sectionwe recall a few technicalfactsnecessaryo understandhe conceptof mappingkd-

treenodesto memory This includesmemoryallocationtechniquesandthe structureof the memory
hierarchyin acomputer

125
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7.2.1 Memory Allocation

The basictopic of this chapteris mappingkd-tree nodesto addresses the mainmemory The main
memoryof a computeris principally a one-dimensionahrray of memorycells wheredataare stored.
The allocationand deallocationof dynamicvariablesin the main memoryis alwaysprovided by pro-
cedureof softwarelibrary thatis usuallycalledthe memoryallocator. Let ussupposehe contiguous
block of theunoccupiednemoryis assignedo thememoryallocatorat the beginning of someprogram
that builds up a kd-tree. This memoryblock is usedto assignthe addressesvithin the block to the
variablesallocated sothe variablesdo not overlap. We call this memoryblock a memorypool. Since
mappingof variablesnto memoryby amemoryallocatoris crucialfor anunderstandingf this chapter
we discusst herein detail.

A commonsolutionfor allocatingvariablesis to usea geneal memoryallocator. Eachnodeof the
kd-treeis thenrepresentedsa speciallyallocatedvariable.Let M, denotethe sizeof memoryto store
informationin anode.This is the positionandthe orientationof the splitting plane.Let Mp bethesize
of apointer Thenthe sizerequiredto represenbneinterior nodeof the kd-treeis M|y = M, 4+ 2.Mp.
Using the generalmemoryallocatorrequiresthatwe storewith eachallocatedvariabletwo additional
pointersthatarerequiredlaterto free the variablefrom the memorypool.

We canalsouseanotherstrat@y to allocatememoryfor a nodeof the kd-tree. We usea fixed-size
memoryallocator, describedior examplein [141], to allocatevariablesof the sametype andthus of
the sameandfixed sizeMy . We canthendedicatea specialmemorypoolto allocatethe interior nodes
of the kd-tree, sincethesenodesareof the samefixed size. During kd-tree constructiorthe nodesare
allocated’rom thememorypool asfrom anarrayin linearorder

7.2.2 Memory Hierar chy

Thetime compleity of aray traversalalgorithmperformedon the kd-treeis connectedvith the hard-
wareused. The costof the ray traversalstepCrs includesthe time neededo transferthe datafrom a
mainmemoryto a processorlLet usrecallthe organizationandthe propertiesof the memoryhierarchy
For analysiswe supposeHarvard architecturewith separateachedor instructionsanddata. Let Tym

denotethelatencyof the mainmemory(time to read/writeonedatablock).

The larger the memoryand the smallerthe accesgime, the higherthe costof the memory The
instruction/datdateng of processorss significantlysmallerthanTy. Thatis why a cadheis placed
betweerthe memoryandthe processorThe cacheis amemoryof relatively smallsizewith respecto
the sizeof themainmemory The cacde latencyTc is smallerthanTyy. This solutionis economically
adwantageousit usesthe tempoal andspatial locality of dataexposedby a typical program,andthe
averageaccesgime to the datain the main memorycanthenbe significantlyreduced.Databetween
the cacheandthe mainmemoryaretransferredn blocksthatcorrespondo the architectureof a cache
memory andeachtime only oneblock s transferred.The sizeof theblock is referredto asthe cache
line sizeMc_ . A typical memoryhierarchyis depictedn Fig. 7.1.

We usefor analysishereonly one cacheplacedbetweenthe processomndthe main memory To
guantifytherunningtime we denotethetime consumedy operationsn termsof processocycles Let
Tw denotethe averageprocessingime on a nodeof the kd-treeto decidewhetherto follow its left or
right descendant.

Typical valuesfor superscalaprocessorandfor a typical applicationusing kd-treesare Tym =
55 Tc = 4, Tw = 5,M¢cL = 128Bytesfor MIPS R8000[130]. Thesevaluesareusedagainin thenumer
ical exampledior formulasfurtherin thetext. Notethatfor atypical searchinglgorithmonthe kd-tree
holdsTyw < Tym.
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Size Microprocessor chip Access time
[words] [cycles]
64 to 256 Registers <1
8 K Cache 1 1to2
256 K Cache 2 5to 15
Y
32M
to .
256 M Main Memory 40 to 100

Figure7.1: Typicalmemoryhierarchy

7.3 Representationsof the kd-tree

As we have alreadystatedthe kd-treeis actuallyrepresentetdy a binarytree.In generalabinarytree
with anarbitraryspecifiedsplitting planeinsidetheinterior nodesdoesnot represenavalid instanceof
the kd-tree,sinceeachsplitting planehasto intersecthe 28 associateavith the correspondingnode.
This is onereasonwhy the decompositionnducedby the kd-tree cannotbe simply replacedoy B-tree
or somehashingschemeommonlyusedfor one-dimensionadearchproblems.Theinformationstored
in the interior nodeof the kd-treeis the orientationand the position of the splitting plane. The leaf
containsjust the pointerto the list of objectsrequiredby all ray traversalalgorithms,and additional
datafor someray traversalalgorithms(seeChapters for details). Herewe supposdhe 438 is knovn
explicitly for a root nodeonly, alsothatthe A8s associatedvith the interior andleaf nodesare not
storedexplicitly in thesenodes.This kd-treecanbeusedin therecursve ray traversalalgorithm.

Underthe assumptionstatedabove, the analysisperformedbelon disregardsthe n-dimensionality
of the kd-tree, so we considera kd-tree asa binary tree. Let us recall someterminologyconcerning
binarytreesneededor the analysisperformedhere. We call a binary treecompletef all its leavesare
positionedat the samedepthd from theroot nodeandthusthe numberof leavesis 2¢9. We call abinary
treeincompletevhenthebinarytreeis not complete Let hc definethecompleteneightof abinarytree
X asthe maximumdepthfor which the binarytreeconstructedy the nodesof X is complete.

Below we describen detailfour representationsf the ka-treein memory This includesacommon
methodfor representingd-tree nodesusinga generalmemoryallocator We call this randomrepre-
sentation. A lessknown andlessusedmethodis DFS order representation(The useof DFS order
representatiorcan be unintentional.) Finally, we describetwo forms of a subtee representatiothat
decreaséurtherthe averagecostof onetraversalstepof the kd-tree.

7.3.1 Random Representation

A commonway to storeanarbitrary kd-treein the main memoryis to represeneachnodeasa special
variableusinga generaimemoryallocator Therepresentatiors depictedn Fig. 7.2 (a).
Thisrepresentatiorequiresadditionalmemoryfor thepointersusedby thegeneramemoryallocator
for eachallocatedvariable,but it is the simplesttechniqueo implement.Theaddressesf thenodesn
the main memoryhave no connectionwith the locationof the nodesin the kd-tree. Assumethattwo
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‘6‘11‘1513‘8‘1 12‘5‘9 13‘14‘15‘

(a)

Figure7.2: Kd-treerepresentationécacheline sizeMc. = 3.sized (kd—treenode) (a) Random(b)
DFS(c) Subtree.

additionalpointersareneededo allocatethe variable,sincethe generaimemoryallocatorrequiresthe
pointersto deallocatethe variable. Thenthe memorysize Ms consumedy randomrepresentationo
storenyo nodesof kd-treeis:

MEBN®™M — Ny o.(4.Mp + M) (7.1)

7.3.2 Depth-First-Search (DFS) Representation

A DFSrepresentatiomsesa fixed-sizememoryallocator which wasdescribedabore. In this repre-
sentatiorthe nodesareput subsequentlyn the memorypoolin linearorder whena kd-treeis built up
in the DFS order seeFig. 7.2 (b). The size of the memoryconsumedo representiyo nodesof the
kd-treeis:

MEFS = Nyo.(2.Mp + M) (7.2)

Then2.Nyo-Mp of memoryis saved comparedwith randomrepresentationsincethe two pointers
would have beenrequiredby the generaimemoryallocator

7.3.3 SubtreeRepresentation

Herewe describeanew typeof mappingkd-treenodeso memory originally introducedoy Havran[72]
andfurther elaboratedn [73]. This kd-treerepresentatiomeduceshe costof a traversalstepin ray
traversalalgorithmsperformedon the kd-tree. Let usdescribeherepresentatioin detail.

For subtregepresentatiowe alsouseafixed-sizenemoryallocator similarly to DFSrepresentation,
but the sizeof oneallocatedvariableis equalto cacheline sizeMg . Thevariableof sizeMg_ is by an
explicit algorithmsubsequentlpccupiedoy the nodesof the kd-treeorganizednto subtreesAll nodes
of the kd-treearethenorganizedo thesesubtreesseefFig. 7.2 (c). Oncethesubtreds readto thecache
from the main memorywithin traversing,the accesgime to the nodesof the subtrees equalto cache
lateny Tc. The subtreeneednot be complete. We distinguishbetweentwo subtreerepresentations,
seeFig. 7.3.

An ordinary subtee hasall nodesof the samesize,with two pointersto its descendantsegardless
of whetherthedescendaritesin thesubtree.

A compactsubtee hasno pointersamongthe nodesinsidethe subtree pecauseheir addressingds
providedexplicitly by atraversalalgorithm.Thepointersareneedednly to pointbetweerthesubtrees.
Thentheleavesof anincompletesubtreearemarkedin a specialvariablestoredin eachsubtregonebit
for eachnodein the subtree).

Thesizeof thememorytakenby thetwo subtreaepresentationis givenin the next section.



7.4. TIME COMPLEXITY AND CACHE HIT RATIO ANALYSIS 129

PN
G e unn A E@y
Ll I Lo yT g (o 4] (1 14 \ 3\7\‘\\ \/‘;\ i \1"0\\\\\\\‘11\\\\\
(@) (b)

Figure7.3: Subtreeepresentationfa) Ordinary(b) Compact.

7.4 Time Complexity and CacheHit Ratio Analysis

Here we analyzethe time complity of a DFS ordertraversalfor all kd-tree representationsThe
theoreticalanalysisassumeshatthe kd-treenodesdatastoredin the main memoryarenotloadedinto
the cache,i.e., the cachehit ratio rcy = 0.0. Further we supposehat the kd-tree is completeand
its heightis h;. An incompletekd-treerequiresthat we computeits averageheighth, andsubstitute
it for hy.

Thesesimplificationsenableusto expressthe averagetraversaltime Ta on the kd-treein DFS order
from its root to a leaf. We computethe T, for an exampleof a kd-tree of heighth, = 23. Further
we supposaandomvisiting of the nodesandthe probability p. = 0.5 thatwe turnleft in anode.The
way of traversingnodescorrespondso the sequentialay traversalalgorithmthat performsthe point-
locationsearch.

If somedataarealreadylocatedin thecacheg(rcy > 0.0), ananalysisusingknovn mathematicatools
canbeverydifficult or eveninfeasible[13]. Thereforewe investigatedhe caseby meansof simulation.

7.4.1 Random Representation

We assumea cachehit ratiorcy = 0.0 duringthewholetraversal,i.e., the processindime of eachkd-
treenodeis Tym + Tw. As we know thatthe numberof nodesalongthe traversalpathfrom theroot to
theleafis hy + 1, we canexpressthe averagetraversaltime Tp asfollows:

TA = (h| =+ 1).(T|\/||\/| —I—Tw) (73)

For valuesgivenabore (Tym = 55, Tw = 5, hy = 23) we obtainTy = 13920 cycles.

7.4.2 DFSRepresentation

DFS representatioincreaseshe cachehit ratio by involuntarily readingthe descendamodesfor the
next traversalstep(s)f DFStraversalcontinuedo theleft descendant(sjf the currentnode.Assuming
thatthesizeof the kd-treenodeis M,y = M, + 2.Mp, we derive theaveragetraversaltime Tp asfollows:

M M
Ta = (V410 Tum- o + T+ Te (1= ) + (1= p).Tuw] (7.4)
McL McL

ForMiy =4+24=12,M¢c. = 128,andp_ = 0.5 we obtainTy = 8591 cycles.

7.4.3 Ordinary SubtreeRepresentation

AssumehatMc andM,y aregiven. Let Mgy bethesizeof thememoryneededor eachsubtreausedto
represensubtreetype identification. We expressthe sizeof the memorytaken by a completeordinary
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subtreeof heighth:

M(h) = (2" —1).Mn+Mgr (7.5)
M(h) < Mc

FromEq. 7.5we derive the completeheightof the ordinarysubtreeic:

McL — Msr

Min +1)] (7.6)

hc = [—1+ log(

Thenumberof nodesin theincompleteordinarysubtreeatthe depthd = hc + 1 is then:

McL — (27e+1 — 1). My — Mgr

M ] (7.7)

Nopk = |,

Theaverageheightof the subtreeny > he for nopk > 0 is computedasfollows:
ha = —1+1l0g(2"** + Nopk) (7.8)

Finally, the averagetraversaltime for thewhole kd-tree of heighth; is:

Tum + Te-ha

T/_\:(h|—|-l).(Tw+ hA-I-l

) (7.9)

The subtreesareplacedin the mainmemory sothey arealignedwith the cachelineswhenreadto
the cache.Eachsubtrees thusstoredin onecacheline. The sizeof the unusedmemoryin the cache
lineis then:

MORed = MeL— (2" — 1+ Nopk).Min — Msr (7.10)

unused

For Miy = 12,Mgr = 4, we gethc = 2, nopk = 3, ha = 2.46, MO _ = 4, andthe averagetraversal
time T = 5559 cycles.

7.4.4 Compact SubtreeRepresentation

Let M, bethe size of the memoryto representhe informationin the kd-tree node,Mp the memory
takenby onepointer Thesizeof the memoryconsumedy a completesubtreeof heighth is expressed
asfollows:

M(h) = (2" —1).M, 42" Mp +Mgr (7.11)
M(h) < McL

Thecompleteheighthc of thesubtreds derivedfrom Eq. 7.11similarly to Eq. 7.6 asfollows:

|\/|c|_—i-|\/||—|\/|5rJ
M, + Mp

hce=—-1+| (7.12)
In the sameway asfor ordinarysubtreerepresentationye derive the numberof nodesnopk located
atthedepthd = hc + 1 in thesubtree:

Mcr — 2M¢FL (M) +Mp) +M; — Msr

M T Mo | (7.13)

Nopk = [
The unusedmemoryfor one subtreein the cacheline canbe derived similarly asfor an ordinary

subtree:

MER = McL — (2"t — 1+ Nopk).Mn — 2.Mp.(Nopk + 2 — Nopk/2) —Mgr  (7.14)

unused
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The averageheightof subtreehy andthe averagetraversaltime Ty arecomputedusingEq. 7.8 and
Eq.7.9. For Mp = 4, M, = 4, andMsr = 4 we computehc = 3, nopk = 0, ha = 3.0, M{R _ =0, and
Ta = 5100 cycles.

Thehec, nopk, andha asthe function of the cacheline sizefor ordinaryandcompactsubtreerepre-
sentationsandTp for all kd-treerepresentationgredepictedn Fig 7.4.

7.5 Simulation Results

We implementeda specialprogramto simulatethe datatransferin a typical memoryhierarchyof a
computerthatrunsDFS traversalon a completekd-tree. The simulationwascarriedout for the same
memoryhierarchyandkd-treepropertiesasin the previoussection:Tyy = 53, Tc = 4, Tw =5, h = 23,
Mp = 4 Bytes,M, = 4 Bytes,Msr = 4 Bytes,anda four-way setassociatie cachewith cacheline size
McL = 27 = 128 Bytes; the size of the cachewas 2%° Bytes. The cacheplacementlgorithmandits
structurecorrespondo thosefoundin superscalgprocessorsye simulatedVIPS R8000/R1000(130].
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Figure 7.4: The analysis: (A) Averagetraversaltime Ta(McL) for all kd-tree representations(B)
ha(McL), (C) nopk(CL), (D) hc(CL) for subtreerepresentationsiRepresentations(a) Random(b)
DFS(c) Ordinarysubtregd) Compactsubtree.

Representation
Parameter random\ DFS\ ordinarysubtree| compactsubtree
Ta[cycleg (theoretical)|| 1392.0| 859.1 555.9 510.0
T/[cycled (simulated) 987.1| 629.4 445.6 379.3
r=Ta/TA[-] 1.41| 1.36 1.24 1.34
fcn [%0] 35.8| 69.8 83.5 90.3

Table7.1:

The averagetraversaltime computedheoreticallyand obtainedby the simulation,ratio of
traversaltimes,andcachehit ratio from the simulationfor DFStraversal.

Thetheoreticabndsimulatedimes,andtheirratio, aresummarizedn Table7.1. Theparametefcy
is the averagecachehit ratio to accessa kd-treenodein the cacheduring DFStraversal. The average
cachehit ratio for thenodeasthefunction of its depthin the kd-treeis shavn in Table7.2.
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Depth
Parameter 0 1 2 3 4 5 6 7| 8 9| 10| 11
fcH (random) 100| 100| 100| 100| 97| 91| 62| 52|39| 25| 21| 18
fch (DFS) 100| 100| 100| 100| 100| 93| 79| 84| 58| 56| 63| 51

fch (ordinarysubtree)|| 100 | 100 | 100 | 100 | 100| 100| 97| 73| 90| 85| 53| 79
fcy (compactubtree)|| 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 69 | 100 | 100 | 100

Depth
Parameter 12| 13| 14| 15| 16| 17| 18| 19|20| 21| 22| 23
fcy (random) 21| 19| 19 0 0 0 0 0| O 0 0 0
fcH (DFS) 57| 59| 47| 59| 54| 48| 51| 49| 47| 54| 43| 54

fch (ordinarysubtree)|| 80| 64| 66| 79| 66| 70| 72| 74 |61| 75| 74| 62
fcy (compactubtree) 7| 100 | 100 | 100 1|100| 100|100| O | 100| 100 | 100

Table7.2: Theaveragecachehit ratio fcy [%] asthefunctionof nodedepthin the kd-tree.

Notethatfor Mc. = 128thecompacsubtreds complete sothecachehit ratiofor all thenodesatthe
samedepthin the kd-treeis equal. Thisis why valuesof fcy for depth12,16,and20 arequitedifferent
thanvaluesof fcy for neighbordepths,sincethe kd-tree nodesin the specifieddepthsare often read
first from themainmemory The probabilitythatthesenodesarealreadyloadedin the cacheis smaller
with increasingdepthin the kd-tree.

Theaveragetraversaltimesobtainedby simulationcorrelatewell with thosecomputedheoretically
It is obviousthatthetimesobtainedby the simulationaresmallerthanthosederivedtheoretically since
thetheoreticalnalysissuppose# eachstepaninitial valueof cachehit ratiorcy = 0.0.

7.6 Resultsof Experiments

We testedthe influenceof memorymappingexperimentallyfor the recursve ray traversalalgorithm
TA%,. for random DFS,andordinarysubtreerepresentatiofin [72]). We decidedhot to implementthe
compactubtreaepresentatiosinceaccessindeafnodesn subtreesvithout pointersis morecomple
andalsorequiresaspeciakraversalalgorithm. Theoreticabnalysisabore alsoshavs thattheresultswill
notbringasignificanimprovementof performanceomparedvith ordinarysubtreeaepresentationlhe
testswereperformedon a subsebf G&p scenesrom SPD for thetestingprocedureT Py (ray tracing).
The kd-treerepresentatiomfluencesonly the averagetime of onetraversalstep,which hasimpacton
Tr, Orat, aNdOry N of the minimumtestingoutput(seeSection2.5). Theresultsof experimentdor TPy
aresummarizedn Table7.3.

The experimentswere conductedon SGI O? with processoMIPS R8000,180MHz, 128 MBytes
RAM (&L = 128),runninglrix 6.1 operatingsystemusingthe GOLEM renderingsystem.

7.7 Discussion

The performancef therecursve ray traversalalgorithmis notimproved assignificantlyascould have
beenexpectedfrom the simulationdescribedn Section?7.5. Thefirst reasons thatthe simulationwas
performingDFS with 50% probability to turn left in eachnodeof the completebinarytree. Thisis no
longertruefor testingprocedurel P, whenthe subsequentrimaryraysaregeneratedn scanlineorder
Thenthesesimilarraysarelikely to hit the samesequencef nodesof the kd-tree(traversalcoherence,
seethe Chapter6). The secondreasoris the smallernumberof nodesin the kd-treesbuilt for thetest
scenesomparedvith the numberof kd-treenodesusedfor the simulation. The third possiblereason
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Scene
Parameter balls4 | gears4| mount6 | rings7 | tetra6 | treell| average
N 7382| 9345 8196| 8401| 4096| 8191 -
Ng + Ng 8469 | 20541 13369 23455| 6011| 5675 -
Nrs[x10°] 53.8| 77.4| 681| 47.4| 56| 372 -
Tr (random) [g 87.0| 314.6| 53.0| 102.4| 7.41| 926 -
Trs (random) [ 42.1] 59.8| 229| 215| 4.09| 186 -
Trs (DFS) [g] 35.6| 51.8| 17.4| 146| 3.76| 146 -
Trs (ordinary suliree) [ 325| 46.9 15.1| 13.1| 3.75| 123 -
ngg;’;m [] 118 1.15| 131| 147| 1.09| 1.27| 125
CTS(‘; ji(r::r”yd‘;g‘g”e 5 [ 1.30| 1.28| 152| 1.64| 1.09| 151| 1.39

Table7.3: Theresultfor testingprocedurel P, onasubsebf Gépp scenesParametefTrs refersto the
time to devotedto traversingonly (Trs = Crs.-Nraysl's-fitm = (1— @rat).TR.m) The kd-trees
werebuilt with OSAH andadhocterminationcriteria: dynax= 16, Nmax= 2.

is that the modeldescribingthe transferof databetweenthe processomandthe main memoryis still
too simplified to modelthe real behaior of a memoryhierarchysystembasedon the MIPS R8000
processor

We have shavn thatthe propertiesof the kd-treerepresentatioin the memoryfor sucha traversal
algorithmasthosein RSAsstayin the rangegiven by theoreticalanalysisand alsothe resultsof the
simulationgivenin the previous section. Theimpactof kd-treerepresentatiomn RSAperformancas
notashighasmight have beenexpectedirom thetheoreticalnalysisandsimulation,sincethe orderof
thenodesvisitedin therecursve ray traversalalgorithmwhenit is appliedin thetestingprocedurel Pp
differsfrom thatinducedby DFS.

7.8 Conclusionand Futur e Work

In this chaptemwe analyzedhetime compleity andcachehit ratio of differentkd-treerepresentations
in computerarchitecturesvith alarge cacheine for DFS ordertraversalin detail. We have shavn that
thetime compl«ity of traversinga kd-treeis reducedby organizingits innerrepresentatioso thatit
matcheghe memoryhierarchybetter

We shaved experimentallythat DFS andordinarysubtreerepresentationsandecreas¢hetraversal
time for RSAdasedn the kd-tree,using TPy testingprocedureTheoretically the subtreerepresenta-
tion decreasethetraversaltime for DFS ordertraversalby 62% andincreaseshe cachehit ratio from
35%to 90% for a given exampleof acommonmemoryhierarchy In addition,proposedubtreerepre-
sentatiorof the kd-treedecreasethe sizeof memoryto storethe nodesof a kd-treeby 57% compared
with therandomrepresentation.

Futureresearchwork on the techniquepresentechere could cover efficient memorymappingfor
otherhierarchicaldatastructuresnamelyothervariantsof multi-dimensionabinary treesandhierar
chical datastructuresn general.Dynamizationof thesedatastructureswith regardto cachesensitve
representatiors alsoaninterestingtopic for furtherstudy
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Chapter 8

Conclusionand Futur e Work

In the thesiswe dealtwith ray shootingalgorithms.Ray shootingitself is known to have no algorithm
aiming at worst-caseompleity feasiblein practicalimplementationsinceit hasalreadybeenproved
thatsuchanalgorithmfor N objectsrun atleastin O(logN) requiringQ(N#) storageandpreprocessing
time in the worst case. For this reasonwe dealtwith heuristicalgorithmsfor ray shootingaimedat
average-caseompleity. Sincethesealgorithmsfor generallyspecifiedinput — given N objects—
are particularly difficult or even impossibleto be successfullyanalyzedtheoreticallyat present,the
findingsin the thesisare not expressedisingthe worst-casecompleity measureand commonlyused
O-notation. Instead for the presentedhlgorithms,we reportthe resultsof experimentscarriedout for
a setof scenesFor this purposewe usedthirty scenedrom the StandardProceduraDatabasewhich
arepublicly available; the experimentalresultsconcerningalgorithmsdescribedn the thesisarethus
reproducibleand verifiable by arny subsequentesearchersSinceaverage-cas¢éechniqueshave been
usedandthefindingsare supporteday the resultsof experimentswe cannotclaim time optimality of
ary ray shootingalgorithmdescribedn thisthesis.

All the algorithmsthat form the subjectof the thesiswere implementedand tested. Sinceeach
implementationcan be subjectto bugs and implementationerrors, in orderto minimize suchrisks
we visualizedthe spatialdatastructuresunderlyingthe testedray shootingalgorithms[81, 35] and
verifiedtheinvariantsof all experimentperformed.A considerablémplementatioreffort wasneeded
toimplementall thealgorithms;t includesmorethanonehundredhousandinesof sourcecodein C++,
excludingthird-partysources.

The conclusionsand possiblefuture researchopics are presentedat the end of eachchapter and
herewe provide only a short summaryof all resultsachiezed, and somesuggestiongor possiblefu-
ture research.Sincethe summarygiven hereis concise,an interestedreadershouldfollow Sections
Conclusionand Future Work of Chapter2—7for moredetails.

8.1 Summary of Results

In thefirst part of the thesis(Chapter2 and 3), we dealtwith generalissuesof heuristicray shooting
algorithms.

In Chapter2 we developedcomputatiormodelandperformancanodelfor ray shootingalgorithms
soary rayshootingalgorithmcanbemappedo thesenodels.Basednthesewo modelswe developed
themethodologyfor comparingay shootingalgorithmswhichis basednreportingtheminimumtest-
ing output(a setof thirteenparametersfor eachexperimentperformed.Undercertainconditionsthis
allows usto compareexperimentallyvariousray shootingalgorithmsalmostindependentlyof imple-
mentationissues.An interestingby-productof comparisormethodologydevelopments the discovery
thatraytracingasdefinedfor scenesn Standard’roceduraDatabas€513x 513 primaryrays,depthof
recursiord) is impossibleto runin realtime (atleast25 framesper second)n present-dagommonly

135
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useduniprocessohardware becauseof time demandsof ary ray shootingalgorithm. (We suppose
Intel Pentiumll, 466 MHz, we do not assumehe useof a specialgraphicshardvare, seeresultsin
AppendixE for details.)

In Chapter3 we presented comparisorof twelve commonlyusedray shootingalgorithmsfor a set
of thirty testscenestheconcepf statisticallybestray shootingalgorithm,anda preliminaryversionof
thealgorithmfor selectinganefficientray shootingalgorithmgivenscenecharacteristicsThecompari-
sonis a partof theongoinglong term BES projectdevotedto ray shootingalgorithmsthatis in progress
at present.Our finding wasthat ray shootingalgorithmbasedon the kd-tree achieved statisticallythe
bestresultsin comparisorwith otherray shootingalgorithmstested.

The secondpart of the thesis(Chapter2—7) is devotedto variousissuesof ray shootingalgorithms
basednthekd-tree.We selectedt for detailedresearclin accordancavith theresultsof thefirst phase
of the BES project.

In Chapter4 we addressedhe problemof kd-tree constructionwhen the kd-tree is usedas the
underlying datastructurefor ray shootingalgorithms. We dealt with top-davn methodfor kd-tree
construction,i.e., with the positioningof a splitting planein a nodeof the kd-tree and termination
criteria. This constructionalgorithmestimateghe costof a constructedkd-treethatis usedto govern
the positionof the splitting plane. The precisionof the estimatesnfluenceghe resultingefficiengy of
thekd-treefor theray shootingalgorithm. Thebasiccostmodelusedfor theestimatds basednseveral
unrealisticassumptionshut allows usto improve the efficiency of the ray shootingalgorithmbasedon
the kd-treeby order(s)of magnitudefor sparselyoccupiedscenesWe proposedhegenerakostmodel
which describesnoreaccuratelythe time compleity of ray shootingalgorithmsbasedon the kd-tree.
The generalcostmodelvalidatesthe useof the basiccostmodel,sinceit shavs thatthe differencein
performancechievableusingthesetwo costmodelsareratherlimited. Otherdevelopmentsoncerning
kd-treeconstructiordealtwith the useof emptyspacensidethe sceneautomaticterminationcriteria,
the propertiesof approximatingobjectsby their axis-alignedboundingboxes,andutilizing knowledge
of thedistribution of raysto be queriedto furtherdecreaséherunningtime of ray shootingalgorithms
basednthe kd-tree.

Chapters describedive ray traversalalgorithms,which areusedfor traversinga ray througha kd-
tree. Theseincludethe sequentiatay traversalalgorithm,the basicandrobustversionof therecursve
ray traversalalgorithm, and two versionsof the ray traversalalgorithm with neighbotlinks that use
additionaldatastructures. An efficient ray traversalalgorithmtries to decreaséoth the numberof
traversalstepsperray andthe averagecostof atraversalstep. The designof aray traversalalgorithm
always searchesometradeof betweenthesetwo quantitiesto getthe time devotedto traversingthe
kd-treeassmallaspossible. Therearetwo extremes ray traversalalgorithmeithervisits a minimum
numberof kd-treenodeswith asomevhathighercostof atraversalstep,or thecostof onetraversalstep
is small, but moretraversalstepsarerequired.Our contritution concerningay traversalalgorithmsis
thatwe developeda new robustrecursve ray traversalalgorithmfor the kd-tree. Further we compared
all theknown ray traversalalgorithmsexperimentally

Chapter6 dealtwith the problemof a ray traversalalgorithmfor a setof raysthat have similar
directionsand origins. When somerays are shotand the rays exhibit somesenseof similarity, this
knowledgecanbe usedto decreaséurtherthe time consumedy traversingthe kd-tree. Suchray sets
are ofteninducedby the application,whenraysarerestrictedto the convex shaft— they canhave the
sameor a similar point of origin anddirection. Undertheseconditions,we describedhe construction
of the longestcommontraversalsequencewhich gives us the sequenced-tree nodesto be visited.
Theuseof thelongestcommontraversalsequencelecreasethe numberof traversalstepsandthusthe
time for traversingthe kd-tree. Obviously, it doesnotchangehenumberof ray-objectintersectiortests
to be performed. We describedwo variantsof the longestcommontraversalsequence- simpleand
hierarchical. Thenwe wentonto shawv how the conceptcanbe utilized within the application,andthe
resultsof experimentdor hiddensurfaceremoval.
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Chapter7 describedh morehardware-orientedopic — the mappingof kd-tree nodesto the memory
of a computer We shaved that the mappingof kd-tree nodeson computerarchitecturewith a large
cachdine hasimpacton thetotal runningtime of ray shootingalgorithms,.e., the costof onetraversal
step. We describedour mappingmethodsand analyzedthem both theoreticallyand experimentally
Ourresultsshaow thatit is possibleto decreaséhe costof onetraversalstepandthe sizeof memoryfor
representing kd-treeon this type of computerarchitecture.

8.2 Suggestiondor Further Reseach

Someof the algorithmic techniquesdescribedin the thesiscan be extendedand further researched
in variouscontets. Concerningthe first part of the thesis(Chapter2), we considerthe comparison
methodologyas presentedo be moreor lesscomplete. The BES project(Chapter3) shouldbe com-
pleted,andit will provide theresultsof experimentgor onehundredscenesTheseresultswill allow us
to confirmor disprove theresultsperformedonthirty scene$rom the StandardProcedurdatabaseand
thento shav therelationshipbetweerthesedifferentsetsof scenesThealgorithmto selectanefficient
ray shootingalgorithmfor a given scenebasedon the scenecharacteristicsvill be eithervalidatedor
improved.

Althoughthesecondpartof thethesisdescribingray shootingalgorithmsbasedn the kd-treewould
seemexhaustve, it still offerssomepossibletopicsfor furtherresearchThecrucialissueof ary further
researchn this directionis to whatextentandat whatcostit is possibleto improve the performancef
new algorithmsfor ray shootingbasedon the kd-tree comparedwith the algorithmspresentedn this
thesis.Possibletopicsof furtherresearchncludeanimproved algorithmthatwill estimatethe costof
a kd-treeto be built given a setof objects,an algorithmthat estimatesblocking factor animproved
versionof automaticterminationcriteria algorithm, an efficient algorithmfor computingthe costin
the generalcostmodel,and an algorithmfor the kd-tree constructionwith clusteringof objects. For
ray traversalalgorithmsan interestingtopic of researchs an algorithmthat selectsthe ray traversal
algorithmto be usedto achiese the bestpossibleperformanceagivenaray shootingquery The concept
of the longestcommontraversalsequenceanbe researchedrom the applicationpoint of view; how
thelongestcommontraversalsequenceanbe appliedto minimize the runningtime in hiddensurface
removal determiningthe resolutionof the underlyingsamplingpatternin imagespacefor a given kd-
tree.Further theapplicationof thelongestcommontraversalsequencen particularglobalillumination
algorithmscan be researched.The memory mappingconceptfor the kd-tree allows us to raisethe
qguestionof whethera similar approachcanalsobe successfullyappliedin the representationf other
spatialdatastructures.Anotherinterestingand promisingresearctissueis how to apply kd-treesfor
ray shootingalgorithmin the caseof moving, deforming, and animatedobjectswithout completely
rekuilding the kd-treefor eachframeof animagesequence.
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Upper CaseRoman

AG

N1,N2,N3,N4, N5
Ne

adaptvegrid

pointin IE3, entrypoint of ray traversalalgorithm
pointin IE3, exit point of ray traversalalgorithm
BestEfficiency Schemeesearctproject

binary spacepartitioning(tree)
boundingvolumehierarchy

cost—therunningtime to performsomeparticularalgorithmicoperation
costof operationX

costof ray-objectintersectiortest

costof failedray-objectintersectiortest

costof successfutay-objectintersectiortest

total costfor shootinganarbitraryray

costof traversingtheinterior nodeof the kd-tree
costof traversingtheleaf nodeof the kd-tree

costof asingleRSAtraversalstep

compiler

directionvectorfor ray R

datastructureunderlyinga particularRSA

entry

elementarspatialsubdvision
face,afaceassociatedvith 28(v) of thenodev
groupof testscenesvith numberof objectsin range(10% + 1, 10%+1)
groupof testscenegrom SPD wherenumberof objectsis closesto 10X
implementatiorframework usedfor algorithmswithin thethesis
hierarchicalongestcommontraversalsequence
positive or negative halfspacedefinedby planein IE"
hierarchicabkpatialsubdvision

hierarchyof uniform grids

hardware

pointof intersection

mutualvisibility information

implementation

longestcommontraversalsequence
ray-objectintersectiortestis performedK -times
instanceof HLCTS

thesurfaceareaof 438 of theleft child for positionb
the caseleft

the casdeft only

the casdeft, thenright

sizeof memory

numberof objects

negative traversalcasein arecursve traversalalgorithm
numberof elementarynodesn DS
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Nee
Ner
NeTs
NeeTs

O(g(n))

OR
084,089,093
084A,093A
P

Pc

P1 P2 P3P4P5
Q

Qi

R

R

RL

RG

Tvm
Tapp
Tc
T
Tt
TR
Trs

TP

numberof emptyelementarynodesn DS

total numberof referenceso objectsin elementarynodesof DS
numberof elementarynodesaccesseg@erray

numberof emptyelementarynodesaccesseg@erray

numberof genericnodesn DS

numberof interior nodesin kd-tree

numberof ray-objectintersectiortestsperray

numberof failedray-objectintersectiortestsperray
numberof successfutay-objectintersectiortestsperray
numberof leavesin kd-tree

numberof objectsin theleft child of the currentnode
numberof objectsin kd-treenode,whenit is declaredasaleaf
numberof rays

numberof objectsin theright child of the currentnode
numberof objectsintersectinghesplitting plane
numberof interior nodegraversedn kd-tree
numberof leavestraversedn kd-tree

numberof all nodesaccessegerray

numberof voxelsin uniform grid

numberof objectsstoredin thel-th leaf of kd-tree
object

i-th object

upperboundof theworst-case&ompleity is g(n)
origin pointof ray R

variousversionsof octreebuilt with spatialmediansubdvision
two variantsof octreebuilt with surfaceareaheuristic
polygon

corvex polygon

positive traversalcasein arecursve traversalalgorithm
centerpoint

centerpoint of the 4B of i-th object

ray

thecaseright

thecaseright, thenleft

recursve grid

the caseright only

thesurfaceareaof 438 of theright child for positionb
ray shootingalgorithm

set

setof rays

surfacearea

surfaceareaof theelementX

sizefactorto generatescene®f differentcomplexity in SPD
simplelongestcommontraversalsequence
StandardProceduraDatabas¢69]

spatialsubdvision

time

traversalalgorithm

latengy of mainmemaory

remainingrunningtime of applicationexcludingthetime consumedy aray shootingalgorithm

cachdatency

preprocessingime requiredto build datastructuredor particularray shootingalgorithm

time for ray-objectintersectiortests

runningtime requiredto performgiven TP in theapplication
time for traversingthe nodesof DS

traversalhistory

RSAtestingprocedurea generatingparticularsetof raysgivenascenes
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UG uniformgrid

u,v pointsin IE3

Vp viewpointin IE

Vol(X) volumeof X in IE3

X, Y entity, spatialregion, cell, object,etc.

W numberof wins for particularRSAwithin BES project
Wk viewport

Z1,72,7Z3 zerotraversalcasein arecursve traversalalgorithm

Lower CaseRoman

a entrysigneddistancecorrespondingo entrypoint A
b exit signeddistancecorrespondingo entrypointB
b positionof the splitting planein 23, b € (0, 1)
bom positionof the splitting planefor objectmedian
bsm positionof the splitting planefor spatialmedian
c realnumber
d depth
d(v) depthof nodev in the kd-tree(depthof the kd-treeroot nodeis zero)
Omax maximumdepthallowedfor aleafin the kd-tree
Orec depthof rays,for primaryraysholdsd;ec = O.
Ovoxel voxel densityin contet of uniform grid
e integernumber
enp averagenumberof intersectionsvith objectsfor globalline, castinggloballines
f numberof taskswhereexperimentfailed dueto time limit
h height,heightof atree
0] indices
k kurtosis
I length
f averagenumberof objectsin the voxel
m numberof taskswhereexperimentfaileddueto memorylimits
n integernumber
numberof dimensionof space
nﬁt averagenumberof intersectionsvith objectsfor globalline, surfacearea
p probability
Px probability of caseX
(% conditionalprobability of caseY whencaseX occurs
Po probability of zerointersections
p’ blockingfactor, i.e., probability of aray hitting anobject
r ratio
r'cH cachehit ratio
NT™m ratio of ray-objectintersectiortestsperformedto minimumnumberof intersectiortests
rs ratio of numberof rayshitting objectsto numberof all rays
S skewness
Sen averagespanlength
t signeddistance
u realnumber
% variance
w width
X,Y,Z realnumbers

X,Y,Z axisdenotation
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Scripts

AB(ABs) axis-alignedboundingbox(es)

AB(X) axis-alignedboundingbox tightly enclosingentity X

cS corvex shaft

Vv cell of SSD

wn cell of SSDin IE" space

G sequencesequencef kd-treenodes

S scengregion of space)

S(N) scenecontainingN objects

Upper CaseGreek

A subsedf four parametersf minimumtestingoutputdescribingdynamicuseof DS

C] subsef five hardware/implementatiodependenparametersf minimumtestingoutput
> subsebf four parametersf minimumtestingoutputdescribingstaticpropertiesof DS
n plane

Mp projectionplane

W sparseness

Q(f(n)) lower boundof theworst-caseompleity is f(n)

Q solidanglein IE®

Lower CaseGreek

< >DOMm

Miscellaneous
IS

X

IE"

uv
logN
d(u,V)

Nl'<1><>§<2

cong

int(X)

ext(X)

UXaUya UZ
[child(v),rchild(v)

smallpositive constant
anglebetweertwo vectorsin IE3
nonuniformitycoeficient
nodeof DS

genericnodeof DS
elementarynodeof DS
emptyelementarynodeof DS
full elementarynodeof DS
standardieviation

cardinalityof setS

absolutevalueof realnumberx
n-dimensionaEuclideanspace

line sgmentwith U andV asendpoints
dyadiclogarithmof N

distancenetweerpointsU andV

boundaryof X

mark "~ denoteghatX is anestimateof quantity X
mark~ denoteghatY is theaveragevalueof quantityY
mark™ denoteghatZ is thevectorin IE" space
constant

interior of X

exterior of X

coordinate®f pointU in IE®

left (right) child of thenodev in the kd-tree
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Appendix A

C-pseudocodef sequentiafay traversalalgorithmTAseq for kd-tree.

[* Possibleorientationof the splitting planein theinterior nodeof the kd-treg */
/* "No _axis” denotesa leaf. */
enum Axes {X.axis, VY.axis, Z.axis, No.axis };

/* Declaration of the kd-treenode */

S

}

truct KDTNode {

Point3D min, max; /* extentof node... sixfloatvalues*/
GeomObijlist  *obijlist; /* list of enclosedbjects*/
struct KDTNode *left; /* pointerto theleft child */
struct KDTNode *right; /* pointerto theright child */
Axes axis; /* orientationof thesplitting plane*/

/* Locateleaf containingthe point startinggivennode */
KDTNode* LocateLeaf(KDTNode  *node, Point3D point)

{

}

KDTNode *currNode = node;

if (point lies outside node bounding box)
return ['no leaf exists"];

while (currNode points to interior node) {
if ( point[currNode->axis] < currNode->right.min[currNode->axis])
currNode = currNode->left;
else
currNode = currNode->right;
1+ while*/

/* returnthe foundleaf that containspoint*/
return (KDTNode *)currNode;
[* LocateLeaf/

/* Sequentiatay traversal algorithm*/
Object RayTravAlgSEQ(KDTNode *rootNode, Ray ray)

{

float a, b; /* entry/«it pointsigneddistances/
Point3D point;  /* thepointalongtheray path*/
KDTNode *currNode; [* pointerto a kd-treenode*/

/* intersecttheray with sceneBoxfind the entryandexit signeddistance*/
RayBoxIntersect(ray, rootNode, &a, &b);

if (ray does not intersect sceneBox)
return ['No object"];

/* startat therootnode*/
currNode = rootNode;
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/* whenray hasthe origin insidesceneBoxt/

if (@ < 0.0)
* usethepointof origin for initial seach, */
point = ray.origin;
else
[* otherwiseuseray entrypointfor sceneBox/
point = ray.origin + ray.dir * (a + epsilon);

[* startingfromtherootnode locatethefirstleaf*/
currNode = LocatelLeaf(rootNode, point);

[* traveisethroughwholekd-treeuntil the object*/

[* is intersectedor theray leaveghe scenet/

while (currNode points to leaf) {
/* find out signeddistancego theleaf nodeboundingbox*/
RayBoxIntersect(ray, currNode, &a, &b);

if (currNode is not empty leaf) {
"intersect ray with each object in the object list"
"discarding those lying before (a) or farther than (b)"

if (any intersection exists)
return ["object with the closest intersection point"];
Yorrif

[* computethe pointontheray pathin the next leaf*/
point = ray.origin + ray.dir * (b + epsilon);

[* locatethe next leaf alongtheray path, if possible*/
currNode = Locateleaf(root, point);
} * while*/

/* all theleavesof thekd-treealongtheray pathwere tested*/
return ['No object'"];
} /* RayTavAlgSEQ/
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Appendix B

C-pseudocodef recursve ray traversalalgorithmTAR,. for the kd-tree.

[* Possibleorientationof the splitting planein theinterior nodeof the kd-treg */
/* "No _axis” denotesa leaf. */
enum Axes {X.axis, VY.axis, Z.axis, No.axis };

[* Declaration of the nodeof kd-tree*/

struct KDTreeNode {

Point3D min, max; /* extentof node... sixfloatvalues*/
GeomObijlist  *obijlist; /* list of enclosedbjects*/
struct KDTreeNode *left; /* pointerto theleft child */
struct KDTreeNode *right; * pointerto theright child */
Axes axis; /* orientationof thesplitting plane*/

¥

[* Entry for stak operation.*/

struct StackElem {

KDTreeNode* node;

float a; /* entrysigneddistance(a) for thenode*/
float b; /* exit signeddistance(b) for thenode*/

¥

/* Recusiveray traveisal algorithm, which sufers froma lack of robustness?/
Object RayTravAIlgRECA(KDTreeNode *rootNode, Ray ray)
{

float a, b; /* entry/«it pointsigneddistances/

float t; /* signeddistanceto the splitting plane*/

/* intersectray with sceneBoxfind the entry and exit signeddistance*/
RayBoxIntersect(ray, rootNode, &a, &b);

if (ray does not intersect sceneBox)
return ['No object"];

/* stak to avoidrecusivecalls, requiredfor efficiency*/

StackElem stacklMAXDEPTH]; /* MAXDEPTHcouldbe50*/
int stackPtr = 0; /* pointertothestadk*/

/* pointersto the childrennodeand currentnode*/

KDTreeNode *farChild, *nearChild, *currNode;

/* pushtheinitial valuesontothe stad */
"store  rootNode, a, b onto the stack and increment stackPtr"

/* until wetraveisedthroughthewholekd-tree*/
while ( stack is not empty ) { /*stakPtr>0%*
[* popvaluesfromthe stad */
"decrement stackPtr  and retrieve currNode, a, and b from the

* loop until aleafis found*/

stack”
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while (currNode is not a leaf) {
[* currentnodeis aninterior node*/

[* for X_axis, Y_axis,Z_axis computedifferencebetweerpositionof splitting planeandray origin */
float diff = currNode->right.min[axis] - ray.origin[axis];

[* thesigneddistanceto splitting plane*/

t = diff / ray.dir[axis];

/* NEGATIVE or POSITIVEcases?/
[* thecaseZERD is notrecanized!™/
if (diff > 0.0) /* NEGATIVE*

{ nearChild = currNode->left;
farChild = currNode->right;

}

else /* POSITIVEY/

{ nearChild = currNode->right;
farChild = currNode->left;

it

[* distinguishbetweercasesl, 3,4, and 5, */
[* but case2 is nottakeninto account!*/
if ( t >Db) or (t <00 )

currNode = nearChild; /* case3or 1*/
else {
if t <a)
currNode = farChild; /* caseb */
else

{ /* case4 —push*/
"store farNode, t, b onto the stack and increment stackPtr"

/* selectthenearchild for further traversal */

currNode = nearChild;
[* changetheexit signeddistance*/
b =t
}orxif
Yot
} * while*/

[* currentnodeis theleaf... emptyor full */

"intersect ray with each object in the object list"
"discarding those lying before (a) or farther than (b)"

if (any intersection exists)
return ["object with the closest intersection point"];
} /* while ( stad is notempty)*/

[* if stadk is empty no intersectionhasbeenfound*/
return ['No object";
} /* RayTavAIlgRECA/
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Appendix C

C-pseudocodef recursve ray traversalalgorithmTAE . for the kd-tree.

[* Possibleorientationof the splitting planein theinterior nodeof the kd-treg */
/* "No _axis” denotesa leaf. */
enum Axes {X.axis, VY.axis, Z.axis, No.axis };

/* Declaration of the kd-treenode*/
struct KDTNode {

}

GeomObjlist  *obijlist; /* list of enclosedbjects*/
struct KDTNode *left; /* pointerto theleft child */
struct KDTNode *right; /* pointerto theright child */
Axes axis; [* orientationof the splitting plane*/

float splitPlane; [* positionof the splitting plane*/

[* Entry for stak operation.*/

S

}

truct StackElem {

KDTNode* node; /* pointerto far child */

float t; /* theentry/&it signeddistance*/

Point3D pb; /* thecoominatesof entry/&it point*/
int prev; /* thepointerto thepreviousstak item*/

/* Recusiveray traveisal algorithm.*/
Object RayTravAlgRECB(KDTNode *rootNode, Ray ray)

{

float a, b; /* entry/«it signeddistance*/
float t; /* signeddistanceto the splitting plane*/

[* intersectray with sceneBoxfind the entry and exit signeddistance*/
RayBoxIntersect(ray, rootNode, &a, &b);

if (ray does not intersect sceneBox )
return ['No object"];

[* stak requiredfor traveisalto store far children*/
StackElem stacklMAXDEPTH]; /* MAXDEPTHcouldbe50*/

/* pointersto thefar child nodeandcurrentnode*/
KDTNode *farChild, *currNode;
currNode = root; [* startfromthekd-treeroot node*/

int enPt = 0; /* setupinitial entrypoint... enPtcorrespondgo pointer*/
stack[enPt].t = a; [* setthesigneddistance*/

* distinguishbetweerinternal and externalorigin */

if (@ >= 0.0) /* araywithexternalorigin */
stack[enPt].pb = ray.origin + ray.dir * a;

else /* araywith internal origin */
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stack[enPt].pb = ray.origin;

/* setupinitial exit pointin thestad */
int exPt = 1; /* pointertothestad */

stack[exPt].t = b;
stack[exPt].pb = ray.origin + ray.dir * b
stack[exPt].node = "nowhere";  /* setterminationflag */

/* loop, traversethroughthewholekd-treg until an objectis intersectecdr ray leavesthe scene/
while (currNode does not point to "nowhere" ) {
[* loop until a leafis found*/
while (currNode is not a leaf) {
[* retrieve positionof splitting plane*/
float splitval = currNode->splitPlane;

[* similar codefor all axes*/
[* nextAxisisx = y,y — 2,z — Xx*/
I* prevAXisisz — X,y = X,y — z*/

if (stack[enPt].pb[axis] <= splitval) {
if (stack[exPt].pb[axis] <= splitval)
{ /* caseN1,N2,N3,P5,Z22,andZ3*/
currNode = currNode->left;
continue;
}
if (stack[exPt].pblaxis] == gplitVal) {
currNode = currNode->right;
continue; /* caseZl*/
A
/* caseN4*/
farChild = currNode->right;
currNode = currNode->left;
}
else { /* (stak[enPt].pb[axis] > split\al) */
if (splitvVal < stack[exPt].pb[axis]) {
/* caseP1,P2,P3,andN5*/
currNode = currNode->right;
continue;
Yot
[* caseP4*/
farChild = currNode->left;
currNode = currNode->right;

Yot
[* caseP4or N4... traversebothchildren*/

[* signeddistanceto the splitting plane*/
t = (splitval - ray.origin[axis]) [ ray.dir[axis];

* setupthe new exit point*/
int tmp = exPt;
Increment(exPt);
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[* possiblyskip currententry point sonotto overwritethedata*/
if (exPt == enPt)
Increment(exPt);

[* pushvaluesontothe stad */

stack[exPt].prev = tmp;

stack[exPt].t =t

stack[exPt].node = farChild;

stack[exPt].pb[axis] = splitval;

stack[exPt].pb[nextAxis] = ray.origin[nextAxis] +
t * ray.dir[nextAxis];

stack[exPt].pb[prevAxis] = ray.origin[prevAxis] +
t * ray.dir[prevAxis];

} /> while*/

[* currentnodeis theleaf. .. emptyor full */

"intersect ray with each object in the object list, discarding
"those lying before stack[enPt].t or farther than stack[exPt].t"
if ( any intersection exists )

return ["object with  closest intersection point"];

[* popfromthestad */
enPt = exPt; /* thesigneddistanceintervalsare adjacent*/

I* retrievethe pointerto the next node it is possiblethatray traverisal terminates/
currNode = stack[exPt].node;

exPt = stack[enPt].prev;
} I* while*/

/* currNode= "nowhere”, rayleaveshescenet/
return ['No object"];
} /* RayTavAIlgRECBY/
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Appendix D

C-pseudocodesoncerningay traversalalgorithmsfor the kd-treewith neighbolinks.

Algorithm determininga singleneighbotlink for onefaceof aleaf of the kd-tree.

[* Possibleorientationof the splitting planein theinterior nodeof the kd-treg */
/* "No _axis” denotesa leaf. */
enum Axes {Xaxis, Y.axis, Z.axis, No.axis };

I* Denotethefacesof kd-treenode*/
enum Faces {FLeft, FRight, FFront, FBack, FBottom, FTop};

[* Declaration of thekd-treenode*/
struct KDTNode {
Point3D min, max; /* extentof node... sixfloatvalues*/
GeomObjlist  *obijlist; /* list of enclosedbjects*/
struct KDTNode *left; [* pointerto theleft child */
struct KDTNode *right; /* pointerto theright child */
* links fromfacesto neighbos, eithersingleneighborlinks or neighborlinks trees*/
struct KDTNode *flinks[6];
Axes axis; [* orientationof thesplitting plane*/

float splitPlane; [* positionof the splitting plane*/
%
/* Givena nodeandoneof its faces find outthe singleneighborlink */
KDTNode* FindSingleNeighborLink(KDTNode *node, Faces face, KDTNode *rootNode)
{

KDTNode *currNode; /* currentlyaccessedode*/

if (node->box[face] is coplanar with a face of sceneBox)
I* rayleaveshe scendromthefaceof givennode*/
return ['No neighbor link  exists"];

[* stak requiredfor traversalto store far child nodes*/
KDTNode *stack[MAXDEPTH];  /* MAXDEPTHcouldbe50*/

/* seach startsfromtheroot node*/
stack.push(rootNode);

/* loop until wefind out the neighboklink */
while (stack is not empty) {
[* getcurrNodenodeon the path*/
currNode = stack.pop();

if (currNode is not leaf) {
/* currNodenodeis interior one*/
if (currNode->axis == node->axis) {
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[* splitting planeparallel with faceof node*/

if (node->box.GetExtent(face) < currNode->splittingPlane - epsilon)
stack.push(currNode->left);
else {
if (node->box.GetExtent(face) > currNode->splittingPlane + epsilon)
stack.push(currNode->right);
else {

[* the splitting planeunderlyingtheface selectthe opposite */
[* part of kd-treethat doesnotincludenode*/
if (face is a min face of the node)
[* it wasa minlimit —goto theleft*/
stack.push(currNode->left);
else
[* it wasa maxlimit —goto theright */
stack.push(currNode->right);
Yot
Yot
}
else {
[* it is someotheraxis sotestif it splitsthefaceor not*/
if (node->min[currNode->axis] >= currNode->splittingPlane)
[* greaterit avoidssplitting thefaceof node*/
stack.push(currNode->right);
else {
if (node->max[currNode->axis] <= currNode->splittingPlane)
/* smaller it avoidssplitting thefaceof node*/
stack.push(currNode->left);
it
} /*if axis... */
} /* if cuurentnodeis a leaf*/
} /* while stad is not empty*/

/* neighbotlink is located,it pointseitherto leaf or to theinterior node*/
return ["currNode'T;
} * FindSingleNeighborLink/

Algorithm replacinga singlelink by a neighboflinks treedecomposeéhto two procedures.

/* Givena nodeandface possiblyreplacesndirectneighboklink by correspondingheighborlinkstree*/

void BuildNeighborLinksTree(KDTNode *node, Faces face)
{

if (node->flinks[face] == NULL) return;

if (node->flinks[face] is leaf) return;

* the neighboklink pointsto aninterior kd-treenode */

/* it will bereplaceda neighborlinkstreeg it hassense/

node->flinks[face] = CreateNeighborLinkTree(node, node->flink[face], face);
} * BuildNeighborLinksiiee*/
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[* Alwayscreatesneighborlinkstree */
KDTNode* CreateNeighborLinksTree(KDTNode *node, KDTNode *subtree, Faces face)
{

/* currentnodeof the kd-tree*/

KDTNode *currNode = subtree;

while(currNode is not leaf) {
[* currNodeis aninterior node weare descendingo a leaf */

if (currNode->axis is perpendicular to face) {
if (node->box[face] is to the left of currNode->splitPlane)
currNode = currNode->left;
else {
if (node->box[face] is to the right of currNode->splitPlane)
currNode = currNode->right;
else {

/* limits are equalmale decisionregarding to the opositelimit */
if (face is a min face of currNode)

currNode = currNode->left; [* it wasa minlimit —goleft*/
else
currNode = currNode->right; [* it wasa maxlimit — goright */
it
}oxifx
}
else {

[* it is someotheraxissotestif it splitsthefaceor not*/
if (node->box is to the right of currNode->splitPlane)

currNode = currNode->right; [* greater*/

else {

if (node->box is to the left of currNode->splitPlane)
currNode = currNode->left; * smaller*/

else {
/* this nodeintersectstheface— it mustbe addedto the createdneighbotlinks tree*/
KDTNode *result = new KDTNode;
result->splitPlane = currNode->splitPlane;
result->axis = currNode->axis;
[* recusivelycall itselfto getwholeneighborlinks tree*/
result->left = NextRopeTreeNode(node, currNode->left, face);
result->right = NextRopeTreeNode(node, currNode->right, face);
return result;

it

} /*if axis.. ¥/
} /* if perpendicularto face*/
} /* while curr nodeis nota leaf*/

[* returntheleaf nodeof neigbhoutlinkstree*/
return currNode;
} /* CreateNeighborLinkg€e*/
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Raytraversalalgorithmfor the kd-treewith singleneighboflinks andneighbotlinks trees.

/* Raytraversal algorithmfor neighboklinks, */
[* leaf nodewher ray origin is locatedmaybe specifiedjf known.*/

Object RayTravAlgNL(Ray ray, KDTNode *leafOrigin, KDTNode *rootNode)
{
KDTNode *currLeaf = leafOrigin; [* currentlyaccessedkaf nodeof kd-tree*/
Point3D  exitPoint; [* exit pointof currentleaf node*/

if (currLeaf is not valid leaf od kd-tree) {
float a, b; /* entry/«it pointsigneddistances/

[* intersectray with sceneBoxfind the entryand exit signeddistance*/
RayBoxIntersect(ray, rootNode, &a, &b);

if (ray does not intersect sceneBox)
return ['"No object";

[* entryintersectionpointof ray andsceneBox/
exitPoint = ray.origin + ray.dir * (a + epsilon);

/* locatethefirstleafalongtheray path*/
currLeaf = LocatelLeaf(rootNode, exitPoint);

}

[* traversethroughwholekd-treeuntil the objectis intersectedor theray leaveshescenet/
while (true) { /* endlesdoop*/
if (currLeaf is not empty leaf) {

"intersect ray with each primitive in the object list"
"discarding those lying outside the leaf bounding box"
if (any intersection exists)
return ["object with the closest intersection point"];
it
[* exit-facedeterminatiorfor exit intersectionpoint*/
nextExitFace = GetExitFace(currNode, ray, exitPoint);
if (currLeaf.flinks[nextExitFace] does point outside the sceneBox)
return ['"No object"; [* theray exits thescenet/
if (currLeaf.flinks[nextExitFace] is a leaf)
currLeaf = currLeaf.flinks[nextExitFace];
else
currLeaf = LocateLeaf(currLeaf.flinks[nextExi tFace ], exitPoint);
} /* while*/

} /* RayTavAlgNL*/
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Appendix E

The experimentalresultsfor SPD scenesarepresentedereprimarily for testingprocedurelTPp. The
experimentdor settingdescribeanlines0-47wereconductedn PC,Intel Pentiumll MMX, 466Mhz,
128MB RAM, runningLinux operatingsystem(kernelversion2.2.12-20)egcs-1.1.Zompilerrelease,
optimizationswitches-02”. In addition,for lines33—-47compilersetting“-DNDEBUG” wasused(for
this reasornthe resultsfor line 45 and 13 differ in subse®®). Theresultsarepresentedn takular form
usingthe minimumtestingoutput(describedn Chapter2). Theresultsfor eachout of 30 SPD scenes
arepresentedyith severalinvariantsof the measuremenelatedto TPp:

NQ{E;-' numberof primaryraysintersectinghe sceneaxis-alignedooundingbox,
Nt numberof primaryraysintersectinganobject,

Nseo numberof secondaryays(reflectedraysandrefractedrays),

NQIE - numberof secondaryaysintersectinganobject(reflectedandrefractedrays),
Nshagw  humberof shadev rays,

NAt - numberof shadev rayshitting opaqueobjects,

TMIN: minimumapplicationrunningtime,

Tapp: remainingapplicationtime,

TN idealray shootingtime. (SeeChapter2 for details.)

Severalotherscenecharacteristicaregivenin Table3.2, Chapter3.

In experimentsfor the kd-treesbuilt for specialray sets(parallel, perspective spherica), these
invariantsdo not hold, we do not statethemhere.Othersettingsusedin Tables:

Line 0: “naive RSA (for several experimentsjntegral countersoverflew; the resultsarenot fully re-
ported),

Line 48: BVH —boundingvolumehierarchy(Subsectior8.5.2andSubsectiori.6.2),
Line 49: O84- octree(Subsectior8.5.2andSubsubsectiot.6.3.2),

Line 50: O89- octree(Subsectior8.5.2andSubsubsectiot.6.3.2),

Line 51: BSP- binaryspacepartitioningtree(Subsectior8.5.2andSubsubsectiof.6.3.1),
Line 52: 093-octree(Subsectior8.5.2andSubsubsectiot.6.3.2),

Line 53: UG — uniform grid (Subsectior8.5.2andSubsubsectiot.6.3.3),

Line 54: AG —adaptve grid (Subsectior8.5.2andSubsubsectiof.6.3.4),

Line 55: HUG — hierarchyof uniform grids (Subsectior8.5.2andSubsubsectiot.6.3.4),
Line 56: RG—recursve grids(Subsectior8.5.2andSubsubsectiot.6.3.4),

Line 57: O84A - Octree-R(Subsectior8.5.2andSubsubsectiof.6.3.2),

Line 58: O93A - Octree-R(Subsectior8.5.2andSubsubsectiof.6.3.2),

Line 59: KD — kd-tree(Subsectior8.5.2,Chapter4, andChapters),
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Mnemonic Notation for Tablesin Appendix E

The settingfor the experimentss describedn two Sections.In Section4.10,lines 1-32,the settingis
describedor kd-tree constructioralgorithms.In Section5.5, lines 3347 ,the settingis describedor
ray traversalalgorithms.The secondcolumnin thetablesgivesmnemonicsymbolsfor the settingused
in the experimentswherethe following symbolsareused:

(atc): automatiderminationcriteria(Section4.5),

(dmaxNmax): adhocterminationcriteriawith maximumleafdepthdnaxandmaximumnumber
of objectsin aleaf Nmax (Subsubsection.2.4.1),

objmed: objectmediansubdvision (Subsectior.2.2),

spatmed: spatialmediansubdvision (i.e. BSPtree,Subsectiont.2.2),

Xyz: cyclical changeof splitting planeorientationstartingwith the x-axis (Subsec-
tion4.2.1),

GCM,GCM2,GCM3: generakostmodel(Sectior4.7),

LC: late emptyspacecutting off (Subsectior®.4.3),

OSAH: ordinarysurfaceareaheuristic(Subsectiort.2.2),

PAR: ray setinducedby parallelprojection(Sectior4.8),

PARSAH: parallelsurfaceareaheuristic(Subsectiort.8.1),

PER: ray setinducedby perspectie projection(Section4.8),
PERSAH: perspectie surfaceareaheuristic(Subsectiort.8.2),

RMI: searclrestrictedto medianinterval (Subsubsection.2.3.4),
SPH: ray setinducedby sphericalprojection(Section4.8),
SPHSAH: sphericakurfaceareaheuristic(Subsectiort.8.3),

TAseq sequentiatay traversalalgorithm(Subsectiorb.3.1),

TAR slower recursve ray traversalalgorithm(Subsectiorb.3.2),

TAR fastemrecursve ray traversalalgorithm(Section5.4),

TAsNL: ray traversalalgorithmwith singleneighboulinks (Section5.4),
TANLT: ray traversalalgorithmwith neighbouwilinks trees(Section5.4),
TPC: two-planeemptyspacecutting off (Subsectior.4.4).

If not statedexplicitly by PAR, PER, or SPH, the distribution of rayswas inducedby the testing

procedurel Pp. Thesameholdsfor theray traversalalgorithm. If notstatedexplicitly, therecursve ray

traversalalgorithmTAE,. is used.Symbol“~" denotesinknawn value.
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Scene= "balls3’
Minimum TestingOutput
Line MnemonicNotation z A (€]

Ng Ne Neg NERr "™ ‘ Nrs ‘ NeTs ‘ NEgTS Ts TR | ©app ‘ Orat ORUN
0 nave RSA 0 0 1 821 - 0 0 0 0.00 314.77 12.07 1.0 749.45
1 spatmed-xyz(16,2) 526 527 219 2373 78.07 57.46 11.02 5.83 0.02 27.02 12.07 0.42 52.26
2 objmed-xyz(16,2) 4323 4324 185 8025 56.10 66.82 14.68 0.96 0.13 28.28 12.07 0.31 55.26
3 objmed(16,2) 3829 3830 110 7192 61.00 63.32 14.92 0.43 0.16 29.44 12.07 0.34 58.02
4 OSAH(16,2) 1569 1570 295 2608 9.78 19.56 3.98 1.01 0.13 12.66 12.07 0.21 18.07
5 OSAH-RMI(16,2) 1569 1570 295 2608 9.78 19.56 3.98 1.01 0.13 12.26 12.07 0.21 17.12
6 OSAH-xyz(16,2) 1779 1780 306 2964 9.68 21.87 4.64 1.74 0.07 12.49 12.07 0.19 17.67
7 OSAH(8,1) 65 66 3 989 64.44 11.36 2.69 0.17 0.06 18.20 12.07 0.75 31.26
8 OSAH(8,2) 64 65 3 988 64.45 11.36 2.69 0.17 0.06 18.01 12.07 0.75 30.81
9 OSAH(16,1) 2411 2412 663 3076 9.01 21.47 4.34 1.24 0.13 12.64 12.07 0.18 18.02
10 OSAH(16,2) 1569 1570 295 2608 9.78 19.56 3.98 1.01 0.13 12.66 12.07 0.21 18.07
11 OSAH(24,1) 9063 9064 1120 10930 8.30 24.15 4.78 1.38 0.30 13.22 12.07 0.16 19.40
12 OSAH(24,2) 3667 3668 340 6321 9.49 20.51 4.13 1.03 0.18 12.54 12.07 0.20 17.79
13 OSAH(atc) 767 768 158 1674 12.38 18.57 3.87 0.96 0.09 12.61 12.07 0.26 17.95
14 OSAH2(atc) 1098 1099 145 2154 11.91 22.26 4.39 1.23 0.13 13.02 12.07 0.22 18.93
15 OSAH+LC(atc) 790 791 158 1732 12.38 18.57 3.87 0.96 0.09 12.61 12.07 0.26 17.95
16 OSAH+TPC(atc) 732 733 148 1646 12.39 18.51 3.86 0.96 0.11 12.56 12.07 0.26 17.83
17 OSAH+TPC+LC(atc) 813 814 148 1829 12.38 18.57 3.87 0.96 0.13 11.60 12.07 0.26 15.55
18 OSAH+LC(16,1) 2411 2412 663 3076 9.01 21.47 4.34 1.24 0.17 11.72 12.07 0.18 15.83
19 OSAH+TPC(16,1) 2409 2410 665 3074 9.01 21.48 4.34 1.24 0.17 11.82 12.07 0.18 16.07
20 OSAH+TPC+LC(16,1) 2409 2410 665 3074 9.01 21.48 4.34 1.24 0.17 11.75 12.07 0.18 15.90
21 OSAH+PR(atc) 767 768 158 1492 11.97 18.44 3.86 0.98 0.12 11.83 12.07 0.25 16.10
22 OSAH+SC(atc) 720 721 202 1468 11.22 18.29 3.85 1.19 0.15 12.03 12.07 0.25 16.57
23 OSAH+GCM(atc) 906 907 182 1859 11.95 19.54 4.05 1.05 2.52 12.39 12.07 0.25 17.43
24 OSAH+GCM2(atc) 1535 1536 87 3695 14.25 22.71 4.58 0.92 4.65 13.35 12.07 0.25 19.71
25 OSAH+GCM3(atc) 791 792 76 2040 19.44 21.63 4.13 0.58 2.38 13.81 12.07 0.32 20.81
26 OSAH+RAR(atc) 767 768 158 1674 6.08 21.25 4.84 1.39 0.10 4.16 13.00 0.36 7.80
27 PARSAH+PAR(atc) 812 813 174 1723 5.98 21.33 4.83 1.38 0.14 4.15 13.00 0.35 7.75
28 OSAH+PER(atc) 767 768 158 1674 5.93 21.06 4.84 1.56 0.11 4.23 12.43 0.39 7.71
29 PERSAH+PER(atc) 1241 1242 284 2142 5.17 23.85 5.56 1.90 24.21 4.33 12.43 0.35 8.19
30 SPHSAH+PER(atc) 702 703 129 1688 6.98 20.78 4.82 1.12 0.78 4.33 12.43 0.43 8.19
31 OSAH+SPH(atc) 767 768 158 1674 5.86 20.74 4.76 1.53 0.11 4.50 12.04 0.43 7.52
32 SPHSAH+SPH(atc) 702 703 129 1688 6.90 20.50 4.75 1.10 0.78 4.62 12.04 0.48 8.04
33 OSAH+TAse(16,2) 1569 1570 295 2608 10.30 46.11 4.10 1.01 0.10 16.31 12.07 0.12 26.76
34 OSAH+TAf‘eC(16,2) 1569 1570 295 2608 9.78 19.56 3.98 1.01 0.10 12.55 12.07 0.18 17.81
35 OSAH+TAPeC(16,2) 1569 1570 295 2608 9.78 19.56 3.98 1.01 0.10 11.47 12.07 0.21 15.24
36 OSAH+TAgn (16,2) 1569 1570 295 2608 10.30 18.24 4.11 1.01 0.11 12.06 12.07 0.19 16.64
37 OSAH+TANLT(16,2) 10510 1570 295 2608 10.30 16.54 4.10 1.01 0.14 12.33 12.07 0.19 17.29
38 OSAH+TAse(18,2) 2196 2197 337 3492 10.03 48.44 4.20 1.03 0.12 16.65 12.07 0.11 27.57
39 OSAH+TAf‘eC(18,2) 2196 2197 337 3492 9.51 20.11 4.07 1.03 0.12 12.72 12.07 0.17 18.21
40 OSAH+TArBeC(18,2) 2196 2197 337 3492 9.51 20.11 4.07 1.03 0.11 11.58 12.07 0.20 15.50
41 OSAH+TAgn (18,2) 2196 2197 337 3492 10.04 18.76 4.20 1.03 0.16 12.11 12.07 0.18 16.76
42 OSAH+TANLT(18,2) 14308 2197 337 3492 10.03 16.97 4.20 1.03 0.18 12.20 12.07 0.18 16.98
43 OSAH+TAseqatc) 767 768 158 1674 12.92 42.39 3.97 0.96 0.08 16.16 12.07 0.15 26.40
44 OSAH+TAfgC(atc) 767 768 158 1674 12.38 18.57 3.87 0.96 0.09 12.64 12.07 0.23 18.02
45 OSAH+TArBeC(atc) 767 768 158 1674 12.38 18.57 3.87 0.96 0.08 11.67 12.07 0.26 15.71
46 OSAH+TAgp (atc) 767 768 158 1674 12.92 17.25 3.97 0.96 0.09 12.15 12.07 0.24 16.86
47 OSAH+TANLT (atc) 5207 768 158 1674 12.92 15.72 3.97 0.96 0.09 12.23 12.07 0.24 17.05
48 BVH 106 520 0 821 37.19 25.89 17.40 0.00 0.05 197.49 - - -
49 084 262 1835 853 4500 69.15 119.30 19.56 12.16 0.04 73.33 - - -
50 089 262 1835 853 4500 69.34 76.73 19.55 12.16 0.03 50.37 - - -
51 BSP 526 527 219 2373 78.07 57.46 11.02 5.83 0.85 82.40 - - -
52 093 262 1835 853 4500 68.21 66.33 26.33 19.02 0.03 68.55 - - -
53 UG 0 4107 2720 2502 141.67 5.21 5.21 2.58 0.03 45.45 - - -
54 AG 22 2754 1257 3734 17.88 7.07 6.28 3.13 0.08 23.18 - - -
55 HUG 14 852 366 1436 681.67 6.48 3.37 1.33 0.03 281.01 - - -
56 RG 127 2922 577 6856 25.92 10.31 7.36 2.63 0.03 28.96 - - -
57 084A 1350 9451 1418 15373 13.09 41.51 8.61 4.60 0.19 32.29 - - -
58 KD 1569 1570 295 2608 9.78 19.56 3.98 1.01 0.30 21.40 — — —

Tablel: Experimentatesultsfor scené'balls3'.
N =821,
TPo: Nprim = 263169, NO% = 263169, Nfft, = 263169, Nsec= 151293, NLI = 104440,

Nshag= 921077, NI =

236800, TMN[g] =5.49, Tappld =5.07, TMIN[g = 0.42.
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Scene= “gears?’

AppendixE

Minimum TestingOutput

Line MnemonicNotation z A [S]

Ng Ne ‘ Nee ‘ NER NnT™ ‘ Nrs ‘ NeTs ‘ NegTs Ts ‘ TR ‘ Oapp Orat ‘ OrUN
0 nave RSA 0 0 1 1169 - 0 0 0 0.00 1166.83 6.82 1.0 783.11
1 spatmed-xyz(16,2) 2247 2248 156 9196 13.79 23.38 3.95 1.20 0.06 27.75 6.82 0.49 11.81
2 objmed-xyz(16,2) 6356 6357 490 13596 19.66 46.04 8.95 4.07 0.20 36.85 6.82 0.41 17.91
3 objmed(16,2) 8543 8544 619 15906 45.29 66.50 13.09 0.62 0.32 61.04 6.82 0.52 34.15
4 OSAH(16,2) 3295 3296 40 7546 7.55 17.00 2.98 0.53 0.19 23.71 6.82 0.42 9.09
5 OSAH-RMI(16,2) 3295 3296 40 7546 7.55 17.00 2.98 0.53 0.19 23.45 6.82 0.42 8.92
6 OSAH-xyz(16,2) 2157 2158 90 5325 8.07 20.78 4.04 1.70 0.10 24.74 6.82 0.38 9.79
7 OSAH(8,1) 90 91 11 1386 40.52 12.38 2.54 0.51 0.07 35.40 6.82 0.84 16.94
8 OSAH(8,2) 90 91 11 1386 40.52 12.38 2.54 0.51 0.07 35.36 6.82 0.84 16.91
9 OSAH(16,1) 5624 5625 165 9338 6.10 18.54 3.18 0.56 0.23 22.69 6.82 0.34 8.41
10 OSAH(16,2) 3295 3296 40 7546 7.55 17.00 2.98 0.53 0.19 23.71 6.82 0.42 9.09
11 OSAH(24,1) 14969 14970 1021 21134 5.70 19.30 3.34 0.60 0.49 22.90 6.82 0.32 8.55
12 OSAH(24,2) 6977 6978 190 14573 7.31 17.26 3.02 0.54 0.30 22.97 6.82 0.40 8.60
13 OSAH(atc) 3297 3298 78 6229 6.57 17.89 3.10 0.55 0.18 22.73 6.82 0.37 8.44
14 OSAH2(atc) 3265 3266 159 6267 6.17 21.09 3.71 1.34 0.24 23.98 6.82 0.32 9.28
15 OSAH+LC(atc) 3842 3843 78 7629 6.50 18.10 3.12 0.55 0.22 23.04 6.82 0.36 8.64
16 OSAH+TPC(atc) 2412 2413 81 5095 6.87 17.56 3.07 0.56 0.17 23.04 6.82 0.38 8.64
17 OSAH+TPC+LC(atc) 3912 3913 86 8016 6.59 18.06 3.12 0.56 0.28 21.80 6.82 0.37 7.81
18 OSAH+LC(16,1) 5626 5627 167 9338 6.10 18.54 3.18 0.56 0.30 21.49 6.82 0.34 7.60
19 OSAH+TPC(16,1) 5620 5621 175 9334 6.12 18.58 3.20 0.56 0.29 21.78 6.82 0.34 7.80
20 OSAH+TPC+LC(16,1) 5622 5623 177 9334 6.12 18.58 3.20 0.56 0.30 22.70 6.82 0.34 8.42
21 OSAH+PR(atc) 3297 3298 78 5691 6.40 17.90 3.11 0.55 0.55 22.59 6.82 0.36 8.34
22 OSAH+SC(atc) 3302 3303 81 6182 6.57 17.91 3.10 0.55 0.29 23.09 6.82 0.37 8.68
23 OSAH+GCM(atc) 4934 4935 109 8655 6.85 19.61 3.48 0.43 15.45 23.41 6.82 0.36 8.89
24 OSAH+GCM2(atc) 8020 8021 240 14595 7.81 22.92 3.79 0.50 40.60 24.54 6.82 0.35 9.65
25 OSAH+GCM3(atc) 3491 3492 228 6697 9.48 26.39 4.37 0.95 11.54 26.00 6.82 0.36 10.63
26 OSAH+RAR(atc) 3297 3298 78 6229 2.34 11.60 2.05 0.21 0.21 5.86 8.02 0.70 3.25
27 PARSAH+FAR(atc) 3889 3890 136 6925 2.24 11.86 2.09 0.27 0.26 5.70 8.02 0.66 2.94
28 OSAH+PER(atc) 3297 3298 78 6229 2.66 13.47 2.17 0.25 0.21 5.61 8.17 0.65 3.52
29 PERSAH+PER(atc) 4046 4047 170 7290 2.49 13.41 2.31 0.46 21.93 5.40 8.17 0.60 3.08
30 SPHSAH+PER(atc) 4264 4265 634 9174 4.51 18.20 3.02 0.79 1.04 5.87 8.17 0.59 4.06
31 OSAH+SPH(atc) 3297 3298 78 6229 2.66 13.30 2.14 0.24 0.21 5.79 8.02 0.64 3.12
32 SPHSAH+SPH(atc) 4264 4265 634 9174 4.50 18.13 3.02 0.81 1.04 6.21 8.02 0.61 3.92
33 OSAH+TAse((16,2) 3295 3296 40 7546 10.58 31.36 3.01 0.53 0.15 26.30 6.82 0.31 10.83
34 OSAH+'IAﬁec(lG,2) 3295 3296 40 7546 7.55 17.00 2.98 0.53 0.15 23.41 6.82 0.37 8.89
35 OSAH+'IAP9C(16,2) 3295 3296 40 7546 7.55 17.00 2.98 0.53 0.16 21.93 6.82 0.42 7.90
36 OSAH+TAgn (16,2) 3295 3296 40 7546 10.58 15.41 3.01 0.53 0.19 21.77 6.82 0.43 7.79
37 OSAH+TANLT(16,2) 14579 3296 40 7546 10.58 14.60 3.01 0.53 0.21 23.19 6.82 0.38 8.74
38 OSAH+TAse((18,2) 4799 4800 98 10190 10.26 31.99 3.03 0.53 0.20 26.54 6.82 0.29 10.99
39 OSAH+'IAﬁec(18,2) 4799 4800 98 10190 7.33 17.20 3.01 0.53 0.16 23.55 6.82 0.36 8.99
40 OSAH+'IAP9C(18,2) 4799 4800 98 10190 7.33 17.20 3.01 0.53 0.19 21.87 6.82 0.41 7.86
41 OSAH+TAgn (18,2) 4799 4800 98 10190 10.26 15.58 3.04 0.53 0.25 21.71 6.82 0.42 7.75
42 OSAH+TANLT(18,2) 20364 4800 98 10190 10.26 14.75 3.04 0.53 0.30 22.15 6.82 0.40 8.05
43 OSAH+TAseqatc) 3297 3298 78 6229 9.24 33.53 3.13 0.55 0.14 26.44 6.82 0.26 10.93
44 OSAH+TA{*ec(atc) 3297 3298 78 6229 6.57 17.89 3.10 0.55 0.16 23.36 6.82 0.32 8.86
45 OSAH+'IAPec(atc) 3297 3298 78 6229 6.57 17.89 3.10 0.55 0.15 21.54 6.82 0.37 7.64
46 OSAH+TAgN (atc) 3297 3298 78 6229 9.24 16.20 3.13 0.55 0.20 21.62 6.82 0.37 7.69
47 OSAH+TANLT (atc) 14410 3298 78 6229 9.24 15.09 3.13 0.55 0.22 21.80 6.82 0.36 7.81
48 BVH 143 762 0 1169 37.59 35.70 27.66 0.00 0.07 444.67 - - -
49 084 1185 8296 2820 17960 11.36 27.93 5.65 2.81 0.09 48.97 - - -
50 089 1185 8296 2820 17960 10.64 21.48 5.49 2.81 0.07 41.43 - - -
51 BSP 2247 2248 156 9196 13.79 23.38 3.95 1.20 1.15 121.18 - - -
52 093 1357 9500 3508 19636 9.74 20.46 7.95 5.55 0.09 49.88 - - -
53 UG 0 5887 4371 4121 18.95 8.42 8.42 5.56 0.04 40.22 - - -
54 AG 116 5122 0 10112 9.41 4.41 3.40 0.00 0.23 45.39 - - -
55 HUG 15 3480 0 8100 36.82 4.95 1.69 0.00 0.08 73.80 - - -
56 RG 347 6374 2464 18917 20.30 8.36 6.42 3.18 0.06 50.71 - - -
57 O84A 4349 30444 7658 53542 8.60 30.98 6.23 3.33 0.57 49.40 - - -
58 KD 3295 3296 40 7546 7.55 17.00 2.98 0.53 0.60 38.96 - - -

Table2: Experimentatesultsfor scené’'gearsZ’.
N=1169,
TPp: Nprim = 263169, Nfil, = 263169, Nfjt, = 243148, Nsec= 270124, Ni% = 191717,

Nshad= 1565640, NIt = 369157, TMIN[§ = 1165, Tapp[s = 10.16, TMN[g = 1.49.
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Scene= “jacks3
Minimum TestingOutput
Line MnemonicNotation z A (€]

Ng Ne ‘ NEg ‘ Ner NT™ ‘ Nrs NeTs ‘ NeeTs T8 ‘ TR ‘ Oapp Orat ‘ ORJN
0 ndave RSA 0 0 1 657 - 0 0 0 0.00 155.50 7.65 1.0 676.09
1 spatmed-xyz(16,2) 9091 9092 256 21468 34.87 32.72 6.31 0.84 0.08 9.86 7.65 0.49 35.22
2 objmed-xyz(16,2) 5032 5033 300 9540 37.03 35.27 6.95 0.76 0.13 9.64 7.65 0.49 34.26
3 objmed(16,2) 4879 4880 176 9517 39.74 34.32 6.81 0.23 0.20 10.18 7.65 0.51 36.61
4 OSAH(16,2) 2678 2679 258 4614 22.40 26.50 5.08 1.27 0.14 7.32 7.65 0.44 24.17
5 OSAH-RMI(16,2) 2678 2679 258 4614 22.40 26.50 5.08 1.27 0.14 7.27 7.65 0.44 23.96
6 OSAH-xyz(16,2) 2762 2763 243 4814 22.34 25.46 4.92 1.08 0.09 7.03 7.65 0.44 2291
7 OSAH(8,1) 209 210 49 1270 56.62 14.92 3.12 1.01 0.05 8.96 7.65 0.78 31.30
8 OSAH(8,2) 196 197 36 1270 57.65 14.55 3.04 0.76 0.05 9.03 7.65 0.78 31.61
9 OSAH(16,1) 5499 5500 1108 6546 16.53 32.57 6.09 2.55 0.20 7.11 7.65 0.32 23.26
10 OSAH(16,2) 2678 2679 258 4614 22.40 26.50 5.08 1.27 0.14 7.32 7.65 0.44 24.17
11 OSAH(24,1) 10584 10585 1184 13622 16.39 35.87 6.59 2.57 0.33 7.42 7.65 0.29 24.61
12 OSAH(24,2) 4611 4612 258 8617 22.78 28.08 5.33 127 0.20 7.52 7.65 0.43 25.04
13 OSAH(atc) 1687 1688 630 2330 22.07 24.37 4.71 2.24 0.11 6.78 7.65 0.45 21.83
14 OSAH2(atc) 2636 2637 442 3706 20.74 28.02 5.33 1.82 0.18 7.02 7.65 0.40 22.87
15 OSAH+LC(atc) 2658 2659 631 4607 22.63 27.12 5.21 2.24 0.15 7.25 7.65 0.43 23.87
16 OSAH+TPC(atc) 1054 1055 358 1937 26.42 21.64 4.21 1.87 0.10 6.86 7.65 0.53 22.17
17 OSAH+TPC+LC(atc) 2347 2348 360 4913 26.59 25.89 4.98 1.87 0.18 7.31 7.65 0.48 24.13
18 OSAH+LC(16,1) 5499 5500 1108 6546 16.53 32.57 6.09 2.55 0.24 6.81 7.65 0.32 21.96
19 OSAH+TPC(16,1) 5506 5507 1106 6561 16.54 32.57 6.08 2.54 0.24 6.84 7.65 0.32 22.09
20 OSAH+TPC+LC(16,1) 5506 5507 1106 6561 16.54 32.57 6.08 2.54 0.26 6.93 7.65 0.32 22.48
21 OSAH+PR(atc) 1687 1688 630 1656 17.82 24.45 4.73 2.24 0.18 6.09 7.65 0.40 18.83
22 OSAH+SC(atc) 1990 1991 1161 1512 9.78 25.85 5.00 3.26 0.18 5.27 7.65 0.26 15.26
23 OSAH+GCM(atc) 2591 2592 715 3393 17.95 28.13 5.43 2.43 7.04 6.75 7.65 0.37 21.70
24 OSAH+GCM2(atc) 5517 5518 195 10223 24.69 33.83 6.24 1.38 15.02 8.17 7.65 0.40 27.87
25 OSAH+GCM3(atc) 3810 3811 450 5965 23.66 32.18 5.88 1.63 10.89 7.68 7.65 0.40 25.74
26 OSAH+FAR(atc) 1687 1688 630 2330 12.32 15.37 3.08 1.89 0.12 1.90 7.00 0.37 12.00
27 PARSAH+FAR(atc) 3806 3807 274 11374 4.90 5.91 0.51 0.15 0.34 1.35 7.00 0.55 6.50
28 OSAH+PER(atc) 1687 1688 630 2330 13.23 18.32 3.64 2.29 0.12 2.40 7.31 0.37 11.15
29 PERSAH+PER(atc) 1765 1766 580 3129 8.99 11.66 2.16 1.34 30.37 2.02 7.31 0.46 8.23
30 SPHSAH+PER(atc) 3251 3252 802 8140 22.89 16.82 3.32 1.70 1.56 2.83 7.31 0.56 14.46
31 OSAH+SPH(atc) 1687 1688 630 2330 13.22 18.25 3.63 2.28 0.12 2.75 7.86 0.45 11.79
32 SPHSAH+SPH(atc) 3251 3252 802 8140 22.80 16.73 3.31 1.69 1.58 3.12 7.86 0.59 14.43
33 OSAH+TAse(16,2) 2678 2679 258 4614 22.88 64.46 5.15 1.27 0.12 9.42 7.65 0.29 33.30
34 OSAH+TAf\eC(16,2) 2678 2679 258 4614 22.40 26.50 5.08 1.27 0.10 7.55 7.65 0.38 25.17
35 OSAH+TAPeC(16,2) 2678 2679 258 4614 22.40 26.50 5.08 1.27 0.12 6.78 7.65 0.44 21.83
36 OSAH+TAgN (16,2) 2678 2679 258 4614 22.89 22.08 5.15 1.27 0.16 7.74 7.65 0.37 26.00
37 OSAH+TANLT(16,2) 18243 2679 258 4614 22.89 18.53 5.15 1.27 0.16 7.75 7.65 0.37 26.04
38 OSAH+TAse(18,2) 3436 3437 258 6114 23.19 68.50 5.32 1.27 0.14 9.72 7.65 0.28 34.61
39 OSAH+TAf\eC(18,2) 3436 3437 258 6114 22.66 27.44 5.24 1.27 0.13 7.84 7.65 0.36 26.43
40 OSAH+TAPeC(18,2) 3436 3437 258 6114 22.66 27.44 5.24 1.27 0.14 6.91 7.65 0.43 22.39
41 OSAH+TAgN (18,2) 3436 3437 258 6114 23.19 22.86 5.32 1.27 0.19 7.86 7.65 0.36 26.52
42 OSAH+TANLT(18,2) 22027 3437 258 6114 23.19 19.13 5.32 1.27 0.21 7.80 7.65 0.37 26.26
43 OSAH+TAseqatc) 1687 1688 630 2330 22.59 55.46 4.76 2.24 0.10 8.59 7.65 0.31 29.70
44 OSAH+TAf‘eC(atc) 1687 1688 630 2330 22.07 24.37 4.71 2.24 0.09 7.11 7.65 0.39 23.26
45 OSAH+TAPeC(atC) 1687 1688 630 2330 22.07 24.37 4.71 2.24 0.10 6.41 7.65 0.45 20.22
46 OSAH+TAgN_ (atc) 1687 1688 630 2330 22.59 20.56 4.76 2.24 0.12 7.13 7.65 0.39 23.35
47 OSAH+TANLT (atc) 12617 1688 630 2330 22.59 17.43 4.76 2.24 0.14 7.24 7.65 0.38 23.83
48 BVH 73 383 0 657 63.43 25.04 17.77 0.00 0.05 79.72 - - -
49 084 4143 29002 2046 56486 36.77 48.72 8.48 1.96 0.18 18.58 - - -
50 089 4143 29002 2046 56486 36.74 33.47 8.48 1.96 0.14 15.49 - - -
51 BSP 9091 9092 256 21468 34.87 32.72 6.31 0.84 0.31 15.94 - - -
52 093 4143 29002 2046 56486 35.94 32.41 14.45 8.04 0.17 18.15 - - -
53 V]e] 0 3120 1724 4698 36.58 7.05 7.05 3.58 0.03 10.46 - - -
54 AG 36 1929 610 3926 48.04 11.06 8.95 2.00 0.12 21.12 - - -
55 HUG 75 1866 988 2652 51.83 13.29 8.99 3.80 0.04 19.85 - - -
56 RG 147 2130 336 6782 48.27 7.41 5.44 1.64 0.03 14.01 - - -
57 084A 3929 27504 1226 58938 31.80 42.49 7.72 2.00 0.41 16.56 - - -
58 KD 2678 2679 258 4614 22.40 26.50 5.08 1.27 0.43 10.63 - - -

Table3: Experimentatesultsfor scene‘jacks3.
N = 657,
TPp: Nprim = 263169, NI = 191115, Nfit | = 72548, Ngec= 119316, NOt = 49502,

Nshag= 97328, NI =

prim

33063, TMIN[§ =1.99, Tappls = 1.76, TMN[g =0.23.
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Scene= “lattice6’

AppendixE

Minimum TestingOutput

Line MnemonicNotation z A (€]

Ng ‘ Ne Nee NER NT™ ‘ Nrs ‘ NeTs ‘ NegTs T8 TR | ©ppp ‘ Orat ORIN

0 nave RSA 0 0 1 1225 - 0 0 0 0.01 1313.17 8.15 1.0 1193.79
1 spatmed-xyz(16,2) 9791 9792 0 22056 16.02 35.05 6.21 0.00 0.12 32.80 8.15 0.60 21.67
2 objmed-xyz(16,2) 2680 2681 388 4494 11.21 29.70 5.32 0.88 0.11 24.92 8.15 0.56 14.51
3 objmed(16,2) 1944 1945 0 3818 13.91 28.46 5.26 0.00 0.13 27.86 8.15 0.62 17.18
4 OSAH(16,2) 2171 2172 200 3736 10.37 26.82 4.88 0.72 0.14 25.46 8.15 0.56 15.00
5 OSAH-RMI(16,2) 2171 2172 200 3736 10.37 26.82 4.88 0.72 0.14 25.04 8.15 0.56 14.62
6 OSAH-xyz(16,2) 2037 2038 95 3743 10.98 25.92 4.69 0.36 0.09 25.06 8.15 0.58 14.64
7 OSAH(8,1) 255 256 1 2019 37.03 15.76 3.28 0.01 0.08 46.11 8.15 0.89 33.77
8 OSAH(8,2) 255 256 1 2019 37.03 15.76 3.28 0.01 0.08 46.14 8.15 0.89 33.80
9 OSAH(16,1) 8419 8420 682 9502 4.96 35.70 6.11 2.54 0.26 23.35 8.15 0.32 13.08
10 OSAH(16,2) 2171 2172 200 3736 10.37 26.82 4.88 0.72 0.14 25.46 8.15 0.56 15.00
11 OSAH(24,1) 8944 8945 682 10027 4.94 35.73 6.11 2.54 0.28 23.20 8.15 0.31 12.95
12 OSAH(24,2) 2171 2172 200 3736 10.37 26.82 4.88 0.72 0.14 24.84 8.15 0.56 14.44
13 OSAH(atc) 6896 6897 682 7979 5.18 35.41 6.10 2.54 0.24 23.62 8.15 0.33 13.33
14 OSAH2(atc) 7239 7240 577 8427 5.57 36.04 6.19 2.29 0.33 24.20 8.15 0.34 13.85
15 OSAH+LC(atc) 7183 7184 682 8266 5.11 35.49 6.10 2.54 0.28 23.58 8.15 0.32 13.29
16 OSAH+TPC(atc) 4886 4887 675 5976 6.03 34.07 6.01 2.53 0.21 24.08 8.15 0.37 13.75
17 OSAH+TPC+LC(atc) 5466 5467 669 6570 5.61 34.34 5.95 2.49 0.29 22.50 8.15 0.35 12.31
18 OSAH+LC(16,1) 8619 8620 685 9699 4.95 35.72 6.07 2.51 0.35 22.17 8.15 0.31 12.01
19 OSAH+TPC(16,1) 8615 8616 683 9697 4.90 35.83 6.05 2.51 0.31 22.08 8.15 0.31 11.93
20 OSAH+TPC+LC(16,1) 8615 8616 683 9697 4.90 35.83 6.05 2.51 0.37 22.15 8.15 0.31 11.99
21 OSAH+PR(atc) 6896 6897 682 7979 5.18 35.41 6.10 2.54 0.42 23.63 8.15 0.33 13.34
22 OSAH+SC(atc) 7271 7272 688 8348 5.05 35.52 6.11 2.60 0.62 23.76 8.15 0.32 13.45
23 OSAH+GCM(atc) 7518 7519 737 8546 4.61 36.30 6.07 2.93 19.42 22.81 8.15 0.30 12.59
24 OSAH+GCM2(atc) 8425 8426 399 9792 5.88 36.65 6.34 211 22.15 23.39 8.15 0.35 13.12
25 OSAH+GCM3(atc) 6858 6859 441 8182 6.80 36.50 5.97 1.42 17.83 23.88 8.15 0.38 13.56
26 OSAH+RAR(atc) 6896 6897 682 7979 11.00 45.40 8.65 4.69 0.28 4.09 8.11 0.35 13.42
27 PARSAH+FAR(atc) 3919 3920 1425 4255 11.36 26.51 6.16 3.06 0.24 3.68 8.11 0.55 11.26
28 OSAH+PER(atc) 6896 6897 682 7979 5.05 47.88 9.35 4.75 0.28 6.73 8.18 0.42 6.78
29 PERSAH+PER(atc) 2011 2012 390 3329 64.50 17.98 3.48 0.50 9.42 15.54 8.18 0.94 26.36
30 SPHSAH+PER(atc) 3989 3990 951 4863 14.82 36.42 6.79 2.52 0.71 7.82 8.18 0.68 9.20
31 OSAH+SPH(atc) 6896 6897 682 7979 5.04 47.70 9.30 4.72 0.28 7.18 8.30 0.47 6.98
32 SPHSAH+SPH(atc) 3989 3990 951 4863 14.47 36.30 6.75 2.52 0.73 8.22 8.30 0.69 9.19
33 OSAH+TAse((16,2) 2164 2165 200 3729 10.39 60.08 491 0.75 0.12 30.54 8.15 0.38 19.62
34 OSAH+TA{*SC(16,2) 2164 2165 200 3729 10.22 26.84 4.83 0.74 0.12 25.88 8.15 0.48 15.38
35 OSAH+'IAP€C(16,2) 2164 2165 200 3729 10.22 26.84 4.83 0.74 0.11 23.57 8.15 0.56 13.28
36 OSAH+TAgN(16,2) 2164 2165 200 3729 10.39 17.56 4.91 0.75 0.13 24.46 8.15 0.53 14.09
37 OSAH+TANLT(16,2) 7855 2165 200 3729 10.39 16.99 4.91 0.75 0.16 24.87 8.15 0.51 14.46
38 OSAH+TAse((18,2) 2164 2165 200 3729 10.39 60.08 491 0.75 0.12 30.65 8.15 0.38 19.72
39 OSAH+TA{*SC(18,2) 2164 2165 200 3729 10.22 26.84 4.83 0.74 0.11 25.86 8.15 0.48 15.36
40 OSAH+TAF’SC(18,2) 2164 2165 200 3729 10.22 26.84 4.83 0.74 0.11 23.53 8.15 0.56 13.25
41 OSAH+TAgN(18,2) 2164 2165 200 3729 10.39 17.56 4.91 0.75 0.15 24.47 8.15 0.53 14.10
42 OSAH+TANLT(18,2) 7855 2165 200 3729 10.39 16.99 4.91 0.75 0.16 24.57 8.15 0.52 14.19
43 OSAH+TAseq(atc) 6968 6969 685 8048 5.24 84.03 6.13 2.51 0.21 31.54 8.15 0.19 20.53
44 OSAH+TAﬁeC(atc) 6968 6969 685 8048 5.12 35.46 6.06 2.51 0.20 25.35 8.15 0.26 14.90
45 OSAH+TAF’ec(atc) 6968 6969 685 8048 5.12 35.46 6.06 2.51 0.20 22.17 8.15 0.32 12.01
46 OSAH+TAgN (atc) 6968 6969 685 8048 5.24 22.71 6.13 2.51 0.31 21.99 8.15 0.32 11.85
47 OSAH+TANLT (atc) 29056 6969 685 8048 5.24 21.25 6.13 2.51 0.32 22.01 8.15 0.32 11.86
48 BVH 102 759 0 1225 45.03 43.87 34.39 0.00 0.13 471.90 - - -
49 084 4177 29240 0 45296 15.96 41.30 7.67 0.00 0.16 53.84 - - -
50 089 4177 29240 0 45296 15.84 30.17 7.64 0.00 0.14 46.73 - - -
51 BSP 9791 9792 0 22056 16.02 35.05 6.21 0.00 1.42 83.74 - - -
52 093 4177 29240 0 45296 15.30 31.02 13.98 6.62 0.16 56.70 - - -
53 uG 0 6859 0 9799 14.19 7.82 7.82 0.00 0.08 33.24 - - -
54 AG 514 1279 0 3366 26.92 26.75 21.82 0.00 0.16 270.32 - - -
55 HUG 1 2197 0 4843 19.07 6.93 5.93 0.00 0.05 48.26 - - -
56 RG 9 1298 0 7064 35.28 5.54 4.50 0.00 0.02 62.30 - - -
57 O84A 1769 12384 584 17176 10.46 35.86 6.93 1.60 0.25 45.47 - - -
58 KD 2171 2172 200 3736 10.37 26.82 4.88 0.72 1.14 42.97 - - -

Table4: Experimentatesultsfor scené'lattice6’.
N = 1225,
TPp: Nprim = 263169, N = 263169, Nfit | = 250614, Nsec= 214756, NI = 134665,

prim

Nshad= 1124636, NI — 788080, TMIN[s| = 10.06, Tappls = 8.96, TMN[g = 1.10.
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Scene= “mount4
Minimum TestingOutput
Line MnemonicNotation z A o

Ng ‘ Ne Neg NERr "™ ‘ Nrs ‘ NeTs ‘ NEgTS Ts TR | ©app ‘ Orat ORUN
0 nave RSA 0 0 1 516 - 0 0 0 0.00 253.97 15.85 1.0 746.97
1 spatmed-xyz(16,2) 8348 8349 922 22667 15.60 27.03 5.13 1.01 0.10 16.39 15.85 0.38 32.35
2 objmed-xyz(16,2) 797 798 117 1317 16.24 27.81 4.88 0.50 0.03 15.80 15.85 0.38 30.62
3 objmed(16,2) 318 319 8 609 19.16 31.24 5.86 0.18 0.03 17.58 15.85 0.39 35.85
4 OSAH(16,2) 424 425 88 633 6.89 17.25 3.17 0.81 0.04 12.64 15.85 0.29 21.32
5 OSAH-RMI(16,2) 424 425 88 633 6.89 17.25 3.17 0.81 0.03 12.14 15.85 0.29 19.85
6 OSAH-xyz(16,2) 482 483 95 726 7.27 17.47 3.27 0.73 0.02 12.04 15.85 0.30 19.56
7 OSAH(8,1) 146 147 37 606 12.31 12.39 2.45 0.60 0.03 12.69 15.85 0.51 21.47
8 OSAH(8,2) 143 144 34 606 12.31 12.39 2.45 0.60 0.02 12.66 15.85 0.51 21.38
9 OSAH(16,1) 1068 1069 478 887 5.80 18.95 3.39 1.14 0.05 12.42 15.85 0.24 20.68
10 OSAH(16,2) 424 425 88 633 6.89 17.25 3.17 0.81 0.04 12.64 15.85 0.29 21.32
11 OSAH(24,1) 1082 1083 478 912 5.37 19.60 3.46 1.14 0.04 12.44 15.85 0.22 20.74
12 OSAH(24,2) 433 434 88 653 6.66 17.58 3.21 0.81 0.03 12.36 15.85 0.28 20.50
13 OSAH(atc) 842 843 422 707 6.65 14.97 2.88 1.10 0.04 11.53 15.85 0.32 18.06
14 OSAH2(atc) 1019 1020 404 958 6.87 17.21 3.24 0.87 0.06 12.21 15.85 0.29 20.06
15 OSAH+LC(atc) 848 849 422 722 6.31 16.72 3.12 1.10 0.04 11.99 15.85 0.28 19.41
16 OSAH+TPC(atc) 764 765 373 678 8.21 13.03 2.53 1.06 0.04 11.26 15.85 0.40 17.26
17 OSAH+TPC+LC(atc) 782 783 374 704 9.13 16.70 3.28 1.06 0.05 11.70 15.85 0.36 18.56
18 OSAH+LC(16,1) 1068 1069 478 887 5.80 18.94 3.39 1.14 0.05 11.33 15.85 0.24 17.47
19 OSAH+TPC(16,1) 1067 1068 477 887 5.79 18.91 3.38 1.13 0.05 11.24 15.85 0.24 17.21
20 OSAH+TPC+LC(16,1) 1067 1068 477 887 5.79 18.91 3.38 1.13 0.05 11.24 15.85 0.24 17.21
21 OSAH+PR(atc) 842 843 422 706 6.65 14.97 2.88 1.10 0.05 11.51 15.85 0.32 18.00
22 OSAH+SC(atc) 880 881 438 730 6.48 14.98 2.90 1.11 0.05 11.66 15.85 0.31 18.44
23 OSAH+GCM(atc) 878 879 425 731 6.53 15.46 297 1.25 2.37 11.40 15.85 0.31 17.68
24 OSAH+GCM2(atc) 1325 1326 448 1395 6.39 20.64 3.81 0.97 3.81 12.40 15.85 0.24 20.62
25 OSAH+GCM3(atc) 991 992 371 994 7.37 18.87 3.46 0.97 2.86 12.09 15.85 0.29 19.71
26 OSAH+RAR(atc) 842 843 422 707 5.07 20.67 431 291 0.05 1.97 13.50 0.21 19.33
27 PARSAH+PAR(atc) 824 825 416 688 5.05 20.87 4.35 2.96 0.05 1.98 13.50 0.21 19.50
28 OSAH+PER(atc) 842 843 422 707 5.21 22.38 4.77 2.67 0.05 2.68 14.25 0.35 19.25
29 PERSAH+PER(atc) 819 820 381 714 6.41 19.74 4.48 2.49 3.22 2.60 14.25 0.40 18.25
30 SPHSAH+PER(atc) 842 843 422 707 5.21 22.38 4.77 2.67 0.06 251 14.25 0.27 17.12
31 OSAH+SPH(atc) 842 843 422 707 5.20 22.02 4.69 2.64 0.04 2.81 14.50 0.28 13.60
32 SPHSAH+SPH(atc) 842 843 422 707 5.20 22.02 4.69 2.64 0.09 2.95 14.50 0.35 15.00
33 OSAH+TAse(16,2) 424 425 88 633 7.37 29.98 3.17 0.81 0.02 13.79 15.85 0.20 24.71
34 OSAH+TAf‘eC(16,2) 424 425 88 633 6.89 17.25 3.17 0.82 0.02 12.10 15.85 0.25 19.74
35 OSAH+TAPeC(16,2) 424 425 88 633 6.89 17.25 3.17 0.81 0.02 11.25 15.85 0.29 17.24
36 OSAH+TAgn (16,2) 424 425 88 633 7.38 11.88 3.17 0.81 0.03 10.26 15.85 0.35 14.32
37 OSAH+TANLT(16,2) 1829 425 88 633 7.38 10.89 3.17 0.81 0.03 10.54 15.85 0.33 15.15
38 OSAH+TAse(18,2) 431 432 88 648 7.16 30.86 3.21 0.81 0.03 13.95 15.85 0.19 25.18
39 OSAH+TAf‘eC(18,2) 431 432 88 648 6.69 17.56 3.21 0.82 0.03 12.15 15.85 0.24 19.88
40 OSAH+TArBeC(18,2) 431 432 88 648 6.68 17.56 3.21 0.81 0.03 11.28 15.85 0.28 17.32
41 OSAH+TAgn (18,2) 431 432 88 648 7.17 12.06 3.21 0.81 0.03 10.27 15.85 0.34 14.35
42 OSAH+TANLT(18,2) 1856 432 88 648 7.17 11.04 3.21 0.81 0.04 10.32 15.85 0.33 14.50
43 OSAH+TAseqatc) 842 843 422 707 7.12 25.26 2.88 1.10 0.03 12.77 15.85 0.23 21.71
44 OSAH+TAf‘eC(atc) 842 843 422 707 6.65 14.97 2.88 1.10 0.03 11.20 15.85 0.29 17.09
45 OSAH+TArBeC(atc) 842 843 422 707 6.65 14.97 2.88 1.10 0.03 10.61 15.85 0.32 15.35
46 OSAH+TAgp (atc) 842 843 422 707 7.12 10.42 2.88 1.10 0.04 9.75 15.85 0.38 12.82
47 OSAH+TANLT (atc) 3473 843 422 707 7.12 9.66 2.88 1.10 0.05 9.80 15.85 0.38 12.97
48 BVH 42 304 0 516 32.28 21.59 16.22 0.00 0.02 185.02 - - -
49 084 4085 28596 5069 61738 15.84 33.55 6.28 1.62 0.18 31.01 - - -
50 089 4085 28596 5069 61738 15.87 24.05 6.27 1.62 0.15 27.19 - - -
51 BSP 8348 8349 922 22667 15.60 27.03 5.13 1.01 0.21 36.70 - - -
52 093 4085 28596 5069 61738 15.34 23.73 10.13 5.63 0.15 32.65 - - -
53 UG 0 2548 1839 3629 16.61 6.27 6.27 3.09 0.02 20.28 - - -
54 AG 160 4002 1292 9819 22.01 9.71 8.06 3.46 0.14 36.49 - - -
55 HUG 1 343 172 1853 28.48 4.43 3.43 0.88 0.01 27.35 - - -
56 RG 137 2443 564 9200 18.80 5.83 4.37 1.22 0.03 23.44 - - -
57 084A 5793 40552 3378 98764 11.94 30.41 5.81 1.94 0.64 27.98 - - -
58 KD 424 425 88 633 6.89 17.25 3.17 0.81 0.09 18.88 - - -

Table5: Experimentatesultsfor sceng' mount4.
N =516,
TPp: Nprim = 263169, Nfit, = 257871, Nft. = 173250, Nsec= 707764, Ni%.= 472407,

Nshag= 358042, NIt =

24257, TMIN[ =573, Tappls = 5.39, TMN[g = 0.34.
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Scene= “rings3’

AppendixE

Minimum TestingOutput
Line MnemonicNotation z A [S]

Ng Ne ‘ Neg ‘ NER NnT™ ‘ Nrs ‘ Nets NegTs Ts ‘ TR ‘ Oapp Orat ‘ OrUN
0 nave RSA 0 0 1 841 - 0 0 0 0.00 1014.57 4.63 1.0 798.87
1 spatmed-xyz(16,2) 5839 5840 627 18169 29.09 44.65 8.86 3.58 0.09 40.62 4.63 0.62 27.35
2 objmed-xyz(16,2) 11578 11579 1175 25092 64.63 92.97 18.86 5.30 0.29 78.94 4.63 0.64 57.53
3 objmed(16,2) 14628 14629 1873 28296 78.89 109.04 24.31 6.78 0.47 94.97 4.63 0.64 70.15
4 OSAH(16,2) 2974 2975 359 6519 14.00 26.98 5.12 1.60 0.17 25.30 4.63 0.57 15.29
5 OSAH-RMI(16,2) 2974 2975 359 6519 14.00 26.98 5.12 1.60 0.18 24.70 4.63 0.57 14.82
6 OSAH-xyz(16,2) 3257 3258 335 7287 15.41 29.75 5.95 2.04 0.12 26.35 4.63 0.56 16.12
7 OSAH(8,1) 85 86 23 1118 61.97 14.47 3.23 1.25 0.05 47.78 4.63 0.91 32.99
8 OSAH(8,2) 85 86 23 1118 61.97 14.47 3.23 1.25 0.05 47.73 4.63 0.91 32.95
9 OSAH(16,1) 4250 4251 829 7301 13.16 30.33 5.84 2.10 0.19 24.89 4.63 0.52 14.97
10 OSAH(16,2) 2974 2975 359 6519 14.00 26.98 5.12 1.60 0.17 25.30 4.63 0.57 15.29
11 OSAH(24,1) 26501 26502 1794 44050 15.66 38.95 7.38 221 0.81 29.95 4.63 0.50 18.95
12 OSAH(24,2) 15943 15944 498 34813 15.82 31.98 5.99 1.63 0.55 28.21 4.63 0.55 17.58
13 OSAH(atc) 629 630 98 2322 21.08 21.31 4.26 1.53 0.10 27.46 4.63 0.71 16.99
14 OSAH2(atc) 1894 1895 212 4295 16.30 30.66 6.13 2.41 0.17 26.95 4.63 0.57 16.59
15 OSAH+LC(atc) 1956 1957 98 7058 22.36 25.99 5.05 1.53 0.16 30.35 4.63 0.68 19.27
16 OSAH+TPC(atc) 380 381 55 1892 25.39 19.64 3.97 1.45 0.10 29.55 4.63 0.76 18.64
17 OSAH+TPC+LC(atc) 1802 1803 55 7244 27.73 25.43 5.00 1.45 0.18 32.76 4.63 0.73 21.17
18 OSAH+LC(16,1) 4270 4271 835 7323 13.16 30.34 5.84 211 0.24 23.89 4.63 0.52 14.18
19 OSAH+TPC(16,1) 4269 4270 829 7330 13.22 30.32 5.84 2.09 0.25 23.92 4.63 0.52 14.20
20 OSAH+TPC+LC(16,1) 4269 4270 829 7330 13.22 30.32 5.84 2.09 0.25 24.01 4.63 0.52 14.28
21 OSAH+PR(atc) 629 630 98 1993 19.30 21.37 4.28 1.53 0.17 25.83 4.63 0.69 15.71
22 OSAH+SC(atc) 901 902 316 1961 13.84 23.30 4.66 2.29 0.18 22.27 4.63 0.60 12.91
23 OSAH+GCM(atc) 1742 1743 341 3996 15.16 25.61 5.19 1.90 5.75 2491 4.63 0.60 14.98
24 OSAH+GCM2(atc) 3983 3984 134 11430 20.14 33.45 6.45 1.82 13.60 31.07 4.63 0.60 19.83
25 OSAH+GCM3(atc) 2016 2017 268 5218 22.30 41.50 7.20 3.28 7.09 33.00 4.63 0.57 21.35
26 OSAH+RAR(atc) 629 630 98 2322 4.37 5.55 1.12 0.49 0.12 2.06 3.52 0.73 2.73
27 PARSAH+FAR(atc) 1874 1875 91 11039 2.63 3.14 0.44 0.01 0.28 1.86 3.52 0.80 212
28 OSAH+PER(atc) 629 630 98 2322 8.52 20.01 4.18 1.72 0.11 6.28 3.58 0.77 5.52
29 PERSAH+PER(atc) 653 654 116 2412 14.91 15.97 3.77 1.56 20.88 7.38 3.58 0.86 7.12
30 SPHSAH+PER(atc) 1557 1558 300 6282 17.01 26.16 5.74 2.57 1.11 9.06 3.58 0.82 9.55
31 OSAH+SPH(atc) 629 630 98 2322 8.56 19.79 4.13 1.70 0.10 6.40 3.85 0.77 5.56
32 SPHSAH+SPH(atc) 1557 1558 300 6282 17.18 26.11 5.75 2.59 1.11 9.20 3.85 0.82 9.68
33 OSAH+TAse((16,2) 2974 2975 358 6527 14.95 65.01 5.29 1.60 0.15 31.35 4.63 0.40 20.06
34 OSAH+'IA’,“SC(16,2) 2974 2975 358 6527 14.00 26.95 5.11 1.60 0.14 25.72 4.63 0.51 15.62
35 OSAH+'IAP€C(16,2) 2974 2975 358 6527 14.00 26.95 5.11 1.60 0.14 23.73 4.63 0.57 14.06
36 OSAH+TAgn (16,2) 2974 2975 358 6527 14.95 23.89 5.29 1.60 0.20 26.70 4.63 0.49 16.39
37 OSAH+TANLT(16,2) 18194 2975 358 6527 14.95 21.28 5.29 1.60 0.22 26.93 4.63 0.48 16.57
38 OSAH+TAse((18,2) 5344 5345 465 11012 15.12 72.82 5.61 1.63 0.22 33.37 4.63 0.37 21.65
39 OSAH+'IA’,“SC(18,2) 5344 5345 465 11012 14.04 28.69 5.40 1.63 0.20 26.68 4.63 0.49 16.38
40 OSAH+'IAP€C(18,2) 5344 5345 465 11012 14.04 28.69 5.40 1.63 0.20 24.39 4.63 0.55 14.57
41 OSAH+TAgn (18,2) 5344 5345 465 11012 15.12 25.49 5.61 1.63 0.30 27.61 4.63 0.47 17.11
42 OSAH+TANLT(18,2) 31614 5345 465 11012 15.12 22.56 5.61 1.63 0.29 27.70 4.63 0.47 17.18
43 OSAH+TAseqatc) 630 631 99 2327 22.10 45.68 4.38 1.53 0.08 32.02 4.63 0.55 20.58
44 OSAH+TA{*ec(atc) 630 631 99 2327 20.99 21.35 4.27 1.53 0.09 27.66 4.63 0.66 17.15
45 OSAH+'IAPec(atc) 630 631 99 2327 20.99 21.35 4.27 1.53 0.09 26.20 4.63 0.71 16.00
46 OSAH+TAgN (atc) 630 631 99 2327 22.10 18.91 4.38 1.53 0.07 29.77 4.63 0.60 18.81
47 OSAH+TANLT (atc) 3574 631 99 2327 22.10 17.21 4.38 1.53 0.10 29.69 4.63 0.61 18.75
48 BVH 67 506 0 841 52.44 30.88 22.98 0.00 0.06 282.66 - - -
49 084 2989 20924 2962 47428 29.44 67.92 11.97 5.43 0.14 76.77 - - -
50 089 2989 20924 2962 47428 29.46 45.57 11.97 5.43 0.13 65.08 - - -
51 BSP 5839 5840 627 18169 29.09 44.65 8.86 3.58 0.93 119.09 - - -
52 093 2989 20924 2962 47428 29.20 42.62 17.95 11.44 0.12 75.17 - - -
53 UG 0 4046 3140 4414 42.37 12.63 12.63 8.71 0.04 59.47 - - -
54 AG 11 2523 112 9162 27.88 7.00 5.21 0.12 0.13 61.55 - - -
55 HUG 23 1280 0 6406 353.31 6.02 2.73 0.00 0.05 209.44 - - -
56 RG 222 3911 1018 11803 36.69 12.81 9.87 5.25 0.04 64.49 - - -
57 O84A 3947 27630 1770 73146 24.33 49.30 9.33 3.23 0.45 63.52 - - -
58 KD 2974 2975 359 6519 14.00 26.98 5.12 1.60 0.45 40.39 - - -

Table6: Experimentatesultsfor scené‘rings3'.
N =841,
TPp: Nprim = 263169, Nf, = 263169, Nfit, = 263168, Nsec= 177299, Nii.= 90933,

Nshad= 937972, NIt — 319722, TMIN[g = 7.15, T,pp[s =5.88, TMIN[g = 1.27.




AppendixE 173

Scene= “somberol”

Minimum TestingOutput

Line MnemonicNotation z A o
Ng ‘ Ne Neg NERr "™ ‘ Nrs ‘ NeTs ‘ NeeTs T8 TR | ©app ‘ Orat OruN
0 nave RSA 0 0 1 1922 - 0 0 0 0.00 415.55 12.33 1.0 4617.22
1 spatmed-xyz(16,2) 9763 9764 1314 35107 35.23 27.40 5.06 2.28 0.18 4.16 12.33 0.46 33.89
2 objmed-xyz(16,2) 3948 3949 359 10348 75.13 31.89 5.78 0.48 0.21 5.72 12.33 0.61 51.22
3 objmed(16,2) 977 978 0 1953 26.80 20.35 4.11 0.00 0.14 3.61 12.33 0.47 27.78
4 OSAH(16,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.16 2.49 12.33 0.26 15.33
5 OSAH-RMI(16,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.16 2.37 12.33 0.26 14.00
6 OSAH-xyz(16,2) 1843 1844 564 2552 7.96 16.36 3.18 1.97 0.13 2.67 12.33 0.25 17.33
7 OSAH(8,1) 159 160 64 1926 58.57 9.17 1.99 1.00 0.12 4.28 12.33 0.81 35.22
8 OSAH(8,2) 158 159 63 1926 58.69 9.14 1.98 0.98 0.12 4.15 12.33 0.81 33.78
9 OSAH(16,1) 3702 3703 1827 2820 6.04 15.64 3.05 1.90 0.21 2.55 12.33 0.21 16.00
10 OSAH(16,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.16 2.49 12.33 0.26 15.33
11 OSAH(24,1) 3722 3723 1827 2840 6.05 15.65 3.05 1.90 0.20 2.59 12.33 0.21 16.44
12 OSAH(24,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.16 2.49 12.33 0.26 15.33
13 OSAH(atc) 3509 3510 1826 2628 5.89 15.48 2.99 1.90 0.20 2.57 12.33 0.20 16.22
14 OSAH2(atc) 3117 3118 1571 2527 6.73 16.89 3.01 1.69 0.26 2.55 12.33 0.21 16.00
15 OSAH+LC(atc) 3509 3510 1826 2628 5.89 15.48 2.99 1.90 0.20 2.57 12.33 0.20 16.22
16 OSAH+TPC(atc) 3510 3511 1831 2630 5.98 15.88 3.12 2.00 0.21 2.61 12.33 0.20 16.67
17 OSAH+TPC+LC(atc) 3510 3511 1831 2630 5.98 15.88 3.12 2.00 0.23 231 12.33 0.20 13.33
18 OSAH+LC(16,1) 3702 3703 1827 2820 6.04 15.64 3.05 1.90 0.24 2.41 12.33 0.21 14.44
19 OSAH+TPC(16,1) 3717 3718 1832 2835 6.14 16.07 3.18 2.00 0.24 2.32 12.33 0.20 13.44
20 OSAH+TPC+LC(16,1) 3717 3718 1832 2835 6.14 16.07 3.18 2.00 0.25 2.44 12.33 0.20 14.78
21 OSAH+PR(atc) 3509 3510 1826 2617 5.87 15.48 2.99 1.90 0.22 2.58 12.33 0.20 16.33
22 OSAH+SC(atc) 3515 3516 1828 2632 5.88 15.47 2.99 1.89 0.24 2.33 12.33 0.20 13.56
23 OSAH+GCM(atc) 3544 3545 1757 2734 6.10 18.75 3.71 2.54 10.87 2.46 12.33 0.18 15.00
24 OSAH+GCM2(atc) 4110 4111 1406 4248 7.89 18.64 3.44 1.91 14.86 2.50 12.33 0.22 15.44
25 OSAH+GCM3(atc) 3165 3166 1372 2977 7.55 19.32 3.82 2.37 10.36 2.55 12.33 0.21 16.00
26 OSAH+RAR(atc) 3509 3510 1826 2628 2.89 11.70 2.28 1.50 0.23 1.58 9.50 0.40 10.25
27 PARSAH+PAR(atc) 3407 3408 1724 2630 2.89 10.29 2.05 1.29 0.25 1.59 9.50 0.48 10.38
28 OSAH+PER(atc) 3509 3510 1826 2628 2.95 11.10 2.15 1.38 0.24 1.58 11.38 0.30 8.38
29 PERSAH+PER(atc) 2536 2537 1275 2446 291 10.53 2.12 1.37 8.93 1.60 11.38 0.35 8.62
30 SPHSAH+PER(atc) 1930 1931 990 2241 52.20 10.66 1.85 0.92 0.45 3.35 11.38 0.82 30.50
31 OSAH+SPH(atc) 3509 3510 1826 2628 2.95 11.12 2.16 1.39 0.23 2.05 11.30 0.49 9.20
32 SPHSAH+SPH(atc) 1930 1931 990 2241 51.59 10.70 1.86 0.93 0.57 3.72 11.30 0.83 25.90
33 OSAH+TAse(16,2) 1099 1100 136 1926 6.66 25.54 2.32 1.28 0.13 2.82 12.33 0.16 19.00
34 OSAH+TAf‘eC(16,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.11 2.33 12.33 0.22 13.56
35 OSAH+TAPeC(16,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.13 2.16 12.33 0.26 11.67
36 OSAH+TAgn (16,2) 1099 1100 136 1926 6.66 12.03 2.32 1.28 0.14 2.17 12.33 0.26 11.78
37 OSAH+TANLT(16,2) 4253 1100 136 1926 6.66 11.56 2.32 1.28 0.14 2.17 12.33 0.26 11.78
38 OSAH+TAse(18,2) 1099 1100 136 1926 6.66 25.54 2.32 1.28 0.12 2.76 12.33 0.17 18.33
39 OSAH+TAf‘eC(18,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.13 2.34 12.33 0.23 13.67
40 OSAH+TArBeC(18,2) 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.13 221 12.33 0.26 12.22
41 OSAH+TAgn (18,2) 1099 1100 136 1926 6.66 12.03 2.32 1.28 0.13 2.30 12.33 0.24 13.22
42 OSAH+TANLT(18,2) 4253 1100 136 1926 6.66 11.56 2.32 1.28 0.15 2.17 12.33 0.27 11.78
43 OSAH+TAseqatc) 3509 3510 1826 2628 5.89 38.10 2.99 1.90 0.26 3.18 12.33 0.11 23.00
44 OSAH+TAf‘eC(atc) 3509 3510 1826 2628 5.89 15.48 2.99 1.90 0.16 2.48 12.33 0.17 15.22
45 OSAH+TArBec(atc) 3509 3510 1826 2628 5.89 15.48 2.99 1.90 0.16 2.26 12.33 0.20 12.78
46 OSAH+TAgp (atc) 3509 3510 1826 2628 5.89 14.25 2.99 1.90 0.22 2.36 12.33 0.18 13.89
47 OSAH+TANLT (atc) 13132 3510 1826 2628 5.89 13.33 2.99 1.90 0.22 2.24 12.33 0.20 12.56
48 BVH 205 1223 0 1922 60.37 33.45 25.24 0.00 0.18 82.50 - - -
49 084 5027 35190 8886 85306 37.29 43.37 7.49 3.80 0.26 9.07 - - -
50 089 5027 35190 8886 85306 37.18 28.91 7.48 3.80 0.25 7.23 - - -
51 BSP 9763 9764 1314 35107 35.23 27.40 5.06 2.28 0.29 6.70 - - -
52 093 5027 35190 8886 85306 36.04 26.35 10.68 7.09 0.24 8.69 - - -
53 UG 0 9583 7356 12374 29.38 7.18 7.18 5.47 0.09 4.48 - - -
54 AG 360 11472 3905 30027 35.07 6.78 5.46 2.81 0.43 7.49 - - -
55 HUG 1 432 205 4448 99.32 3.31 2.65 1.32 0.04 9.28 - - -
56 RG 319 5788 2984 15420 30.02 6.37 5.02 3.47 0.05 5.39 - - -
57 084A 6353 44472 5260 123036 34.76 39.57 6.83 2.82 0.98 8.51 - - -
58 KD 1099 1100 136 1926 6.66 12.76 2.32 1.28 0.33 3.82 — — —

Table7: Experimentatesultsfor scené'somberol”.

N = 1922,
TPo: Nprim = 263169, NO% = 136638, Nit, = 112209, Nsec=0, Ngi=0,

Nshag= 110241, NIt = 2247, TMIN[g =1.20, Tapp[g = 1.11, TMN[g = 0.09.
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Scene= “teapot4

AppendixE

Minimum TestingOutput
Line MnemonicNotation z A [S]

Ng Ne ‘ Nee ‘ NER NnT™ ‘ Nrs ‘ NeTs ‘ NegTs Ts ‘ TR ‘ Oapp Orat ‘ OrUN
0 nave RSA 0 0 1 1008 - 0 0 0 0.00 414.85 20.11 1.0 2183.42
1 spatmed-xyz(16,2) 6074 6075 959 21619 37.24 30.46 6.38 2.79 0.11 12.31 20.11 0.47 44.68
2 objmed-xyz(16,2) 3130 3131 397 7407 82.77 47.73 9.75 1.40 0.11 18.26 20.11 0.55 76.00
3 objmed(16,2) 3917 3918 482 8654 76.44 71.14 13.69 1.04 0.18 20.78 20.11 0.43 89.26
4 OSAH(16,2) 2635 2636 375 5373 19.56 19.12 4.07 0.95 0.14 9.54 20.11 0.42 30.11
5 OSAH-RMI(16,2) 2635 2636 375 5373 19.56 19.12 4.07 0.95 0.15 9.22 20.11 0.42 28.42
6 OSAH-xyz(16,2) 2094 2095 339 4566 18.82 19.61 4.14 1.05 0.09 9.11 20.11 0.41 27.84
7 OSAH(8,1) 172 173 34 1461 48.61 14.93 3.47 1.58 0.06 11.58 20.11 0.70 40.84
8 OSAH(8,2) 154 155 24 1461 55.06 13.06 3.12 0.43 0.05 12.01 20.11 0.75 43.11
9 OSAH(16,1) 3743 3744 881 5933 11.60 22.77 4.76 2.46 0.17 9.09 20.11 0.27 27.74
10 OSAH(16,2) 2635 2636 375 5373 19.56 19.12 4.07 0.95 0.14 9.54 20.11 0.42 30.11
11 OSAH(24,1) 5591 5592 987 10207 11.55 23.20 4.83 2.48 0.25 9.16 20.11 0.26 28.11
12 OSAH(24,2) 4078 4079 402 9322 19.54 19.42 4.12 0.96 0.21 9.45 20.11 0.42 29.63
13 OSAH(atc) 1534 1535 436 3069 14.54 20.74 4.41 2.34 0.11 8.88 20.11 0.33 26.63
14 OSAH2(atc) 2090 2091 459 4082 14.18 2291 4.67 2.28 0.17 9.42 20.11 0.31 29.47
15 OSAH+LC(atc) 1787 1788 446 3955 13.83 21.24 4.48 2.38 0.13 8.86 20.11 0.32 26.53
16 OSAH+TPC(atc) 1222 1223 370 2767 16.31 19.93 4.27 2.25 0.11 8.92 20.11 0.37 26.84
17 OSAH+TPC+LC(atc) 1681 1682 397 4169 14.84 20.84 4.41 2.29 0.15 8.46 20.11 0.34 24.42
18 OSAH+LC(16,1) 3748 3749 886 5933 11.51 22.80 4.76 2.50 0.21 8.37 20.11 0.26 23.95
19 OSAH+TPC(16,1) 3755 3756 885 5952 11.59 22.78 4.76 2.47 0.21 8.33 20.11 0.27 23.74
20 OSAH+TPC+LC(16,1) 3760 3761 890 5952 11.50 22.82 4.76 2.50 0.20 8.36 20.11 0.26 23.89
21 OSAH+PR(atc) 1534 1535 436 2863 14.27 20.51 4.35 2.37 0.14 8.14 20.11 0.32 22.74
22 OSAH+SC(atc) 1579 1580 584 2741 11.52 20.30 4.30 2.43 0.20 8.81 20.11 0.29 26.26
23 OSAH+GCM(atc) 2006 2007 479 3747 12.71 21.45 4.47 221 5.94 8.82 20.11 0.30 26.32
24 OSAH+GCM2(atc) 3728 3729 521 9721 16.33 25.60 4.94 2.18 11.77 9.53 20.11 0.31 30.05
25 OSAH+GCM3(atc) 1777 1778 332 4263 18.87 25.22 4.75 1.85 5.51 9.85 20.11 0.35 31.74
26 OSAH+RAR(atc) 1534 1535 436 3069 5.24 15.23 3.30 2.05 0.14 2.59 14.64 0.41 8.91
27 PARSAH+FAR(atc) 1452 1453 392 2971 5.38 14.75 3.17 1.78 0.15 2.53 14.64 0.39 8.36
28 OSAH+PER(atc) 1534 1535 436 3069 4.61 18.59 4.12 2.66 0.13 3.15 17.08 0.24 7.15
29 PERSAH+PER(atc) 1504 1505 399 3002 4.85 16.40 3.69 2.05 10.15 3.15 17.08 0.33 7.15
30 SPHSAH+PER(atc) 1111 1112 291 2782 6.37 17.33 3.84 2.34 0.39 3.23 17.08 0.35 7.77
31 OSAH+SPH(atc) 1534 1535 436 3069 4.61 18.19 4.03 2.60 0.19 3.46 17.36 0.33 7.36
32 SPHSAH+SPH(atc) 1111 1112 291 2782 6.37 16.95 3.76 2.29 0.40 3.52 17.36 0.41 7.79
33 OSAH+TAse((16,2) 2635 2636 375 5373 19.69 42.00 4.09 0.95 0.12 11.69 20.11 0.26 41.42
34 OSAH+'IA’,“SC(16,2) 2635 2636 375 5373 19.56 19.12 4.07 0.95 0.12 9.43 20.11 0.36 29.53
35 OSAH+'IAP9C(16,2) 2635 2636 375 5373 19.56 19.12 4.07 0.95 0.13 8.68 20.11 0.42 25.58
36 OSAH+TAgn (16,2) 2635 2636 375 5373 19.70 15.62 4.09 0.95 0.16 8.78 20.11 0.41 26.11
37 OSAH+TANLT(16,2) 12142 2636 375 5373 19.70 14.26 4.09 0.95 0.16 8.91 20.11 0.40 26.79
38 OSAH+TAse((18,2) 3418 3419 391 7375 19.65 42.93 4.13 0.96 0.15 11.75 20.11 0.26 41.74
39 OSAH+'IA’,“SC(18,2) 3418 3419 391 7375 19.52 19.34 411 0.96 0.14 9.47 20.11 0.36 29.74
40 OSAH+'IAP9C(18,2) 3418 3419 391 7375 19.52 19.34 411 0.96 0.15 8.73 20.11 0.42 25.84
41 OSAH+TAgn (18,2) 3418 3419 391 7375 19.66 15.75 4.13 0.96 0.20 8.83 20.11 0.41 26.37
42 OSAH+TANLT(18,2) 14817 3419 391 7375 19.66 14.37 4.13 0.96 0.19 8.80 20.11 0.41 26.21
43 OSAH+TAseqatc) 1534 1535 436 3069 14.70 44.85 4.42 2.34 0.09 11.60 20.11 0.19 40.95
44 OSAH+TA{*ec(atc) 1534 1535 436 3069 14.54 20.74 4.41 2.34 0.09 9.17 20.11 0.28 28.16
45 OSAH+'IAPec(atc) 1534 1535 436 3069 14.54 20.74 441 2.34 0.08 8.35 20.11 0.33 23.84
46 OSAH+TAgN (atc) 1534 1535 436 3069 14.70 16.74 4.42 2.34 0.12 8.47 20.11 0.32 24.47
47 OSAH+TANLT (atc) 7550 1535 436 3069 14.70 15.28 4.42 2.34 0.13 8.44 20.11 0.32 24.32
48 BVH 113 623 0 1008 78.49 36.66 25.50 0.00 0.07 195.22 - - -
49 084 2964 20749 4990 50544 34.31 46.95 8.99 5.03 0.17 25.83 - - -
50 089 2964 20749 4990 50544 34.28 33.44 8.98 5.03 0.13 20.48 - - -
51 BSP 6074 6075 959 21619 37.24 30.46 6.38 2.79 0.83 53.66 - - -
52 093 2964 20749 4990 50544 33.67 30.48 12.54 8.63 0.14 24,51 - - -
53 UG 0 4968 3717 6466 48.30 12.25 12.25 9.23 0.05 17.37 - - -
54 AG 472 12374 3583 30866 46.52 11.93 10.10 4.72 0.40 29.66 - - -
55 HUG 303 2906 1566 7550 45.89 10.45 8.62 6.35 0.07 21.57 - - -
56 RG 626 9861 2399 38017 44.85 11.11 8.85 5.03 0.11 20.39 - - -
57 O84A 5732 40125 4606 109596 28.64 45.35 8.94 4.94 0.81 25.02 - - -
58 KD 2635 2636 375 5373 19.56 19.12 4.07 0.95 0.37 13.94 - - -

Table8: Experimentatesultsfor scené‘'teapot4.
N = 1008,
TPp: Nprim = 263169, Nf, = 226198, Nft = 161203, Nsec= 228252, Nii = 71224,

Nshag= 408292, NI =

37577, TMIN[§ =4.01, Tappls = 3.82, TMN[g = 0.19.




AppendixE 175
Scene= “tetrab’
Minimum TestingOutput
Line MnemonicNotation s A (€]

Ng ‘ Ne Neg NERr "™ ‘ Nrs ‘ NeTs ‘ NEgTS Ts ‘ TR | ©app ‘ Orat ORUN
0 nave RSA 0 0 1 1024 - 0 0 0 0.01 121.80 26.58 1.0 3690.91
1 spatmed-xyz(16,2) 13915 13916 4140 46080 43.38 28.85 5.62 3.85 0.18 3.09 26.58 0.40 67.06
2 objmed-xyz(16,2) 735 736 480 1024 16.17 18.41 3.70 2.93 0.04 2.01 26.58 0.28 34.33
3 objmed(16,2) 831 832 576 1024 10.62 27.52 6.02 5.51 0.07 2.17 26.58 0.15 39.18
4 OSAH(16,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.80 26.58 0.29 27.97
5 OSAH-RMI(16,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.69 26.58 0.29 24.64
6 OSAH-xyz(16,2) 727 728 472 1024 11.35 13.32 2.68 2.15 0.05 1.74 26.58 0.28 26.15
7 OSAH(8,1) 171 172 60 1024 41.69 9.05 1.97 1.12 0.05 2.22 26.58 0.67 40.70
8 OSAH(8,2) 171 172 60 1024 41.69 9.05 1.97 1.12 0.05 2.22 26.58 0.67 40.70
9 OSAH(16,1) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.70 26.58 0.29 24.94
10 OSAH(16,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.80 26.58 0.29 27.97
11 OSAH(24,1) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.71 26.58 0.29 25.24
12 OSAH(24,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.06 1.70 26.58 0.29 24.94
13 OSAH(atc) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.69 26.58 0.29 24.64
14 OSAH2(atc) 747 748 492 1024 10.62 13.31 2.40 1.89 0.09 1.69 26.58 0.26 24.64
15 OSAH+LC(atc) 751 752 496 1024 10.62 11.76 2.32 1.81 0.06 1.68 26.58 0.29 24.33
16 OSAH+TPC(atc) 751 752 496 1024 10.62 11.79 2.32 1.81 0.07 1.69 26.58 0.29 24.64
17 OSAH+TPC+LC(atc) 751 752 496 1024 10.62 11.79 2.32 1.81 0.07 1.58 26.58 0.29 21.30
18 OSAH+LC(16,1) 751 752 496 1024 10.62 11.76 2.32 1.81 0.08 157 26.58 0.29 21.00
19 OSAH+TPC(16,1) 751 752 496 1024 10.62 11.79 2.32 1.81 0.07 157 26.58 0.29 21.00
20 OSAH+TPC+LC(16,1) 751 752 496 1024 10.62 11.79 2.32 1.81 0.08 157 26.58 0.29 21.00
21 OSAH+PR(atc) 751 752 496 1024 10.62 11.76 2.32 1.81 0.07 1.69 26.58 0.29 24.64
22 OSAH+SC(atc) 751 752 496 1024 10.62 11.76 2.32 1.81 0.08 1.63 26.58 0.29 22.82
23 OSAH+GCM(atc) 839 840 584 1024 10.62 12.79 2.44 1.94 2.55 1.73 26.58 0.27 25.85
24 OSAH+GCM2(atc) 839 840 584 1024 10.62 12.79 2.44 1.94 2.59 1.72 26.58 0.27 25.55
25 OSAH+GCM3(atc) 887 888 632 1024 11.05 16.46 3.02 2.50 2.80 1.75 26.58 0.23 26.45
26 OSAH+RAR(atc) 751 752 496 1024 8.37 10.32 2.12 1.75 0.08 1.38 17.67 0.60 28.33
27 PARSAH+PAR(atc) 803 804 548 1024 8.37 11.14 2.31 1.93 0.07 1.27 17.67 0.50 24.67
28 OSAH+PER(atc) 751 752 496 1024 7.53 10.54 2.15 1.76 0.08 1.30 31.00 0.49 34.00
29 PERSAH+PER(atc) 840 841 585 1024 7.53 11.28 2.34 1.96 1.99 1.42 31.00 0.53 40.00
30 SPHSAH+PER(atc) 641 642 425 1024 23.15 13.46 2.64 2.09 0.13 1.70 31.00 0.59 54.00
31 OSAH+SPH(atc) 751 752 496 1024 7.52 10.41 2.12 1.74 0.06 1.67 23.25 0.54 18.50
32 SPHSAH+SPH(atc) 641 642 425 1024 22.91 13.27 2.60 2.06 0.13 2.05 23.25 0.61 28.00
33 OSAH+TAseq(16,2) 751 752 496 1024 10.62 23.98 2.32 1.81 0.05 2.16 26.58 0.15 38.88
34 OSAH+TAf‘eC(16,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.05 1.71 26.58 0.23 25.24
35 OSAH+TAPeC(16,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.06 1.55 26.58 0.29 20.39
36 OSAH+TAgn (16,2) 751 752 496 1024 10.62 11.15 2.32 1.81 0.06 1.65 26.58 0.25 23.42
37 OSAH+TANLT(16,2) 2427 752 496 1024 10.62 10.46 2.32 1.81 0.07 1.64 26.58 0.26 23.12
38 OSAH+TAseq(18,2) 751 752 496 1024 10.62 23.98 2.32 1.81 0.04 2.15 26.58 0.15 38.58
39 OSAH+TAf‘eC(18,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.05 1.72 26.58 0.23 25.55
40 OSAH+TArBeC(18,2) 751 752 496 1024 10.62 11.76 2.32 1.81 0.05 1.55 26.58 0.29 20.39
41 OSAH+TAgn (18,2) 751 752 496 1024 10.62 11.15 2.32 1.81 0.06 1.64 26.58 0.26 23.12
42 OSAH+TANLT(18,2) 2427 752 496 1024 10.62 10.46 2.32 1.81 0.07 1.64 26.58 0.26 23.12
43 OSAH+TAseqatc) 751 752 496 1024 10.62 23.98 2.32 1.81 0.05 2.17 26.58 0.15 39.18
44 OSAH+TAf‘eC(atc) 751 752 496 1024 10.62 11.76 2.32 1.81 0.06 1.72 26.58 0.23 25.55
45 OSAH+TArBeC(atc) 751 752 496 1024 10.62 11.76 2.32 1.81 0.05 1.55 26.58 0.29 20.39
46 OSAH+TAgp (atc) 751 752 496 1024 10.62 11.15 2.32 1.81 0.06 1.64 26.58 0.26 23.12
47 OSAH+TANLT (atc) 2427 752 496 1024 10.62 10.46 2.32 1.81 0.07 1.64 26.58 0.26 23.12
48 BVH 102 623 0 1024 88.29 21.10 16.86 0.00 0.09 48.29 - - -
49 084 6997 48980 19428 128000 47.59 44.16 7.61 5.53 0.31 6.98 - - -
50 089 6997 48980 19428 128000 47.49 29.92 7.61 5.53 0.27 5.34 - - -
51 BSP 13915 13916 4140 46080 43.38 28.85 5.62 3.85 0.30 4.95 - - -
52 093 6997 48980 19428 128000 45.83 25.13 9.36 7.35 0.28 6.55 - - -
53 UG 0 5832 4456 8984 51.51 8.05 8.05 6.47 0.06 3.56 - - -
54 AG 151 5941 2791 16868 72.05 9.69 8.29 5.45 0.19 6.66 - - -
55 HUG 1 3375 2429 6736 63.02 7.41 6.74 5.08 0.07 4.51 - - -
56 RG 261 5164 1116 30784 73.71 6.24 5.08 3.03 0.05 4.67 - - -
57 O84A 7257 50800 18656 138944 29.86 33.90 6.26 4.87 0.91 5.49 - - -
58 KD 751 752 496 1024 10.62 11.76 2.32 1.81 0.10 2.48 - - -

Table9: Experimentatesultsfor scené‘tetras’.
N = 1024,
TPp: Nprim = 263169, Nfit, = 159213, Nft. = 53807, Nsec=0, Ni&=0,

Nshag= 50135, Nt =

4650, TMN[S =0.91, Tappls) = 0.877, TMIN

[s] = 0.033.
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Minimum TestingOutput

Line MnemonicNotation A (€]

Ng Ne Nee NER NT™ ‘ Nrs ‘ NeTs ‘ NegTs T8 TR | ©ppp ‘ Orat ORIN
0 nave RSA 0 0 1 1023 - 0 0 0 0.01 1544.43 18.67 1.0 7354.43
1 spatmed-xyz(16,2) 307 308 218 1569 480.05 61.95 12.99 6.69 0.02 109.94 18.67 0.76 504.86
2 objmed-xyz(16,2) 4427 4428 661 7239 198.68 87.03 19.39 3.33 0.14 58.63 18.67 0.48 260.52
3 objmed(16,2) 5041 5042 809 8477 342.38 125.39 30.85 5.32 0.22 102.18 18.67 0.52 467.90
4 OSAH(16,2) 1107 1108 312 1930 2151 11.96 3.17 0.48 0.16 10.09 18.67 0.42 29.38
5 OSAH-RMI(16,2) 1107 1108 312 1930 21.51 11.96 3.17 0.48 0.15 9.89 18.67 0.42 28.43
6 OSAH-xyz(16,2) 1114 1115 334 1961 19.34 13.98 3.90 1.65 0.08 10.48 18.67 0.36 31.24
7 OSAH(8,1) 57 58 8 1126 99.09 9.95 2.84 0.12 0.09 22.95 18.67 0.80 90.62
8 OSAH(8,2) 54 55 7 1126 100.14 9.69 2.79 0.12 0.08 22.99 18.67 0.80 90.81
9 OSAH(16,1) 1433 1434 545 2019 19.16 12.59 3.28 0.59 0.15 9.63 18.67 0.38 27.19
10 OSAH(16,2) 1107 1108 312 1930 21.51 11.96 3.17 0.48 0.16 10.09 18.67 0.42 29.38
11 OSAH(24,1) 8578 8579 1747 9546 18.47 13.03 3.36 0.62 0.33 9.66 18.67 0.36 27.33
12 OSAH(24,2) 3306 3307 376 5649 20.99 12.15 3.20 0.48 0.22 9.81 18.67 0.41 28.05
13 OSAH(atc) 521 522 192 1416 22.98 12.04 3.19 0.51 0.12 10.43 18.67 0.43 31.00
14 OSAH2(atc) 900 901 234 1818 20.10 13.19 3.39 0.91 0.16 10.18 18.67 0.38 29.81
15 OSAH+LC(atc) 527 528 192 1431 22.99 12.06 3.19 0.51 0.12 10.48 18.67 0.43 31.24
16 OSAH+TPC(atc) 514 515 193 1403 23.03 11.98 3.17 0.51 0.14 10.30 18.67 0.43 30.38
17 OSAH+TPC+LC(atc) 538 539 193 1463 22.95 12.04 3.18 0.51 0.14 9.54 18.67 0.43 26.76
18 OSAH+LC(16,1) 1433 1434 545 2019 19.16 12.59 3.28 0.59 0.18 9.07 18.67 0.38 24.52
19 OSAH+TPC(16,1) 1438 1439 548 2021 19.11 12.58 3.27 0.59 0.19 8.94 18.67 0.38 23.90
20 OSAH+TPC+LC(16,1) 1438 1439 548 2021 19.11 12.58 3.27 0.59 0.19 8.99 18.67 0.38 24.14
21 OSAH+PR(atc) 521 522 192 1388 23.04 11.75 3.11 0.52 0.14 9.78 18.67 0.43 27.90
22 OSAH+SC(atc) 512 513 228 1335 22.15 11.97 3.18 0.61 0.17 9.91 18.67 0.42 28.52
23 OSAH+GCM(atc) 569 570 220 1436 22.33 12.21 3.20 0.58 1.96 9.81 18.67 0.42 28.05
24 OSAH+GCM2(atc) 880 881 180 2377 23.97 13.65 3.47 0.56 3.24 10.53 18.67 0.41 31.48
25 OSAH+GCM3(atc) 548 549 110 1895 47.63 16.19 3.56 0.43 2.23 15.19 18.67 0.54 53.67
26 OSAH+RR(atc) 521 522 192 1416 4.75 15.97 4.46 0.82 0.14 5.60 18.24 0.57 8.43
27 PARSAH+MR(atc) 566 567 227 1506 3.38 12.66 3.40 0.84 0.19 5.18 18.24 0.55 6.43
28 OSAH+PER(atc) 521 522 192 1416 8.33 18.59 4.95 1.08 0.14 4.48 17.87 0.51 12.00
29 PERSAH+PER(atc) 847 848 329 1827 10.11 14.83 4.12 1.94 34.83 4.62 17.87 0.63 12.93
30 SPHSAH+PER(atc) 639 640 227 2175 10.68 15.63 4.18 1.70 1.23 4.93 17.87 0.67 15.00
31 OSAH+SPH(atc) 521 522 192 1416 8.28 18.43 4.90 1.07 0.13 4.76 16.53 0.55 11.47
32 SPHSAH+SPH(atc) 639 640 227 2175 10.66 15.55 4.16 1.68 1.24 5.21 16.53 0.69 14.12
33 OSAH+TAse((16,2) 1107 1108 312 1930 21.60 25.40 3.18 0.48 0.13 13.13 18.67 0.25 43.86
34 OSAH+TA,ASC(16,2) 1107 1108 312 1930 21.51 11.96 3.17 0.48 0.12 9.99 18.67 0.38 28.90
35 OSAH+'IAP€C(16,2) 1107 1108 312 1930 2151 11.96 3.17 0.48 0.12 9.35 18.67 0.42 25.86
36 OSAH+TAgN_(16,2) 1107 1108 312 1930 21.61 11.82 3.18 0.48 0.15 9.77 18.67 0.39 27.86
37 OSAH+TANLT(16,2) 7341 1108 312 1930 21.61 10.99 3.18 0.48 0.14 10.42 18.67 0.35 30.95
38 OSAH+TAse((18,2) 1630 1631 356 2554 21.17 25.81 3.20 0.48 0.15 13.12 18.67 0.24 43.81
39 OSAH+TA,ASC(18,2) 1630 1631 356 2554 21.08 12.06 3.19 0.48 0.14 9.95 18.67 0.36 28.71
40 OSAH+TAF’SC(18,2) 1630 1631 356 2554 21.08 12.06 3.19 0.48 0.15 9.29 18.67 0.41 25.57
41 OSAH+TAgN_(18,2) 1630 1631 356 2554 21.18 11.92 3.20 0.48 0.14 9.71 18.67 0.38 27.57
42 OSAH+TANLT(18,2) 10377 1631 356 2554 21.18 11.08 3.20 0.48 0.18 9.87 18.67 0.37 28.33
43 OSAH+TAseq(atc) 521 522 192 1416 23.07 25.16 3.19 0.51 0.10 13.55 18.67 0.26 45.86
44 OSAH+TAﬁeC(atc) 521 522 192 1416 22.98 12.04 3.19 0.51 0.10 10.37 18.67 0.39 30.71
45 OSAH+TAF’ec(atc) 521 522 192 1416 22.98 12.04 3.19 0.51 0.10 9.70 18.67 0.43 27.52
46 OSAH+TAgp (atc) 521 522 192 1416 23.08 11.89 3.20 0.51 0.10 10.69 18.67 0.37 32.24
47 OSAH+TANLT (atc) 3644 522 192 1416 23.08 11.06 3.20 0.51 0.12 10.29 18.67 0.39 30.33
48 BVH 163 672 0 1023 32.72 10.33 6.59 0.00 0.08 99.60 - - -
49 084 145 1016 859 2013 419.41 128.56 21.27 14.00 0.03 176.30 - - -
50 089 145 1016 859 2013 418.74 83.80 21.27 14.00 0.03 152.31 - - -
51 BSP 307 308 218 1569 480.05 61.95 12.99 6.69 1.31 232.96 - - -
52 093 145 1016 859 2013 418.25 71.05 28.38 21.12 0.03 167.79 - - -
53 uG 0 4324 2158 3217 1137.20 6.29 6.29 2.87 0.04 299.79 - - -
54 AG 170 6285 4014 5248 19.75 7.05 6.40 4.62 0.13 18.49 - - -
55 HUG 10 3064 2322 2550 55.55 4.53 1.94 1.18 0.06 35.93 - - -
56 RG 45 3511 1778 4177 53.77 14.39 11.75 6.48 0.02 29.01 - - -
57 O84A 471 3298 1364 4836 22.74 31.57 7.99 5.62 0.12 28.84 - - -
58 KD 1107 1108 312 1930 2151 11.96 3.17 0.48 0.34 18.39 - - -

Table10: Experimentatesultsfor scené‘tree8.
N = 1023,
TPp: Nprim = 263169, Nf, = 263169, Nft, = 166900, Nsec=0, NL&.=0,

Nshaa= 1088879, N

hit  _
shad —

632, TMIN[§ =4.13, Tapp[s = 3.92, TMNg =0.21.
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balls3 gears2

jacks3 lattice6

mount4

Figurel: Visualizationof the Gng scenewssingthetestingprocedurel Pp.
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rings3 sombrerol

teapot4 tetrab

tree8

Figure2: Visualizationof the G%PD sceneaisingthetestingprocedurel Pp.
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Scene=“balls4
Minimum TestingOutput
Line MnemonicNotation z o

Ng ‘ Ne Neg NERr "™ ‘ Nrs ‘ NeTs ‘ NeeTs T8 TR | ©app ‘ Orat OruN

0 nave RSA 0 0 1 7382 - 0 0 0.02 6248.25 15.05 1.0 16887.16
1 spatmed-xyz(16,2) 583 584 258 11433 330.66 56.74 10.76 5.96 0.18 81.39 15.05 0.77 204.92
2 objmed-xyz(16,2) 31398 31399 1213 64190 104.21 133.92 28.30 2.98 1.24 57.94 15.05 0.31 141.54
3 objmed(16,2) 26852 26853 502 55119 109.17 130.18 27.86 1.12 1.71 60.17 15.05 0.32 147.57
4 OSAH(16,2) 4374 4375 746 13784 16.23 24.10 4.77 1.26 1.38 16.07 15.05 0.28 28.38
5 OSAH-RMI(16,2) 4374 4375 746 13784 16.23 24.10 4.77 1.26 1.35 15.68 15.05 0.28 27.32
6 OSAH-xyz(16,2) 4833 4834 828 14839 17.18 25.44 5.13 1.40 0.78 15.84 15.05 0.28 27.76
7 OSAH(8,1) 82 83 6 7931 410.73 13.16 3.12 0.36 0.93 87.10 15.05 0.95 220.35
8 OSAH(8,2) 79 80 5 7930 411.16 12.61 2.99 0.27 0.92 85.93 15.05 0.95 217.19
9 OSAH(16,1) 5243 5244 938 14410 15.01 26.09 5.18 151 1.40 15.94 15.05 0.25 28.03
10 OSAH(16,2) 4374 4375 746 13784 16.23 24.10 4.77 1.26 1.38 16.07 15.05 0.28 28.38
11 OSAH(24,1) 64019 64020 9756 79636 9.72 31.83 6.13 1.99 2.85 16.55 15.05 0.15 29.68
12 OSAH(24,2) 29159 29160 2724 51935 11.73 27.47 5.29 1.44 2.12 15.91 15.05 0.19 27.95
13 OSAH(atc) 7892 7893 1479 17323 12.79 27.13 5.34 1.61 1.48 15.74 15.05 0.21 27.49
14 OSAH2(atc) 12720 12721 1641 23484 11.85 33.66 6.02 2.34 2.07 16.61 15.05 0.17 29.84
15 OSAH+LC(atc) 8014 8015 1485 17592 12.41 27.35 5.35 1.80 1.49 15.67 15.05 0.20 27.30
16 OSAH+TPC(atc) 7707 7708 1469 17092 12.81 27.08 5.33 1.61 151 15.80 15.05 0.21 27.65
17 OSAH+TPC+LC(atc) 8253 8254 1476 18312 12.41 27.36 5.35 1.80 1.81 14.72 15.05 0.20 24.73
18 OSAH+LC(16,1) 5249 5250 944 14410 14.62 26.29 5.18 1.71 1.58 14.92 15.05 0.24 25.27
19 OSAH+TPC(16,1) 5264 5265 959 14410 14.99 26.11 5.18 1.52 1.67 14.93 15.05 0.25 25.30
20 OSAH+TPC+LC(16,1) 5270 5271 965 14410 14.61 26.31 5.18 1.71 1.67 15.00 15.05 0.24 25.49
21 OSAH+PR(atc) 7892 7893 1479 14565 11.55 27.21 5.37 1.65 1.72 14.81 15.05 0.19 24.97
22 OSAH+SC(atc) 7427 7428 2003 14055 10.94 26.67 5.27 1.94 2.26 15.32 15.05 0.19 26.35
23 OSAH+GCM(atc) 9515 9516 1761 19438 11.99 28.35 5.55 1.85 28.87 15.59 15.05 0.19 27.08
24 OSAH+GCM2(atc) 16783 16784 1067 39824 14.03 31.60 6.02 1.40 49.25 16.78 15.05 0.20 30.30
25 OSAH+GCM3(atc) 12955 12956 1446 27378 16.52 34.89 6.21 1.43 39.85 17.73 15.05 0.21 32.86
26 OSAH+RAR(atc) 7892 7893 1479 17323 6.55 31.18 6.86 2.39 1.66 4.58 12.85 0.31 10.05
27 PARSAH+PAR(atc) 7751 7752 1465 17185 6.41 29.76 6.49 2.09 2.06 4.57 12.85 0.34 10.00
28 OSAH+PER(atc) 7892 7893 1479 17323 6.30 30.98 6.87 2.66 1.69 4.61 14.11 0.34 11.50
29 PERSAH+PER(atc) 13264 13265 2942 22531 4.93 32.53 7.04 3.22 302.22 4.65 14.11 0.32 11.72
30 SPHSAH+PER(atc) 7535 7536 1447 17392 6.42 30.42 6.58 2.46 10.21 4.57 14.11 0.33 11.28
31 OSAH+SPH(atc) 7892 7893 1479 17323 6.21 30.51 6.76 2.61 1.71 4.99 12.30 0.37 9.39
32 SPHSAH+SPH(atc) 7535 7536 1447 17392 6.35 30.02 6.50 2.42 10.27 4.88 12.30 0.35 8.91
33 OSAH+TAse(16,2) 4374 4375 746 13784 17.23 59.40 4.92 1.27 1.15 21.33 15.05 0.16 42.59
34 OSAH+TA¢‘§C(16,2) 4374 4375 746 13784 16.23 24.10 4.77 1.26 1.12 16.29 15.05 0.24 28.97
35 OSAH+TAPec(16,2) 4374 4375 746 13784 16.23 24.10 4.77 1.26 1.14 14.76 15.05 0.28 24.84
36 OSAH+TAgn (16,2) 4374 4375 746 13784 17.24 21.84 4.92 1.27 1.21 15.50 15.05 0.26 26.84
37 OSAH+TANLT(16,2) 31999 4375 746 13784 17.23 19.53 4.92 1.27 1.21 15.87 15.05 0.25 27.84
38 OSAH+TAse(18,2) 9171 9172 1545 19724 13.66 65.76 5.18 1.38 1.28 21.63 15.05 0.12 43.41
39 OSAH+TA¢‘§C(18,2) 9171 9172 1545 19724 12.87 25.67 5.01 1.37 1.28 16.30 15.05 0.18 29.00
40 OSAH+TAPec(18,2) 9171 9172 1545 19724 12.87 25.67 5.01 1.37 1.28 14.49 15.05 0.22 24.11
41 OSAH+TAgn (18,2) 9171 9172 1545 19724 13.68 23.28 5.19 1.38 1.44 15.35 15.05 0.20 26.43
42 OSAH+TANLT(18,2) 65310 9172 1545 19724 13.67 20.70 5.19 1.38 1.53 15.49 15.05 0.20 26.81
43 OSAH+TAseqatc) 7892 7893 1479 17323 13.56 69.73 5.50 1.61 1.22 22.37 15.05 0.11 45.41
44 OSAH+TAf‘eC(atC) 7892 7893 1479 17323 12.78 27.13 5.34 1.61 1.22 16.53 15.05 0.17 29.62
45 OSAH+TA%C(atC) 7892 7893 1479 17323 12.79 27.13 5.34 1.61 1.22 14.69 15.05 0.21 24.65
46 OSAH+TAgp (atc) 7892 7893 1479 17323 13.59 24.46 5.51 1.61 1.35 15.56 15.05 0.19 27.00
47 OSAH+TANLT (atc) 56963 7893 1479 17323 13.57 21.66 5.50 1.61 141 15.66 15.05 0.19 27.27
48 BVH 1107 4967 0 7382 122.94 141.01 97.54 0.00 0.80 1251.74 - - -
49 084 295 2066 1032 15491 210.05 118.54 19.17 12.37 0.22 120.07 - - -
50 089 295 2066 1032 15491 211.91 75.40 19.16 12.37 0.21 96.63 - - -
51 BSP 583 584 258 11433 330.66 56.74 10.76 5.96 1.03 164.56 - - -
52 093 295 2066 1032 15497 207.90 64.76 25.30 18.59 0.22 116.43 - - -
53 UG 0 40836 33867 15959 215.52 10.25 10.25 7.11 0.26 78.59 - - -
54 AG 1762 48624 13627 58410 23.49 13.37 11.57 7.41 3.16 32.25 - - -
55 HUG 21 22226 17429 17954 67.25 15.51 11.92 8.61 0.42 73.71 - - -
56 RG 1578 40061 11669 122122 31.07 16.32 12.63 7.41 0.36 38.12 - - -
57 084A 2291 16038 3486 34692 16.57 46.88 9.12 4.97 1.05 37.96 - - -
58 KD 4374 4375 746 13784 16.23 24.10 4.77 1.26 1.78 27.06 — — —

Tablel1: Experimentatesultsfor scene'balls4'.

N = 7382,

TPp: Nprim = 263169, N = 263169, Nt = 263169, Nsec= 179881, NI = 134360,

Nshaa= 959197, N

hit

prim

ht \=285156, TMIN[J =594, Tapp[s =5.57, TMN[g =0.37.
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AppendixE

Minimum TestingOutput
Line MnemonicNotation z A [S]

Ng Ne ‘ Nee ‘ NER NnT™ ‘ Nrs ‘ NeTs NegTs Ts ‘ TR ‘ Oapp Orat ‘ OrUN
0 nave RSA 0 0 1 9345 - 0 0 0 0.01 11753.20 6.93 1.0 9794.33
1 spatmed-xyz(16,2) 7647 7648 800 61644 29.81 23.49 3.42 0.89 0.41 29.66 6.93 0.62 17.78
2 objmed-xyz(16,2) 29232 29233 1942 88854 45.42 63.23 12.48 3.38 1.66 47.83 6.93 0.48 32.92
3 objmed(16,2) 44931 44932 619 100913 72.90 95.02 18.89 0.76 2.50 73.31 6.93 0.50 54.16
4 OSAH(16,2) 10703 10704 254 34667 9.85 19.73 3.04 0.55 1.60 21.78 6.93 0.39 11.22
5 OSAH-RMI(16,2) 10703 10704 254 34667 9.85 19.73 3.04 0.55 1.61 21.43 6.93 0.39 10.93
6 OSAH-xyz(16,2) 6487 6488 366 24030 11.92 24.96 4.43 2.12 0.86 23.23 6.93 0.38 12.43
7 OSAH(8,1) 155 156 0 10146 148.88 10.84 1.99 0.00 1.03 69.48 6.93 0.95 50.97
8 OSAH(8,2) 155 156 0 10146 148.88 10.84 1.99 0.00 0.91 69.67 6.93 0.95 51.12
9 OSAH(16,1) 13258 13259 399 35902 8.41 21.02 3.19 0.64 1.63 21.00 6.93 0.34 10.57
10 OSAH(16,2) 10703 10704 254 34667 9.85 19.73 3.04 0.55 1.60 21.78 6.93 0.39 11.22
11 OSAH(24,1) 123517 123518 5805 187329 6.09 23.81 3.62 0.76 4.55 21.04 6.93 0.25 10.60
12 OSAH(24,2) 64863 64864 1509 137422 8.29 21.23 3.23 0.58 3.06 21.22 6.93 0.33 10.75
13 OSAH(atc) 27471 27472 964 53681 7.55 21.85 3.29 0.68 1.99 21.26 6.93 0.31 10.78
14 OSAH2(atc) 28542 28543 1158 57549 7.14 23.89 3.57 1.00 2.87 21.38 6.93 0.28 10.88
15 OSAH+LC(atc) 35245 35246 1133 71987 7.33 22.37 3.35 0.69 2.51 21.31 6.93 0.30 10.82
16 OSAH+TPC(atc) 17292 17293 493 42666 8.22 21.16 3.19 0.64 1.85 21.30 6.93 0.33 10.82
17 OSAH+TPC+LC(atc) 33368 33369 646 74810 7.71 22.05 3.29 0.65 3.00 19.96 6.93 0.31 9.70
18 OSAH+LC(16,1) 13310 13311 451 35902 8.41 21.02 3.19 0.65 1.83 20.24 6.93 0.34 9.93
19 OSAH+TPC(16,1) 13592 13593 794 36039 8.37 21.06 3.19 0.69 1.98 20.08 6.93 0.34 9.80
20 OSAH+TPC+LC(16,1) 13621 13622 823 36039 8.37 21.06 3.19 0.69 1.86 20.69 6.93 0.34 10.31
21 OSAH+PR(atc) 27471 27472 964 45855 7.37 21.86 3.31 0.68 5.18 20.36 6.93 0.30 10.03
22 OSAH+SC(atc) 27823 27824 1034 53622 7.59 21.92 3.30 0.68 3.43 21.10 6.93 0.31 10.65
23 OSAH+GCM(atc) 40823 40824 1429 74910 7.33 23.29 3.54 0.49 133.51 21.26 6.93 0.29 10.78
24 OSAH+GCM2(atc) 67659 67660 3167 125698 8.49 27.24 4.02 0.71 329.59 22.52 6.93 0.29 11.83
25 OSAH+GCM3(atc) 29857 29858 1773 60050 12.78 31.51 4.57 0.95 108.55 25.07 6.93 0.34 13.96
26 OSAH+RAR(atc) 27471 27472 964 53681 2.83 15.09 2.33 0.31 2.26 5.79 6.76 0.62 3.22
27 PARSAH+FAR(atc) 30419 30420 1190 58126 2.57 14.88 2.25 0.35 2.72 5.90 6.76 0.65 3.41
28 OSAH+PER(atc) 27471 27472 964 53681 3.25 17.26 2.50 0.37 2.27 5.52 6.74 0.57 3.48
29 PERSAH+PER(atc) 32118 32119 1362 60436 2.90 17.38 2.48 0.52 180.33 5.46 6.74 0.55 3.37
30 SPHSAH+PER(atc) 33660 33661 3526 73892 6.10 23.71 3.51 0.98 8.70 6.18 6.74 0.56 4.70
31 OSAH+SPH(atc) 27471 27472 964 53681 3.24 17.03 2.47 0.36 2.24 5.87 6.89 0.59 3.40
32 SPHSAH+SPH(atc) 33660 33661 3526 73892 6.06 23.59 3.50 1.00 8.65 6.50 6.89 0.57 4.51
33 OSAH+TAse((16,2) 10703 10704 254 34667 13.54 39.72 3.12 0.56 1.24 24.99 6.93 0.27 13.89
34 OSAH+'IAﬁec(lG,2) 10703 10704 254 34667 9.85 19.73 3.04 0.55 1.27 22.14 6.93 0.33 11.52
35 OSAH+'IAPEC(16,2) 10703 10704 254 34667 9.85 19.73 3.04 0.55 1.36 19.95 6.93 0.39 9.69
36 OSAH+TAgn (16,2) 10703 10704 254 34667 13.54 17.96 3.12 0.56 1.42 20.37 6.93 0.38 10.04
37 OSAH+TANLT(16,2) 52747 10704 254 34667 13.54 16.98 3.12 0.56 1.48 21.41 6.93 0.35 10.91
38 OSAH+TAse((18,2) 23394 23395 371 57919 11.71 42.84 3.23 0.57 1.76 24.79 6.93 0.25 13.72
39 OSAH+'IAﬁec(18,2) 23394 23395 371 57919 8.80 20.75 3.16 0.56 1.59 22.22 6.93 0.30 11.58
40 OSAH+'IAPEC(18,2) 23394 23395 371 57919 8.80 20.75 3.16 0.56 1.59 20.13 6.93 0.35 9.84
41 OSAH+TAgn (18,2) 23394 23395 371 57919 11.71 18.81 3.23 0.57 2.03 19.94 6.93 0.36 9.68
42 OSAH+TANLT(18,2) 105680 23395 371 57919 11.71 17.68 3.23 0.57 2.14 20.39 6.93 0.34 10.06
43 OSAH+TAseqatc) 27471 27472 964 53681 10.18 45.22 3.34 0.68 1.67 24.58 6.93 0.22 13.55
44 OSAH+TA{*ec(atc) 27471 27472 964 53681 7.56 21.85 3.29 0.68 1.66 22.24 6.93 0.26 11.60
45 OSAH+'IAPec(atc) 27471 27472 964 53681 7.55 21.85 3.29 0.68 1.67 20.10 6.93 0.31 9.82
46 OSAH+TAgN (atc) 27471 27472 964 53681 10.18 19.61 3.34 0.68 2.16 19.65 6.93 0.32 9.44
47 OSAH+TANLT (atc) 120779 27472 964 53681 10.18 18.15 3.34 0.68 2.28 20.05 6.93 0.31 9.78
48 BVH 1166 6104 0 9345 123.90 131.42 95.25 0.00 1.76 1764.88 - - -
49 084 4033 28232 10996 111612 23.11 28.43 5.15 2.50 0.62 47.29 - - -
50 089 4033 28232 10996 111612 22.10 22.01 5.10 2.50 0.51 41.45 - - -
51 BSP 7647 7648 800 61644 29.81 23.49 3.42 0.89 1.54 93.96 - - -
52 093 4217 29520 12092 114496 18.78 17.73 6.62 4.45 0.56 46.64 - - -
53 UG 0 46284 35148 39226 22.86 12.15 12.15 8.96 0.44 38.07 - - -
54 AG 2374 64448 5992 126321 14.90 5.14 3.78 0.25 5.12 48.29 - - -
55 HUG 25 27984 17304 50030 22.89 11.36 6.37 3.26 0.89 91.52 - - -
56 RG 8503 117394 28116 512128 23.41 11.62 9.04 5.52 1.31 50.42 - - -
57 O84A 6937 48560 11408 148456 13.69 33.34 6.38 3.64 2.32 45.75 - - -
58 KD 10703 10704 254 34667 9.85 19.73 3.04 0.55 2.38 36.24 - - -

Table12: Experimentalesultsfor scené’gears4'.
N = 9345,
TPp: Nprim = 263169, Nfit, = 263169, Nft, =332, Nsec= 181015, Nk = 122023,

Nshad= 1388067, N

hit
shad —

356484, TMIN[§ =952, Tappls =8.32, TMN[g = 1.20.




AppendixE 181
Scene= “jacks4
Minimum TestingOutput
Line MnemonicNotation z (€]

Ng Ne ‘ NEg ‘ Ner NT™ ‘ ‘ NeTs ‘ NeeTs T8 TR ‘ Oapp Orat ‘ ORJN
0 ndave RSA 0 0 1 5265 - 0 0 0.01 2844.89 8.56 1.0 8890.28
1 spatmed-xyz(16,2) 20041 20042 1042 60390 36.75 40.56 7.49 1.47 0.36 17.95 8.56 0.65 47.53
2 objmed-xyz(16,2) 32567 32568 1664 70776 44.85 58.12 11.09 1.42 1.12 22.03 8.56 0.61 60.28
3 objmed(16,2) 29962 29963 645 64557 52.25 60.54 11.98 0.24 1.62 24.66 8.56 0.64 68.50
4 OSAH(16,2) 13793 13794 1343 28098 24.62 36.71 6.70 1.42 1.25 14.73 8.56 0.58 37.47
5 OSAH-RMI(16,2) 13793 13794 1343 28098 24.62 36.71 6.70 1.42 1.24 14.45 8.56 0.58 36.59
6 OSAH-xyz(16,2) 14392 14393 1384 29831 24.93 36.91 6.73 1.56 0.76 14.45 8.56 0.58 36.59
7 OSAH(8,1) 239 240 30 7969 180.92 15.09 3.00 0.71 0.61 38.40 8.56 0.96 111.44
8 OSAH(8,2) 227 228 18 7969 181.64 14.72 291 0.45 0.61 38.38 8.56 0.96 111.38
9 OSAH(16,1) 20374 20375 4485 31264 19.68 41.58 7.58 3.05 1.38 13.85 8.56 0.49 34.72
10 OSAH(16,2) 13793 13794 1343 28098 24.62 36.71 6.70 1.42 1.25 14.73 8.56 0.58 37.47
11 OSAH(24,1) 92622 92623 7933 133860 18.63 53.91 9.64 3.36 3.25 15.82 8.56 0.41 40.87
12 OSAH(24,2) 46495 46496 1731 94355 24.93 43.23 7.80 1.46 2.18 15.85 8.56 0.54 40.97
13 OSAH(atc) 17878 17879 4883 25902 21.04 39.51 7.20 3.08 1.33 13.70 8.56 0.52 34.25
14 OSAH2(atc) 27834 27835 3456 39802 20.86 45.75 8.06 2.78 2.09 14.78 8.56 0.48 37.62
15 OSAH+LC(atc) 28499 28500 4883 52653 21.83 43.52 7.92 3.08 1.78 14.79 8.56 0.50 37.66
16 OSAH+TPC(atc) 10982 10983 2929 20034 24.15 35.72 6.52 271 1.27 13.90 8.56 0.58 34.88
17 OSAH+TPC+LC(atc) 25060 25061 2939 54064 24.90 41.80 7.61 271 2.06 14.94 8.56 0.55 38.12
18 OSAH+LC(16,1) 20374 20375 4485 31264 19.68 41.58 7.58 3.05 1.63 13.56 8.56 0.49 33.81
19 OSAH+TPC(16,1) 20419 20420 4506 31306 19.66 41.57 7.56 3.04 1.68 13.59 8.56 0.49 33.91
20 OSAH+TPC+LC(16,1) 20419 20420 4506 31306 19.66 41.57 7.56 3.04 1.71 13.60 8.56 0.49 33.94
21 OSAH+PR(atc) 17878 17879 4883 15941 14.82 39.71 7.24 3.08 2.25 11.98 8.56 0.43 28.88
22 OSAH+SC(atc) 20021 20022 11476 14186 8.90 40.38 7.36 4.78 2.56 10.32 8.56 0.31 23.69
23 OSAH+GCM(atc) 32010 32011 6011 45479 18.83 45.63 8.22 3.11 89.81 14.22 8.56 0.46 35.88
24 OSAH+GCM2(atc) 71773 71774 1265 130911 24.07 53.33 9.38 1.98 201.24 17.24 8.56 0.48 45.31
25 OSAH+GCM3(atc) 47308 47309 3604 79081 24.60 53.50 9.08 2.57 140.55 16.74 8.56 0.48 43.75
26 OSAH+FAR(atc) 17878 17879 4883 25902 11.14 24.19 4.71 2.86 1.54 2.64 7.17 0.40 14.83
27 PARSAH+PAR(atc) 35331 35332 3093 182417 7.22 8.15 0.59 0.16 4.64 2.12 7.17 0.71 10.50
28 OSAH+PER(atc) 17878 17879 4883 25902 12.09 28.95 5.58 3.48 1.64 3.22 6.79 0.43 16.21
29 PERSAH+PER(atc) 18430 18431 4913 32776 8.27 18.73 3.30 2.04 322.41 2.65 6.79 0.51 12.14
30 SPHSAH+PER(atc) 40984 40985 7339 134683 46.45 32.21 6.21 2.93 21.44 6.12 6.79 0.72 36.93
31 OSAH+SPH(atc) 17878 17879 4883 25902 12.06 28.79 5.55 3.45 1.54 3.53 7.84 0.37 10.74
32 SPHSAH+SPH(atc) 40984 40985 7339 134683 46.27 32.02 6.17 2.90 21.43 6.32 7.84 0.71 25.42
33 OSAH+TAse(16,2) 13793 13794 1343 28098 25.22 98.26 6.81 1.42 1.07 18.64 8.56 0.40 49.69
34 OSAH+TAf\eC(16,2) 13793 13794 1343 28098 24.62 36.71 6.70 1.42 1.04 15.10 8.56 0.52 38.62
35 OSAH+TAPeC(16,2) 13793 13794 1343 28098 24.62 36.71 6.70 1.42 1.04 13.80 8.56 0.58 34.56
36 OSAH+TAgN (16,2) 13793 13794 1343 28098 25.23 29.26 6.81 1.42 1.29 15.55 8.56 0.50 40.03
37 OSAH+TANLT(16,2) 107720 13794 1343 28098 25.23 24.12 6.81 1.42 1.38 15.40 8.56 0.51 39.56
38 OSAH+TAse(18,2) 22195 22196 1694 42201 24.82 111.17 7.35 1.46 1.30 19.74 8.56 0.37 53.12
39 OSAH+TAf\eC(18,2) 22195 22196 1694 42201 24.21 39.72 7.22 1.46 1.23 15.66 8.56 0.49 40.38
40 OSAH+TAPeC(18,2) 22195 22196 1694 42201 24.21 39.72 7.22 1.46 1.25 14.23 8.56 0.55 35.91
41 OSAH+TAgN (18,2) 22195 22196 1694 42201 24.83 31.59 7.35 1.46 1.61 16.06 8.56 0.47 41.62
42 OSAH+TANLT(18,2) 158186 22196 1694 42201 24.83 25.93 7.35 1.46 1.76 15.85 8.56 0.48 40.97
43 OSAH+TAseqatc) 17878 17879 4883 25902 21.67 107.51 7.30 3.08 1.17 18.38 8.56 0.34 48.87
44 OSAH+TAf‘eC(atc) 17878 17879 4883 25902 21.04 39.51 7.20 3.08 1.14 14.50 8.56 0.46 36.75
45 OSAH+TAPeC(atc) 17878 17879 4883 25902 21.04 39.51 7.20 3.08 1.13 13.05 8.56 0.52 32.22
46 OSAH+TAgp (atc) 17878 17879 4883 25902 21.67 31.43 7.30 3.08 1.42 14.77 8.56 0.45 37.59
47 OSAH+TANLT (atc) 135333 17879 4883 25902 21.67 25.92 7.30 3.08 1.55 14.71 8.56 0.45 37.41
48 BVH 580 3387 0 5265 187.42 145.28 108.17 0.00 0.82 647.28 - - -
49 084 10071 70498 8366 145262 33.89 64.27 10.24 2.92 0.51 31.37 - - -
50 089 10071 70498 8366 145262 33.82 41.11 10.23 2.92 0.49 25.86 - - -
51 BSP 20041 20042 1042 60390 36.75 40.56 7.49 1.47 0.63 25.49 - - -
52 093 10071 70498 8366 145262 32.80 39.01 16.72 9.59 0.46 31.06 - - -
53 uG 0 25792 16345 36966 38.00 11.86 11.86 7.27 0.32 19.82 - - -
54 AG 360 19909 7652 37576 51.68 19.93 17.02 7.61 3.91 39.96 - - -
55 HUG 131 16092 9937 21771 59.71 20.02 15.43 7.92 0.36 38.66 - - -
56 RG 1627 24050 3588 85556 51.46 12.85 9.60 3.73 0.28 29.39 - - -
57 084A 12833 89832 7534 184006 31.29 65.26 10.54 3.10 1.83 31.04 - - -
58 KD 13793 13794 1343 28098 24.62 36.71 6.70 1.42 2.15 20.22 - - -

Table13: Experimentatesultsfor scené'jacks4'.
N = 5265,
TPo: Nprim = 263169, NI = 220685, NOt = 098411, Nsec= 206471, NI = 123014,

Nghag= 162163, Nt

shad —

prim

= 73920, TMIN[g=3.06, Tappls = 2.74, TMN[g = 0.32.
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Scene= “latticel?

AppendixE

Minimum TestingOutput
Line MnemonicNotation z A (€]

Ng ‘ Ne Nee NER NT™ ‘ Nrs ‘ NeTs ‘ NegTs T8 TR | ©ppp ‘ Orat ORIN
0 nave RSA 0 0 1 8281 - 0 0 0 0.02 10596.70 8.72 1.0 9057.01
1 spatmed-xyz(16,2) 22015 22016 464 49328 15.01 38.15 6.44 0.20 0.43 38.28 8.72 0.59 24.00
2 objmed-xyz(16,2) 18238 18239 2462 31902 11.65 36.15 6.00 1.01 0.88 31.56 8.72 0.54 18.26
3 objmed(16,2) 14529 14530 0 27981 14.05 35.67 5.96 0.00 1.26 34.89 8.72 0.59 21.10
4 OSAH(16,2) 15225 15226 2044 25350 9.79 34.14 5.71 1.33 1.26 31.45 8.72 0.51 18.16
5 OSAH-RMI(16,2) 15225 15226 2044 25350 9.79 34.14 571 1.33 1.26 30.80 8.72 0.51 17.61
6 OSAH-xyz(16,2) 14185 14186 981 25856 10.91 33.35 5.51 0.75 0.82 31.06 8.72 0.54 17.83
7 OSAH(8,1) 255 256 0 11103 103.39 12.23 2.07 0.00 0.72 120.54 8.72 0.97 94.31
8 OSAH(8,2) 255 256 0 11103 103.39 12.23 2.07 0.00 0.71 120.53 8.72 0.97 94.30
9 OSAH(16,1) 32452 32453 5155 39466 5.49 41.93 6.88 3.04 1.63 29.35 8.72 0.32 16.37
10 OSAH(16,2) 15225 15226 2044 25350 9.79 34.14 571 1.33 1.26 31.45 8.72 0.51 18.16
11 OSAH(24,1) 61634 61635 5155 68648 4.83 43.32 6.95 3.04 2.28 28.66 8.72 0.29 15.78
12 OSAH(24,2) 15645 15646 2044 25770 9.78 34.16 571 1.33 1.26 30.71 8.72 0.51 17.53
13 OSAH(atc) 42624 42625 5155 49638 5.13 42.76 6.93 3.04 1.84 28.86 8.72 0.30 15.95
14 OSAH2(atc) 41769 41770 4139 49812 5.69 42.55 6.86 2.53 2.53 29.60 8.72 0.33 16.58
15 OSAH+LC(atc) 43079 43080 5155 50093 5.12 42.78 6.93 3.04 2.02 29.41 8.72 0.30 16.42
16 OSAH+TPC(atc) 32549 32550 4961 39757 5.79 40.83 6.52 3.19 1.77 28.94 8.72 0.34 16.02
17 OSAH+TPC+LC(atc) 36455 36456 4991 43782 5.38 41.74 6.73 3.01 2.34 27.40 8.72 0.32 14.70
18 OSAH+LC(16,1) 32557 32558 5197 39529 5.36 41.83 6.79 3.12 2.04 27.95 8.72 0.32 15.17
19 OSAH+TPC(16,1) 32756 32757 5245 39680 5.33 41.83 6.77 3.12 1.97 27.77 8.72 0.32 15.02
20 OSAH+TPC+LC(16,1) 32756 32757 5245 39680 5.33 41.83 6.77 3.12 2.08 27.86 8.72 0.32 15.09
21 OSAH+PR(atc) 42624 42625 5155 49638 5.13 42.76 6.93 3.04 2.98 28.89 8.72 0.30 15.97
22 OSAH+SC(atc) 43552 43553 5152 50569 5.06 42.85 6.94 3.08 5.17 29.65 8.72 0.30 16.62
23 OSAH+GCM(atc) 43635 43636 5404 50400 4.77 43.11 6.82 3.22 111.58 28.45 8.72 0.29 15.60
24 OSAH+GCM2(atc) 52846 52847 3776 61268 6.06 45.04 7.23 241 134.96 29.51 8.72 0.33 16.50
25 OSAH+GCM3(atc) 44736 44737 3506 53405 7.08 44.19 6.96 1.69 114.56 30.33 8.72 0.37 17.21
26 OSAH+RAR(atc) 42624 42625 5155 49638 18.91 82.86 15.63 9.11 2.15 6.21 8.63 0.31 24.05
27 PARSAH+FAR(atc) 22812 22813 8645 26248 20.02 44.07 10.63 5.19 2.08 5.17 8.63 0.53 18.58
28 OSAH+PER(atc) 42624 42625 5155 49638 5.36 54.13 10.22 5.16 2.16 7.27 7.98 0.42 7.49
29 PERSAH+PER(atc) 14633 14634 3037 22943 316.69 17.46 3.19 0.33 65.51 66.80 7.98 0.99 134.15
30 SPHSAH+PER(atc) 24185 24186 5611 30861 61.92 45.95 8.12 3.43 5.12 23.69 7.98 0.91 42.43
31 OSAH+SPH(atc) 42624 42625 5155 49638 5.35 53.96 10.17 5.12 211 7.69 9.16 0.44 8.32
32 SPHSAH+SPH(atc) 24185 24186 5611 30861 59.31 45.80 8.06 3.40 491 23.48 9.16 0.91 44.20
33 OSAH+TAse((16,2) 15233 15234 2053 25349 9.84 85.88 5.70 1.37 1.08 38.27 8.72 0.34 23.99
34 OSAH+TAﬁeC(16,2) 15233 15234 2053 25349 9.63 33.90 5.58 1.35 1.06 31.65 8.72 0.44 18.33
35 OSAH+'IAPQC(16,2) 15233 15234 2053 25349 9.63 33.90 5.58 1.35 1.07 28.68 8.72 0.51 15.79
36 OSAH+TAgN(16,2) 15233 15234 2053 25349 9.84 22.39 5.70 1.37 131 29.58 8.72 0.49 16.56
37 OSAH+TANLT(16,2) 58797 15234 2053 25349 9.84 21.18 5.70 1.37 1.38 29.90 8.72 0.48 16.84
38 OSAH+TAse((18,2) 15641 15642 2053 25757 9.83 85.89 5.70 1.37 1.09 38.56 8.72 0.33 24.24
39 OSAH+TAﬁeC(18,2) 15641 15642 2053 25757 9.62 33.90 5.58 1.35 1.09 31.81 8.72 0.44 18.47
40 OSAH+TAF’QC(18,2) 15641 15642 2053 25757 9.62 33.90 5.58 1.35 1.09 28.66 8.72 0.51 15.78
41 OSAH+TAgN(18,2) 15641 15642 2053 25757 9.83 22.40 5.70 1.37 1.37 29.59 8.72 0.49 16.57
42 OSAH+TANLT(18,2) 60837 15642 2053 25757 9.83 21.18 5.70 1.37 1.39 29.73 8.72 0.48 16.69
43 OSAH+TAseq(atc) 42904 42905 5197 49876 5.09 113.84 6.94 3.12 1.58 39.53 8.72 0.17 25.07
44 OSAH+TAﬁeC(atc) 42904 42905 5197 49876 4.94 42.78 6.85 3.12 1.55 30.99 8.72 0.24 17.77
45 OSAH+TAF’ec(atc) 42904 42905 5197 49876 4.94 42.78 6.85 3.12 1.58 27.03 8.72 0.30 14.38
46 OSAH+TAgN (atc) 42904 42905 5197 49876 5.09 27.37 6.94 3.12 2.35 26.86 8.72 0.30 14.24
47 OSAH+TANLT (atc) 178081 42905 5197 49876 5.09 25.26 6.94 3.12 242 26.69 8.72 0.31 14.09
48 BVH 810 5374 0 8281 123.84 155.40 119.25 0.00 3.02 1908.83 - - -
49 084 8777 61440 7744 88184 11.58 51.96 8.44 1.71 0.53 59.89 - - -
50 089 8777 61440 7744 88184 11.52 33.60 8.41 1.71 0.48 48.88 - - -
51 BSP 22015 22016 464 49328 15.01 38.15 6.44 0.20 1.82 68.72 - - -
52 093 8777 61440 7744 88184 10.40 31.98 13.17 7.03 0.49 61.09 - - -
53 uG 0 42875 9616 61003 13.55 8.46 8.46 1.37 0.63 39.95 - - -
54 AG 3614 4614 0 14548 66.28 82.96 62.19 0.00 2.16 1005.04 - - -
55 HUG 1 12167 0 61535 35.88 6.83 5.83 0.00 0.32 85.77 - - -
56 RG 289 11568 0 61156 36.97 6.09 5.00 0.00 0.17 75.90 - - -
57 O84A 7441 52088 6928 66424 9.24 48.75 8.01 2.58 1.48 54.82 - - -
58 KD 15225 15226 2044 25350 9.79 34.14 5.71 1.33 3.97 52.88 - - -

Table14: Experimentafesultsfor scene'latticel12'.
N = 8281,
TPo: Nprim = 263169, NO% = 263169, Nit, = 261170, Nsec= 243215, NII = 178786,

Nghag= 1180750, Nt

shad —

= 943153, TMIN[g| = 1137, Tapp[s = 1020, TMIN[g = 1.17.




AppendixE 183
Scene= “mount6
Minimum TestingOutput
Line MnemonicNotation z o

Ng ‘ Ne Neg NERr "™ ‘ ‘ NeTs ‘ NEgTS Ts TR | ©app ‘ Orat ORUN
0 nave RSA 0 0 1 8196 - 0 0 0.01 6971.35 16.03 1.0 20503.97
1 spatmed-xyz(16,2) 8837 8838 1989 43940 21.34 27.24 5.13 1.41 0.33 18.72 16.03 0.38 39.03
2 objmed-xyz(16,2) 12089 12090 1398 23189 34.04 53.05 9.51 1.37 0.80 25.87 16.03 0.34 60.06
3 objmed(16,2) 4414 4415 17 8754 63.15 98.72 17.55 0.05 0.93 46.40 16.03 0.34 120.44
4 OSAH(16,2) 6701 6702 1302 10382 7.49 22.07 3.90 1.45 1.07 13.73 16.03 0.21 24.35
5 OSAH-RMI(16,2) 6701 6702 1302 10382 7.49 22.07 3.90 1.45 1.07 13.27 16.03 0.21 23.00
6 OSAH-xyz(16,2) 8003 8004 1848 13451 8.67 24.30 4.20 1.48 0.71 13.66 16.03 0.22 24.15
7 OSAH(8,1) 194 195 43 9016 94.45 13.11 2.48 0.80 0.74 35.12 16.03 0.85 87.26
8 OSAH(8,2) 194 195 43 9016 94.45 13.11 2.48 0.80 0.77 34.96 16.03 0.85 86.79
9 OSAH(16,1) 10102 10103 3866 11210 6.81 22.90 3.97 1.59 1.14 13.50 16.03 0.19 23.68
10 OSAH(16,2) 6701 6702 1302 10382 7.49 22.07 3.90 1.45 1.07 13.73 16.03 0.21 24.35
11 OSAH(24,1) 16495 16496 6633 14567 5.67 24.82 4.22 1.73 1.27 13.57 16.03 0.15 23.88
12 OSAH(24,2) 7005 7006 1311 10409 6.90 22.81 3.97 1.45 1.05 13.64 16.03 0.19 24.09
13 OSAH(atc) 13191 13192 5649 12237 6.57 20.73 3.71 1.69 1.17 12.74 16.03 0.20 21.44
14 OSAH2(atc) 16578 16579 5795 16317 6.75 24.75 4.27 1.66 1.69 13.82 16.03 0.18 24.62
15 OSAH+LC(atc) 13203 13204 5651 12258 5.99 22.19 3.87 1.69 1.19 13.05 16.03 0.18 22.35
16 OSAH+TPC(atc) 12996 12997 5562 12137 7.48 19.42 3.52 1.69 1.19 12.66 16.03 0.23 21.21
17 OSAH+TPC+LC(atc) 13028 13029 5564 12176 7.17 21.70 3.88 1.69 1.38 12.26 16.03 0.21 20.03
18 OSAH+LC(16,1) 10104 10105 3868 11210 6.81 22.90 3.97 1.59 1.28 12.52 16.03 0.19 20.79
19 OSAH+TPC(16,1) 10094 10095 3838 11251 6.81 22.89 3.97 1.59 1.29 12.37 16.03 0.19 20.35
20 OSAH+TPC+LC(16,1) 10096 10097 3840 11251 6.81 22.89 3.97 1.59 1.29 12.41 16.03 0.19 20.47
21 OSAH+PR(atc) 13191 13192 5649 11919 6.55 20.73 3.72 1.70 1.25 12.74 16.03 0.20 21.44
22 OSAH+SC(atc) 14301 14302 6193 12837 6.15 20.68 3.72 1.73 1.76 12.71 16.03 0.19 21.35
23 OSAH+GCM(atc) 15020 15021 6460 13237 6.53 21.20 3.79 1.72 45.38 12.51 16.03 0.20 20.76
24 OSAH+GCM2(atc) 20943 20944 6166 22986 7.25 27.75 4.73 1.40 66.00 14.07 16.03 0.17 25.35
25 OSAH+GCM3(atc) 15240 15241 5296 16054 7.38 28.56 4.63 1.86 47.69 14.05 16.03 0.17 25.29
26 OSAH+RAR(atc) 13191 13192 5649 12237 4.71 28.48 5.51 4.08 1.49 2.28 13.83 0.13 24.17
27 PARSAH+PAR(atc) 13186 13187 5718 12127 4.65 28.55 5.50 4.10 141 2.27 13.83 0.12 24.00
28 OSAH+PER(atc) 13191 13192 5649 12237 4.51 30.94 6.09 3.96 1.55 2.77 12.67 0.16 18.11
29 PERSAH+PER(atc) 13281 13282 5612 12503 6.19 30.09 6.07 4.00 61.17 2.84 12.67 0.21 18.89
30 SPHSAH+PER(atc) 13191 13192 5649 12237 4.51 30.94 6.09 3.96 2.06 2.83 12.67 0.19 18.78
31 OSAH+SPH(atc) 13191 13192 5649 12237 4.50 30.36 5.97 3.89 1.56 3.06 13.18 0.16 14.64
32 SPHSAH+SPH(atc) 13191 13192 5649 12237 4.50 30.36 5.97 3.89 1.95 3.06 13.18 0.16 14.64
33 OSAH+TAse(16,2) 6701 6702 1302 10382 8.01 44.39 3.90 1.45 0.84 16.17 16.03 0.14 31.53
34 OSAH+TAf‘eC(16,2) 6701 6702 1302 10382 7.49 22.07 3.90 1.45 0.83 13.73 16.03 0.18 24.35
35 OSAH+TAPeC(16,2) 6701 6702 1302 10382 7.49 22.07 3.90 1.45 0.83 12.49 16.03 0.21 20.71
36 OSAH+TAgn (16,2) 6701 6702 1302 10382 8.01 15.53 3.90 1.45 0.94 11.44 16.03 0.25 17.62
37 OSAH+TANLT(16,2) 32628 6702 1302 10382 8.01 13.92 3.90 1.45 0.98 11.81 16.03 0.23 18.71
38 OSAH+TAse(18,2) 7000 7001 1311 10397 7.47 45.91 3.95 1.45 0.85 16.20 16.03 0.13 31.62
39 OSAH+TAf‘eC(18,2) 7000 7001 1311 10397 6.98 22.70 3.95 1.45 0.84 13.77 16.03 0.17 24.47
40 OSAH+TArBeC(18,2) 7000 7001 1311 10397 6.98 22.70 3.95 1.45 0.85 12.44 16.03 0.20 20.56
41 OSAH+TAgn (18,2) 7000 7001 1311 10397 7.47 15.90 3.96 1.45 0.95 11.35 16.03 0.24 17.35
42 OSAH+TANLT(18,2) 33397 7001 1311 10397 7.47 14.21 3.96 1.45 0.99 11.35 16.03 0.24 17.35
43 OSAH+TAseqatc) 13191 13192 5649 12237 7.02 41.74 3.72 1.69 0.96 15.48 16.03 0.13 29.50
44 OSAH+TAf‘eC(atc) 13191 13192 5649 12237 6.57 20.73 3.72 1.69 0.93 12.96 16.03 0.17 22.09
45 OSAH+TArBeC(atc) 13191 13192 5649 12237 6.57 20.73 3.71 1.69 0.93 11.89 16.03 0.20 18.94
46 OSAH+TAgp (atc) 13191 13192 5649 12237 7.02 14.68 3.72 1.69 1.16 10.95 16.03 0.23 16.18
47 OSAH+TANLT (atc) 58078 13192 5649 12237 7.02 13.23 3.72 1.69 1.24 10.94 16.03 0.23 16.15
48 BVH 1058 5398 0 8196 170.39 175.62 124.24 0.00 0.97 1583.37 - - -
49 084 4358 30507 10649 85916 17.68 34.39 6.37 2.27 0.46 32.36 - - -
50 089 4358 30507 10649 85916 17.75 24.43 6.37 2.27 0.44 28.15 - - -
51 BSP 8837 8838 1989 43940 21.34 27.24 5.13 141 0.50 39.38 - - -
52 093 4358 30507 10649 85916 16.91 23.46 9.65 571 0.42 33.95 - - -
53 UG 0 41650 36218 37369 24.23 14.90 14.90 9.53 0.40 25.97 - - -
54 AG 3342 91277 34893 217830 29.47 21.48 18.96 12.50 3.76 46.60 - - -
55 HUG 1 512 310 14641 131.92 4.92 3.93 1.31 0.15 72.35 - - -
56 RG 10035 136153 16704 713095 26.98 12.47 10.30 5.22 1.67 31.80 - - -
57 084A 7352 51465 11955 145308 13.32 33.32 6.22 2.69 2.19 29.95 - - -
58 KD 6701 6702 1302 10382 7.49 22.07 3.90 1.45 1.48 21.06 - - -

Tablel5: Experimentatesultsfor scene' mount8.
N = 8196,
TPp: Nprim = 263169, NI = 257871, Nit = 173685, Nsec= 707764, NI = 472358,

Nshag= 361043, NIt =

prim

30032, TMIN[§ =579, Tappls = 5.45, TMN[g = 0.34.
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Scene= “rings?”

AppendixE

Minimum TestingOutput
Line MnemonicNotation z A [S]

Ng Ne ‘ Nee ‘ NER NnT™ ‘ Nrs NeTs NegTs Ts ‘ TR ‘ Oapp Orat ‘ OrUN
0 nave RSA 0 0 1 8401 - 0 0 0 0.02 15987.20 5.33 1.0 10517.89
1 spatmed-xyz(16,2) 12403 12404 1196 63348 42.38 51.03 9.56 3.87 0.42 71.81 5.33 0.72 41.91
2 objmed-xyz(16,2) 46174 46175 4973 121417 87.28 106.86 20.87 4.66 1.84 141.02 5.33 0.72 87.45
3 objmed(16,2) 48671 48672 4085 120391 83.20 109.24 23.20 6.46 2.69 137.09 5.33 0.70 84.86
4 OSAH(16,2) 11835 11836 1600 32785 19.51 36.59 6.47 2.63 1.58 42.62 5.33 0.62 22.71
5 OSAH-RMI(16,2) 11835 11836 1600 32785 19.51 36.59 6.47 2.63 1.58 42.19 5.33 0.62 22.43
6 OSAH-xyz(16,2) 12417 12418 2063 34704 21.13 39.47 7.21 3.07 0.99 44.81 5.33 0.63 24.15
7 OSAH(8,1) 182 183 32 9506 221.71 16.75 3.54 1.24 0.83 196.30 5.33 0.98 123.82
8 OSAH(8,2) 182 183 32 9506 221.71 16.75 3.54 1.24 0.82 196.74 5.33 0.98 124.11
9 OSAH(16,1) 13332 13333 2323 33401 19.09 37.70 6.74 2.92 1.60 41.94 5.33 0.61 22.26
10 OSAH(16,2) 11835 11836 1600 32785 19.51 36.59 6.47 2.63 1.58 42.62 5.33 0.62 22.71
11 OSAH(24,1) 195354 195355 16920 303710 16.98 55.97 9.96 3.50 6.36 47.68 5.33 0.49 26.04
12 OSAH(24,2) 111055 111056 4959 231712 17.12 46.91 8.11 2.79 4.58 4491 5.33 0.53 24.22
13 OSAH(atc) 14913 14914 2525 35825 19.23 37.39 6.67 2.90 1.72 42.05 5.33 0.62 22.34
14 OSAH2(atc) 34413 34414 3882 66152 17.07 49.77 8.70 3.50 2.96 45.25 5.33 0.52 24.44
15 OSAH+LC(atc) 29750 29751 2527 82883 19.34 41.83 7.34 2.90 2.34 44.56 5.33 0.59 23.99
16 OSAH+TPC(atc) 9466 9467 1591 28073 22.04 35.08 6.29 2.75 1.63 44.28 5.33 0.66 23.80
17 OSAH+TPC+LC(atc) 31616 31617 1596 97448 22.68 42.03 7.39 2.75 291 46.84 5.33 0.63 25.49
18 OSAH+LC(16,1) 13348 13349 2328 33432 19.13 37.71 6.74 2.92 1.84 40.78 5.33 0.61 21.50
19 OSAH+TPC(16,1) 13349 13350 2345 33412 19.12 37.71 6.74 2.92 1.90 41.12 5.33 0.61 21.72
20 OSAH+TPC+LC(16,1) 13351 13352 2347 33412 19.12 37.71 6.74 2.92 1.90 40.81 5.33 0.61 21.52
21 OSAH+PR(atc) 14913 14914 2525 27424 16.79 37.53 6.71 2.90 2.82 39.08 5.33 0.58 20.38
22 OSAH+SC(atc) 16196 16197 5846 24791 12.41 38.82 6.97 4.00 3.13 34.36 5.33 0.50 17.28
23 OSAH+GCM(atc) 28565 28566 5726 55492 15.86 43.31 7.73 3.27 87.98 40.69 5.33 0.53 21.44
24 OSAH+GCM2(atc) 71878 71879 2372 183905 21.48 53.92 9.35 2.78 233.09 52.27 5.33 0.55 29.06
25 OSAH+GCM3(atc) 29923 29924 3578 67553 125.24 47.34 7.19 2.80 98.25 144.65 5.33 0.89 89.84
26 OSAH+RAR(atc) 14913 14914 2525 35825 7.82 31.48 5.80 2.95 1.96 6.74 5.17 0.65 7.55
27 PARSAH+FAR(atc) 24119 24120 1680 210932 7.61 13.07 1.12 0.09 5.15 6.49 5.17 0.85 7.08
28 OSAH+PER(atc) 14913 14914 2525 35825 10.66 41.58 8.18 4.39 1.94 8.27 5.05 0.65 9.21
29 PERSAH+PER(atc) 4920 4921 1029 21254 85.89 26.48 5.71 2.84 202.02 24.16 5.05 0.94 36.60
30 SPHSAH+PER(atc) 20335 20336 4429 74874 21.43 55.89 11.17 6.50 13.41 11.94 5.05 0.72 15.53
31 OSAH+SPH(atc) 14913 14914 2525 35825 10.68 41.13 8.11 4.37 1.97 8.44 5.02 0.66 8.60
32 SPHSAH+SPH(atc) 20335 20336 4429 74874 2151 55.59 11.14 6.55 13.43 12.06 5.02 0.72 14.44
33 OSAH+TAse((16,2) 11842 11843 1598 32814 20.68 92.74 6.64 2.63 1.34 52.83 5.33 0.46 29.43
34 OSAH+'IA’,“SC(16,2) 11842 11843 1598 32814 19.56 36.59 6.47 2.63 1.30 44.21 5.33 0.57 23.76
35 OSAH+'IAP9C(16,2) 11842 11843 1598 32814 19.56 36.59 6.47 2.63 1.31 40.55 5.33 0.63 21.35
36 OSAH+TAgn (16,2) 11842 11843 1598 32814 20.68 30.28 6.64 2.63 1.53 45.50 5.33 0.55 24.61
37 OSAH+TANLT(16,2) 73110 11843 1598 32814 20.68 27.12 6.64 2.63 1.56 45.62 5.33 0.54 24.68
38 OSAH+TAse((18,2) 24269 24270 2827 55360 17.39 107.41 7.24 271 1.70 53.01 5.33 0.39 29.55
39 OSAH+'IA’,“SC(18,2) 24269 24270 2827 55360 16.35 40.26 7.02 271 1.67 43.30 5.33 0.49 23.16
40 OSAH+'IAP9C(18,2) 24269 24270 2827 55360 16.35 40.26 7.02 271 1.69 39.15 5.33 0.56 20.43
41 OSAH+TAgn (18,2) 24269 24270 2827 55360 17.39 33.50 7.24 271 2.11 43.89 5.33 0.49 23.55
42 OSAH+TANLT(18,2) 150093 24270 2827 55360 17.39 29.81 7.24 2.71 2.21 43.85 5.33 0.49 23.52
43 OSAH+TAseqatc) 14951 14952 2527 35894 20.43 97.14 6.84 2.90 1.46 53.21 5.33 0.44 29.68
44 OSAH+TA{*ec(atc) 14951 14952 2527 35894 19.32 37.40 6.67 2.90 1.45 44.16 5.33 0.55 23.72
45 OSAH+'IAPec(atc) 14951 14952 2527 35894 19.32 37.40 6.67 2.90 1.45 40.29 5.33 0.62 21.18
46 OSAH+TAgN (atc) 14951 14952 2527 35894 20.43 30.91 6.85 2.90 1.68 45.42 5.33 0.53 24.55
47 OSAH+TANLT (atc) 92519 14952 2527 35894 20.43 27.58 6.85 2.90 1.78 45.29 5.33 0.54 24.47
48 BVH 960 5385 0 8401 185.15 179.96 128.64 0.00 1.45 2222.09 - - -
49 084 6476 45333 8289 130108 35.22 79.26 13.05 6.28 0.65 114.89 - - -
50 089 6476 45333 8289 130108 35.20 51.13 13.05 6.28 0.52 98.64 - - -
51 BSP 12403 12404 1196 63348 42.38 51.03 9.56 3.87 1.32 144.15 - - -
52 093 6476 45333 8289 130108 34.97 47.10 19.18 12.44 0.55 114.91 - - -
53 UG 0 41650 32408 50233 45.40 19.54 19.54 14.45 0.50 91.48 - - -
54 AG 3998 73611 11870 182079 47.32 14.76 10.60 0.19 2.65 154.98 - - -
55 HUG 1749 13765 2305 61621 65.25 13.71 9.03 4.90 0.50 132.47 - - -
56 RG 2083 35411 8840 111974 48.54 17.93 14.43 7.75 0.35 111.94 - - -
57 O84A 11302 79115 7387 193220 26.00 65.41 11.03 4.49 2.25 94.90 - - -
58 KD 11835 11836 1600 32785 19.51 36.59 6.47 2.63 2.38 64.76 - - -

Tablel6: Experimentalesultsfor scene'rings7”.
N = 8401,
TPp: Nprim = 263169, Nfit, = 263169, Nfit, = 263168, Nsec= 312998, Nk = 175756,

Nshad= 1077448, N

hit
shad —

510854, TMN[g =9.62, Tappls =8.10, TMN[g = 1.52.
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Scene= “sombero?”
Minimum TestingOutput
Line MnemonicNotation s A (€]

Ng ‘ Ne Neg NERr "™ ‘ Nrs ‘ NeTs ‘ NEgTS Ts TR | ©app ‘ Orat ORUN
0 ndive RSA 0 0 1 7938 - 0 0 0 0.02 2229.08 12.22 1.0 24767.56
1 spatmed-xyz(16,2) 9405 9406 1892 48754 46.92 27.46 5.08 2.77 0.35 4.62 12.22 0.54 39.11
2 objmed-xyz(16,2) 16777 16778 1695 40753 96.63 51.02 9.38 0.80 1.09 7.59 12.22 0.57 72.11
3 objmed(16,2) 4025 4026 0 8049 50.09 38.64 7.69 0.00 0.83 5.30 12.22 0.47 46.67
4 OSAH(16,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 1.01 2.73 12.22 0.25 18.11
5 OSAH-RMI(16,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 1.12 2.57 12.22 0.25 16.33
6 OSAH-xyz(16,2) 4320 4321 885 10208 13.68 19.39 3.61 2.14 0.72 2.91 12.22 0.33 20.11
7 OSAH(8,1) 175 176 68 8016 240.30 9.57 2.09 1.05 0.75 10.81 12.22 0.95 107.89
8 OSAH(8,2) 174 175 67 8016 240.30 9.57 2.09 1.05 0.74 10.72 12.22 0.95 106.89
9 OSAH(16,1) 11616 11617 7124 8482 5.82 18.30 3.35 2.35 1.10 2.72 12.22 0.18 18.00
10 OSAH(16,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 1.01 2.73 12.22 0.25 18.11
11 OSAH(24,1) 15712 15713 7688 12008 6.36 19.29 3.64 2.39 1.20 2.76 12.22 0.19 18.44
12 OSAH(24,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 1.11 2.65 12.22 0.25 17.22
13 OSAH(atc) 13927 13928 7677 10234 6.05 18.88 3.51 2.39 1.12 2.72 12.22 0.18 18.00
14 OSAH2(atc) 14000 14001 7167 11093 8.07 22.81 3.94 2.24 1.47 2.81 12.22 0.20 19.00
15 OSAH+LC(atc) 13927 13928 7677 10234 6.05 18.88 3.51 2.39 1.15 2.69 12.22 0.18 17.67
16 OSAH+TPC(atc) 13892 13893 7666 10210 6.06 18.85 3.50 2.39 1.13 2.72 12.22 0.18 18.00
17 OSAH+TPC+LC(atc) 13896 13897 7666 10214 6.06 18.85 3.51 2.39 1.47 2.44 12.22 0.18 14.89
18 OSAH+LC(16,1) 11616 11617 7124 8482 5.82 18.30 3.35 2.35 1.38 2.40 12.22 0.18 14.44
19 OSAH+TPC(16,1) 11618 11619 7126 8482 5.83 18.29 3.35 2.35 1.28 2.40 12.22 0.18 14.44
20 OSAH+TPC+LC(16,1) 11618 11619 7126 8482 5.83 18.29 3.35 2.35 1.25 2.39 12.22 0.18 14.33
21 OSAH+PR(atc) 13927 13928 7677 10170 6.03 18.88 3.51 2.39 1.17 2.75 12.22 0.18 18.33
22 OSAH+SC(atc) 14208 14209 7772 10424 5.89 18.91 3.51 242 1.37 2.50 12.22 0.18 15.56
23 OSAH+GCM(atc) 14312 14313 7379 10916 6.22 21.58 4.04 2.86 42.23 2.60 12.22 0.17 16.67
24 OSAH+GCM2(atc) 15561 15562 5359 15924 8.15 22.60 3.92 2.28 55.24 271 12.22 0.20 17.89
25 OSAH+GCM3(atc) 12464 12465 5199 12888 11.31 24.33 4.47 2.95 41.00 2.90 12.22 0.24 20.00
26 OSAH+RAR(atc) 13927 13928 7677 10234 2.89 14.08 2.60 1.83 1.38 1.80 9.62 0.46 12.88
27 PARSAH+PAR(atc) 13729 13730 7287 10436 2.92 11.88 2.23 1.48 1.27 1.61 9.62 0.44 10.50
28 OSAH+PER(atc) 13927 13928 7677 10234 2.98 13.42 2.48 1.71 1.36 1.68 9.64 0.14 5.64
29 PERSAH+PER(atc) 10072 10073 5396 9696 2.94 12.53 2.38 1.63 40.18 1.69 9.64 0.21 5.73
30 SPHSAH+PER(atc) 6092 6093 3236 8683 56.40 11.65 2.27 1.62 2.31 4.05 9.64 0.85 27.18
31 OSAH+SPH(atc) 13927 13928 7677 10234 2.97 13.46 2.49 1.72 1.46 2.07 10.62 0.23 5.31
32 SPHSAH+SPH(atc) 6092 6093 3236 8683 55.54 11.72 2.29 1.63 2.30 4.32 10.62 0.84 22.62
33 OSAH+TAseq(16,2) 4641 4642 521 8142 7.79 35.79 2.86 1.59 0.77 3.23 12.22 0.15 23.67
34 OSAH+TAf‘eC(16,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 0.75 2.62 12.22 0.21 16.89
35 OSAH+TAPeC(16,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 0.74 2.36 12.22 0.25 14.00
36 OSAH+TAgn (16,2) 4641 4642 521 8142 7.79 14.87 2.86 1.59 0.84 2.52 12.22 0.22 15.78
37 OSAH+TANLT(16,2) 18971 4642 521 8142 7.79 14.06 2.86 1.59 1.03 2.35 12.22 0.25 13.89
38 OSAH+TAseq(18,2) 4641 4642 521 8142 7.79 35.79 2.86 1.59 0.77 3.19 12.22 0.16 23.22
39 OSAH+TAf‘eC(18,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 0.77 2.63 12.22 0.21 17.00
40 OSAH+TArBeC(18,2) 4641 4642 521 8142 7.78 16.10 2.85 1.59 0.77 2.41 12.22 0.25 14.56
41 OSAH+TAgn (18,2) 4641 4642 521 8142 7.79 14.87 2.86 1.59 0.82 2.43 12.22 0.25 14.78
42 OSAH+TANLT(18,2) 18971 4642 521 8142 7.79 14.06 2.86 1.59 0.82 2.52 12.22 0.23 15.78
43 OSAH+TAseqatc) 13927 13928 7677 10234 6.05 49.54 3.51 2.39 0.89 3.64 12.22 0.09 28.22
44 OSAH+TAfgC(atc) 13927 13928 7677 10234 6.05 18.88 3.51 2.39 0.89 2.75 12.22 0.15 18.33
45 OSAH+TArBeC(atc) 13927 13928 7677 10234 6.05 18.88 3.51 2.39 0.87 2.43 12.22 0.18 14.78
46 OSAH+TAgp (atc) 13927 13928 7677 10234 6.05 17.01 3.51 2.39 1.12 2.55 12.22 0.17 16.11
47 OSAH+TANLT (atc) 55873 13928 7677 10234 6.05 15.81 3.51 2.39 1.19 2.40 12.22 0.18 14.44
48 BVH 1094 5255 0 7938 181.14 135.81 92.42 0.00 1.38 325.22 - - -
49 084 4741 33188 11479 96034 41.16 42.70 7.45 4.54 0.50 9.16 - - -
50 089 4741 33188 11479 96034 40.96 28.70 7.43 4.54 0.43 7.29 - - -
51 BSP 9405 9406 1892 48754 46.92 27.46 5.08 2.77 0.50 7.40 - - -
52 093 4741 33188 11479 96034 39.13 25.40 9.84 7.04 0.44 8.80 - - -
53 UG 0 39672 33848 38651 35.69 11.34 11.34 9.71 0.37 4.97 - - -
54 AG 1534 49014 18116 108836 35.28 9.50 8.01 5.26 2.38 7.80 - - -
55 HUG 1 675 343 14548 242.76 3.67 3.01 1.53 0.15 19.37 - - -
56 RG 1484 29607 12558 87792 37.16 9.71 7.86 5.65 0.28 6.43 - - -
57 O84A 7034 49239 10432 150250 39.81 42.40 7.32 3.92 2.07 8.91 - - -
58 KD 4641 4642 521 8142 7.78 16.10 2.85 1.59 1.38 4.00 - - -

Tablel7: Experimentafesultsfor scene'sombero2”.
N = 7938,
TPp: Nprim = 263169, N = 136638, Nfit | = 112239, Ngec=0, NOL=0,

Nshag= 110608, N

hit
shad —

prim

= 2523, TMIN[g =119, Tappls =1.10, TMN[g =0.09.




186

Scene= “teapotl?2

AppendixE

Minimum TestingOutput

Line MnemonicNotation z A [S]

Ng Ne ‘ Nee ‘ NER NnT™ ‘ Nrs NeTs NegTs Ts ‘ TR ‘ Oapp Orat ‘ OrUN
0 nave RSA 0 0 1 9264 - 0 0 0 0.02 6036.10 17.32 1.0 27436.82
1 spatmed-xyz(16,2) 6866 6867 1800 41612 61.95 36.01 7.57 4.52 0.34 15.11 17.32 0.52 51.36
2 objmed-xyz(16,2) 26569 26570 3712 61429 161.76 105.53 20.58 3.38 1.24 34.04 17.32 0.49 137.41
3 objmed(16,2) 22186 22187 2390 47489 219.60 181.84 35.38 3.30 1.58 52.53 17.32 0.43 221.45
4 OSAH(16,2) 10198 10199 1942 27347 17.71 26.28 5.12 2.79 1.46 10.32 17.32 0.30 29.59
5 OSAH-RMI(16,2) 10198 10199 1942 27347 17.71 26.28 5.12 2.79 1.48 9.99 17.32 0.30 28.09
6 OSAH-xyz(16,2) 10248 10249 1983 28294 20.73 30.76 6.25 3.78 0.93 10.58 17.32 0.30 30.77
7 OSAH(8,1) 213 214 26 11345 305.93 15.76 3.47 1.62 0.90 36.32 17.32 0.92 147.77
8 OSAH(8,2) 213 214 26 11345 305.93 15.76 3.47 1.62 0.92 36.55 17.32 0.92 148.82
9 OSAH(16,1) 11852 11853 3030 27771 14.50 27.56 5.26 3.16 1.51 10.03 17.32 0.25 28.27
10 OSAH(16,2) 10198 10199 1942 27347 17.71 26.28 5.12 2.79 1.46 10.32 17.32 0.30 29.59
11 OSAH(24,1) 51751 51752 11450 79971 10.98 30.16 571 3.40 2.66 10.06 17.32 0.19 28.41
12 OSAH(24,2) 34811 34812 4295 70563 14.82 27.67 5.35 2.85 2.23 10.13 17.32 0.25 28.73
13 OSAH(atc) 23502 23503 6337 38220 12.01 28.97 5.50 3.33 1.80 9.72 17.32 0.21 26.86
14 OSAH2(atc) 35521 35522 8102 56119 13.16 36.64 6.53 3.80 291 10.90 17.32 0.18 32.23
15 OSAH+LC(atc) 24880 24881 6364 43086 11.80 29.15 5.53 3.33 1.93 9.69 17.32 0.20 26.73
16 OSAH+TPC(atc) 18888 18889 5132 34319 13.53 27.99 5.33 3.21 1.87 9.63 17.32 0.23 26.45
17 OSAH+TPC+LC(atc) 22949 22950 5255 45003 12.71 28.55 541 3.22 2.30 9.29 17.32 0.22 24.91
18 OSAH+LC(16,1) 11858 11859 3036 27771 14.48 27.57 5.26 3.16 1.77 9.29 17.32 0.25 24.91
19 OSAH+TPC(16,1) 11875 11876 3051 27892 14.51 27.56 5.26 3.15 1.78 9.30 17.32 0.25 24.95
20 OSAH+TPC+LC(16,1) 11881 11882 3057 27892 14.50 27.56 5.26 3.16 1.81 9.32 17.32 0.25 25.05
21 OSAH+PR(atc) 23502 23503 6337 33869 12.68 28.02 5.29 3.26 221 7.28 17.32 0.19 15.77
22 OSAH+SC(atc) 23822 23823 9466 32983 9.34 28.32 5.36 3.68 3.65 9.64 17.32 0.17 26.50
23 OSAH+GCM(atc) 30936 30937 8478 46548 11.16 30.78 5.73 3.52 100.93 9.77 17.32 0.18 27.09
24 OSAH+GCM2(atc) 55335 55336 9907 108251 13.67 33.81 6.07 3.54 183.16 10.36 17.32 0.20 29.77
25 OSAH+GCM3(atc) 28719 28720 6446 52848 13.67 38.24 6.76 4.20 95.24 10.88 17.32 0.18 32.14
26 OSAH+RAR(atc) 23502 23503 6337 38220 3.74 19.32 3.75 2.63 2.13 2.62 16.33 0.36 12.78
27 PARSAH+FAR(atc) 23233 23234 6227 38196 3.74 19.27 3.69 2.62 2.37 2.70 16.33 0.40 13.67
28 OSAH+PER(atc) 23502 23503 6337 38220 3.42 23.39 4.59 3.25 2.18 3.28 13.64 0.35 9.79
29 PERSAH+PER(atc) 21147 21148 5836 35610 3.35 21.58 4.36 3.09 129.81 3.23 13.64 0.38 9.43
30 SPHSAH+PER(atc) 18627 18628 5154 34050 3.86 21.85 4.40 3.09 5.82 3.28 13.64 0.39 9.79
31 OSAH+SPH(atc) 23502 23503 6337 38220 3.42 22.92 4.49 3.17 2.12 3.59 16.14 0.34 9.50
32 SPHSAH+SPH(atc) 18627 18628 5154 34050 3.87 21.42 4.31 3.02 5.90 3.57 16.14 0.38 9.36
33 OSAH+TAse((16,2) 10198 10199 1942 27347 17.83 60.99 5.13 2.79 1.23 13.44 17.32 0.17 43.77
34 OSAH+'IAﬁec(lG,2) 10198 10199 1942 27347 17.71 26.28 5.12 2.79 1.22 10.55 17.32 0.25 30.64
35 OSAH+'IAP9C(16,2) 10198 10199 1942 27347 17.71 26.28 5.12 2.79 1.19 9.42 17.32 0.30 25.50
36 OSAH+TAgn (16,2) 10198 10199 1942 27347 17.84 21.13 5.13 2.79 1.38 9.39 17.32 0.30 25.36
37 OSAH+TANLT(16,2) 59876 10199 1942 27347 17.84 18.96 5.13 2.79 1.42 9.48 17.32 0.30 25.77
38 OSAH+TAse((18,2) 18672 18673 3159 37728 15.36 64.58 5.28 2.84 1.45 13.47 17.32 0.15 43.91
39 OSAH+'IAﬁec(18,2) 18672 18673 3159 37728 15.26 27.18 5.27 2.84 1.41 10.50 17.32 0.21 30.41
40 OSAH+'IAP9C(18,2) 18672 18673 3159 37728 15.26 27.18 5.27 2.84 1.41 9.30 17.32 0.26 24.95
41 OSAH+TAgn (18,2) 18672 18673 3159 37728 15.36 21.82 5.28 2.84 1.77 9.31 17.32 0.26 25.00
42 OSAH+TANLT(18,2) 100779 18673 3159 37728 15.36 19.50 5.28 2.84 1.84 9.26 17.32 0.26 24.77
43 OSAH+TAseqatc) 23502 23503 6337 38220 12.13 70.11 5.52 3.33 1.52 13.61 17.32 0.11 44.55
44 OSAH+TA{*ec(atc) 23502 23503 6337 38220 12.01 28.97 5.50 3.33 1.50 10.45 17.32 0.17 30.18
45 OSAH+'IAPec(atc) 23502 23503 6337 38220 12.01 28.97 5.50 3.33 1.50 9.16 17.32 0.21 24.32
46 OSAH+TAgN (atc) 23502 23503 6337 38220 12.13 22.81 5.52 3.33 1.89 9.15 17.32 0.21 24.27
47 OSAH+TANLT (atc) 117412 23503 6337 38220 12.13 20.27 5.52 3.33 2.03 9.12 17.32 0.21 24.14
48 BVH 1393 6001 0 9264 290.51 183.11 119.20 0.00 1.66 1121.33 - - -
49 084 3372 23605 9421 72493 44.06 55.80 10.41 7.26 0.48 29.25 - - -
50 089 3372 23605 9421 72493 44.08 38.91 10.40 7.26 0.43 2291 - - -
51 BSP 6866 6867 1800 41612 61.95 36.01 7.57 4.52 1.14 58.51 - - -
52 093 3372 23605 9421 72493 42.76 33.88 13.13 10.05 0.46 27.54 - - -
53 UG 0 48020 42398 37819 60.94 26.00 26.00 23.03 0.45 20.93 - - -
54 AG 2983 103883 38995 248398 53.59 19.88 16.85 11.83 4.60 32.59 - - -
55 HUG 2305 30596 21099 51033 51.47 20.44 17.54 14.83 0.63 26.97 - - -
56 RG 5541 93034 23297 461085 53.29 19.27 16.84 12.95 1.08 23.24 - - -
57 O84A 7066 49463 12222 142944 29.21 55.29 10.50 7.56 2.19 27.43 - - -
58 KD 10198 10199 1942 27347 17.71 26.28 5.12 2.79 2.22 15.66 - - -

Table18: Experimentalesultsfor scené'teapotl?2.
N = 9264,
TPp: Nprim = 263169, Nf, = 226198, Nft. = 161546, Nsec= 226089, Nii.= 67517,

Nshad= 406274, N

hit
shad —

34744, TMIN[Y =4.03, Tappls = 3.81, TMN[g = 0.22.
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Scene= “tetra®”
Minimum TestingOutput
Line MnemonicNotation s A (€]

Ng ‘ Ne Neg NERr "™ ‘ Nrs ‘ NeTs ‘ NEgTS Ts TR | ©app ‘ Orat ORUN
0 nave RSA 0 0 1 4096 - 0 0 0 0.01 821.40 29.00 1.0 27380.00
1 spatmed-xyz(16,2) 12623 12624 4392 49152 53.58 29.07 5.75 4.10 0.27 3.30 29.00 0.39 81.00
2 objmed-xyz(16,2) 2891 2892 1868 4096 16.28 30.27 6.24 5.50 0.25 2.37 29.00 0.16 50.00
3 objmed(16,2) 3199 3200 2176 4096 10.47 52.50 11.07 10.59 0.36 2.86 29.00 0.07 66.33
4 OSAH(16,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.40 1.83 29.00 0.20 32.00
5 OSAH-RMI(16,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.39 1.84 29.00 0.20 32.33
6 OSAH-xyz(16,2) 2819 2820 1820 4096 13.24 17.20 3.36 2.79 0.26 1.87 29.00 0.21 33.33
7 OSAH(8,1) 175 176 30 4096 166.63 9.37 2.05 0.98 0.30 4.43 29.00 0.86 118.67
8 OSAH(8,2) 175 176 30 4096 166.63 9.37 2.05 0.98 0.28 4.44 29.00 0.86 119.00
9 OSAH(16,1) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.40 1.78 29.00 0.20 30.33
10 OSAH(16,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.40 1.83 29.00 0.20 32.00
11 OSAH(24,1) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.43 1.78 29.00 0.20 30.33
12 OSAH(24,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.39 1.77 29.00 0.20 30.00
13 OSAH(atc) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.40 1.77 29.00 0.20 30.00
14 OSAH2(atc) 2859 2860 1836 4096 10.47 18.51 3.04 2.56 0.49 1.92 29.00 0.17 35.00
15 OSAH+LC(atc) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.38 1.77 29.00 0.20 30.00
16 OSAH+TPC(atc) 2961 2962 1938 4096 10.47 14.81 2.78 2.30 0.38 1.75 29.00 0.20 29.33
17 OSAH+TPC+LC(atc) 2961 2962 1938 4096 10.47 14.81 2.78 2.30 0.44 1.76 29.00 0.20 29.67
18 OSAH+LC(16,1) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.44 1.76 29.00 0.20 29.67
19 OSAH+TPC(16,1) 2961 2962 1938 4096 10.47 14.81 2.78 2.30 0.44 1.66 29.00 0.20 26.33
20 OSAH+TPC+LC(16,1) 2961 2962 1938 4096 10.47 14.81 2.78 2.30 0.42 1.76 29.00 0.20 29.67
21 OSAH+PR(atc) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.40 1.85 29.00 0.20 32.67
22 OSAH+SC(atc) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.43 1.82 29.00 0.20 31.67
23 OSAH+GCM(atc) 3210 3211 2187 4096 10.47 16.03 2.96 2.48 10.39 1.72 29.00 0.19 28.33
24 OSAH+GCM2(atc) 3288 3289 2265 4096 10.47 16.38 3.01 2.53 10.77 1.73 29.00 0.18 28.67
25 OSAH+GCM3(atc) 3467 3468 2447 4096 11.02 25.52 4.44 3.94 11.29 2.03 29.00 0.13 38.67
26 OSAH+RAR(atc) 2971 2972 1948 4096 8.42 13.01 2.55 2.21 0.50 1.33 26.50 0.46 40.00
27 PARSAH+PAR(atc) 3155 3156 2132 4096 8.42 13.85 2.75 2.41 0.42 1.35 26.50 0.44 41.00
28 OSAH+PER(atc) 2971 2972 1948 4096 7.55 13.33 2.59 2.24 0.49 1.45 30.50 0.48 42.00
29 PERSAH+PER(atc) 3291 3292 2268 4096 7.55 15.80 3.10 2.75 8.22 1.46 30.50 0.39 42.50
30 SPHSAH+PER(atc) 2459 2460 1636 4096 33.13 18.33 3.40 2.81 0.70 1.93 30.50 0.54 66.00
31 OSAH+SPH(atc) 2971 2972 1948 4096 7.54 13.17 2.56 2.21 0.46 1.71 19.80 0.40 14.40
32 SPHSAH+SPH(atc) 2459 2460 1636 4096 32.92 18.07 3.35 2.77 0.72 2.25 19.80 0.53 25.20
33 OSAH+TAseq(16,2) 2971 2972 1948 4096 10.47 32.60 2.79 2.31 0.32 2.48 29.00 0.11 53.67
34 OSAH+TAf‘eC(16,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.31 1.88 29.00 0.17 33.67
35 OSAH+TAPeC(16,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.30 1.73 29.00 0.20 28.67
36 OSAH+TAgn (16,2) 2971 2972 1948 4096 10.47 13.62 2.79 2.31 0.35 1.69 29.00 0.21 27.33
37 OSAH+TANLT(16,2) 10067 2972 1948 4096 10.47 12.55 2.79 2.31 0.37 1.70 29.00 0.21 27.67
38 OSAH+TAseq(18,2) 2971 2972 1948 4096 10.47 32.60 2.79 2.31 0.32 2.49 29.00 0.10 54.00
39 OSAH+TAf‘eC(18,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.32 1.87 29.00 0.16 33.33
40 OSAH+TArBeC(18,2) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.31 1.65 29.00 0.20 26.00
41 OSAH+TAgn (18,2) 2971 2972 1948 4096 10.47 13.62 2.79 2.31 0.35 1.72 29.00 0.18 28.33
42 OSAH+TANLT(18,2) 10067 2972 1948 4096 10.47 12.55 2.79 2.31 0.37 1.70 29.00 0.19 27.67
43 OSAH+TAseqatc) 2971 2972 1948 4096 10.47 32.60 2.79 2.31 0.32 2.49 29.00 0.11 54.00
44 OSAH+TAf‘eC(atc) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.30 1.88 29.00 0.17 33.67
45 OSAH+TArBeC(atc) 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.31 1.73 29.00 0.20 28.67
46 OSAH+TAgp (atc) 2971 2972 1948 4096 10.47 13.62 2.79 2.31 0.36 1.81 29.00 0.18 31.33
47 OSAH+TANLT (atc) 10067 2972 1948 4096 10.47 12.55 2.79 2.31 0.37 1.71 29.00 0.20 28.00
48 BVH 458 2629 0 4096 196.66 60.58 45.93 0.00 0.76 148.45 - - -
49 084 6189 43324 21100 110592 47.07 44.33 7.71 5.96 0.40 6.91 - - -
50 089 6189 43324 21100 110592 46.96 30.14 7.71 5.97 0.32 5.27 - - -
51 BSP 12623 12624 4392 49152 53.58 29.07 5.75 4.10 0.41 5.36 - - -
52 093 6189 43324 21100 110592 44.82 24.96 9.12 7.45 0.36 6.46 - - -
53 UG 0 21952 18444 25612 70.84 12.82 12.82 11.08 0.21 4.16 - - -
54 AG 969 35045 18069 88028 80.99 15.88 14.03 10.95 1.60 7.48 - - -
55 HUG 1 12167 9913 19600 78.62 11.22 10.56 8.91 0.26 4.98 - - -
56 RG 1565 40404 14220 218944 118.31 12.31 9.98 6.83 0.47 6.96 - - -
57 O84A 6449 45144 20976 120336 25.43 35.86 6.59 5.55 1.33 5.54 - - -
58 KD 2971 2972 1948 4096 10.47 14.83 2.79 2.31 0.48 2.66 - - -

Table19: Experimentatesultsfor scené‘tetra6’.
N = 4096,
TPp: Nprim = 263169, NI = 159213, Nt - = 49950, Ngec=0, Nit.=0,

Nshad= 46262, N

hit
shad —

prim

sec™

5552, TMIN[§ = 0.9, Tapp[s = 0.87, TMN[§ = 0.03.
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Scene= “treell

AppendixE

Minimum TestingOutput

Line MnemonicNotation z A (€]

Ng Ne Nee NER NT™ ‘ Nrs ‘ NeTs ‘ NegTs T8 TR | ©ppp ‘ Orat ORIN
0 nave RSA 0 0 1 8191 - 0 0 0 0.01 14902.70 18.14 1.0 67739.55
1 spatmed-xyz(16,2) 318 319 226 9377 2680.80 63.27 13.21 7.02 0.23 746.48 18.14 0.94 3374.95
2 objmed-xyz(16,2) 24036 24037 4478 41989 390.41 175.41 37.70 5.27 1.11 125.86 18.14 0.45 553.95
3 objmed(16,2) 20719 20720 2295 40789 625.25 198.81 48.32 3.49 1.67 198.83 18.14 0.54 885.64
4 OSAH(16,2) 2736 2737 937 10501 27.22 14.17 3.57 0.77 1.59 12.30 18.14 0.41 37.77
5 OSAH-RMI(16,2) 2736 2737 937 10501 27.22 14.17 3.57 0.77 1.58 12.04 18.14 0.41 36.59
6 OSAH-xyz(16,2) 2868 2869 955 10843 33.52 17.43 4.61 1.74 0.91 14.44 18.14 0.41 47.50
7 OSAH(8,1) 58 59 6 8451 632.46 10.33 2.90 0.13 1.14 155.95 18.14 0.96 690.73
8 OSAH(8,2) 56 57 6 8451 633.45 10.08 2.85 0.13 1.14 157.25 18.14 0.96 696.64
9 OSAH(16,1) 3014 3015 1159 10543 25.04 14.78 3.68 0.87 1.61 11.74 18.14 0.38 35.23
10 OSAH(16,2) 2736 2737 937 10501 27.22 14.17 3.57 0.77 1.59 12.30 18.14 0.41 37.77
11 OSAH(24,1) 32483 32484 10236 35110 18.71 15.76 3.84 1.00 2.50 10.69 18.14 0.30 30.45
12 OSAH(24,2) 17687 17688 3105 27487 21.38 14.80 3.67 0.83 2.18 10.86 18.14 0.35 31.23
13 OSAH(atc) 4369 4370 1743 11327 22.24 14.94 3.70 0.91 1.65 11.53 18.14 0.35 34.27
14 OSAH2(atc) 9579 9580 2424 16533 17.41 18.58 4.22 1.82 217 11.39 18.14 0.26 33.64
15 OSAH+LC(atc) 4397 4398 1743 11396 22.24 14.97 3.71 0.91 1.66 11.39 18.14 0.35 33.64
16 OSAH+TPC(atc) 4364 4365 1775 11274 22.37 14.88 3.69 0.91 1.74 11.40 18.14 0.36 33.68
17 OSAH+TPC+LC(atc) 4463 4464 1775 11511 22.32 14.97 3.71 0.91 2.00 10.82 18.14 0.35 31.05
18 OSAH+LC(16,1) 3014 3015 1159 10543 25.04 14.78 3.68 0.87 1.76 11.19 18.14 0.38 32.73
19 OSAH+TPC(16,1) 3073 3074 1215 10540 24.96 14.79 3.68 0.87 1.90 11.17 18.14 0.38 32.64
20 OSAH+TPC+LC(16,1) 3073 3074 1215 10540 24.96 14.79 3.68 0.87 1.91 11.19 18.14 0.38 32.73
21 OSAH+PR(atc) 4369 4370 1743 11107 21.58 14.65 3.63 0.92 1.74 10.59 18.14 0.34 30.00
22 OSAH+SC(atc) 4301 4302 1935 10684 21.07 14.68 3.66 1.01 2.26 10.76 18.14 0.34 30.77
23 OSAH+GCM(atc) 4834 4835 1885 11764 21.30 15.24 3.72 0.97 18.36 10.69 18.14 0.34 30.45
24 OSAH+GCM2(atc) 8042 8043 1742 19799 22.89 18.65 4.37 1.44 30.71 11.87 18.14 0.31 35.82
25 OSAH+GCM3(atc) 5868 5869 1517 15894 58.22 23.21 4.77 0.97 24.57 18.80 18.14 0.48 67.32
26 OSAH+RAR(atc) 4369 4370 1743 11327 4.59 19.90 5.18 1.44 1.87 5.79 16.22 0.51 8.96
27 PARSAH+FAR(atc) 5196 5197 2031 12654 3.64 16.05 4.01 0.92 2.44 5.48 16.22 0.54 7.61
28 OSAH+PER(atc) 4369 4370 1743 11327 7.94 23.89 5.96 1.95 1.91 4.76 11.76 0.56 16.24
29 PERSAH+PER(atc) 7047 7048 2750 14300 4.62 19.69 5.13 2.75 376.04 4.16 11.76 0.54 12.71
30 SPHSAH+PER(atc) 4400 4401 1456 19110 126.16 21.46 5.25 2.30 13.69 26.10 11.76 0.96 141.76
31 OSAH+SPH(atc) 4369 4370 1743 11327 7.88 23.69 5.90 1.94 1.93 5.04 16.00 0.45 12.00
32 SPHSAH+SPH(atc) 4400 4401 1456 19110 126.27 21.33 5.21 2.26 13.67 26.92 16.00 0.96 133.56
33 OSAH+TAse((16,2) 2736 2737 937 10501 27.33 32.45 3.58 0.77 1.33 15.84 18.14 0.26 53.86
34 OSAH+TA@C(16,2) 2736 2737 937 10501 27.22 14.17 3.57 0.77 1.32 12.20 18.14 0.38 37.32
35 OSAH+'IAPSC(16,2) 2736 2737 937 10501 27.22 14.17 3.57 0.77 1.33 11.54 18.14 0.41 34.32
36 OSAH+TAgN(16,2) 2736 2737 937 10501 27.35 13.78 3.58 0.77 1.38 12.80 18.14 0.35 40.05
37 OSAH+TANLT(16,2) 19843 2737 937 10501 27.35 12.54 3.58 0.77 1.37 12.61 18.14 0.36 39.18
38 OSAH+TAse((18,2) 5370 5371 1792 12405 23.12 33.85 3.63 0.81 1.46 15.22 18.14 0.22 51.05
39 OSAH+TA@C(18,2) 5370 5371 1792 12405 23.01 1451 3.62 0.81 1.45 11.51 18.14 0.33 34.18
40 OSAH+TAF’SC(18,2) 5370 5371 1792 12405 23.01 1451 3.62 0.81 1.43 10.64 18.14 0.37 30.23
41 OSAH+TAgN(18,2) 5370 5371 1792 12405 23.13 1411 3.63 0.81 1.53 11.10 18.14 0.35 32.32
42 OSAH+TANLT(18,2) 37771 5371 1792 12405 23.13 12.81 3.63 0.81 1.57 11.27 18.14 0.34 33.09
43 OSAH+TAseq(atc) 4369 4370 1743 11327 22.34 34.95 3.71 0.91 1.38 15.38 18.14 0.21 51.77
44 OSAH+TA,Aec(atc) 4369 4370 1743 11327 22.24 14.94 3.70 0.91 1.36 11.58 18.14 0.31 34.50
45 OSAH+TAF’ec(atc) 4369 4370 1743 11327 22.24 14.94 3.70 0.91 1.38 10.71 18.14 0.35 30.55
46 OSAH+TAgN (atc) 4369 4370 1743 11327 22.36 14.52 3.71 0.91 1.43 12.02 18.14 0.29 36.50
47 OSAH+TANLT (atc) 31626 4370 1743 11327 22.36 13.16 3.71 0.91 1.47 11.26 18.14 0.32 33.05
48 BVH 1411 5513 0 8191 118.86 50.11 33.17 0.00 1.38 495.04 - - -
49 084 150 1051 886 10402 2002.70 132.22 21.82 14.57 0.26 676.30 - - -
50 089 150 1051 886 10402 2000.20 85.94 21.81 14.57 0.25 653.08 - - -
51 BSP 318 319 226 9377 2680.80 63.27 13.21 7.02 1.54 908.03 - - -
52 093 150 1051 886 10402 1997.50 72.66 28.90 21.65 0.26 664.61 - - -
53 uG 0 34968 26207 17297 2311.90 12.40 12.40 8.68 0.30 679.65 - - -
54 AG 916 52609 37188 37463 19.63 13.31 12.57 10.65 1.78 20.61 - - -
55 HUG 9 24680 21625 15584 58.40 6.70 4.07 3.18 0.50 38.62 - - -
56 RG 498 32174 19626 60830 74.48 14.55 12.83 8.25 0.27 32.55 - - -
57 O84A 931 6518 3001 15157 32.13 38.13 9.10 6.10 1.16 35.03 - - -
58 KD 2736 2737 937 10501 27.22 14.17 3.57 0.77 2.00 22.26 - - -

Table20: Experimentatesultsfor scené‘treel?.
N = 8191,
TPp: Nprim = 263169, Nf, = 263169, Nt = 169904, Nsec=0, NL&.=0,

Nshag= 1097802, Nt =

42522, TMIN[§ =4.21, Tappls =3.99, TMIN[g =0.22.
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Figure3: Visualizationof the GgPD scenewssingthetestingprocedurel Pp.
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Scene= “balls5’

Minimum TestingOutput

Line MnemonicNotation z A o
Ng ‘ Ne Neg NERr "™ ‘ Nrs ‘ NeTs ‘ NegTs T8 TR | Oapp ‘ Orat OruN
0 nave RSA 0 0 1 66431 - 0 0 0 0.13 56977.20 12.21 1.0 121228.09
1 spatmed-xyz(16,2) 589 590 260 77205 2094.20 55.39 10.41 5.73 2.00 798.14 12.21 0.96 1685.96
2 objmed-xyz(16,2) 65201 65202 506 268019 290.57 178.26 37.57 0.86 9.21 136.08 12.21 0.51 277.32
3 objmed(16,2) 65390 65391 19 234572 288.46 194.32 42.20 0.02 14.37 147.99 12.21 0.49 302.66
4 OSAH(16,2) 7130 7131 888 84927 46.33 27.48 5.26 1.44 14.57 24.85 12.21 0.52 40.66
5 OSAH-RMI(16,2) 7130 7131 888 84927 46.33 27.48 5.26 1.44 14.64 24.33 12.21 0.52 39.55
6 OSAH-xyz(16,2) 8073 8074 1048 87604 47.58 29.90 5.89 2.28 8.72 24.90 12.21 0.51 40.77
7 OSAH(8,1) 99 100 13 68241 3100.80 13.68 3.15 0.32 10.27 1387.11 12.21 0.99 2939.09
8 OSAH(8,2) 97 98 13 68240 3100.80 13.46 3.08 0.32 10.17 1382.27 12.21 0.99 2928.79
9 OSAH(16,1) 7949 7950 1105 85475 45.76 28.90 5.55 1.58 14.63 24.74 12.21 0.51 40.43
10 OSAH(16,2) 7130 7131 888 84927 46.33 27.48 5.26 1.44 14.57 24.85 12.21 0.52 40.66
11 OSAH(24,1) 243317 243318 50718 347811 11.44 37.63 7.01 2.36 22.50 19.48 12.21 0.17 29.23
12 OSAH(24,2) 161104 161105 21479 295835 12.82 34.38 6.38 1.99 20.81 18.92 12.21 0.20 28.04
13 OSAH(atc) 80093 80094 14316 173040 13.52 35.17 6.59 2.14 18.02 19.27 12.21 0.20 28.79
14 OSAH2(atc) 139692 139693 16599 249757 12.24 44.56 7.40 3.10 25.30 20.97 12.21 0.15 32.40
15 OSAH+LC(atc) 80573 80574 14363 174144 12.95 35.49 6.60 2.44 18.16 19.15 12.21 0.19 28.53
16 OSAH+TPC(atc) 79446 79447 14231 172312 13.52 35.16 6.59 2.14 19.12 19.26 12.21 0.20 28.77
17 OSAH+TPC+LC(atc) 80549 80550 14274 174925 12.95 35.49 6.60 2.44 21.76 18.30 12.21 0.19 26.72
18 OSAH+LC(16,1) 7982 7983 1138 85475 45.19 29.21 5.56 1.87 16.38 23.54 12.21 0.50 37.87
19 OSAH+TPC(16,1) 8065 8066 1212 85468 45.70 28.96 5.57 1.60 17.20 23.60 12.21 0.51 38.00
20 OSAH+TPC+LC(16,1) 8099 8100 1246 85468 45.13 29.27 5.57 1.90 17.26 23.56 12.21 0.50 37.91
21 OSAH+PR(atc) 80093 80094 14316 136996 11.12 35.69 6.70 2.19 21.02 18.17 12.21 0.17 26.45
22 OSAH+SC(atc) 73702 73703 20822 130584 10.69 34.42 6.42 2.74 32.29 18.34 12.21 0.17 26.81
23 OSAH+GCM(atc) 97257 97258 17400 196761 12.96 36.04 6.68 2.25 293.40 19.11 12.21 0.19 28.45
24 OSAH+GCM2(atc) 184866 184867 10488 425021 14.49 41.04 7.36 2.10 545.81 20.86 12.21 0.19 32.17
25 OSAH+GCM3(atc) 146592 146593 16774 305799 28.27 50.31 8.42 2.67 469.09 25.87 12.21 0.27 42.83
26 OSAH+RAR(atc) 80093 80094 14316 173040 6.82 39.41 8.27 3.14 20.75 5.09 10.65 0.33 11.48
27 PARSAH+PAR(atc) 80741 80742 14464 174575 6.72 38.47 8.00 2.98 25.29 5.07 10.65 0.34 11.39
28 OSAH+PER(atc) 80093 80094 14316 173040 6.57 39.13 8.24 3.37 20.75 5.06 9.92 0.29 9.54
29 PERSAH+PER(atc) 134766 134767 26449 233120 5.85 39.52 8.12 3.21 3515.50 5.27 9.92 0.34 10.35
30 SPHSAH+PER(atc) 72559 72560 13467 168828 6.72 38.14 8.03 3.34 118.20 5.07 9.92 0.31 9.58
31 OSAH+SPH(atc) 80093 80094 14316 173040 6.48 38.55 8.11 3.32 20.68 5.36 10.74 0.29 9.11
32 SPHSAH+SPH(atc) 72559 72560 13467 168828 6.67 37.66 7.94 3.29 118.09 5.36 10.74 0.31 9.11
33 OSAH+TAse(16,2) 7130 7131 888 84927 50.30 69.09 5.45 1.44 11.95 31.75 12.21 0.35 55.34
34 OSAH+TAf‘eC(16,2) 7130 7131 888 84927 46.33 27.48 5.26 1.44 11.93 24.98 12.21 0.47 40.94
35 OSAH+TAPeC(16,2) 7130 7131 888 84927 46.33 27.48 5.26 1.44 11.93 23.14 12.21 0.52 37.02
36 OSAH+TAgn (16,2) 7130 7131 888 84927 50.34 24.78 5.45 1.44 12.10 24.89 12.21 0.47 40.74
37 OSAH+TANLT(16,2) 55966 7131 888 84927 50.34 22.04 5.45 1.44 12.10 25.17 12.21 0.47 41.34
38 OSAH+TAse(18,2) 18889 18890 2866 101020 25.66 79.35 5.87 1.67 12.92 28.20 12.21 0.20 47.79
39 OSAH+TAf‘eC(18,2) 18889 18890 2866 101020 23.68 29.95 5.66 1.66 12.87 21.15 12.21 0.29 32.79
40 OSAH+TArBeC(18,2) 18889 18890 2866 101020 23.68 29.95 5.66 1.66 12.92 19.06 12.21 0.34 28.34
41 OSAH+TAgn (18,2) 18889 18890 2866 101020 25.69 26.95 5.87 1.67 13.24 20.09 12.21 0.32 30.53
42 OSAH+TANLT(18,2) 145833 18890 2866 101020 25.69 23.77 5.87 1.67 13.40 20.23 12.21 0.31 30.83
43 OSAH+TAseqatc) 80093 80094 14316 173040 14.56 102.19 6.84 2.15 14.87 29.14 12.21 0.11 49.79
44 OSAH+TAf‘eC(atc) 80093 80094 14316 173040 13.51 35.17 6.59 2.14 14.82 20.63 12.21 0.17 31.68
45 OSAH+TArBec(atc) 80093 80094 14316 173040 13.52 35.17 6.59 2.14 14.79 18.22 12.21 0.20 26.55
46 OSAH+TAgp (atc) 80093 80094 14316 173040 14.60 31.30 6.85 2.15 16.44 19.40 12.21 0.18 29.06
47 OSAH+TANLT (atc) 590522 80094 14316 173040 14.59 27.12 6.85 2.15 16.92 19.38 12.21 0.18 29.02
48 BVH 9936 45674 0 66431 827.35 1116.40 780.87 0.00 17.11 12335.30 - - -
49 084 301 2108 1071 87856 1117.00 115.41 18.63 12.07 1.93 463.25 - - -
50 089 301 2108 1071 87856 1131.40 73.33 18.62 12.07 1.91 447.03 - - -
51 BSP 589 590 260 77205 2094.20 55.39 10.41 5.73 2.88 862.52 - - -
52 093 301 2108 1071 87856 1107.10 62.98 24.49 18.02 1.91 464.01 - - -
53 UG 0 329219 298274 106007 403.52 19.49 19.49 15.89 2.67 157.70 - - -
54 AG 13736 508722 147921 583874 31.44 2457 22.17 16.36 287.72 43.76 - - -
55 HUG 21 199570 176549 142830 36.00 25.61 22.03 18.77 4.55 67.30 - - -
56 RG 20704 669181 127121 5540218 65.97 25.09 20.81 13.82 10.91 60.05 - - -
57 084A 3063 21442 5275 120197 37.28 51.08 9.59 5.45 8.83 48.61 - - -
58 KD 7130 7131 888 84927 46.33 27.48 5.26 1.44 16.77 42.00 — — —

Table21: Experimentatesultsfor scen€'balls5'.

N = 66431,
TPo: Nprim = 263169, Ni% = 263169, Nfft, = 263169, Nsec= 195150, NII = 150302,

Nshag= 979728, NIt — 314095, TMIN[§) = 6.21, Tappls = 5.74, TMIN[g = 0.47.
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Scene= “gears9’

AppendixE

Minimum TestingOutput

Line MnemonicNotation z A (€]

Ng Ne ‘ NEg ‘ Ner NT™ ‘ Nrs ‘ NeTs ‘ NeeTs T8 ‘ TR ‘ Oapp | Orat ‘ ORJN
0 nave RSA 0 0 1 106435 - 0 0 0 0.22 129294.00 6.49 1.0 99456.92
1 spatmed-xyz(16,2) 14427 14428 1760 344324 79.83 20.55 2.76 0.74 4.12 45.91 6.49 0.93 28.82
2 objmed-xyz(16,2) 57571 57572 4708 492923 198.54 74.87 14.40 1.99 16.71 127.53 6.49 0.91 91.61
3 objmed(16,2) 65535 65536 0 386404 187.29 79.83 18.06 0.00 21.34 130.08 6.49 0.89 93.57
4 OSAH(16,2) 21814 21815 4114 163635 19.53 19.97 2.62 0.48 19.36 31.77 6.49 0.78 17.95
5 OSAH-RMI(16,2) 21814 21815 4114 163635 19.53 19.97 2.62 0.48 19.90 32.83 6.49 0.78 18.76
6 OSAH-xyz(16,2) 16173 16174 2576 151279 27.50 25.01 4.04 2.08 12.91 33.93 6.49 0.80 19.61
7 OSAH(8,1) 155 156 0 109968 1128.00 9.59 1.56 0.00 14.28 560.61 6.49 1.00 424.75
8 OSAH(8,2) 155 156 0 109968 1128.00 9.59 1.56 0.00 14.30 563.81 6.49 1.00 427.21
9 OSAH(16,1) 23474 23475 4114 163747 18.77 20.49 2.66 0.48 20.02 30.03 6.49 0.77 16.61
10 OSAH(16,2) 21814 21815 4114 163635 19.53 19.97 2.62 0.48 19.36 31.77 6.49 0.78 17.95
11 OSAH(24,1) 864109 864110 37583 1386750 6.52 27.47 3.65 0.76 67.35 42.04 6.49 0.46 25.85
12 OSAH(24,2) 498216 498217 17194 1081377 8.96 24.91 3.29 0.58 46.74 35.97 6.49 0.56 21.18
13 OSAH(atc) 392145 392146 16164 757083 7.56 26.16 3.41 0.66 38.07 31.51 6.49 0.51 17.75
14 OSAH2(atc) 425150 425151 19119 811415 7.53 27.58 3.55 0.79 54.57 34.85 6.49 0.50 20.32
15 OSAH+LC(atc) 425416 425417 17751 838913 7.42 26.43 3.44 0.67 41.07 33.57 6.49 0.50 19.33
16 OSAH+TPC(atc) 271549 271550 10789 618988 8.40 25.37 3.30 0.63 33.68 28.37 6.49 0.54 15.33
17 OSAH+TPC+LC(atc) 361216 361217 12355 811187 8.02 25.97 3.37 0.63 47.72 33.15 6.49 0.53 19.01
18 OSAH+LC(16,1) 23486 23487 4126 163747 18.77 20.49 2.66 0.48 22.69 27.96 6.49 0.77 15.02
19 OSAH+TPC(16,1) 24355 24356 4857 164056 18.48 20.57 2.68 0.50 23.20 27.83 6.49 0.76 14.92
20 OSAH+TPC+LC(16,1) 24359 24360 4861 164056 18.48 20.57 2.68 0.50 23.44 29.68 6.49 0.76 16.34
21 OSAH+PR(atc) 392145 392146 16164 603661 7.03 26.35 3.52 0.68 106.75 35.90 6.49 0.48 21.12
22 OSAH+SC(atc) 399893 399894 18269 757150 7.51 26.18 3.41 0.67 79.88 33.99 6.49 0.51 19.65
23 OSAH+GCM(atc) 606852 606853 26635 1056116 7.71 28.26 3.74 0.54 1982.32 38.46 6.49 0.50 23.09
24 OSAH+GCM2(atc) 997410 997411 43167 1812599 7.83 30.39 4.04 0.70 4111.98 47.49 6.49 0.48 30.04
25 OSAH+GCM3(atc) 592775 592776 27821 1086071 13.27 36.44 4.60 0.84 2257.84 41.25 6.49 0.57 25.24
26 OSAH+RAR(atc) 392145 392146 16164 757083 2.79 18.24 2.46 0.39 43.20 12.56 6.55 0.89 15.10
27 PARSAH+FAR(atc) 408406 408407 17952 770637 2.67 18.00 2.42 0.41 49.98 14.30 6.55 0.91 18.10
28 OSAH+PER(atc) 392145 392146 16164 757083 3.13 20.87 2.62 0.44 44.93 13.55 6.05 0.89 15.81
29 PERSAH+PER(atc) 472765 472766 20764 872136 3.04 20.75 2.65 0.51 2379.36 13.20 6.05 0.89 15.24
30 SPHSAH+PER(atc) 481568 481569 37096 1048342 6.58 28.49 3.79 0.98 133.25 16.93 6.05 0.89 21.26
31 OSAH+SPH(atc) 392145 392146 16164 757083 3.12 20.56 2.59 0.43 45.11 13.27 6.03 0.89 14.70
32 SPHSAH+SPH(atc) 481568 481569 37096 1048342 6.52 28.42 3.80 1.02 136.83 18.80 6.03 0.90 23.34
33 OSAH+TAse((16,2) 21814 21815 4114 163635 26.06 38.74 2.70 0.49 15.81 32.18 6.49 0.63 18.26
34 OSAH+'IA’,“SC(16,2) 21814 21815 4114 163635 19.53 19.97 2.62 0.48 15.94 29.81 6.49 0.70 16.44
35 OSAH+'IAP9C(16,2) 21814 21815 4114 163635 19.53 19.97 2.62 0.48 16.00 27.73 6.49 0.78 14.84
36 OSAH+TAgn (16,2) 21814 21815 4114 163635 26.07 18.03 2.70 0.49 16.78 25.48 6.49 0.88 13.11
37 OSAH+TANLT(16,2) 106625 21815 4114 163635 26.07 17.29 2.70 0.49 16.96 26.42 6.49 0.84 13.83
38 OSAH+TAse((18,2) 57821 57822 4647 253474 17.20 46.19 3.00 0.50 17.18 27.75 6.49 0.61 14.85
39 OSAH+'IA’,“SC(18,2) 57821 57822 4647 253474 12.72 21.96 2.89 0.49 17.38 27.78 6.49 0.60 14.88
40 OSAH+'IAP9C(18,2) 57821 57822 4647 253474 12.72 21.96 2.89 0.49 17.16 25.63 6.49 0.68 13.22
41 OSAH+TAgn (18,2) 57821 57822 4647 253474 17.20 19.93 3.00 0.50 18.92 25.71 6.49 0.68 13.28
42 OSAH+TANLT(18,2) 311851 57822 4647 253474 17.20 18.95 3.00 0.50 20.48 35.13 6.49 0.44 20.53
43 OSAH+TAseqatc) 392145 392146 16164 757083 9.70 60.34 3.49 0.67 35.25 41.06 6.49 0.35 25.09
44 OSAH+TA{*ec(atc) 392145 392146 16164 757083 7.56 26.16 341 0.66 33.16 34.35 6.49 0.44 19.93
45 OSAH+'IAPec(atc) 392145 392146 16164 757083 7.56 26.16 3.41 0.66 33.56 30.69 6.49 0.51 17.12
46 OSAH+TAgN (atc) 392145 392146 16164 757083 9.71 23.16 3.49 0.67 45.09 44.82 6.49 0.31 27.98
47 OSAH+TANLT (atc) 1656236 392146 16164 757083 9.71 21.35 3.49 0.67 67.40 57.12 6.49 0.23 37.45
48 BVH 13245 70137 0 106435 456.47 459.87 340.89 0.00 160.09 10934.30 - - -
49 084 7461 52228 16228 583908 56.62 22.89 4.13 1.89 5.22 60.22 - - -
50 089 7461 52228 16228 583908 54.38 18.62 4.13 1.89 4.81 55.77 - - -
51 BSP 14427 14428 1760 344324 79.83 20.55 2.76 0.74 5.93 112.41 - - -
52 093 7461 52228 16228 583908 41.55 14.26 5.04 3.26 4.67 56.16 - - -
53 UG 0 528384 420540 523636 25.16 22.64 22.64 19.67 7.78 44.49 - - -
54 AG 12 285159 83202 879690 28.40 7.47 5.73 0.48 306.02 1308.26 - - -
55 HUG 1 8712 5600 238592 270.82 7.14 6.14 4.12 2.43 184.99 - - -
56 RG 20325 659907 184514 4277637 45.72 17.57 15.16 11.38 15.10 134.40 - - -
57 O84A 14601 102208 25372 709952 29.41 32.77 5.99 3.47 22.52 54.41 - - -
58 KD 21814 21815 4114 163635 19.53 19.97 2.62 0.48 22.97 40.59 - - -

Table22: Experimentalesultsfor scené’gears9'.
N = 106435,
TPp: Nprim = 263169, Nfit, = 263169, Nfjt, = 247173, Nsec= 163990, Nf = 111495,

Nshad= 1365418, N

hit

sec

hit 4= 365632, TMIN[g =074, Tapp[d = 8.44, THN[ = 1.30.
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Scene= “jacksB

Minimum TestingOutput
Line MnemonicNotation z A [S]

Ng Ne ‘ Nee ‘ NER NT™ ‘ Nrs NeTs ‘ NeeTs Ts ‘ TR ‘ Oapp Orat ‘ OrUN
0 ndave RSA 0 0 1 42129 - 0 0 0 0.09 26711.80 7.79 1.0 55649.58
1 spatmed-xyz(16,2) 25669 25670 1678 172204 52.52 36.70 6.41 1.73 1.55 28.38 7.79 0.79 51.33
2 objmed-xyz(16,2) 64941 64942 940 267797 76.95 61.14 11.54 0.48 6.77 41.88 7.79 0.77 79.46
3 objmed(16,2) 65146 65147 67 242024 78.18 66.66 12.88 0.01 10.67 44.81 7.79 0.75 85.56
4 OSAH(16,2) 36148 36149 2911 132833 33.52 38.63 6.68 1.81 10.23 23.39 7.79 0.69 40.94
5 OSAH-RMI(16,2) 36148 36149 2911 132833 33.52 38.63 6.68 1.81 10.20 23.26 7.79 0.69 40.67
6 OSAH-xyz(16,2) 36456 36457 2868 138336 35.88 38.77 6.72 1.68 6.05 24.23 7.79 0.71 42.69
7 OSAH(8,1) 249 250 18 53569 756.18 13.94 2.66 0.45 6.55 235.41 7.79 0.99 482.65
8 OSAH(8,2) 249 250 18 53569 756.18 13.94 2.66 0.45 6.55 235.31 7.79 0.99 482.44
9 OSAH(16,1) 39427 39428 5273 133547 31.55 39.97 6.92 2.57 10.28 22.81 7.79 0.67 39.73
10 OSAH(16,2) 36148 36149 2911 132833 33.52 38.63 6.68 1.81 10.23 23.39 7.79 0.69 40.94
11 OSAH(24,1) 622889 622890 52924 966375 19.48 65.98 11.47 4.01 25.83 24.32 7.79 0.43 42.88
12 OSAH(24,2) 350355 350356 11861 737969 24.67 54.98 9.57 2.16 19.58 24.17 7.79 0.54 42.56
13 OSAH(atc) 193204 193205 39615 288851 20.08 53.98 9.40 3.83 14.98 21.76 7.79 0.49 37.54
14 OSAH2(atc) 291149 291150 26100 438877 21.10 61.02 10.25 3.25 22.83 23.80 7.79 0.47 41.79
15 OSAH+LC(atc) 288425 288426 39623 542868 20.83 57.71 10.07 3.83 19.19 23.09 7.79 0.48 40.31
16 OSAH+TPC(atc) 128243 128244 27301 222654 21.77 50.00 8.69 3.54 14.31 21.47 7.79 0.53 36.94
17 OSAH+TPC+LC(atc) 250710 250711 27328 534275 22.57 55.61 9.70 3.54 21.86 22.70 7.79 0.51 39.50
18 OSAH+LC(16,1) 39430 39431 5276 133547 31.55 39.97 6.92 2.57 11.85 22.28 7.79 0.67 38.62
19 OSAH+TPC(16,1) 39609 39610 5443 133601 31.54 40.00 6.93 2.58 1251 22.27 7.79 0.67 38.60
20 OSAH+TPC+LC(16,1) 39614 39615 5448 133601 31.54 40.00 6.93 2.58 12.55 22.29 7.79 0.67 38.65
21 OSAH+PR(atc) 193204 193205 39615 152791 12.71 54.33 9.47 3.83 26.34 18.43 7.79 0.38 30.60
22 OSAH+SC(atc) 200237 200238 106481 140781 8.16 53.38 9.26 6.00 45.07 15.48 7.79 0.28 24.46
23 OSAH+GCM(atc) 372561 372562 46743 576245 19.40 60.89 10.55 3.83 1111.27 23.14 7.79 0.45 40.42
24 OSAH+GCM2(atc) 888130 888131 8329 1640883 24.40 70.04 11.88 221 2736.52 27.82 7.79 0.48 50.17
25 OSAH+GCM3(atc) 500942 500943 28712 887100 25.71 71.16 11.57 3.18 1584.85 27.08 7.79 0.48 48.62
26 OSAH+FAR(atc) 193204 193205 39615 288851 10.19 32.57 6.09 3.69 17.05 3.42 4.09 0.40 11.45
27 PARSAH+FAR(atc) 318387 318388 24304 3198608 11.98 10.31 0.64 0.16 66.62 3.10 4.09 0.78 10.00
28 OSAH+PER(atc) 193204 193205 39615 288851 11.15 38.94 7.24 4.52 17.05 4.10 5.83 0.40 16.94
29 PERSAH+PER(atc) 204890 204891 43813 363136 7.67 25.30 4.28 2.66 3176.03 3.29 5.83 0.47 12.44
30 SPHSAH+PER(atc) 525576 525577 70994 1803037 68.63 51.01 9.42 4.69 253.52 10.85 5.83 0.76 54.44
31 OSAH+SPH(atc) 193204 193205 39615 288851 11.10 38.72 7.20 4.50 17.11 4.53 7.16 0.43 16.68
32 SPHSAH+SPH(atc) 525576 525577 70994 1803037 68.55 50.72 9.36 4.66 253.71 11.09 7.16 0.76 51.21
33 OSAH+TAse(16,2) 36148 36149 2911 132833 34.39 103.31 6.78 1.81 8.58 28.29 7.79 0.53 51.15
34 OSAH+TAf\eC(16,2) 36148 36149 2911 132833 33.52 38.63 6.68 1.81 8.60 24.01 7.79 0.64 42.23
35 OSAH+TAPeC(16,2) 36148 36149 2911 132833 33.52 38.63 6.68 1.81 8.59 22.63 7.79 0.69 39.35
36 OSAH+TAgN (16,2) 36148 36149 2911 132833 34.39 29.66 6.78 1.81 9.21 24.63 7.79 0.62 43.52
37 OSAH+TANLT(16,2) 312886 36149 2911 132833 34.39 24.66 6.78 1.81 9.51 24.54 7.79 0.63 43.33
38 OSAH+TAse(18,2) 88006 88007 7223 209203 26.18 132.74 8.02 2.04 10.17 28.75 7.79 0.42 52.10
39 OSAH+TAf\eC(18,2) 88006 88007 7223 209203 25.49 45.43 7.89 2.04 10.01 23.03 7.79 0.54 40.19
40 OSAH+TAPeC(18,2) 88006 88007 7223 209203 25.49 45.43 7.89 2.04 10.05 21.44 7.79 0.59 36.88
41 OSAH+TAgN (18,2) 88006 88007 7223 209203 26.19 35.10 8.02 2.05 11.76 23.40 7.79 0.53 40.96
42 OSAH+TANLT(18,2) 717084 88007 7223 209203 26.19 28.71 8.02 2.05 12.46 23.18 7.79 0.54 40.50
43 OSAH+TAseqatc) 193204 193205 39615 288851 20.74 170.30 9.54 3.83 12.82 30.22 7.79 0.32 55.17
44 OSAH+TAf‘eC(atc) 193204 193205 39615 288851 20.08 53.98 9.40 3.83 12.54 22.92 7.79 0.44 39.96
45 OSAH+TAPeC(atc) 193204 193205 39615 288851 20.08 53.98 9.40 3.83 12.55 20.78 7.79 0.49 35.50
46 OSAH+TAgN_ (atc) 193204 193205 39615 288851 20.75 41.62 9.55 3.83 16.31 23.00 7.79 0.43 40.12
47 OSAH+TANLT (atc) 1421499 193205 39615 288851 20.75 33.72 9.55 3.83 20.80 37.59 7.79 0.25 70.52
48 BVH 5214 27779 0 42129 676.63 759.71 551.99 0.00 23.41 5106.45 - - -
49 084 14001 98008 12164 329450 36.09 56.84 8.87 3.06 2.15 39.53 - - -
50 089 14001 98008 12164 329450 36.05 36.06 8.85 3.06 1.89 33.80 - - -
51 BSP 25669 25670 1678 172204 52.52 36.70 6.41 1.73 2.09 39.28 - - -
52 093 14001 98008 12164 329450 34.63 33.80 13.70 8.10 1.92 40.03 - - -
53 V]e] 0 210145 139360 299206 38.81 18.95 18.95 13.49 2.80 30.69 - - -
54 AG 4511 194294 72699 360849 62.72 35.50 31.43 20.21 191.34 64.66 - - -
55 HUG 131 126560 83138 194877 59.80 25.33 20.92 13.06 3.56 55.27 - - -
56 RG 21873 324096 30464 1493122 63.32 19.36 15.05 7.40 3.87 50.37 - - -
57 084A 22039 154274 17066 423070 32.27 63.54 9.87 3.39 8.74 40.20 - - -
58 KD 36148 36149 2911 132833 33.52 38.63 6.68 1.81 12.47 31.82 - - -

Table23: Experimentalesultsfor scenée’jacks5'.
N = 42129,
TPo: Nprim = 263169, Ni% = 231363, Nfjt, = 1156562, Nsec= 281028, NLI = 197780,

Nshad= 218826, NIt = 116281, TMIN[§| = 4.22, Toppls = 3.74, TMIN[g = 0.48.




194 AppendixE
Scene=“lattice29
Minimum TestingOutput
Line MnemonicNotation z A (€]

Ng ‘ Ne Nee NER NT™ ‘ Nrs ‘ NeTs ‘ NegTs T8 TR | ©ppp ‘ Orat ORIN
0 nave RSA 0 0 1 105300 - 0 0 0 0.22 129143.00 8.73 1.0 107619.17
1 spatmed-xyz(16,2) 65535 65536 0 330512 28.28 35.71 5.03 0.00 3.75 53.39 8.73 0.72 35.76
2 objmed-xyz(16,2) 65223 65224 2640 243821 21.18 34.70 4.78 0.02 12.70 40.54 8.73 0.67 25.05
3 objmed(16,2) 65535 65536 0 233480 20.73 35.70 5.17 0.00 19.46 41.70 8.73 0.66 26.02
4 OSAH(16,2) 64531 64532 4969 216163 19.62 36.86 5.29 0.06 19.39 42.76 8.73 0.64 26.90
5 OSAH-RMI(16,2) 64531 64532 4969 216163 19.62 36.86 5.29 0.06 19.39 42.89 8.73 0.64 27.01
6 OSAH-xyz(16,2) 64433 64434 2668 221091 18.80 35.43 4.98 0.02 12.65 41.71 8.73 0.64 26.02
7 OSAH(8,1) 255 256 0 120512 708.01 11.58 1.53 0.00 14.40 835.01 8.73 1.00 687.11
8 OSAH(8,2) 255 256 0 120512 708.01 11.58 1.53 0.00 14.39 831.06 8.73 1.00 683.82
9 OSAH(16,1) 65159 65160 5597 216163 19.61 36.87 5.29 0.06 19.46 43.29 8.73 0.64 27.34
10 OSAH(16,2) 64531 64532 4969 216163 19.62 36.86 5.29 0.06 19.39 42.76 8.73 0.64 26.90
11 OSAH(24,1) 799987 799988 75291 881297 5.01 54.96 7.63 3.50 37.82 35.69 8.73 0.23 21.01
12 OSAH(24,2) 188841 188842 23435 322007 11.57 42.61 5.87 0.76 22.80 34.30 8.73 0.47 19.85
13 OSAH(atc) 710837 710838 75291 792147 5.11 54.80 7.62 3.50 34.46 31.86 8.73 0.23 17.82
14 OSAH2(atc) 710635 710636 53642 813609 6.24 54.50 7.60 2.55 46.59 34.37 8.73 0.27 19.91
15 OSAH+LC(atc) 713210 713211 75291 794520 5.11 54.80 7.62 3.50 36.84 31.90 8.73 0.23 17.85
16 OSAH+TPC(atc) 574762 574763 75161 656202 5.66 53.99 7.58 3.46 32.65 32.72 8.73 0.26 18.53
17 OSAH+TPC+LC(atc) 608309 608310 75168 689767 5.40 53.81 7.43 3.47 42.59 30.78 8.73 0.25 16.92
18 OSAH+LC(16,1) 65159 65160 5596 216164 18.93 36.86 5.23 0.07 23.43 41.80 8.73 0.63 26.10
19 OSAH+TPC(16,1) 65159 65160 5592 216168 20.03 36.88 5.29 0.07 23.69 43.39 8.73 0.64 27.42
20 OSAH+TPC+LC(16,1) 65159 65160 5592 216168 20.03 36.88 5.29 0.07 23.61 43.20 8.73 0.64 27.27
21 OSAH+PR(atc) 710837 710838 75291 791392 5.11 54.82 7.63 3.51 50.74 31.84 8.73 0.23 17.80
22 OSAH+SC(atc) 764409 764410 78072 842938 4.98 54.49 7.57 3.53 142.20 33.20 8.73 0.23 18.93
23 OSAH+GCM(atc) 704739 704740 74907 786433 4.81 52.26 7.45 3.62 1892.45 32.18 8.73 0.23 18.08
24 OSAH+GCM2(atc) 795680 795681 40160 912121 7.19 52.24 7.52 1.58 2130.64 35.18 8.73 0.31 20.58
25 OSAH+GCM3(atc) 697883 697884 47683 806865 7.73 52.79 7.84 1.89 1860.60 35.12 8.73 0.32 20.53
26 OSAH+RAR(atc) 710837 710838 75291 792147 37.94 190.83 35.81 22.44 39.62 12.57 8.56 0.34 61.28
27 PARSAH+FAR(atc) 371502 371503 114060 412682 44.15 95.94 24.04 10.08 40.72 10.08 8.56 0.57 47.44
28 OSAH+PER(atc) 710837 710838 75291 792147 4.89 65.95 10.02 5.26 39.74 7.33 9.28 0.33 9.51
29 PERSAH+PER(atc) 242344 242345 42679 341976 1971.70 17.40 3.06 0.63 997.97 577.37 9.28 1.00 1471.15
30 SPHSAH+PER(atc) 293285 293286 62804 395893 11.07 48.59 8.36 2.18 73.71 7.96 9.28 0.58 11.13
31 OSAH+SPH(atc) 710837 710838 75291 792147 4.87 65.77 9.98 5.23 39.34 8.74 7.86 0.49 9.98
32 SPHSAH+SPH(atc) 293285 293286 62804 395893 10.69 48.21 8.29 2.18 73.69 8.15 7.86 0.58 8.78
33 OSAH+TAse((16,2) 64529 64530 4966 216164 19.36 93.30 5.32 0.07 16.87 50.22 8.73 0.49 33.12
34 OSAH+TA{*SC(16,2) 64529 64530 4966 216164 18.94 36.85 5.22 0.07 16.65 44.15 8.73 0.58 28.06
35 OSAH+TAPSC(16,2) 64529 64530 4966 216164 18.94 36.85 5.22 0.07 16.70 41.24 8.73 0.63 25.63
36 OSAH+TAgN(16,2) 64529 64530 4966 216164 19.36 18.93 5.32 0.07 18.04 41.91 8.73 0.62 26.19
37 OSAH+TANLT(16,2) 148943 64530 4966 216164 19.36 18.37 5.32 0.07 18.19 41.75 8.73 0.62 26.06
38 OSAH+TAse((18,2) 142744 142745 22200 277145 12.57 105.44 5.75 0.71 18.68 43.02 8.73 0.35 27.12
39 OSAH+TA{*SC(18,2) 142744 142745 22200 277145 12.29 41.23 5.64 0.70 18.42 37.49 8.73 0.42 22.51
40 OSAH+TAF’SC(18,2) 142744 142745 22200 277145 12.29 41.23 5.64 0.70 18.54 33.77 8.73 0.49 19.41
41 OSAH+TAgN(18,2) 142744 142745 22200 277145 12.57 23.12 5.75 0.71 21.43 33.14 8.73 0.50 18.88
42 OSAH+TANLT(18,2) 519230 142745 22200 277145 12.57 22.33 5.75 0.71 22.37 35.86 8.73 0.45 21.15
43 OSAH+TAseq(atc) 721357 721358 75310 802648 5.18 154.48 7.61 3.48 33.48 60.08 8.73 0.09 41.33
44 OSAH+TAﬁec(atc) 721357 721358 75310 802648 5.00 54.68 7.49 3.48 28.85 35.35 8.73 0.18 20.73
45 OSAH+TAF’ec(atc) 721357 721358 75310 802648 5.00 54.68 7.49 3.48 29.30 30.09 8.73 0.23 16.34
46 OSAH+TAgN (atc) 721357 721358 75310 802648 5.18 32.33 7.61 3.48 119.94 44.79 8.73 0.13 28.59
47 | OSAH+TALT(atc) - - - - - - - - - - - - -
48 BVH 11839 69959 0 105300 490.70 758.26 583.97 0.00 294.53 13803.80 - - -
49 084 37449 262144 26944 561600 20.31 51.66 7.38 0.29 4.82 71.58 - - -
50 089 37449 262144 26944 561600 20.21 32.17 7.32 0.29 4,51 61.47 - - -
51 BSP 65535 65536 0 330512 28.28 35.71 5.03 0.00 5.51 79.71 - - -
52 093 37449 262144 26944 561600 17.34 29.71 11.87 5.67 4.44 72.89 - - -
53 uG 0 531441 138248 749107 14.09 9.23 9.23 2.81 8.54 43.65 - - -
54 AG 0 0 0 0 0.00 0.00 0.00 0.00 0.00 1.00 - - -
55 HUG 1 166375 0 1596184 78.06 7.37 6.37 0.00 5.53 157.03 - - -
56 RG 1 106032 0 1602704 84.67 5.87 4.87 0.00 4.23 140.24 - - -
57 O84A 37449 262144 14408 507656 17.90 50.76 7.25 0.07 18.48 66.32 - - -
58 KD 64531 64532 4969 216163 19.62 36.86 5.29 0.06 24.42 71.33 - - -

Table24: Experimentafesultsfor scen€'lattice29'.
N = 105300,
TPo: Nprim = 263169, Ni = 263169, Nift, = 262875, Nsec= 253547, NI = 193215,

Nshad= 1143451, N

shad —

hit

927614, TMIN[g = 1168, Tappls = 1048, TMIN[g = 1.2,




AppendixE 195
Scene= “mount8
Minimum TestingOutput
Line MnemonicNotation z A o

Ng ‘ Ne Neg NERr "™ ‘ Nrs ‘ NeTs ‘ NEgTS Ts TR | ©app ‘ Orat ORUN
0 nave RSA 0 0 1 131076 - 0 0 0 0.29 106528.00 16.94 1.0 343638.71
1 spatmed-xyz(16,2) 7121 7122 1895 227180 58.19 22.19 4.23 1.05 3.76 27.68 16.94 0.72 72.35
2 objmed-xyz(16,2) 62451 62452 2156 415452 222.20 83.55 16.01 0.27 17.34 99.02 16.94 0.73 302.48
3 objmed(16,2) 65535 65536 0 136619 324.91 420.70 69.76 0.00 24.44 282.94 16.94 0.44 895.77
4 OSAH(16,2) 13321 13322 3247 153865 18.63 18.90 3.44 1.23 24.31 16.21 16.94 0.50 35.35
5 OSAH-RMI(16,2) 13321 13322 3247 153865 18.63 18.90 3.44 1.23 24.39 15.99 16.94 0.50 34.65
6 OSAH-xyz(16,2) 14912 14913 3443 180978 22.80 20.65 3.60 1.55 16.02 17.33 16.94 0.52 38.97
7 OSAH(8,1) 161 162 30 134845 921.70 13.14 2.60 0.64 18.57 458.56 16.94 0.99 1462.29
8 OSAH(8,2) 161 162 30 134845 921.70 13.14 2.60 0.64 18.53 459.26 16.94 0.99 1464.55
9 OSAH(16,1) 13766 13767 3595 153961 18.17 19.78 3.54 1.24 24.39 16.64 16.94 0.48 36.74
10 OSAH(16,2) 13321 13322 3247 153865 18.63 18.90 3.44 1.23 24.31 16.21 16.94 0.50 35.35
11 OSAH(24,1) 253236 253237 112343 217276 5.42 22.63 4.00 1.66 30.18 12.92 16.94 0.19 24.74
12 OSAH(24,2) 106592 106593 22695 160289 6.37 20.84 3.76 1.44 27.36 13.09 16.94 0.23 25.29
13 OSAH(atc) 199904 199905 94141 182738 6.11 20.84 3.77 1.63 29.01 12.90 16.94 0.23 24.68
14 OSAH2(atc) 268007 268008 101388 262321 5.83 25.69 4.14 1.86 41.45 13.44 16.94 0.19 26.42
15 OSAH+LC(atc) 199934 199935 94157 182770 5.63 21.79 3.88 1.63 29.15 12.85 16.94 0.21 24.52
16 OSAH+TPC(atc) 199330 199331 93448 183062 6.30 20.20 3.67 1.63 30.54 12.58 16.94 0.24 23.65
17 OSAH+TPC+LC(atc) 199368 199369 93465 183094 5.80 21.31 3.79 1.63 34.64 11.98 16.94 0.21 21.71
18 OSAH+LC(16,1) 13776 13777 3605 153961 18.17 19.78 3.54 1.24 28.81 15.19 16.94 0.48 32.06
19 OSAH+TPC(16,1) 13859 13860 3652 154140 18.19 19.83 3.54 1.24 28.81 15.22 16.94 0.48 32.16
20 OSAH+TPC+LC(16,1) 13868 13869 3661 154140 18.18 19.83 3.54 1.25 28.84 15.54 16.94 0.48 33.19
21 OSAH+PR(atc) 199904 199905 94141 164729 6.08 20.98 3.81 1.66 31.55 12.96 16.94 0.22 24.87
22 OSAH+SC(atc) 216996 216997 104728 190004 5.53 21.02 3.74 1.76 71.46 12.68 16.94 0.21 23.97
23 OSAH+GCM(atc) 242670 242671 111817 207413 6.07 22.29 3.69 1.86 767.14 12.85 16.94 0.21 24.52
24 OSAH+GCM2(atc) 340273 340274 106521 379434 5.93 23.74 4.13 1.54 1145.86 13.11 16.94 0.20 25.35
25 OSAH+GCM3(atc) 240175 240176 87303 267534 6.16 26.23 4.32 1.84 792.90 14.34 16.94 0.19 29.32
26 OSAH+RAR(atc) 199904 199905 94141 182738 4.46 29.63 5.50 4.50 34.27 2.38 12.33 0.14 27.33
27 PARSAH+PAR(atc) 199293 199294 94879 180812 4.42 29.84 5.55 4.56 36.79 2.37 12.33 0.13 27.17
28 OSAH+PER(atc) 199904 199905 94141 182738 4.43 30.07 5.83 4.04 34.35 2.75 17.83 0.15 28.00
29 PERSAH+PER(atc) 189614 189615 89494 178835 5.14 29.23 5.92 4.21 1086.66 2.82 17.83 0.21 29.17
30 SPHSAH+PER(atc) 199904 199905 94141 182738 4.43 30.07 5.83 4.04 43.82 2.74 17.83 0.15 27.83
31 OSAH+SPH(atc) 199904 199905 94141 182738 4.42 29.54 5.74 3.98 34.35 3.04 15.22 0.16 18.56
32 SPHSAH+SPH(atc) 199904 199905 94141 182738 4.42 29.54 5.74 3.98 43.42 3.03 15.22 0.16 18.44
33 OSAH+TAse(16,2) 13321 13322 3247 153865 20.04 34.36 3.44 1.23 20.29 18.18 16.94 0.38 41.71
34 OSAH+TAf‘eC(16,2) 13321 13322 3247 153865 18.64 18.90 3.44 1.23 20.23 16.03 16.94 0.45 34.77
35 OSAH+TAPeC(16,2) 13321 13322 3247 153865 18.63 18.90 3.44 1.23 20.24 15.04 16.94 0.50 31.58
36 OSAH+TAgn (16,2) 13321 13322 3247 153865 20.05 12.68 3.44 1.23 20.45 14.32 16.94 0.54 29.26
37 OSAH+TANLT(16,2) 83081 13322 3247 153865 20.05 11.42 3.44 1.23 20.49 13.95 16.94 0.56 28.06
38 OSAH+TAse(18,2) 35967 35968 9251 157995 10.90 37.85 3.58 1.34 21.12 16.01 16.94 0.25 34.71
39 OSAH+TAf‘eC(18,2) 35967 35968 9251 157995 10.13 19.77 3.58 1.34 21.12 14.10 16.94 0.30 28.55
40 OSAH+TArBeC(18,2) 35967 35968 9251 157995 10.13 19.77 3.58 1.34 21.20 13.03 16.94 0.34 25.10
41 OSAH+TAgn (18,2) 35967 35968 9251 157995 10.90 13.38 3.58 1.34 21.79 12.71 16.94 0.35 24.06
42 OSAH+TANLT(18,2) 202751 35968 9251 157995 10.90 11.98 3.58 1.34 21.93 11.81 16.94 0.40 21.16
43 OSAH+TAseqatc) 199904 199905 94141 182738 6.58 43.72 3.77 1.63 24.08 15.30 16.94 0.15 32.42
44 OSAH+TAf‘eC(atc) 199904 199905 94141 182738 6.11 20.84 3.77 1.63 23.75 13.06 16.94 0.20 25.19
45 OSAH+TArBeC(atc) 199904 199905 94141 182738 6.11 20.84 3.77 1.63 23.81 12.00 16.94 0.23 21.77
46 OSAH+TAgp (atc) 199904 199905 94141 182738 6.58 14.13 3.77 1.63 28.16 10.80 16.94 0.28 17.90
47 OSAH+TANLT (atc) 866851 199905 94141 182738 6.58 12.60 3.77 1.63 30.10 16.60 16.94 0.14 36.61
48 BVH 19371 88075 0 131076 531.51 713.61 500.34 0.00 189.59 10436.00 - - -
49 084 3450 24151 11599 301800 34.28 26.68 5.19 1.60 4.36 35.60 - - -
50 089 3450 24151 11599 301800 34.35 19.53 5.19 1.60 4.36 31.82 - - -
51 BSP 7121 7122 1895 227180 58.19 22.19 4.23 1.05 4.69 53.49 - - -
52 093 3450 24151 11599 301809 32.41 19.37 8.02 4.57 4.20 36.61 - - -
53 UG 0 649522 614359 393479 37.48 38.27 38.27 27.56 6.37 37.94 - - -
54 AG 0 0 0 0 0.00 0.00 0.00 0.00 0.00 1.00 - - -
55 HUG 1 2925 2328 220930 407.04 7.81 6.82 3.62 2.59 186.87 - - -
56 RG 1 129792 116818 685163 97.90 23.23 22.24 15.09 1.87 56.14 - - -
57 084A 8048 56337 20760 493257 22.09 28.71 5.63 2.54 21.19 30.69 - - -
58 KD 13321 13322 3247 153865 18.63 18.90 3.44 1.23 25.82 25.14 - - -

Table25: Experimentatesultsfor sceng' mount8.
N = 131076,
TPp: Nprim = 263169, Nfit, = 256915, Nft. = 145240, Nsec= 707764, Ni%.= 461009,

Nshag= 290405, NIt =

20438, TMIN[g =5.56, Tappls = 5.25, TMN[g = 0.31.
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Scene=“rings17’

AppendixE

Minimum TestingOutput

Line MnemonicNotation z A [S]

Ng Ne ‘ Nee ‘ NER NnT™ ‘ Nrs NeTs NegTs Ts ‘ TR ‘ Oapp Orat ‘ OrUN
0 nave RSA 0 0 1 107101 - 0 0 0 0.23 231049.00 5.58 1.0 132028.00
1 spatmed-xyz(16,2) 18516 18517 1248 306974 101.10 50.36 9.12 3.85 3.63 145.11 5.58 0.87 77.34
2 objmed-xyz(16,2) 65529 65530 323 488212 230.62 89.41 17.19 0.21 16.10 355.92 5.58 0.89 197.81
3 objmed(16,2) 65521 65522 34 408570 166.27 81.06 15.94 0.01 23.69 260.66 5.58 0.87 143.37
4 OSAH(16,2) 27155 27156 4828 201209 39.12 40.25 6.88 3.70 21.23 69.33 5.58 0.76 34.04
5 OSAH-RMI(16,2) 27155 27156 4828 201209 39.12 40.25 6.88 3.70 21.22 69.94 5.58 0.76 34.39
6 OSAH-xyz(16,2) 30217 30218 2798 216262 41.21 44.34 7.84 4.25 13.68 74.08 5.58 0.75 36.75
7 OSAH(8,1) 214 215 34 114951 1460.10 15.82 3.34 0.75 15.32 1795.05 5.58 1.00 1020.17
8 OSAH(8,2) 214 215 34 114951 1460.10 15.82 3.34 0.75 15.30 1813.31 5.58 1.00 1030.60
9 OSAH(16,1) 27282 27283 4918 201228 39.09 40.28 6.89 3.71 21.19 69.67 5.58 0.76 34.23
10 OSAH(16,2) 27155 27156 4828 201209 39.12 40.25 6.88 3.70 21.23 69.33 5.58 0.76 34.04
11 OSAH(24,1) 1104245 | 1104246 174514 1703735 16.55 66.00 11.35 4.97 56.93 70.27 5.58 0.45 34.58
12 OSAH(24,2) 671174 671175 60011 1389504 17.19 57.92 9.65 4.18 43.38 54.19 5.58 0.49 25.39
13 OSAH(atc) 304937 304938 54285 615672 17.93 54.64 9.33 4.55 33.04 52.27 5.58 0.51 24.29
14 OSAH2(atc) 782981 782982 92071 1347114 18.03 70.28 11.73 5.05 59.81 59.37 5.58 0.45 28.35
15 OSAH+LC(atc) 443984 443985 54291 1052788 17.75 57.85 9.77 4.55 39.47 53.85 5.58 0.50 25.19
16 OSAH+TPC(atc) 185686 185687 32735 448858 19.85 51.82 8.85 4.36 30.25 53.69 5.58 0.55 25.10
17 OSAH+TPC+LC(atc) 415491 415492 32780 1166698 19.64 57.12 9.60 4.36 46.30 55.14 5.58 0.52 25.93
18 OSAH+LC(16,1) 27287 27288 4931 201228 39.04 40.28 6.89 3.71 24.18 68.46 5.58 0.76 33.54
19 OSAH+TPC(16,1) 27282 27283 4917 201262 39.09 40.27 6.89 3.71 24.78 68.41 5.58 0.76 33.51
20 OSAH+TPC+LC(16,1) 27287 27288 4922 201262 39.09 40.28 6.89 3.71 24.80 68.44 5.58 0.76 33.53
21 OSAH+PR(atc) 304937 304938 54285 415765 14.86 55.05 9.42 4.56 53.26 48.43 5.58 0.46 22.10
22 OSAH+SC(atc) 346502 346503 103509 438117 10.48 55.97 9.51 5.91 87.78 43.00 5.58 0.38 18.99
23 OSAH+GCM(atc) 723135 723136 140521 1199435 16.00 63.80 10.80 5.09 2182.55 56.09 5.58 0.45 26.47
24 OSAH+GCM2(atc) 2066109 | 2066110 54421 4462230 22.36 79.27 13.23 4.70 7393.55 104.61 5.58 0.47 54.20
25 OSAH+GCM3(atc) 759588 759589 99396 1425964 902.25 58.92 7.66 3.69 2492.78 1173.18 5.58 0.98 664.81
26 OSAH+RAR(atc) 304937 304938 54285 615672 19.37 77.76 14.82 6.25 37.97 13.36 5.41 0.66 17.24
27 PARSAH+FAR(atc) 278251 278252 32148 4029917 36.45 19.34 1.19 0.06 92.79 20.58 541 0.95 29.47
28 OSAH+PER(atc) 304937 304938 54285 615672 11.62 71.19 13.84 8.41 37.99 10.14 5.26 0.55 12.22
29 PERSAH+PER(atc) 165924 165925 46239 416731 312.51 46.13 9.29 5.64 3801.09 82.71 5.26 0.97 137.34
30 SPHSAH+PER(atc) 480358 480359 96766 1472702 64.70 111.80 21.64 14.35 256.53 26.95 5.26 0.79 41.21
31 OSAH+SPH(atc) 304937 304938 54285 615672 11.61 70.46 13.73 8.41 37.87 10.29 5.37 0.55 11.23
32 SPHSAH+SPH(atc) 480358 480359 96766 1472702 68.72 110.89 2151 14.35 256.39 27.80 5.37 0.80 39.47
33 OSAH+TAse((16,2) 27154 27155 4835 201209 40.78 102.45 6.99 3.70 17.36 83.38 5.58 0.60 42.07
34 OSAH+'IAﬁec(lG,2) 27154 27155 4835 201209 39.07 40.24 6.88 3.70 17.28 72.27 5.58 0.70 35.72
35 OSAH+'IAP9C(16,2) 27154 27155 4835 201209 39.07 40.24 6.88 3.70 17.31 67.71 5.58 0.76 33.11
36 OSAH+TAgn (16,2) 27154 27155 4835 201209 40.78 32.46 6.99 3.70 17.77 109.78 5.58 0.44 57.15
37 OSAH+TANLT(16,2) 145233 27155 4835 201209 40.78 29.27 6.99 3.70 17.99 76.33 5.58 0.66 38.04
38 OSAH+TAse((18,2) 78599 78600 13421 297456 25.77 129.29 8.10 3.93 19.82 72.33 5.58 0.46 35.75
39 OSAH+'IAﬁec(18,2) 78599 78600 13421 297456 2451 46.65 7.94 3.93 19.79 60.60 5.58 0.56 29.05
40 OSAH+'IAP9C(18,2) 78599 78600 13421 297456 2451 46.65 7.94 3.93 19.77 55.12 5.58 0.63 25.92
41 OSAH+TAgn (18,2) 78599 78600 13421 297456 25.77 37.61 8.10 3.93 21.28 61.06 5.58 0.56 29.31
42 OSAH+TANLT(18,2) 466434 78600 13421 297456 25.77 33.57 8.10 3.93 21.69 61.02 5.58 0.56 29.29
43 OSAH+TAseqatc) 304350 304351 54206 614753 18.98 167.09 9.55 4.56 27.75 72.06 5.58 0.33 35.60
44 OSAH+TA{*ec(atc) 304350 304351 54206 614753 17.94 54.63 9.33 4.56 27.33 56.91 5.58 0.44 26.94
45 OSAH+'IAPec(atc) 304350 304351 54206 614753 17.94 54.63 9.33 4.56 27.46 50.63 5.58 0.51 23.35
46 OSAH+TAgN (atc) 304350 304351 54206 614753 18.98 44.46 9.55 4.56 33.48 56.42 5.58 0.45 26.66
47 OSAH+TANLT (atc) 1897332 304351 54206 614753 18.98 39.10 9.55 4.56 48.70 87.07 5.58 0.27 44.18
48 BVH 13107 70607 0 107101 738.71 912.51 664.19 0.00 145.68 18030.50 - - -
49 084 10123 70862 7846 493503 59.94 83.55 12.77 6.77 4.90 168.69 - - -
50 089 10123 70862 7846 493503 60.08 50.66 12.77 6.77 4.45 149.94 - - -
51 BSP 18516 18517 1248 306974 101.10 50.36 9.12 3.85 5.14 234.40 - - -
52 093 10123 70862 7846 493503 59.86 46.03 18.14 12.15 4.42 168.63 - - -
53 UG 0 536726 417221 677753 48.27 32.10 32.10 25.76 7.51 116.81 - - -
54 AG 44528 757129 159833 1625581 91.19 32.03 23.39 0.44 45.51 371.98 - - -
55 HUG 24356 174237 30198 791828 71.18 19.37 13.62 9.20 6.99 170.66 - - -
56 RG 26722 478957 112574 1526782 54.53 26.07 22.17 14.42 4.95 144.67 - - -
57 O84A 19177 134240 17096 573705 39.03 71.95 11.32 6.03 20.09 128.81 - - -
58 KD 27155 27156 4828 201209 39.12 40.25 6.88 3.70 23.55 106.61 - - -

Table26: Experimentatesultsfor scené‘'rings17'.
N = 107101,
TPp: Nprim = 263169, Nfit, = 263169, Nft, = 263168, Nsec= 386859, Nif.= 220131,

Nshad= 1147577, N

hit
shad —

= 609678, TMN[g| = 1155, Tappls =9.76, TMIN[g = 1.75.
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Scene= “sombero4”

Minimum TestingOutput

Line MnemonicNotation = A (€]
Ng ‘ Ne Nee NerR Nnm ‘ Nrs ‘ NeTs ‘ NeeTs T8 TR | ©app ‘ Orat OrUN
0 nave RSA 0 0 1 130050 - 0 0 0 0.27 39868.90 11.70 1.0 398689.00
1 spatmed-xyz(16,2) 8904 8905 2759 230502 217.75 26.97 4.98 3.23 4.17 11.73 11.70 0.86 105.60
2 objmed-xyz(16,2) 63668 63669 1280 390996 315.83 84.09 15.17 0.49 19.55 19.51 11.70 0.73 183.40
3 objmed(16,2) 65243 65244 0 130696 190.33 159.75 29.25 0.00 21.77 21.08 11.70 0.47 199.10
4 OSAH(16,2) 18329 18330 2966 135207 41.70 19.17 3.28 1.81 24.98 4.23 11.70 0.61 30.60
5 OSAH-RMI(16,2) 18329 18330 2966 135207 41.70 19.17 3.28 1.81 24.95 4.14 11.70 0.61 29.70
6 OSAH-xyz(16,2) 14525 14526 2594 168265 101.52 27.41 5.07 2.68 17.52 6.92 11.70 0.73 57.50
7 OSAH(8,1) 203 204 72 131812 3645.70 10.12 2.18 1.10 17.46 268.58 11.70 1.00 2674.10
8 OSAH(8,2) 200 201 69 131812 3645.80 10.10 2.17 1.08 17.59 268.46 11.70 1.00 2672.90
9 OSAH(16,1) 19544 19545 4113 135263 41.29 19.32 3.31 1.90 24.93 4.39 11.70 0.61 32.20
10 OSAH(16,2) 18329 18330 2966 135207 41.70 19.17 3.28 1.81 24.98 4.23 11.70 0.61 30.60
11 OSAH(24,1) 259695 259696 127424 198890 7.14 26.44 4.66 3.20 30.20 3.37 11.70 0.17 22.00
12 OSAH(24,2) 85618 85619 16730 135619 9.21 23.02 3.84 2.27 27.00 3.23 11.70 0.23 20.60
13 OSAH(atc) 232128 232129 127080 171667 6.85 26.02 4.53 3.20 29.58 3.27 11.70 0.16 21.00
14 OSAH2(atc) 250211 250212 122973 198040 8.82 38.33 5.85 3.92 41.42 3.75 11.70 0.14 25.80
15 OSAH+LC(atc) 232130 232131 127082 171667 6.82 26.02 4.53 3.21 29.72 3.27 11.70 0.16 21.00
16 OSAH+TPC(atc) 232027 232028 126996 171663 6.85 26.01 4.53 3.20 31.38 3.26 11.70 0.16 20.90
17 OSAH+TPC+LC(atc) 232033 232034 126998 171667 6.82 26.02 4.53 3.21 34.89 3.03 11.70 0.16 18.60
18 OSAH+LC(16,1) 19546 19547 4115 135263 41.26 19.32 3.31 1.91 29.21 3.92 11.70 0.61 27.50
19 OSAH+TPC(16,1) 19566 19567 4132 135303 41.27 19.32 3.31 1.91 29.39 3.93 11.70 0.61 27.60
20 OSAH+TPC+LC(16,1) 19568 19569 4134 135303 41.25 19.33 3.31 1.92 29.37 3.93 11.70 0.61 27.60
21 OSAH+PR(atc) 232128 232129 127080 161899 6.29 26.02 4.53 3.20 32.20 3.25 11.70 0.15 20.80
22 OSAH+SC(atc) 240183 240184 137075 169784 6.24 26.04 4.53 3.36 41.31 3.09 11.70 0.15 19.20
23 OSAH+GCM(atc) 260242 260243 128272 201278 7.12 29.27 4.97 3.53 797.48 3.23 11.70 0.15 20.60
24 OSAH+GCM2(atc) 241938 241939 87307 242076 8.52 31.28 5.15 3.42 850.17 3.40 11.70 0.17 22.30
25 OSAH+GCM3(atc) 217347 217348 97756 203990 10.57 34.68 5.73 3.92 713.35 3.65 11.70 0.18 24.80
26 OSAH+RAR(atc) 232128 232129 127080 171667 3.08 18.97 3.26 2.40 35.24 2.06 8.10 0.42 12.50
27 PARSAH+PAR(atc) 235137 235138 125205 176143 2.88 15.51 2.71 1.96 33.27 2.08 8.10 0.53 12.70
28 OSAH+PER(atc) 232128 232129 127080 171667 3.24 18.16 3.12 2.25 35.23 2.07 7.55 0.44 11.27
29 PERSAH+PER(atc) 165968 165969 90071 160178 2.96 17.06 3.01 2.25 846.63 2.13 7.55 0.50 11.82
30 SPHSAH+PER(atc) 196334 196335 105204 166309 24.95 19.82 3.50 2.75 65.01 3.54 7.55 0.72 24.64
31 OSAH+SPH(atc) 232128 232129 127080 171667 3.24 18.25 3.15 2.27 35.15 2.46 7.67 0.47 8.73
32 SPHSAH+SPH(atc) 196334 196335 105204 166309 24.88 19.92 3.52 2.76 64.97 3.94 7.67 0.73 18.60
33 OSAH+TAse(16,2) 18329 18330 2966 135207 41.72 45.29 3.28 1.81 20.35 5.00 11.70 0.44 38.30
34 OSAH+TAf‘eC(16,2) 18329 18330 2966 135207 41.70 19.17 3.28 1.81 20.30 4.32 11.70 0.53 31.50
35 OSAH+TAPeC(16,2) 18329 18330 2966 135207 41.70 19.17 3.28 1.81 20.34 3.91 11.70 0.61 27.40
36 OSAH+TAgn (16,2) 18329 18330 2966 135207 41.72 17.74 3.28 1.81 20.63 3.93 11.70 0.61 27.60
37 OSAH+TANLT(16,2) 87481 18330 2966 135207 41.72 16.39 3.28 1.81 20.74 3.94 11.70 0.60 27.70
38 OSAH+TAse(18,2) 50412 50413 13578 135600 16.83 55.23 3.68 221 21.29 4.43 11.70 0.22 32.60
39 OSAH+TAf‘eC(18,2) 50412 50413 13578 135600 16.83 21.69 3.68 221 21.27 3.57 11.70 0.29 24.00
40 OSAH+TArBeC(18,2) 50412 50413 13578 135600 16.83 21.69 3.68 2.21 21.20 3.13 11.70 0.36 19.60
41 OSAH+TAgn (18,2) 50412 50413 13578 135600 16.84 19.80 3.68 2.21 22.09 3.15 11.70 0.36 19.80
42 OSAH+TANLT(18,2) 238564 50413 13578 135600 16.84 18.17 3.68 221 22.27 3.16 11.70 0.35 19.90
43 OSAH+TAseqatc) 232128 232129 127080 171667 6.85 77.55 4.53 3.20 24.19 4.80 11.70 0.08 36.30
44 OSAH+TAf‘eC(atc) 232128 232129 127080 171667 6.85 26.02 4.53 3.20 23.98 3.52 11.70 0.12 23.50
45 OSAH+TArBec(atc) 232128 232129 127080 171667 6.85 26.02 4.53 3.20 24.14 3.00 11.70 0.16 18.30
46 OSAH+TAgp (atc) 232128 232129 127080 171667 6.85 23.13 4.53 3.20 28.65 3.01 11.70 0.16 18.40
47 OSAH+TANLT (atc) 981401 232129 127080 171667 6.85 20.94 4.53 3.20 31.82 7.22 11.70 0.05 60.50
48 BVH 20050 87858 0 130050 1048.30 906.27 614.35 0.00 172.53 3324.59 - - -
49 084 4422 30955 15168 305664 134.48 41.07 7.23 5.12 4.63 14.40 - - -
50 089 4422 30955 15168 305664 133.70 27.87 7.22 5.12 4.27 12.91 - - -
51 BSP 8904 8905 2759 230502 217.75 26.97 4.98 3.23 4.65 19.08 - - -
52 093 4422 30955 15168 305664 125.40 24.02 8.85 6.83 4.38 13.74 - - -
53 UG 0 643860 606223 396633 58.06 28.11 28.11 26.43 6.45 7.08 - - -
54 AG 41042 1275612 386764 2950955 42.64 22.34 19.21 15.43 205.66 23.11 - - -
55 HUG 1 1936 1332 173298 1202.80 4.95 4.29 3.00 2.87 87.69 - - -
56 RG 11610 491228 264152 2172750 74.94 21.03 18.83 16.17 5.62 9.58 - - -
57 084A 8706 60943 20848 461512 105.39 46.40 7.93 5.19 22.41 12.96 - - -
58 KD 18329 18330 2966 135207 41.70 19.17 3.28 1.81 27.63 6.90 — — —

Table27: Experimentafesultsfor scene' sombero4”.

_ N = 130050, _
TPo: Nprim = 263169, NO% = 136638, Nit, = 112239, Nsec=0, N{i=0,

Nshag= 110608, NIt = 2622, TMIN[g =1.27, Tapplg =1.17, TMN[g =0.10.
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Scene= “teapot40

AppendixE

Minimum TestingOutput

Line MnemonicNotation z A [S]

Ng Ne ‘ Nee ‘ NER NnT™ ‘ Nrs NeTs NegTs Ts ‘ TR ‘ Oapp Orat ‘ OrUN
0 nave RSA 0 0 1 103680 - 0 0 0 0.22 67216.90 17.32 1.0 305531.36
1 spatmed-xyz(16,2) 8598 8599 2943 180581 251.00 40.45 8.61 5.97 3.24 35.97 17.32 0.80 146.18
2 objmed-xyz(16,2) 63340 63341 2356 371822 670.84 142.05 29.53 0.88 12.99 110.67 17.32 0.75 485.73
3 objmed(16,2) 65496 65497 798 265120 1372.80 486.86 98.65 1.15 18.40 318.57 17.32 0.64 1430.73
4 OSAH(16,2) 18593 18594 3495 181085 57.40 30.48 5.58 3.41 19.38 14.80 17.32 0.54 49.95
5 OSAH-RMI(16,2) 18593 18594 3495 181085 57.40 30.48 5.58 3.41 19.38 14.68 17.32 0.54 49.41
6 OSAH-xyz(16,2) 18737 18738 4197 185251 67.47 36.55 7.20 4.79 12.10 16.06 17.32 0.54 55.68
7 OSAH(8,1) 225 226 30 112307 2803.00 16.73 3.68 1.89 13.97 454.21 17.32 0.99 2047.27
8 OSAH(8,2) 225 226 30 112307 2803.00 16.73 3.68 1.89 14.01 455.98 17.32 0.99 2055.32
9 OSAH(16,1) 19630 19631 3883 181133 55.42 31.04 5.61 3.54 19.37 14.92 17.32 0.53 50.50
10 OSAH(16,2) 18593 18594 3495 181085 57.40 30.48 5.58 3.41 19.38 14.80 17.32 0.54 49.95
11 OSAH(24,1) 425323 425324 117627 638251 11.87 39.24 6.96 4.49 31.41 11.70 17.32 0.16 35.86
12 OSAH(24,2) 290100 290101 49364 574014 15.55 36.91 6.63 3.97 28.58 11.77 17.32 0.21 36.18
13 OSAH(atc) 264722 264723 75531 435017 12.77 38.29 6.79 4.42 27.20 11.31 17.32 0.17 34.09
14 OSAH2(atc) 456849 456850 111778 707674 12.97 52.13 8.42 5.75 43.85 13.28 17.32 0.13 43.05
15 OSAH+LC(atc) 266473 266474 75670 443763 12.73 38.32 6.79 4.42 27.59 11.33 17.32 0.17 34.18
16 OSAH+TPC(atc) 247373 247374 70794 418298 13.27 37.94 6.73 4.38 28.43 11.33 17.32 0.18 34.18
17 OSAH+TPC+LC(atc) 257162 257163 71050 446531 13.08 38.12 6.76 4.38 32.72 11.05 17.32 0.18 32.91
18 OSAH+LC(16,1) 19652 19653 3905 181133 55.42 31.04 5.61 3.54 22.42 14.15 17.32 0.53 47.00
19 OSAH+TPC(16,1) 19765 19766 4021 181186 55.41 31.06 5.62 3.55 22.83 14.28 17.32 0.53 47.59
20 OSAH+TPC+LC(16,1) 19786 19787 4042 181186 55.40 31.06 5.62 3.55 22.83 14.13 17.32 0.53 46.91
21 OSAH+PR(atc) 264722 264723 75531 377180 12.77 37.35 6.61 4.36 32.04 9.88 17.32 0.16 27.59
22 OSAH+SC(atc) 264471 264472 106643 375965 10.17 37.64 6.63 4.83 92.72 11.21 17.32 0.14 33.64
23 OSAH+GCM(atc) 344056 344057 101428 523736 11.89 39.81 6.94 4.59 1138.43 11.50 17.32 0.16 34.95
24 OSAH+GCM2(atc) 616614 616615 119164 1234612 14.16 45.00 7.69 4.93 2144.94 12.74 17.32 0.16 40.59
25 OSAH+GCM3(atc) 194922 194923 43680 467933 19.98 50.58 8.01 5.18 701.48 13.77 17.32 0.20 45.27
26 OSAH+RAR(atc) 264722 264723 75531 435017 3.61 23.84 4.32 3.19 32.11 2.95 14.70 0.39 14.80
27 PARSAH+FAR(atc) 256679 256680 72330 428579 3.54 23.42 4.17 3.09 35.37 2.91 14.70 0.38 14.40
28 OSAH+PER(atc) 264722 264723 75531 435017 3.31 29.31 5.34 3.98 33.42 3.74 12.50 0.36 10.88
29 PERSAH+PER(atc) 233036 233037 68652 393621 3.28 27.60 5.11 3.80 1653.61 3.60 12.50 0.34 10.00
30 SPHSAH+PER(atc) 215290 215291 64843 386727 3.62 27.60 5.10 3.75 80.40 3.62 12.50 0.35 10.12
31 OSAH+SPH(atc) 264722 264723 75531 435017 3.32 28.73 5.23 3.90 32.14 3.95 16.14 0.35 12.07
32 SPHSAH+SPH(atc) 215290 215291 64843 386727 3.64 27.09 5.00 3.68 80.36 3.93 16.14 0.38 11.93
33 OSAH+TAse((16,2) 18593 18594 3495 181085 57.83 70.26 5.59 3.41 16.04 18.93 17.32 0.37 68.73
34 OSAH+'IAﬁec(lG,2) 18593 18594 3495 181085 57.40 30.48 5.58 3.41 15.98 15.68 17.32 0.47 53.95
35 OSAH+'IAP9C(16,2) 18593 18594 3495 181085 57.40 30.48 5.58 3.41 16.04 14.15 17.32 0.54 47.00
36 OSAH+TAgn (16,2) 18593 18594 3495 181085 57.84 23.81 5.59 3.41 16.47 13.95 17.32 0.55 46.09
37 OSAH+TANLT(16,2) 122836 18594 3495 181085 57.84 21.34 5.59 3.41 16.62 13.90 17.32 0.55 45.86
38 OSAH+TAse((18,2) 48421 48422 9840 227380 30.41 81.23 6.05 3.68 17.39 16.94 17.32 0.22 59.68
39 OSAH+'IAﬁec(18,2) 48421 48422 9840 227380 30.18 33.18 6.04 3.68 17.28 13.46 17.32 0.30 43.86
40 OSAH+'IAP9C(18,2) 48421 48422 9840 227380 30.18 33.18 6.04 3.68 17.26 11.84 17.32 0.36 36.50
41 OSAH+TAgn (18,2) 48421 48422 9840 227380 30.42 25.88 6.05 3.68 18.56 11.61 17.32 0.37 35.45
42 OSAH+TANLT(18,2) 313831 48422 9840 227380 30.42 23.00 6.05 3.68 18.57 11.60 17.32 0.37 35.41
43 OSAH+TAseqatc) 264722 264723 75531 435017 12.88 101.70 6.80 4.42 22.64 16.94 17.32 0.09 59.68
44 OSAH+TA{*ec(atc) 264722 264723 75531 435017 12.77 38.29 6.79 4.42 22.18 12.61 17.32 0.13 40.00
45 OSAH+'IAPec(atc) 264722 264723 75531 435017 12.77 38.29 6.79 4.42 22.37 10.76 17.32 0.17 31.59
46 OSAH+TAgN (atc) 264722 264723 75531 435017 12.89 29.39 6.80 4.42 27.79 10.94 17.32 0.17 32.41
47 OSAH+TANLT (atc) 1371881 264723 75531 435017 12.89 25.78 6.80 4.42 36.00 32.08 17.32 0.04 128.50
48 BVH 16404 69920 0 103680 1011.90 835.87 557.33 0.00 118.35 7116.55 - - -
49 084 4066 28463 14364 231325 132.13 64.02 11.48 8.84 3.68 43.98 - - -
50 089 4066 28463 14364 231325 132.05 43.01 11.48 8.84 3.41 37.49 - - -
51 BSP 8598 8599 2943 180581 251.00 40.45 8.61 5.97 4.27 93.80 - - -
52 093 4066 28463 14364 231325 126.61 36.52 13.67 11.11 3.47 41.44 - - -
53 UG 0 515570 487803 289369 94.13 57.12 57.12 54.15 4.94 31.46 - - -
54 AG 20337 1006860 495117 2225562 64.22 45.94 42.08 36.38 287.18 41.59 - - -
55 HUG 19260 316436 264487 380083 77.49 42.19 37.10 34.02 6.51 42.48 - - -
56 RG 4820 352189 196005 2025201 92.30 37.92 35.69 31.86 4.43 31.62 - - -
57 O84A 8704 60929 21144 360490 64.62 58.95 10.98 8.43 17.01 33.27 - - -
58 KD 18593 18594 3495 181085 57.40 30.48 5.58 3.41 21.77 23.85 - - -

Table28: Experimentalesultsfor scené‘teapot40.
N = 103680,
TPp: Nprim = 263169, Nf, = 226226, Nft, = 161581, Nsec= 225988, Nii.= 67302,

Nshad= 406161, N

hit
shad —

= 33950, TMN[g =4.03, Tappls =3.81, TMN[g =0.22.
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Scene= “tetra8’
Minimum TestingOutput
Line MnemonicNotation z A o

Ng ‘ Ne Neg NERr "™ ‘ Nrs ‘ NeTs ‘ NEgTS Ts TR | ©app ‘ Orat ORUN
0 nave RSA 0 0 1 65536 - 0 0 0 0.13 12855.80 28.67 1.0 428526.67
1 spatmed-xyz(16,2) 11651 11652 4588 151552 214.14 30.12 6.04 4.44 2.05 6.46 28.67 0.72 186.67
2 objmed-xyz(16,2) 42239 42240 25856 65536 42.04 75.87 14.84 13.06 6.54 4.61 28.67 0.17 125.00
3 objmed(16,2) 49151 49152 32768 65536 23.77 215.24 42.25 41.24 10.85 9.27 28.67 0.04 280.33
4 OSAH(16,2) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 9.97 2.40 28.67 0.33 51.33
5 OSAH-RMI(16,2) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 9.99 2.39 28.67 0.33 51.00
6 OSAH-xyz(16,2) 19932 19933 7865 65536 30.07 24.48 4.66 3.79 6.69 2.56 28.67 0.30 56.67
7 OSAH(8,1) 179 180 28 65536 2948.70 9.70 2.17 1.01 8.20 82.19 28.67 0.99 2711.00
8 OSAH(8,2) 179 180 28 65536 2948.70 9.70 2.17 1.01 8.18 83.23 28.67 0.99 2745.67
9 OSAH(16,1) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 9.93 2.45 28.67 0.33 53.00
10 OSAH(16,2) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 9.97 2.40 28.67 0.33 51.33
11 OSAH(24,1) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 10.74 2.08 28.67 0.14 40.67
12 OSAH(24,2) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 10.87 2.09 28.67 0.14 41.00
13 OSAH(atc) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 10.82 2.08 28.67 0.14 40.67
14 OSAH2(atc) 44203 44204 27820 65536 10.12 34.13 4.74 4.30 13.73 2.32 28.67 0.10 48.67
15 OSAH+LC(atc) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 10.73 2.10 28.67 0.14 41.33
16 OSAH+TPC(atc) 48252 48253 31869 65536 10.12 21.98 3.98 3.54 11.39 2.07 28.67 0.14 40.33
17 OSAH+TPC+LC(atc) 48252 48253 31869 65536 10.12 21.98 3.98 3.54 12.72 1.96 28.67 0.14 36.67
18 OSAH+LC(16,1) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 11.85 2.28 28.67 0.33 47.33
19 OSAH+TPC(16,1) 19003 19004 7068 65536 27.51 20.14 3.70 2.92 11.90 2.28 28.67 0.33 47.33
20 OSAH+TPC+LC(16,1) 19003 19004 7068 65536 27.51 20.14 3.70 2.92 11.79 2.28 28.67 0.33 47.33
21 OSAH+PR(atc) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 11.44 2.07 28.67 0.14 40.33
22 OSAH+SC(atc) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 13.15 2.03 28.67 0.14 39.00
23 OSAH+GCM(atc) 51845 51846 35462 65536 10.12 26.10 4.71 4.28 176.69 2.13 28.67 0.12 42.33
24 OSAH+GCM2(atc) 51682 51683 35299 65536 10.12 25.84 4.50 4.06 180.27 2.13 28.67 0.12 42.33
25 OSAH+GCM3(atc) 48503 48504 33020 65536 40.06 44.63 7.06 6.40 173.04 3.28 28.67 0.24 80.67
26 OSAH+RAR(atc) 48264 48265 31881 65536 8.52 19.23 3.62 3.32 12.57 1.57 18.33 0.38 34.00
27 PARSAH+PAR(atc) 48232 48233 31849 65536 8.52 19.38 3.70 3.41 13.08 1.59 18.33 0.38 34.67
28 OSAH+PER(atc) 48264 48265 31881 65536 7.53 19.84 3.71 3.40 12.60 1.64 19.67 0.38 35.00
29 PERSAH+PER(atc) 51060 51061 34677 65536 7.53 23.54 4.43 4.12 154.96 1.81 19.67 0.36 40.67
30 SPHSAH+PER(atc) 35813 35814 22688 65536 73.92 28.15 4.98 4.38 17.97 3.04 19.67 0.62 81.67
31 OSAH+SPH(atc) 48264 48265 31881 65536 7.51 19.62 3.67 3.36 12.55 1.97 30.67 0.38 35.00
32 SPHSAH+SPH(atc) 35813 35814 22688 65536 72.43 27.79 4.92 4.33 17.95 3.31 30.67 0.62 79.67
33 OSAH+TAse(16,2) 19097 19098 7026 65536 27.34 50.29 3.71 2.92 8.39 3.38 28.67 0.18 84.00
34 OSAH+TAf‘eC(16,2) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 8.34 2.59 28.67 0.27 57.67
35 OSAH+TAPeC(16,2) 19097 19098 7026 65536 27.34 20.17 3.71 2.92 8.46 2.26 28.67 0.33 46.67
36 OSAH+TAgn (16,2) 19097 19098 7026 65536 27.34 18.39 3.71 2.92 10.06 2.79 28.67 0.24 64.33
37 OSAH+TANLT(16,2) 85575 19098 7026 65536 27.34 16.36 3.71 2.92 8.71 2.40 28.67 0.30 51.33
38 OSAH+TAse(18,2) 41905 41906 25556 65536 11.81 56.11 3.94 3.43 8.86 3.22 28.67 0.08 78.67
39 OSAH+TAf‘eC(18,2) 41905 41906 25556 65536 11.81 21.71 3.94 3.43 8.80 2.36 28.67 0.12 50.00
40 OSAH+TArBeC(18,2) 41905 41906 25556 65536 11.81 21.71 3.94 3.43 8.76 1.99 28.67 0.16 37.67
41 OSAH+TAgn (18,2) 41905 41906 25556 65536 11.81 19.42 3.94 3.43 9.53 2.08 28.67 0.15 40.67
42 OSAH+TANLT(18,2) 151873 41906 25556 65536 11.81 17.21 3.94 3.43 9.69 2.10 28.67 0.15 41.33
43 OSAH+TAseqatc) 48264 48265 31881 65536 10.12 57.23 3.98 3.54 9.03 3.20 28.67 0.07 78.00
44 OSAH+TAf‘eC(atc) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 8.96 2.34 28.67 0.10 49.33
45 OSAH+TArBeC(atc) 48264 48265 31881 65536 10.12 22.00 3.98 3.54 8.95 1.95 28.67 0.14 36.33
46 OSAH+TAgp (atc) 48264 48265 31881 65536 10.12 19.63 3.98 3.54 9.85 2.09 28.67 0.12 41.00
47 OSAH+TANLT (atc) 168703 48265 31881 65536 10.12 17.39 3.98 3.54 9.92 2.09 28.67 0.12 41.00
48 BVH 9339 43903 0 65536 1109.90 450.18 326.98 0.00 88.62 1418.19 - - -
49 084 5697 39880 22496 212992 119.72 47.28 8.22 6.61 241 9.48 - - -
50 089 5697 39880 22496 212992 119.29 31.85 8.22 6.61 2.20 7.33 - - -
51 BSP 11651 11652 4588 151552 214.14 30.12 6.04 4.44 251 9.86 - - -
52 093 5697 39880 22496 212992 110.35 26.16 9.50 7.97 2.22 8.56 - - -
53 UG 0 328509 307819 232864 105.60 32.84 32.84 31.22 3.17 5.97 - - -
54 AG 16921 656550 376506 1455360 86.38 38.10 35.04 31.83 57.81 9.64 - - -
55 HUG 1 195112 180318 202552 136.68 28.28 27.63 25.92 4.09 7.42 - - -
56 RG 8281 386424 151012 3447984 253.12 25.12 22.48 18.98 6.37 11.63 - - -
57 084A 7121 49848 25744 311008 134.85 44.46 7.86 6.39 10.78 9.40 - - -
58 KD 19097 19098 7026 65536 27.34 20.17 3.71 2.92 10.61 3.57 - - -

Table29: Experimentatesultsfor scené‘tetra8’.
N = 65536,
TPp: Nprim = 263169, Nfit, = 159213, Nft, = 43709, Nsec=0, Nif=

Nshag= 40256, NOL =

7098, TMIN[§ =0.89, Tappls = 0.86, TMIN[g =0.03.
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Minimum TestingOutput

Line MnemonicNotation z A (€]

Ng ‘ Ne Nee NER NT™ ‘ Nrs ‘ NeTs ‘ NegTs T8 TR | ©ppp ‘ Orat ORUN
0 nave RSA 0 0 1 131071 - 0 0 0 0.26 232025.00 18.59 1.0 1054659.09
1 spatmed-xyz(16,2) 319 320 227 134391 17792.00 63.02 13.12 6.99 4.81 10901.20 18.59 0.99 49532.32
2 objmed-xyz(16,2) 65425 65426 996 314658 1659.90 274.45 59.06 0.60 17.19 554.75 18.59 0.65 2503.00
3 objmed(16,2) 65531 65532 252 267726 1871.50 346.00 74.89 0.02 27.43 651.41 18.59 0.62 2942.36
4 OSAH(16,2) 5019 5020 1364 140681 113.69 18.00 4.31 0.94 31.83 33.78 18.59 0.66 134.95
5 OSAH-RMI(16,2) 5019 5020 1364 140681 113.69 18.00 4.31 0.94 31.90 33.96 18.59 0.66 135.77
6 OSAH-xyz(16,2) 5281 5282 1394 142057 133.18 21.21 5.36 1.88 18.62 39.41 18.59 0.65 160.55
7 OSAH(8,1) 75 76 7 132226 9127.30 12.31 3.32 0.14 21.03 2757.39 18.59 1.00 12515.00
8 OSAH(8,2) 70 71 4 132225 9128.50 12.10 3.27 0.09 21.04 2751.83 18.59 1.00 12489.73
9 OSAH(16,1) 5356 5357 1618 140755 110.96 18.61 4.41 1.11 31.82 33.48 18.59 0.64 133.59
10 OSAH(16,2) 5019 5020 1364 140681 113.69 18.00 4.31 0.94 31.83 33.78 18.59 0.66 134.95
11 OSAH(24,1) 143468 143469 56123 231368 21.75 20.83 4.80 1.52 40.28 12.70 18.59 0.24 39.14
12 OSAH(24,2) 114142 114143 34755 223827 25.35 19.84 4.63 1.25 39.90 13.18 18.59 0.28 41.32
13 OSAH(atc) 72922 72923 28766 184136 23.56 20.44 4.73 1.48 37.42 13.14 18.59 0.26 41.14
14 OSAH2(atc) 192425 192426 48787 299524 17.02 26.25 5.31 2.78 49.95 13.61 18.59 0.16 43.27
15 OSAH+LC(atc) 73046 73047 28784 184414 21.98 20.71 4.74 1.74 37.53 13.02 18.59 0.24 40.59
16 OSAH+TPC(atc) 72735 72736 29186 183277 23.69 20.35 4.72 1.48 39.89 13.14 18.59 0.26 41.14
17 OSAH+TPC+LC(atc) 73268 73269 29203 184559 22.05 20.67 4.73 1.73 44.70 12.34 18.59 0.24 37.50
18 OSAH+LC(16,1) 5362 5363 1624 140755 109.38 18.86 441 1.37 35.50 32.03 18.59 0.64 127.00
19 OSAH+TPC(16,1) 5774 5775 2017 140538 109.05 18.67 4.43 1.14 37.71 31.62 18.59 0.64 125.14
20 OSAH+TPC+LC(16,1) 5783 5784 2026 140538 107.47 18.93 4.43 1.39 37.67 31.35 18.59 0.63 123.91
21 OSAH+PR(atc) 72922 72923 28766 171576 22.94 20.26 4.69 1.51 39.45 12.24 18.59 0.25 37.05
22 OSAH+SC(atc) 70835 70836 30429 174110 22.14 19.88 4.61 1.67 57.57 12.12 18.59 0.24 36.50
23 OSAH+GCM(atc) 78022 78023 30619 188289 22.86 20.29 4.66 1.45 324.74 12.65 18.59 0.25 38.91
24 OSAH+GCM2(atc) 114150 114151 26050 288861 23.69 23.43 5.15 1.93 472.11 14.04 18.59 0.23 45.23
25 OSAH+GCM3(atc) 82132 82133 24601 237759 102.49 29.76 5.56 1.71 408.52 33.54 18.59 0.51 133.86
26 OSAH+RR(atc) 72922 72923 28766 184136 5.10 27.24 6.81 2.29 42.74 6.11 20.83 0.42 13.11
27 PARSAH+MR(atc) 80420 80421 30990 200666 3.50 20.16 4.79 1.69 54.22 5.66 20.83 0.47 10.61
28 OSAH+PER(atc) 72922 72923 28766 184136 8.38 32.43 7.75 3.04 42.78 5.20 17.40 0.37 17.27
29 PERSAH+PER(atc) 111065 111066 44207 226182 451 24.36 5.78 3.28 9227.67 4.52 17.40 0.36 12.73
30 SPHSAH+PER(atc) 64191 64192 20383 314352 17361.00 31.00 6.91 3.09 294.09 4036.76 17.40 1.00 26894.33
31 OSAH+SPH(atc) 72922 72923 28766 184136 8.29 32.11 7.66 3.01 42.77 5.51 17.18 0.37 15.24
32 SPHSAH+SPH(atc) 64191 64192 20383 314352 17545.00 30.90 6.85 3.05 294.16 4055.84 17.18 1.00 23840.71
33 OSAH+TAse((16,2) 5019 5020 1364 140681 113.93 43.09 4.32 0.94 25.97 38.40 18.59 0.54 155.95
34 OSAH+TA@C(16,2) 5019 5020 1364 140681 113.68 18.00 4.31 0.94 25.93 33.42 18.59 0.63 133.32
35 OSAH+'IAP€C(16,2) 5019 5020 1364 140681 113.68 18.00 4.31 0.94 25.93 32.15 18.59 0.66 127.55
36 OSAH+TAgN_(16,2) 5019 5020 1364 140681 114.20 17.16 4.33 0.94 26.05 43.74 18.59 0.47 180.23
37 OSAH+TANLT(16,2) 39548 5020 1364 140681 114.20 15.39 4.33 0.94 26.04 42.56 18.59 0.48 174.86
38 OSAH+TAse((18,2) 12900 12901 3804 147446 52.00 46.42 4.46 1.08 27.40 24.68 18.59 0.32 93.59
39 OSAH+TA@C(18,2) 12900 12901 3804 147446 51.88 18.79 4.45 1.08 27.48 19.60 18.59 0.42 70.50
40 OSAH+TAF’SC(18,2) 12900 12901 3804 147446 51.88 18.79 4.45 1.08 27.49 18.54 18.59 0.45 65.68
41 OSAH+TAgN_(18,2) 12900 12901 3804 147446 52.16 17.87 4.46 1.08 27.67 22.25 18.59 0.36 82.55
42 OSAH+TANLT(18,2) 99423 12901 3804 147446 52.16 15.94 4.46 1.08 27.74 24.75 18.59 0.31 93.91
43 OSAH+TAseq(atc) 72922 72923 28766 184136 23.65 53.12 4.74 1.48 30.53 19.00 18.59 0.15 67.77
44 OSAH+TAﬁec(atc) 72922 72923 28766 184136 23.56 20.44 4.73 1.48 30.49 13.77 18.59 0.23 44.00
45 OSAH+TAF’ec(atc) 72922 72923 28766 184136 23.56 20.44 4.73 1.48 30.54 12.51 18.59 0.26 38.27
46 OSAH+TAgp (atc) 72922 72923 28766 184136 23.72 19.35 4.75 1.48 31.94 13.32 18.59 0.24 41.95
47 OSAH+TANLT (atc) 528558 72923 28766 184136 23.72 17.14 4.75 1.48 32.31 13.46 18.59 0.23 42.59
48 BVH 21992 91171 0 131071 803.76 404.27 274.16 0.00 107.54 5220.49 - - -
49 084 151 1058 892 137338 6108.80 131.76 21.72 14.53 5.18 9452.42 - - -
50 089 151 1058 892 137338 6076.50 85.62 21.72 14.53 5.16 9153.53 - - -
51 BSP 319 320 227 134391 17792.00 63.02 13.12 6.99 6.10 13032.90 - - -
52 093 151 1058 892 137340 6032.40 72.36 28.74 21.55 491 9261.85 - - -
53 uG 0 443680 388122 188973 6723.40 29.36 29.36 25.14 6.43 2347.53 - - -
54 AG 2 393009 372191 182880 79.01 30.31 29.83 27.56 370.43 43.38 - - -
55 HUG 9 394682 370210 200497 74.93 12.70 10.05 9.00 10.65 46.15 - - -
56 RG 41 275886 230133 670903 236.59 29.32 27.62 22.80 2.61 86.53 - - -
57 O84A 1328 9297 3935 150854 144.65 42.82 9.72 6.14 23.06 73.28 - - -
58 KD 5019 5020 1364 140681 113.69 18.00 4.31 0.94 36.57 52.10 - - -

Table30: Experimentatesultsfor scené‘treel’.
N = 131071,
TPp: Nprim = 263169, Nf, = 263169, Nt = 173215, Nsec=0, NL&.=0,

Nshad= 1107745, N

hit  _
shad —

48134, TMIN[§ =4.31, Tappls =4.09, TMIN§ =0.22.
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balls5 gears9

jacks5 lattice29

mount8

Figure5: Visualizationof the Gng scenewssingthetestingprocedurel Pp.
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rings17 sombrero4

teapot40 tetra8

treel5

Figure6: Visualizationof the Gng sceneaisingthetestingprocedurel Pp.
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Scenes groupG2pp
Minimum TestingOutput
Line MnemonicNotation z A o

Ng Ne ‘ NEg ‘ Ner NT™ ‘ Nrs ‘ NeTs ‘ NeeTs T8 ‘ TR ‘ Oapp Orat ‘ ORJN
0 nave RSA 0 0 1 1020 - 0.00 0.00 0.00 0.00 671.54 13.29 1.00 2279.43
1 spatmed-xyz(16,2) 6590 6591 881 20030 78.33 36.90 7.15 2.81 0.10 28.39 13.29 0.51 83.12
2 objmed-xyz(16,2) 4300 4301 455 8808 57.76 48.37 9.83 2.06 0.14 27.91 13.29 0.47 63.22
3 objmed(16,2) 4490 4491 465 8544 71.42 57.73 12.49 2.01 0.19 36.98 13.29 0.46 87.61
4 OSAH(16,2) 1870 1871 255 3590 12.93 18.97 3.71 1.05 0.13 13.10 13.29 0.39 20.57
5 OSAH-RMI(16,2) 1870 1871 255 3590 12.93 18.97 3.71 1.05 0.13 12.80 13.29 0.39 19.48
6 OSAH-xyz(16,2) 1825 1826 287 3496 13.12 20.45 4.14 1.45 0.08 13.17 13.29 0.38 20.33
7 OSAH(8,1) 140 141 29 1292 52.09 12.44 2.76 0.74 0.07 21.02 13.29 0.77 37.51
8 OSAH(8,2) 137 138 26 1292 52.95 12.18 271 0.59 0.06 21.03 13.29 0.77 37.59
9 OSAH(16,1) 3690 3691 767 4844 10.30 22.03 4.24 1.69 0.17 12.61 13.29 0.31 19.43
10 OSAH(16,2) 1870 1871 255 3590 12.93 18.97 3.71 1.05 0.13 13.10 13.29 0.39 20.57
11 OSAH(24,1) 8978 8979 1133 12429 10.30 23.72 4.52 1.73 0.31 13.22 13.29 0.29 20.23
12 OSAH(24,2) 4303 4304 298 8663 13.02 19.83 3.85 1.05 0.20 13.19 13.29 0.38 20.19
13 OSAH(atc) 2043 2044 501 2937 12.80 19.25 3.78 1.55 0.13 12.83 13.29 0.37 19.51
14 OSAH2(atc) 2400 2401 469 3525 11.92 22.16 4.25 1.67 0.18 13.12 13.29 0.33 20.15
15 OSAH+LC(atc) 2385 2386 502 3905 12.86 20.25 3.94 1.55 0.15 13.24 13.29 0.36 20.07
16 OSAH+TPC(atc) 1622 1623 458 2504 14.12 18.40 3.65 1.50 0.13 13.09 13.29 0.40 19.68
17 OSAH+TPC+LC(atc) 2160 2161 460 3856 14.24 19.95 3.92 1.50 0.17 12.96 13.29 0.38 18.53
18 OSAH+LC(16,1) 3712 3713 769 4866 10.29 22.04 4.23 1.69 0.21 11.88 13.29 0.30 17.30
19 OSAH+TPC(16,1) 3714 3715 769 4871 10.30 22.09 4.24 1.69 0.20 11.88 13.29 0.31 17.14
20 OSAH+TPC+LC(16,1) 3715 3716 770 4871 10.29 22.09 4.24 1.70 0.21 12.01 13.29 0.30 17.41
21 OSAH+PR(atc) 2043 2044 501 2740 12.11 19.20 3.77 1.55 0.21 12.37 13.29 0.36 18.19
22 OSAH+SC(atc) 2142 2143 602 2793 10.31 19.54 3.84 1.77 0.22 12.08 13.29 0.33 17.65
23 OSAH+GCM(atc) 2552 2553 554 3612 11.48 20.98 4.10 1.73 7.39 12.45 13.29 0.34 18.85
24 OSAH+GCM2(atc) 3836 3837 419 6850 13.80 24.09 4.55 1.43 13.23 13.72 13.29 0.34 21.33
25 OSAH+GCM3(atc) 2433 2434 428 3925 17.41 25.43 4.62 1.60 7.35 14.58 13.29 0.36 23.97
26 OSAH+FAR(atc) 2043 2044 501 2937 6.24 17.31 3.62 1.77 0.15 3.12 11.32 0.47 11.44
27 PARSAH+FAR(atc) 2135 2136 540 4413 5.22 13.85 2.93 1.37 0.20 2.93 11.32 0.50 9.99
28 OSAH+PER(atc) 2043 2044 501 2937 6.40 20.19 4.23 2.01 0.15 3.84 13.12 0.45 11.55
29 PERSAH+PER(atc) 1626 1627 450 2731 12.79 15.57 3.40 1.56 16.59 4.81 13.12 0.54 13.99
30 SPHSAH+PER(atc) 1892 1893 517 3907 16.38 19.78 4.10 1.84 0.75 4.56 13.12 0.58 16.98
31 OSAH+SPH(atc) 2043 2044 501 2937 6.39 20.00 4.19 1.99 0.15 4.14 12.30 0.49 9.51
32 SPHSAH+SPH(atc) 1892 1893 517 3907 16.26 19.63 4.07 1.83 0.77 4.88 12.30 0.61 13.61
33 OSAH+TAse(16,2) 1869 1870 255 3591 13.50 41.39 3.75 1.05 0.11 15.75 13.29 0.25 27.84
34 OSAH+TAf‘eC(16,2) 1869 1870 255 3591 12.92 18.97 3.70 1.05 0.10 13.07 13.29 0.34 19.98
35 OSAH+TAPeC(16,2) 1869 1870 255 3591 12.92 18.97 3.70 1.05 0.11 12.05 13.29 0.39 17.30
36 OSAH+TAgn (16,2) 1869 1870 255 3591 13.51 15.97 3.75 1.05 0.13 12.54 13.29 0.37 18.44
37 OSAH+TANLT(16,2) 9737 1870 255 3591 13.51 14.61 3.75 1.05 0.14 12.88 13.29 0.35 19.09
38 OSAH+TAse(18,2) 2526 2527 282 4806 13.43 43.10 3.83 1.06 0.13 16.07 13.29 0.24 28.22
39 OSAH+TAf\eC(18,2) 2526 2527 282 4806 12.83 19.38 3.77 1.06 0.12 13.23 13.29 0.33 20.29
40 OSAH+TAPeC(18,2) 2526 2527 282 4806 12.83 19.38 3.77 1.05 0.13 12.13 13.29 0.38 17.49
41 OSAH+TAgN (18,2) 2526 2527 282 4806 13.43 16.32 3.83 1.06 0.16 12.65 13.29 0.36 18.69
42 OSAH+TANLT(18,2) 12989 2527 282 4806 13.43 14.89 3.83 1.06 0.18 12.72 13.29 0.36 18.66
43 OSAH+TAseqatc) 2050 2051 502 2945 13.35 41.84 3.82 1.54 0.11 15.80 13.29 0.24 27.88
44 OSAH+TAf\eC(atC) 2050 2051 502 2945 12.78 19.26 3.78 1.54 0.11 13.11 13.29 0.32 19.89
45 OSAH+TAPeC(atC) 2050 2051 502 2945 12.78 19.26 3.78 1.54 0.10 12.05 13.29 0.37 17.15
46 OSAH+TAgN (atc) 2050 2051 502 2945 13.35 16.01 3.82 1.54 0.13 12.56 13.29 0.34 18.51
47 OSAH+TANLT (atc) 9509 2051 502 2945 13.35 14.65 3.82 1.54 0.15 12.54 13.29 0.35 18.26
48 BVH 111 637 0 1020 52.78 28.45 21.06 0.00 0.08 208.71 - - -
49 084 3197 22382 4791 49927 71.71 60.18 10.50 5.23 0.16 52.07 - - -
50 089 3197 22382 4791 49927 71.56 40.75 10.47 5.23 0.13 43.16 - - -
51 BSP 6590 6591 881 20030 78.33 36.90 7.15 2.81 0.76 75.73 - - -
52 093 3214 22503 4860 50094 70.75 36.96 15.18 10.05 0.14 50.86 - - -
53 UG 0 5127 3148 6020 153.68 8.12 8.12 4.76 0.05 53.43 - - -
54 AG 201 5368 1756 12312 32.55 10.14 8.40 2.63 0.20 52.04 - - -
55 HUG 44 1979 804 4657 143.50 6.78 4.61 1.99 0.05 73.10 - - -
56 RG 224 4340 1323 14902 38.76 8.84 6.87 3.19 0.04 30.34 - - -
57 084A 4095 28666 4592 69335 21.62 38.09 7.46 3.50 0.53 30.31 - - -
58 KD 1870 1871 255 3590 12.93 18.97 3.71 1.05 0.42 21.19 - - -

Table31: Experimentafesults,summaryfor G scenesaveragevaluesarereported.
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Minimum TestingOutput

Line MnemonicNotation A [S]

Ng ‘ Ne Nee NER NT™ ‘ Nrs ‘ NeTs ‘ NeeTs T8 TR | ©papp ‘ Orat OrUN

0 nave RSA 0 0 1 7635 - 0.00 0.00 0.00 0.02 7839.09 13.73 1.00 22297.46
1 spatmed-xyz(16,2) 10073 10074 1405 43897 331.92 39.30 7.44 3.22 0.33 102.73 13.73 0.61 392.16
2 objmed-xyz(16,2) 23997 23998 2540 54859 99.25 81.36 16.21 2.98 1.12 49.61 13.73 0.47 121.40
3 objmed(16,2) 21948 21949 1272 47813 130.01 100.12 20.79 2.60 1.51 63.60 13.73 0.46 171.67
4 OSAH(16,2) 8317 8318 1263 19515 15.07 24.47 4.49 1.61 1.26 16.76 13.73 0.38 25.98
5 OSAH-RMI(16,2) 8317 8318 1263 19515 15.07 24.47 4.49 1.61 1.27 16.43 13.73 0.38 25.12
6 OSAH-xyz(16,2) 8057 8058 1311 19615 17.59 26.92 5.10 2.08 0.77 17.29 13.73 0.39 27.46
7 OSAH(8,1) 172 173 24 8757 250.54 12.62 2.67 0.69 0.80 75.45 13.73 0.94 175.32
8 OSAH(8,2) 171 172 22 8757 250.75 12.50 2.64 0.65 0.78 75.52 13.73 0.94 175.62
9 OSAH(16,1) 12421 12422 3042 21654 13.03 26.67 4.86 2.14 1.34 16.18 13.73 0.32 24.75
10 OSAH(16,2) 8317 8318 1263 19515 15.07 24.47 4.49 1.61 1.26 16.76 13.73 0.38 25.98
11 OSAH(24,1) 65655 65656 8352 91893 10.84 31.37 5.65 2.35 2.73 16.86 13.73 0.26 25.45
12 OSAH(24,2) 33433 33434 2414 66189 13.32 26.92 4.88 1.66 2.02 16.77 13.73 0.33 25.27
13 OSAH(atc) 16873 16874 3836 25848 12.31 26.70 4.86 2.19 1.45 16.01 13.73 0.31 24.14
14 OSAH2(atc) 22381 22382 3960 34095 11.85 31.69 5.52 2.42 212 16.85 13.73 0.28 26.39
15 OSAH+LC(atc) 20396 20397 3856 35627 12.26 27.79 5.03 221 1.65 16.43 13.73 0.30 24.66
16 OSAH+TPC(atc) 13109 13110 3351 21965 13.29 25.58 4.67 2.14 1.43 16.24 13.73 0.33 24.18
17 OSAH+TPC+LC(atc) 19204 19205 3384 37141 13.18 27.39 4.97 2.14 1.97 16.04 13.73 0.32 23.33
18 OSAH+LC(16,1) 12440 12441 3054 21663 12.98 26.68 4.85 2.17 1.55 15.46 13.73 0.32 22.82
19 OSAH+TPC(16,1) 12500 12501 3101 21710 13.01 26.66 4.85 2.16 1.59 15.44 13.73 0.32 22.45
20 OSAH+TPC+LC(16,1) 12504 12505 3106 21710 12.97 26.68 4.85 2.17 1.59 15.50 13.73 0.32 22.86
21 OSAH+PR(atc) 16873 16874 3836 22458 11.30 26.62 4.85 2.19 2.17 15.03 13.73 0.29 21.84
22 OSAH+SC(atc) 17462 17463 5282 22824 9.78 26.81 4.89 2.56 2.60 14.82 13.73 0.27 22.04
23 OSAH+GCM(atc) 22286 22287 4672 33228 11.45 28.85 5.21 2.35 66.90 15.75 13.73 0.28 23.41
24 OSAH+GCM2(atc) 38410 38411 3708 71266 13.66 33.03 5.81 2.05 129.40 17.91 13.73 0.29 27.05
25 OSAH+GCM3(atc) 23053 23054 3481 38924 28.78 35.13 5.91 2.34 72.16 28.32 13.73 0.35 38.10
26 OSAH+RR(atc) 16873 16874 3836 25848 7.16 27.96 5.49 2.98 1.69 3.98 12.31 0.42 15.85
27 PARSAH+MR(atc) 17893 17894 3946 57241 6.72 19.95 3.93 1.94 2.46 3.77 12.31 0.50 14.64
28 OSAH+PER(atc) 16873 16874 3836 25848 6.41 27.79 5.51 2.92 1.72 4.28 11.89 0.41 13.97
29 PERSAH+PER(atc) 13820 13821 3514 23614 44.33 21.23 4.28 2.32 168.79 11.71 11.89 0.50 28.72
30 SPHSAH+PER(atc) 17146 17147 3948 40987 36.64 29.24 5.70 3.01 8.35 9.07 11.89 0.62 37.44
31 OSAH+SPH(atc) 16873 16874 3836 25848 6.38 27.50 5.45 2.88 1.71 4.60 11.70 0.40 9.63
32 SPHSAH+SPH(atc) 17146 17147 3948 40987 36.26 28.99 5.65 2.98 8.32 9.34 11.70 0.61 30.29
33 OSAH+TAse((16,2) 8319 8320 1264 19518 15.79 58.22 4.54 1.62 1.04 20.72 13.73 0.25 36.61
34 OSAH+TA’,AEC(16,2) 8319 8320 1264 19518 15.06 24.45 4.48 1.61 1.02 17.04 13.73 0.33 26.41
35 OSAH+'IAP€C(16,2) 8319 8320 1264 19518 15.06 24.45 4.48 1.61 1.03 15.53 13.73 0.38 22.94
36 OSAH+TAgn (16,2) 8319 8320 1264 19518 15.80 20.07 4.54 1.62 1.17 16.43 13.73 0.35 24.42
37 OSAH+TANLT(16,2) 46575 8320 1264 19518 15.80 18.10 4.54 1.62 1.22 16.61 13.73 0.35 24.51
38 OSAH+TAse((18,2) 13332 13333 1722 27372 14.16 62.58 4.72 1.65 1.20 20.83 13.73 0.22 36.78
39 OSAH+TA@C(18,2) 13332 13333 1722 27372 13.54 25.56 4.65 1.65 1.16 16.96 13.73 0.30 26.20
40 OSAH+'IAP€C(18,2) 13332 13333 1722 27372 13.54 25.56 4.65 1.65 1.17 15.31 13.73 0.35 22.24
41 OSAH+TAgN_(18,2) 13332 13333 1722 27372 14.17 20.99 4.72 1.65 1.40 16.07 13.73 0.33 23.56
42 OSAH+TANLT(18,2) 74109 13333 1722 27372 14.17 18.84 4.72 1.65 1.46 16.14 13.73 0.32 23.67
43 OSAH+TAseqatc) 16905 16906 3840 25879 12.89 66.24 4.92 2.20 1.22 20.87 13.73 0.19 37.06
44 OSAH+TAﬁeC(atC) 16905 16906 3840 25879 12.30 26.70 4.86 2.20 1.20 16.80 13.73 0.27 25.82
45 OSAH+TAPec(atC) 16905 16906 3840 25879 12.30 26.70 4.86 2.20 1.20 15.11 13.73 0.31 21.95
46 OSAH+TAgp (atc) 16905 16906 3840 25879 12.90 21.64 4.92 2.20 1.49 15.87 13.73 0.29 23.72
47 OSAH+TANLT (atc) 85673 16906 3840 25879 12.90 19.36 4.92 2.20 1.57 15.78 13.73 0.29 22.88
48 BVH 1003 5001 0 7635 170.08 135.83 96.38 0.00 1.40 1146.82 - - -
49 084 4846 33924 8996 86609 246.65 65.19 10.98 6.04 0.46 112.75 - - -
50 089 4846 33924 8996 86609 246.45 43.14 10.97 6.04 0.41 102.82 - - -
51 BSP 10073 10074 1405 43897 331.92 39.30 7.44 3.22 1.04 151.56 - - -
52 093 4864 34053 9105 86898 244.60 38.09 15.16 10.40 0.42 111.15 - - -
53 uG 0 38369 28449 36013 283.89 13.97 13.97 10.12 0.39 100.36 - - -
54 AG 2185 54303 18640 111948 42.26 21.62 17.56 6.67 3.11 139.56 - - -
55 HUG 424 16086 10026 32831 81.41 11.44 8.77 5.44 0.42 58.44 - - -
56 RG 3320 55985 13861 243468 50.17 13.31 10.85 6.33 0.62 40.67 - - -
57 O84A 6963 48746 9532 120079 23.67 46.46 8.48 4.46 1.79 37.13 - - -
58 KD 8317 8318 1263 19515 15.07 24.47 4.49 1.61 2.02 26.68 - - -

Table32: Experimentalesults,summaryfor G‘épD scenesaveragevaluesarereported.
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Scenes groupG2,p,
Minimum TestingOutput
Line MnemonicNotation z A (€]

Ng Ne ‘ Nee ‘ NER NT™ ‘ Nrs ‘ NeTs ‘ NeeTs Ts ‘ TR ‘ Oapp Orat ‘ OrUN

0 nave RSA 0 0 1 98880 - 0.00 0.00 0.00 0.21 103166.96 | 13.40 1.00 304702.66
1 spatmed-xyz(16,2) 16132 16133 1735 215542 2088.90 38.15 7.07 3.37 3.31 1205.40 13.40 0.84 5192.23
2 objmed-xyz(16,2) 61558 61559 4176 331923 372.87 109.84 22.01 1.89 13.51 149.05 13.40 0.68 427.09
3 objmed(16,2) 63808 63809 3393 237074 452.42 208.61 40.90 4.25 19.24 190.85 13.40 0.59 639.95
4 OSAH(16,2) 23113 23114 3580 147514 41.69 26.99 4.71 1.78 19.52 26.35 13.40 0.60 46.27
5 OSAH-RMI(16,2) 23113 23114 3580 147514 41.69 26.99 4.71 1.78 19.60 26.44 13.40 0.60 46.09
6 OSAH-xyz(16,2) 22873 22874 3145 155665 52.60 30.38 5.54 2.50 12.50 28.11 13.40 0.61 53.52
7 OSAH(8,1) 181 182 23 104396 2659.95 12.66 2.62 0.63 14.01 883.41 13.40 0.99 2696.34
8 OSAH(8,2) 180 181 22 104396 2660.08 12.62 2.61 0.62 14.01 884.45 13.40 0.99 2698.10
9 OSAH(16,1) 24068 24069 4124 147680 40.80 27.54 4.79 1.91 19.60 26.24 13.40 0.59 46.44
10 OSAH(16,2) 23113 23114 3580 147514 41.69 26.99 4.71 1.78 19.52 26.35 13.40 0.60 46.27
11 OSAH(24,1) 476453 476454 83642 663728 11.53 38.32 6.55 3.00 35.32 23.46 13.40 0.26 31.60
12 OSAH(24,2) 251440 251441 28940 498597 14.18 33.74 5.76 221 28.70 21.09 13.40 0.34 30.14
13 OSAH(atc) 249915 249916 55707 366588 12.36 35.23 6.01 2.90 27.26 19.94 13.40 0.29 28.78
14 OSAH2(atc) 356130 356131 62027 519386 11.99 43.45 6.90 3.33 39.95 21.98 13.40 0.26 33.00
15 OSAH+LC(atc) 277145 277146 55889 445138 12.13 36.11 6.14 2.95 28.95 20.41 13.40 0.28 29.28
16 OSAH+TPC(atc) 203940 203941 51251 314085 12.94 34.28 5.86 2.84 27.16 19.79 13.40 0.31 28.49
17 OSAH+TPC+LC(atc) 252635 252636 51449 442823 12.64 35.61 6.05 2.89 33.99 20.04 13.40 0.29 27.55
18 OSAH+LC(16,1) 24077 24078 4134 147680 40.50 27.60 4.78 1.97 22.63 25.16 13.40 0.59 43.20
19 OSAH+TPC(16,1) 24243 24244 4291 147725 40.63 27.57 4.80 1.92 23.20 25.28 13.40 0.59 43.23
20 OSAH+TPC+LC(16,1) 24252 24253 4300 147725 40.41 27.63 4.80 1.98 23.22 25.44 13.40 0.59 43.26
21 OSAH+PR(atc) 249915 249916 55707 304152 10.90 35.28 6.04 2.90 40.48 19.32 13.40 0.26 26.87
22 OSAH+SC(atc) 262549 262550 73790 328496 9.60 35.10 5.97 3.40 66.34 18.51 13.40 0.25 26.11
23 OSAH+GCM(atc) 348137 348138 71380 500124 11.89 37.90 6.42 3.10 1066.65 21.13 13.40 0.27 29.78
24 OSAH+GCM2(atc) 629685 629686 53090 1146337 13.87 42.23 7.07 2.72 2171.18 28.14 13.40 0.28 36.30
25 OSAH+GCM3(atc) 348085 348086 50674 575455 115.65 45.55 7.08 3.13 1145.45 137.11 13.40 0.39 111.59
26 OSAH+FAR(atc) 249915 249916 55707 366588 10.19 47.77 9.10 5.16 31.55 6.21 10.96 0.44 21.83
27 PARSAH+FAR(atc) 227704 227705 55818 963815 12.48 29.04 5.72 2.84 44.81 6.77 10.96 0.54 21.59
28 OSAH+PER(atc) 249915 249916 55707 366588 6.42 36.59 6.77 3.87 31.88 5.56 11.13 0.42 16.64
29 PERSAH+PER(atc) 197143 197144 50704 325145 232.42 27.09 5.17 3.03 2683.95 69.67 11.13 0.54 175.09
30 SPHSAH+PER(atc) 256487 256488 58838 600446 1762.56 41.47 7.76 4.35 133.65 411.75 11.13 0.62 2717.62
31 OSAH+SPH(atc) 249915 249916 55707 366588 6.40 36.23 6.71 3.84 3171 591 12.40 0.44 15.13
32 SPHSAH+SPH(atc) 256487 256488 58838 600446 1781.15 41.11 7.69 4.33 133.96 414.12 12.40 0.62 2410.13
33 OSAH+TAse(16,2) 23113 23114 3581 147514 43.17 65.02 4.76 1.78 16.16 30.97 13.40 0.45 58.86
34 OSAH+TAf‘eC(16,2) 23113 23114 3581 147514 41.61 26.99 4.70 1.78 16.12 26.73 13.40 0.54 47.46
35 OSAH+TAPeC(16,2) 23113 23114 3581 147514 41.61 26.99 4.70 1.78 16.15 25.00 13.40 0.60 43.02
36 OSAH+TAgn (16,2) 23113 23114 3581 147514 43.21 21.36 4.76 1.78 16.76 30.54 13.40 0.54 52.82
37 OSAH+TANLT(16,2) 118817 23114 3581 147514 43.21 19.25 4.76 1.78 16.73 27.10 13.40 0.57 49.04
38 OSAH+TAse(18,2) 57566 57567 11238 187225 22.93 76.98 5.24 2.06 17.48 26.53 13.40 0.31 47.69
39 OSAH+TAf\eC(18,2) 57566 57567 11238 187225 21.95 30.04 5.17 2.06 17.44 22.31 13.40 0.38 35.63
40 OSAH+TAPeC(18,2) 57566 57567 11238 187225 21.95 30.04 5.17 2.06 17.43 20.36 13.40 0.44 30.83
41 OSAH+TAgN (18,2) 57566 57567 11238 187225 22.95 23.91 5.24 2.06 18.63 21.52 13.40 0.42 33.55
42 OSAH+TANLT(18,2) 316687 57567 11238 187225 22.95 21.36 5.24 2.06 19.06 22.88 13.40 0.39 35.40
43 OSAH+TAseqatc) 250908 250909 55701 367546 12.92 98.77 6.08 2.90 23.46 29.18 13.40 0.17 48.11
44 OSAH+TAf\eC(atC) 250908 250909 55701 367546 12.35 35.22 6.00 2.89 22.61 21.55 13.40 0.24 32.13
45 OSAH+TAPeC(atC) 250908 250909 55701 367546 12.35 35.22 6.00 2.89 22.75 19.06 13.40 0.29 26.51
46 OSAH+TAgN (atc) 250908 250909 55701 367546 12.94 27.85 6.09 2.90 35.77 22.86 13.40 0.25 30.41
47 OSAH+TANLT (atc) 1053664 198637 53522 319202 13.80 23.90 5.92 2.83 32.66 30.29 13.92 0.17 54.49
48 BVH 14049 66508 0 98880 769.52 731.69 519.51 0.00 131.74 8772.62 - - -
49 084 8712 60985 12877 324543 781.94 64.12 10.56 6.08 3.93 1035.91 - - -
50 089 8712 60985 12877 324543 779.80 41.87 10.55 6.08 3.70 999.11 - - -
51 BSP 16132 16133 1735 215542 2088.90 38.15 7.07 3.37 4.38 1453.74 - - -
52 093 8712 60985 12877 324544 768.76 36.52 14.20 9.92 3.65 1016.39 - - -
53 UG 0 471705 381796 385702 754.85 28.81 28.81 24.21 5.67 282.33 - - -
54 AG 14108 507733 209423 1026475 48.60 23.63 20.89 14.87 175.17 190.84 - - -
55 HUG 4378 158654 111416 414167 241.48 18.07 15.50 12.07 4.98 100.59 - - -
56 RG 11437 387369 141279 2344246 106.91 23.06 20.49 15.19 6.00 72.52 - - -
57 084A 13023 91166 17164 411170 62.75 49.14 8.61 4.71 17.31 49.79 - - -
58 KD 23113 23114 3580 147514 41.69 26.99 4.71 1.78 22.26 40.39 - - -

Table33: Experimentalesults summaryfor G‘ZPD scenesaveragevaluesarereported.
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Minimum TestingOutput

Line MnemonicNotation z A (€]
Ng Ne ‘ Nee ‘ NER NnT™ ‘ Nrs ‘ NeTs NegTs Ts ‘ TR ‘ Oapp Orat ‘ OrUN
0 naive RSA 0 0 1 35845 - 0.00 0.00 0.00 0.07 37225.86 13.47 1.00 109759.85
1 spatmed-xyz(16,2) 10932 10933 1340 93156 833.05 38.11 7.22 3.13 1.25 445,51 13.47 0.65 1889.17
2 objmed-xyz(16,2) 29952 29953 2390 131863 176.63 79.85 16.02 231 4.92 75.52 13.47 0.54 203.90
3 objmed(16,2) 30082 30083 1710 97811 217.95 122.15 24.73 2.95 6.98 97.15 13.47 0.50 299.74
4 OSAH(16,2) 11100 11101 1700 56873 23.23 23.48 4.30 1.48 6.97 18.74 13.47 0.46 30.94
5 OSAH-RMI(16,2) 11100 11101 1700 56873 23.23 23.48 4.30 1.48 7.00 18.56 13.47 0.46 30.23
6 OSAH-xyz(16,2) 10918 10919 1581 59592 27.77 25.92 4.93 2.01 4.45 19.52 13.47 0.46 33.77
7 OSAH(8,1) 165 166 25 38149 987.52 12.57 2.68 0.69 4.96 326.62 13.47 0.90 969.73
8 OSAH(8,2) 162 163 23 38148 987.93 12.43 2.65 0.62 4.95 327.00 13.47 0.90 970.44
9 OSAH(16,1) 13393 13394 2644 58059 21.38 25.41 4.63 1.91 7.04 18.34 13.47 0.41 30.20
10 OSAH(16,2) 11100 11101 1700 56873 23.23 23.48 4.30 1.48 6.97 18.74 13.47 0.46 30.94
11 OSAH(24,1) 183695 183696 31042 256017 10.89 31.14 5.57 2.36 12.79 17.85 13.47 0.27 25.76
12 OSAH(24,2) 96392 96393 10551 191150 13.51 26.83 4.83 1.64 10.31 17.01 13.47 0.35 25.20
13 OSAH(atc) 89610 89611 20014 131791 12.49 27.06 4.89 221 9.61 16.26 13.47 0.32 24.14
14 OSAH2(atc) 126970 126971 22152 185669 11.92 32.43 5.56 2.48 14.08 17.31 13.47 0.29 26.51
15 OSAH+LC(atc) 99975 99976 20082 161557 12.42 28.05 5.04 2.24 10.25 16.70 13.47 0.31 24.67
16 OSAH+TPC(atc) 72890 72891 18353 112851 13.45 26.09 4.73 2.16 9.57 16.37 13.47 0.35 24.12
17 OSAH+TPC+LC(atc) 91333 91334 18431 161273 13.36 27.65 4.98 2.18 12.04 16.35 13.47 0.33 23.14
18 OSAH+LC(16,1) 13410 13411 2652 58070 21.26 25.44 4.62 1.94 8.13 17.50 13.47 0.41 27.77
19 OSAH+TPC(16,1) 13486 13487 2720 58102 21.31 25.44 4.63 1.92 8.33 17.54 13.47 0.41 27.60
20 OSAH+TPC+LC(16,1) 13490 13491 2725 58102 21.22 25.47 4.63 1.95 8.34 17.65 13.47 0.41 27.84
21 OSAH+PR(atc) 89610 89611 20014 109783 11.44 27.04 4.89 2.22 14.29 15.57 13.47 0.30 22.30
22 OSAH+SC(atc) 94051 94052 26558 118038 9.90 27.15 4.90 2.58 23.05 15.14 13.47 0.28 21.94
23 OSAH+GCM(atc) 124325 124326 25535 178988 11.61 29.25 5.24 2.39 380.31 16.44 13.47 0.30 24.01
24 OSAH+GCM2(atc) 223977 223978 19072 408151 13.77 33.12 5.81 2.06 771.27 19.92 13.47 0.30 28.23
25 OSAH+GCM3(atc) 124524 124525 18194 206101 53.95 35.37 5.87 2.36 408.32 60.00 13.47 0.37 57.89
26 OSAH+RAR(atc) 89610 89611 20014 131791 7.86 31.01 6.07 3.30 11.13 4.43 11.53 0.44 16.37
27 PARSAH+FAR(atc) 82577 82578 20101 341823 8.14 20.95 4.19 2.05 15.82 4.49 11.53 0.52 15.41
28 OSAH+PER(atc) 89610 89611 20014 131791 6.41 28.19 5.50 2.93 11.25 4.56 12.05 0.42 14.05
29 PERSAH+PER(atc) 70863 70864 18223 117163 96.51 21.29 4.28 2.30 956.44 28.73 12.05 0.53 72.60
30 SPHSAH+PER(atc) 91842 91843 21101 215113 605.19 30.16 5.85 3.07 47.58 141.79 12.05 0.60 924.01
31 OSAH+SPH(atc) 89610 89611 20014 131791 6.39 27.91 5.45 291 11.19 4.88 12.13 0.44 11.42
32 SPHSAH+SPH(atc) 91842 91843 21101 215113 611.22 29.91 5.80 3.05 47.68 142.78 12.13 0.62 818.01
33 OSAH+TAse((16,2) 11100 11101 1700 56874 24.16 54.88 4.35 1.48 5.77 22.48 13.47 0.32 41.11
34 OSAH+'IArAec(lG,2) 11100 11101 1700 56874 23.20 23.47 4.29 1.48 5.75 18.94 13.47 0.40 31.28
35 OSAH+TAP9C(16,2) 11100 11101 1700 56874 23.20 23.47 4.29 1.48 5.76 17.52 13.47 0.46 27.75
36 OSAH+TAgN_(16,2) 11100 11101 1700 56874 24.17 19.13 4.35 1.48 6.02 19.84 13.47 0.42 31.89
37 OSAH+TANLT(16,2) 58376 11101 1700 56874 24.17 17.32 4.35 1.48 6.03 18.86 13.47 0.42 30.88
38 OSAH+TAse((18,2) 24475 24476 4414 73134 16.84 60.89 4.60 1.59 6.27 21.14 13.47 0.26 37.56
39 OSAH+'IA59C(18,2) 24475 24476 4414 73134 16.11 24.99 4.53 1.59 6.24 17.50 13.47 0.34 27.37
40 OSAH+TAP9C(18,2) 24475 24476 4414 73134 16.11 24.99 4.53 1.58 6.24 15.93 13.47 0.39 23.52
41 OSAH+TAgn (18,2) 24475 24476 4414 73134 16.85 20.40 4.60 1.59 6.73 16.75 13.47 0.37 25.27
42 OSAH+TANLT(18,2) 134595 24476 4414 73134 16.85 18.37 4.60 1.59 6.90 17.25 13.47 0.36 25.91
43 OSAH+TAseq(atc) 89955 89956 20014 132123 13.06 68.95 4.94 221 8.26 21.95 13.47 0.20 37.69
44 OSAH+'IA’ﬁec(atc) 89955 89956 20014 132123 12.48 27.06 4.88 221 7.97 17.15 13.47 0.28 25.95
45 OSAH+'IAPec(atC) 89955 89956 20014 132123 12.48 27.06 4.88 221 8.02 15.41 13.47 0.32 21.87
46 OSAH+TAgp (atc) 89955 89956 20014 132123 13.06 21.83 4.94 221 12.46 17.10 13.47 0.29 24.21
47 OSAH+TANLT (atc) 359820 68183 18107 109002 13.33 19.15 4.85 2.17 10.73 19.17 13.64 0.27 31.10
48 BVH 5055 24049 0 35845 330.80 298.66 212.32 0.00 44.41 3376.05 - - -
49 084 5585 39097 8888 153693 366.77 63.16 10.68 5.78 1.52 400.24 - - -
50 089 5585 39097 8888 153693 365.94 41.92 10.66 5.78 1.41 381.70 - - -
51 BSP 10932 10933 1340 93156 833.05 38.11 7.22 3.13 2.06 560.34 - - -
52 093 5597 39180 8947 153845 361.37 37.19 14.85 10.12 1.41 392.80 - - -
53 uG 0 171734 137798 142578 397.47 16.97 16.97 13.03 2.03 145.37 - - -
54 AG 5498 189135 76606 383578 41.14 18.46 15.61 8.06 59.49 127.48 - - -
55 HUG 1615 58906 40749 150552 155.46 12.10 9.62 6.50 1.81 77.38 - - -
56 RG 4994 149231 52154 867538 65.28 15.07 12.74 8.24 2.22 47.84 - - -
57 084A 8027 56192 10429 200194 36.01 44.57 8.19 4.22 6.54 39.08 - - -
58 KD 11100 11101 1700 56873 23.23 23.48 4.30 1.48 8.23 29.42 - - -

Table34: Experimentatesults summaryfor G2, Gdpp, andG2, scenesaveragevaluesarereported.




