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Abstract

In this paper we give a characterization of minimal distance martingale
measures with respect to f-divergence distances in a general semimartin-
gale market model. We provide necessary and sufficient conditions for
minimal distance martingale measures and determine them explicitly for
exponential Lévy processes with respect to several classical distances. It
is shown that the minimal distance martingale measures are equivalent to
minimax martingale measures with respect to related utility functions and
that optimal portfolios can be characterized by them. Related results in
the context of continuous-time diffusion models were first obtained by He
and Pearson (1991b) and Karatzas et al. (1991) and in a general semi-
martingale setting by Kramkov and Schachermayer (1999). Finally parts
of the results are extended to utility-based hedging.
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1 Introduction

A common approach to derivative pricing in incomplete markets is to base the
prices on a minimal distance martingale measure with respect to certain dis-
tances like L?-distance (Schweizer (1996), Delbaen and Schachermayer (1996)),
Hellinger distance (Keller (1997)), entropy distance (Frittelli (2000)) and others.
In this paper we consider the class of all f-divergence distances defined by strictly
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convex, differentiable functions f which includes all the distances above (see
Liese and Vajda (1987)) and obtain some necessary and some sufficient condi-
tions for projections of the underlying measure on the set of martingale measures
in general semimartingale market models.

Minimal distance martingale measures are related to minimax martingale mea-
sures. These were introduced and studied in various forms by He and Pearson
(1991 a, b), Karatzas et al. (1991), Bellini and Frittelli (1997, 1998) and Kallsen
(1998). As a consequence the characterization of minimal distance martingale
measures is closely related to the determination of optimal portfolios. The cru-
cial property is an integral representation of a transform of the minimal distance
martingale measure, for which we give a short proof. In general the minimal dis-
tance martingale measure may not exist. It is shown in Kramkov and Schacher-
mayer (1999) that the optimal portfolio is characterized by the solution of a
dual variational problem which is related to the problem of finding a minimal
distance martingale measure.

In comparison to Kramkov and Schachermayer (1999) our approach to this kind
of results is different. Our main focus is on a general characterization of minimal
distance martingale measures for general f-divergence distances. This charac-
terization yields new sufficient criteria for projections on the set of martingale
measures and allows to determine in a unified way explicitly projections. In
particular we get a complete discussion in the important class of exponential
Lévy processes. We also determine the projection with respect to the reverse
entropy for non-continuous semimartingales. For continuous semimartingales
Schweizer (1999) had proved that the projection is given by the minimal mar-
tingale measure. Based on the characterization of minimal distance martingale
measures we obtain directly a duality result for optimal portfolios. We do not
insist on the most generality concerning the duality theorem as in the paper of
Kramkov and Schachermayer (1999) but we assume the existence of projections.
(The approach in this paper could be extended to obtain a more general dual-
ity result by allowing finitely additive measures.) From our characterization of
minimal distance martingale measures we finally obtain directly the equivalence
to minimax martingale measures. This implies an existence result for minimax
measures from a well-known existence result for f-projections.

The paper is organized as follows. In Section 2 we recall a theorem of
Riischendorf (1984) about f-projections on moment families, which is our main
tool to characterize minimal distance martingale measures. Moreover we give
an existence result for minimal distance measures and a general result on the
equivalence of f-projections. In Section 3 we show how these results can be
applied to minimal distance martingale measures. Some necessary and some
sufficient conditions for minimal distance martingale measures are derived. In
Section 4 we introduce our notion of a minimax measure with respect to con-
cave utility functions and convex sets of probability measures, which is weaker
than the notions of minimax measures of He and Pearson (1991 a, b) and Bellini
and Frittelli (1997, 1998). Tt is shown that our notion of minimax measures is
equivalent to minimal distance measures with respect to f-divergence distances
induced by the convex conjugate of the utility function. In Section 5 we show



that under weak conditions the different notions of a minimax measure coincide.
It is pointed out how the results on minimal distance martingale measures are
related to optimal portfolios maximizing the expected utility of terminal wealth.
In Section 6 the sufficient conditions on minimal distance martingale measures
allow us to calculate some examples explicitly. For exponential Lévy processes
the minimal distance martingale measures are determined with respect to several
classical distances. Finally in Section 7 we extend our duality result to utility
based hedging of claims as introduced in Féllmer and Leukert (2000).

2 f-divergences and minimal distance measures

In the following we define f-divergence distances and recall some relevant results
about f-projections. For general reference we refer to Liese and Vajda (1987) or

Vajda (1989). Let (2, F, P) be a probability space.

Definition 2.1 Let @ < P and let f: (0,00) — R be a convex function. Then
the f-divergence between ) and P is defined as

FQIIP) = { ff(%)dP , if the integral exists
o 00

, else

where f(0) = lxlﬁjlf(x)

Examples of f-divergence distances are the Kullback-Leibler or entropy distance
for f(x) = x logz, the total variation distance for f(z) = |# — 1|, the Hellinger
distance for f(z) = —/x, the reverse relative entropy for f(z) = —log(z) and
many others (see Liese and Vajda (1987)).

In the following we assume that f is a continuous, strictly convex and differ-
entiable function. K denotes a convex set of probability measures on (£, F)
dominated by P. A measure @Q* € K is called f-projection of P on K if

H@(IP) = inf F(QIIP) = F(KI|P).

Remarks. (1) If f is strictly convex and f(K||P) < oo, then there exists

at most one f-projection of P on K (Liese and Vajda (1987), Proposition 8.2).
1)

(2) If K is closed in the variational distance topology and lim =

r—0oQ

there exists a f-projection of P on K (see Liese and Vajda (1987), Proposition
8.5).

= 00, then

For @ & P and a vector subspace F' C Ll(@) with 1 € F define the gener-
alized moment family induced by F' and @,

Kr:={Q < P:FCLY Q) and EQf:E@ffor all f € F}.

In classical moment families some moments of the distributions are fixed. In our
application to mathematical finance the moment family K typically represents
some class of martingale measures. The following result was given in Riuschendorf

(1984).



Theorem 2.2 (i} Let Q@* € K satisfy f(Q*||P) < oo. Then QF is the f-
projection of P on K if and only «f

/f’(cif;*)(dQ* —d@) <0 for all @ € K with f(Q||P) < oc.

(ii) Let Q* € Kp satisfy f(Q*]|P) < oo and f/(%L) € LN(Q*). If Q* is the

f-projection on Kp, then

f/(cig;) € L'(F,Q%), the closure of F in L'(Q%).

(iti) Let Q* € Kp satisfy f(Q*||P) < co. If f'(%%
f-projection on Kp.

) € F, then Q* is the

Remarks. (1) In Theorem 5 in Riischendorf (1984) the assumption f’(%) €
LY (Q*) was also stated for part (i) but was not used for the proof of this part.
(2) For every @ € K with f(Q||P) < > ff’(%)(dQ —dQ7) coincides with the
directional derivative of the function f(-||P) (see Vajda (1989), Lemma 9.31.1)).
Hence the condition in Theorem 2.2 (i) can be understood as a condition on the
directional derivative in Q™.

(3) Under some additional growth conditions on f (see Liese and Vajda (1987))
one gets the following equivalence for a measure Q* with f(Q*||P) < oo:

Q* 1s the f-projection of P on K if and only if f’(%) € LYQ) and
Eq f' (%) < Eof' (%97 for all Q € Ky, where Ky := {Q € K : f(Q||P) < o0}

(4) Theorem 2.2 (ii) is a generalization of a theorem of Csiszar (1975) on the
entropy distance. This result was applied in recent papers on mathematical fi-
nance for the characterization of minimal relative entropy martingale measures

by Frittelli (2000), Grandits and Rheinlander (1999) and Rheinlander (1999).

Frittelli (2000) studied the minimal entropy martingale measure, which corre-
sponds to f(z) = zlog(z). He showed that in this case the f-projection of P on
K is necessarily equivalent to P if there is a measure () € K with @ ~ P and
F(Q]|P) < co. Based on Theorem 2.2 (i) this result can be extended to general
f-projections.

Corollary 2.3 Let f'(0) = —oo. Assume the existence of a measure Q) € K such
that @ ~ P and f(Q||P) < oo. If Q* is the f-projection of P, then Q* ~ P.

Proof. Suppose Q”: is not equivalent to P, i.e., P(% =0) > 0. Because @ ~ P
this implies Q(% =0) > 0. Since f/(0) = —oo this leads to a contradiction to
the necessary condition on a f-projection of Theorem 2.2 (i). a



3 Characterization of the minimal distance mar-
tingale measure

In the following we apply Theorem 2.2 to characterize f-projections on the set
of martingale measures. Our mathematical framework is as follows. (Q, F,
(Ft)o<i<r, P) is a filtered probability space in the sense of Jacod and Shiryaev
(1987), Definition 1.1.2, where F = Fp. Securities 0, ..., d are modeled by their
price process S := (SY, ..., S9). We assume that S is a R4t !-valued semimartin-
gale with deterministic Sy. Security 0 serves as a numeraire and hence we may
assume without loss of generality S° = 1. Vector stochastic integrals are written
as fot psdSs; = ¢ S¢. (For the definition of a vector stochastic integral, see Jacod
(1980).)

Let M (M) be the set of P-absolutely continuous (local) martingale measures
and M® (M) the subset of M (M, ) consisting of probability measures which
are equivalent to P. If in some context of the paper we consider M as well as
M, then we use the notation M ).

We define
G: = {p-5r: goi = Hil]s“tl], s; < t;, H® bounded Fs,-measurable}
U{lp: P(B) =0}
and
Giroe : = {gp - St goi = Hil]s,,t,]l[ojz]a s; < 1y,
H' bounded F, -measurable, T e v Yu{lg: P(B) =0}
with 4% = {fl stopping time; (Si)fl is bounded}.

For a R%valued local martingale N Jacod (1980) defined the class L} (N) of
predictable integrands. For € M, we denote by L}, (S, Q) the class L}, (S5)

loc
with respect to ().

Theorem 3.1 Let Q* € M satisfy f(Q*||P) < oo and f’(dd%*) € LY Q). If
Q) is the f-projection of P on M, then

dqQ*
dP

T
f/( ) = C+/0 stdSs Q*-G.S. (31)

for some process p € L}, (S, Q%) such that fo wsdSs 1s a martingale under QQ*.

loc

Proof. We have the following characterization of M as a moment family
M = {Q prob. measure on (Q,F): G C L}(Q) and Egg =0 Vg € G}.
Let F' be the vector space generated by 1 and GG. Theorem 2.2 (ii) yields:

dqQ*
dP

( ) = & QF-as.



for some ¢ in L'(F,Q*), the L'(Q*)-closure of F.

By a theorem of Yor (1978, Corollary 2.5.2) (for a multidimensional version see
Delbaen and Schachermayer (1999, Theorem 1.6)) on the closedness of stochastic
integrals L' (G, Q*) is contained in {¢- St : ¢ € L], (S, Q*), such that ¢-Sis a
Q*-martingale}. According to Jacod (1979), Proposition 1.1, this result is valid
without the assumption of a complete filtration. Since F' is generated by 1 and
(i we get the characterization (3.1) (see for example Schaefer (1971, Proposition
3.3)). O

The following theorem is a variant of Theorem 3.1. It shows that the neces-
sary condition in Theorem 3.1 is also valid for the set of local martingale measures
under the additional assumption that the price process is locally bounded. For
the case of the relative entropy it was independently shown by Grandits and

Rheinlander (1999).

Theorem 3.2 Let S be locally bounded. Let Q* € My, satisfy f(Q*||P) < oo
and f’(%) € LYQ*). If Q* is the f-projection of P on M., then

dqQ*
dP

T
f/( ) = C+/0 stdSs Q*-G.S. (32)

for some process p € Li,.(S, Q%) such that fo wsdSs 1s a martingale under QQ*.
Proof. We have the following characterization of Mj,. as a moment family

Mioe = {Q prob. measure on (2, F) : Gioe C Ll(Q) and Egg =0 Vg € Gioct.
Therefore, we can follow the proof of Theorem 3.1. |

Remarks. (1) If Q* ~ P and additionally —f’(%) is bounded from below

then the attainability of f’(%) as a stochastic integral may also be derived

from Theorem 2.2 (i) and a martingale representation result of Jacka (1992),

Theorem 3.4, and Ansel and Stricker (1994), Theorem 3.2.

(2) If S'is (locally) bounded then M.y is closed with respect to the variational

distance. This can be verified by the characterization of M) with the help
flz)

of Gioc). If moreover xli}rrgo = = oo then there exists a f-projection of P on

M1oey (see Liese and Vajda (1987), Proposition 8.5). This condition on f is in
particular fulfilled in the case of the relative entropy.

In the following we give sufficient conditions for a f-projection of P on M-
The first one is also considered in the case of the relative entropy in Frittelli

(2000) and Rheinlander (1999).
Proposition 3.3 Let Q* € M,y such that f(Q*||P) < oo and

dqQ*
dP

T
J( )IC-I-/O psdSs;  P-a.s. (3.3)

for foT ©sdSs € Grocy. Then Q" is the f-projection of P on M o).



Proof. See Theorem 2.2 (iii). d
The condition in Proposition 3.3 is not satisfactory. Usually the transform of
the density f’(%) cannot be represented as elementary stochastic integral (see
also the discussion in Rheinlander (1999)).

From Theorem 2.2 (i) one can derive a more general sufficient condition for
f-projections of P. This extension allows us to determine minimal distance
martingale measures with respect to several classical distances explicitly in Sec-
tion 6. We denote by L(S) the set of predictable, S-integrable processes with
respect to P (see Jacod (1980)).

Theorem 3.4 Let Q* € M) with f(Q*||P) < oo such that for a predictable
process ¢ € L(S)

dQ
dP

T
( ):c—l—/ psdS;  P-a.s.,
0

—/ wsdSs 1s bounded from below P-a.s.,
0

T
EQ(/ psdSs) = 0.
0
Then Q* 1s the f-projection of P on Misc)-

Proof. From Jacod (1979), Proposition 7.26.b, one gets that ¢ is also S-integrable
with respect to any ¢ € M, in dimension d = 1. Using Proposition 3 in Jacod
(1980) the proof of this result can be extended to dimension d > 1. Hence by
Ansel and Stricker (1994), Corollaire 3.5, —¢ - S is a @-local martingale and
hence a @-supermartingale for any Q@ € Mj,.. Therefore,

dqQ*

Eof = F .
o) = et Eqle-sn)
dQ*
> FEosf' .
> Fo-f( dP)
Now the result follows from Theorem 2.2 (i). a

If the set of martingale measures is restricted a priori to the class Mpgq :=

{QeM: S e HIQ) fori € {1,...,d}} forsome q € [1,00), where H%(Q) con-

sists of all martingales M such that [M, M]?; € L4(Q) (for further informations
about the H%-spaces see for example Jacod (1979)), then the following sufficient
condition for a f-projection of P on M gaq allows a larger class of integrands for
a sufficient criterion in comparison to Proposition 3.3.

Theorem 3.5 Let Q* € Myq with f(Q*||P) < oo such that for a bounded and
predictable process ¢

dQ*
dP
Then Q* is the f-projection of P on Mpya.

F(

T
) = c—|—/ psdS;  P-a.s..
0



Proof. Let Q € Mga. Since S° € HY(Q) we have that ¢’ € L9(S") and hence
(see Jacod (1979) , Theorem 4.60) ¢ - S € H?(Q). Now the result follows from
Theorem 2.2 (i). O

4 Minimal distance and minimax measures

Again (2, F, P) is a probability space and K denotes a convex set of probability
measures on (£2, F) dominated by P. K may be thought of as a subclass of the
class of all absolutely continuous local martingale measures.

A utility function u: R — RU{—co} is assumed to be strictly increasing, strictly

concave, continuously differentiable in dom(u) := {# € R | u(z) > —oo} and to
satisfy
u'(c0) = lim u/(x) =0, (4.1)
r—0oQ
u'(z) = li{r}u’(r) =0 (4.2)

for  := inf{w € R | u(z) > —oo}. This implies either dom(u) = (&, o0) or
dom(u) = [&,00).

We denote by I := (u’)~!. Because of assumption (4.1) we have I(0) = oo.
The convex conjugate function of u, u* : Ry — R, is defined by u*(y) :=
sup,eg{u(e) —zy} = u(l(y)) —yl(y).

In the following we introduce minimax measures. In the case where K is the
set of equivalent martingale measures they were first introduced in a stronger
form in He and Pearson (1991 a, b). Recently they were studied in another
modified form by Bellini and Frittelli (1997, 1998) and in a finite market setting
by Kallsen (1998). The minimax martingale measure has an economic interpre-
tation. It produces prices which are least favourable for an investor with a given
utility profile, i.e., the maximal expected utility with respect to prices based
on a martingale measure 1s minimal. For a brief discussion of the economical
significance of the minimax martingale measure see He and Pearson (1991b).
For @ € K and = > z define

Ug(x) :=sup{Eu(Y): Y € LYQ), EqY <z, Eu(Y)™ < oo}, (4.3)
The following lemma gives a well-known representation of Ug(x).
Lemma 4.1 Let () € K and EQ(I(/\%)) < oo YA>0. Then
(i) Uq(e) = inf {E( (129)) + Ao},

(ii) There is a unique solution for X in the equation EQ(I(/\&)) =z, denoted

as Ag(z) € (0,00), and Ug(x) = E[u([(/\Q(x)%))].



Proof. Let Y € LY(Q) with EqY < z and Eu(Y)~ < oco. Then we have for
A>0:

Eu(Y) < Eu(Y)+ Mz— EgQY)

< Eu*(/\%) + Az
d d
Bu(IA52)) 4 A — BI(AT2)).

The inequalities hold as equalities if and only if ¥ is given as I(/\Q(x)%).

Since we have EQ(I(/\%)) < oo for all A > 0, one can conclude that
EQ(I(/\%)) is a continuous, monotonically decreasing function of A with values
in (Z, 00). This guarantees the existence of Ag(z). Finally one has to check that
E[u([(/\Q(x)%))]_ < 00. From the inequality u(x) — zy < u(I(y)) — yI(y) one
gets that E[u([(/\%)) - /\%I(A%)]_ < 00. The inequality

dQ .1~ dQ dQ . dQ .1~ dQ , ,dQ. |
[U(I(Aﬁ))] < [U(I(Aﬁ)) - /\ﬁl(/\ﬁ)] + [/\ﬁl(/\ﬁ)]
implies that the condition E[u([(/\Q(x)%))]_ < oo is fulfilled. O

Remarks. (1) I(Ag(z) %) can be interpreted as optimal claim which is finance-
able under the pricing measure Q.

(2) Notice that if for @ € K there exists A > 0 with Eu*(/\%) < 00, then
Ug(x) < oo for all > &. Moreover if for @ € K with Ug(x) < oo the assump-
tion of Lemma 4.1 is fulfilled, then Eu*(/\Q(x)%) < 0.

(3) For logux, %p, 1 — ™7 the corresponding convex conjugate functions are

—logx — 1, —pglx#, 1 — 2+ xlogz. Hence for u(z) = 1 — e™? the u*-

divergence distance is the relative entropy, for u(x) = logx the reverse relative
entropy and for u(x) = —z~! the Hellinger distance.

Definition 4.2 A measure Q* = @Q*(x) € K is called minimax measure for »
and K if it minimizes Q — Ug(z) over all Q € K, i.e.,

Ug+(x) =U(z) == élelfC Ug(z).

Remark. In general the minimax measure @* will depend on z. Fortunately for
the standard utility functions like u(x) = %p (p € (—o0, 1)\ {0}), u(z) = logx

and u(z) =1—eP? (p € (0,00)) the minimax measure is independent of x.

Our weak notion of minimax measures allows to formulate a complete equiv-
alence to minimal distance measures with respect to related f-divergence dis-
tances. This is the reason why we did not use the stronger forms of this notion
in He and Pearson (1991b) or Bellini and Frittelli (1998). Later on we will see
that under weak conditions the weak notion of a minimax measure coincides



with the stronger notion in He and Pearson (1991b) and also with that of Bellini
and Frittelli (1998).

We assume throughout this section that

Jx > 7 with U(z) < oo, (4.4)
dQ
EQI(/\E) <oo YA>0 VQEeK. (4.5)

Remarks. (1) Assumption (4.5) is fulfilled for u(z) = logz. If for every @ €
K u*(Q||P) < oo, then assumption (4.5) is also fulfilled for u(z) = %p(p €

(=00, 1)\ {0}) and u(z) = 1 — e P (p € (0,00)). In these cases one could
substitute the set X by the convex subset {@ € K : «*(Q]|P) < o0}.
(2) Assumption (4.5) implies according Remark 2 after Lemma 4.1 that

{QeK Ug(x) <o} ={Q €K :VA>0:u}(Q]|P) < oo}.

As usual we denote by dU(z) the subdifferential of the function U at z. If
f(z) = u*(Xoz), we denote the corresponding f-divergence by u3_ (:||-).

Proposition 4.3 Let # > &, A\g € 90U (x), A\g > 0. Then
(i) Ue) = w3, (KIIP) + Ao

(1) If Q* € K is an u} -projection of P on K, then Q* is a minimar measure

and Ay = Ag-+(2).
(iii) If @* € K is a minimaxr measure, then Q* is an u;‘\Q*(x)-pmjection of P
on K, Ag+(x) € 0U (x) and the following equation holds

Ug+(x) = inf Ug(ex) =sup{Eu(Y): sup EqQY <z},
Qer QeK(x)

where K(z) :=4{Q € K : Ug(z) < co}.
Proof. (i) From Lemma 4.1 we obtain

e < 49
Ux) = éIgC)l\I;fo{Eu (/\ﬁ)—l-/\x}

= }\I;fO{UA(ICHP) + /\x}.

Define H : (0,00) - RU {oo} as H(A) := u}(K||P). According to Remark 2
after Lemma 4.1 the assumptions (4.4), (4.5) guarantee, that there is a A > 0
with 7 (A) < co. This implies that U(z) < oo for every z € dom(u) = dom(U).
Hence we get H(A) < oo for every A > 0. In the following it is shown that H is a

10



convex function. Let ¢ > 0 and @1, @2 € K, such that H(A1)+¢ > Eu™ (A dd%l)
and H(A2) + ¢ > Fu*(Aq dd% ). Then we have

HM) + (A=) H(Ae) + 26 > 'VEU*(M%H(I—W)EU*(AZ%)
z Eu*('y/\l%-l-(l—’y)/\z%)
dQ

> inf Eut (WA + (1 — v)hg) —%
> 52;<“((71+( 7)2)dp)

= HHA+ (1 =7)Aq).

The second inequality holds because u* is convex and the last inequality holds

because v>\1+v(i\iv)>\z % w\f}l__(?lk)h dd% € K. By Rockafellar (1970), Theorem

23.5, )i\nfO{H(/\) + Az} achieves its infimum in A = Ag if and only if —x € 0H (Ag).
>

By Rockafellar (1970), Theorem 7.4 and Corollary 23.5.1, this is equivalent to

Ao € 8U(l‘)

(ii) This follows from Lemma 4.1.

(iii) The first statement follows from Lemma 4.1. According to Remark 2 after

assumption (4.5) we have

{Qek Ugla) <00} = {QeK:ui,.  (QIP)< o}

and hence the equation follows from Theorem 2.2 (i) and Lemma 4.1. a

Corollary 4.4 Assume that the hypotheses of Proposition 4.3 hold and more-
over U 1s differentiable in x. Then we have the following equivalence: QQ* is a
minimar measure if and only if Q is the u3 -projection, where Ao = VU ().

Since U(#) typically is not known explicitly it is of interest to be able to deter-
mine Ag. In Proposition 4.7 we will address the question Ay € 9U(x). Notice
that this problem vanishes for the standard utility functions like u(z) = %p
(p € (—o0, 1)\ {0}), u(z) = logz and u(x) = 1 — e P% (p € (0,00)). In these
cases the minimax measure does not depend on x respectively the u}-projection
does not depend on A.

Proposition 4.5 Assume that ¥ = 0 and u is bounded from above. Then U is
differentiable in every @ > 0.

Proof. According to Rockafellar (1970), Theorem 26.3, it is sufficient to prove
that the function H(X) = u}(K||P) is strictly convex.

Define K as the closure of K with respect to o(ba, L°°). For any A > 0 there
is due to Lemma 3.3 of Kramkov and Schachermayer (1999) and the convexity
of K a minimizing sequence {@,} in K such that dd%" converges almost surely.

Since according to Alaoglu’s Theorem K is weak-star compact the sequence

{Q,} has a cluster point @ € K and hence C?—P" — %, where Q7 denotes

the regular part for @ € K. By Lemma 3.4 of Kramkov and Schachermayer
(1999) it follows that lim Eu*(/\dﬁ;‘)_ = Eu*(/\%)_. Since Z = 0 and u is
n—r 00

11



bounded from above, it follows that u* is bounded from above. The theorem of

dominated convergence implies that nlgr;o Eu*(/\dﬁj") = Eu*(/\%) and hence
meu(/\ ) Eu(/\Q)
Let A1, A2 € Ry, v € (0, 1) Due to the consideration above there are @,

Q- € K with H(\) = Eu*( P ) and H(A2) = Eu*(Aq dQQ) Therefore,
HOW) + (1= 9)H () = vEu*(Aliﬁfwu— B ()
a» )
> B (1, S
> inf F A 1—y)A dQ
> dnf B (v + (1-9)0) 2)
(1-

= H(yA 4+ (1-7)X).

The strict inequality holds, since u* 1s strictly convex and the inequality because
of the convexity of the set K. Hence H is strictly convex and we are done. O

The differentiability condition in Corollary 4.4 1s fulfilled if for every A > 0
there is a u}-projection. From Proposition 8.5 in Liese and Vajda (1987) one
gets the following result which was already obtained - using different methods -

by Bellini and Frittelli (1998) (see also Schachermayer (1999)).

Proposition 4.6 Assume that K is closed in the variational distance topology
and dom(u) = (—o0,00). Then for every A > 0 there is a u}-projection of P on

Proof. According to Liese and Vajda (1987), Proposition 8.5, it is sufficient to

check whether lim @ = 00. Since u*(Az) > u(—=§)+nz with u(-%) > —oco
r—00

it follows that lim J—l > n for every n € IN. |
r—00

Using the sufficient conditions for projections in section 3 we now provide a
way to determine the parameter Ay € 9U(x) and, therefore, the f-divergence
distance related to a minimax measure.

Proposition 4.7 Let Q* € M (Mioe, Mpa ), A > 0 with u;(Q*||P) < oo such
that for a S-integrable process ¢

dQ

I(A iz

T
) = x—i—/ psdSs;  P-a.s..
0

Assume moreover that any of the sufficient conditions on a u}-projection of
Proposition 3.3 or the Theorems 3.4 or 3.5 hold. Then @Q* is the minimaz
measure for x and A € OU (x).

Remark. Notice that the conditions in Proposition 3.3 and in the Theorems

3.4, 3.5 are formulated for (u})'(z) = —AI(Az).
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Proof. In the following K stands for either M, M, or Mpgqe.  Since
EQ*I(/\%) = z one gets from Lemma 4.1 that A = Ag«(z). As Q* is the
u}-projection of P on K the condition of Theorem 2.2 is fulfilled. Hence for all
measures () € K satisfying ux(Q||P) < oo one gets EQI(/\%) < z and one can
conclude that Ug-(z) = Eu(([(/\%)) < Ug(z). From assumption (4.5) one
has {Q € K : w3 (Q]|P) < oo} ={Q € K : Ug(z) < oo} and it follows that Q*

is a minimax measure for ¢ and K. By Proposition 4.3 one can conclude that

A= Ag-(x) € U (x). O

5 Relationship to portfolio optimization

In this section we point out how the results of Section 3 and 4 are related to
portfolio optimization. We assume that assumptions (4.4) and (4.5) hold for
K =M (M) and that z > —oo.

We call a predictable S-integrable R4+ !-valued process ¢ an admissible strategy
if Zg:O ISt =z + fot @dS for any t € [0,7] and [ ¢dS is bounded from below.
The set of admissible strategies is denoted by .A. We say that ¢ € A is an
optimal portfolio if it maximizes ¢ — Eu(z + fOT ¢dS) over all ¢ € A. Notice
that for # = —oo the optimal portfolio typically is not bounded from below and
hence not admissible. Therefore, in this case one needs to consider a larger class
of strategies (see Schachermayer (1999) and Kallsen (2000)).

With the results of the previous section one gets the following theorem.

Theorem 5.1 Let Q° € M§,,, such that uy (Q7||P) < oo and I(/\o%) €
LYQ*), (S locally bounded), and let A\g € OU (). Then

(i) The following statements are equivalent:
(a) Q* is a minimal distance (local) martingale measure.
(b) BoI(M%L) < BgeI(M %) YQ € M with u} (Q]|P) < .
(e) I{Xo %) =x+ fOT pdS and fo pdS is a Q*-martingale for some
S-integrable, predictable process .
(ii) If (¢) holds then sup Eu(x—l—foT pdS) = Eu(x—l—foT pdS) = Ug+(z) = U(x)
weA

and o (with &} = « + fot pdS — Zle PLS;) is an admissible optimal
portfolio-strateqy.

(iii) If (a) holds then Q™ is a minimaz (local} martingale measure.

Proof. Notice that (u})'(x) = —AI(Az).

(i) Due to Theorems 3.1, 3.2, 2.2 it remains to show that (¢) = (a).

Since I : R — (&, 00) we obtain that # 4+ - Sp > Z. As $- 5 is a @*-martingale
and Q* ~ P, -5 is bounded from below P-a.s.. Therefore, by Theorem 3.4 Q*

13



is the uj -projection of P on M.

(i1) As pointed out in 1. for a process @ fulfilling condition (c) one can con-
clude that & - .S is bounded from below P-a.s.. Due to the definition of $? and
the assumption that SY equals 1 it holds that Zg:O PLSt =z + fot @dS for any
t € [0,7] and hence @ € A. By Ansel and Stricker (1994), Corollaire 3.5, ¢ - S
is a *-local martingale and hence a *-supermartingale for any ¢ € A. There-
fore Eg«(xz 4+ ¢ - Sr) < z. Analogously to Lemma 4.1 (ii) one concludes that
sup Fu(z + fOT vdS) = Fu(z + fOT @dS) and hence ¢ is an optimal portfolio

pEA
strategy.

(iii) This follows from Proposition 4.3. O

Theorem 5.1 together with Proposition 4.3 imply that for £ > —oo our weak
form of the definition of a minimax martingale measure coincides with the strong
notion of a minimax martingale measure in the sense of He and Pearson (1991
a, b) and also with that of Bellini and Frittelli (1998).

Corollary 5.2 Let ()° be a minimazr measure for x and M-

(i) Ifu*(@HP) < oo for some measure @ € /\/lfloc), then Q* ~ P.
(ii) If Q* ~ P (and S is locally bounded), then
dQ* T R
e @) g5) = o+ [ gas

where @ is a optimal portfolio strateqy and moreover
Ulz) =Ug+(x) = sup{Bu(Y):EQY <z forall Q € M.}

Proof. (i) Proposition 4.3 shows that Q* is the u;‘\Q* (x)—projection. Assumption

(4.5) implies according to Remark 2 after Lemma 4.1 that ujQ*(x)(@HP) < 0.
Since I(0) = oo it follows from Corollary 2.3 that @Q* ~ P.

(ii) By Proposition 4.3 and Theorem 5.1 one concludes that I(/\Q*(x)%) =
r + @ - St where ¢ € A is a optimal portfolio strategy. This implies due to
Corollaire 3.5 in Ansel and Stricker (1994) that &- .S is a @-local martingale and
hence a @-supermartingale for any ) € Mjo.. Therefore Eg(z + & - S7) < x

and Lemma 4.1 implies that
Ulz) =Ug+(x) = sup{Eu(Y): EQY <z forall Q € M.}

d

Remarks. (1) Theorem 5.1 is an extension of Theorem 9.4 in Karatzas et al.
(1991) and Theorem 2 in He and Pearson (1991b) from continuous-time diffusion
models to general incomplete semimartingale models.

(2) Recently Kramkov and Schachermayer (1999) obtained a characterization of
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the optimal portfolio in general semimartingale models by a solution of a dual
problem which is related to the problem of finding a minimal distance martin-
gale measure. They considered a variational problem with respect to a properly
defined set of supermartingale measures, which contains the set of absolutely
continuous martingale respectively local martingale measures. Kramkov and
Schachermayer (1999) give an example (Example 5.1 bis in that paper) where
the optimal portfolio cannot be characterized by a probability density % as in
Theorem 5.1 (i), but only by a measure with mass strictly less than 1.

(3) Combining Theorem 2.2 (ii), (iv) in Kramkov and Schachermayer (1999)
and Theorem 2.2 (iv) in Schachermayer (1999) one could also derive a version
of Theorem 3.2 for u3-projections.

(4) Theorem 5.1 shows that if derivative prices are computed by a minimax
respectively minimal distance martingale measure @* then the optimal claim,
i.e., the solution of problem (4.3) for @ = @* can be duplicated by a portfolio
strategy @. Hence no derivative trade increases the maximal expected utility in
comparison to an optimal portfolio if derivative prices are computed by @Q*. We
have

Epu(l‘—l—gBST) > EPU(Y)

for all claims Y such that Fqg.Y < z.

Davis (1997) proposes as reasonable derivative price, the price such that an
infinitesimal long- or short-position of the derivative does not increase the ex-
pected utility of terminal wealth in comparison to an optimal portfolio. Under
certain assumptions he gets that the fair price of a contingent claim H according
to an initial endowment x is given by

E( (z+¢-5r)H)

const

p(H) =

: (5.1)

where @ is an optimal portfolio strategy. Thus according to the characteri-
zation of Theorem 5.1 (i) the minimal distance martingale measure yields the
fair derivative price suggested by Davis (1997) by taking the expectation of the
derivative H under this measure. Hence not only infinitesimally but even general
trading of the derivative does not increase the maximal expected utility.

Corollary 5.3 Assume that the hypotheses of Theorem 5.1 hold. If Q* s the
minimal distance martingale measure, then Davis’ fair derivative price is given

by
p(H) = Eq H. (5.2)

6 Examples

6.1 Minimizing relative entropy

The distance corresponding to the utility-function u(z) = 1—e77 is the relative
entropy with f(2) = xlogx. Necessary and sufficient conditions for the minimal
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entropy martingale measure have been given in Frittelli (2000) and Grandits and
Rheinlander (1999). In the setting of an exponential Lévy process the minimal
entropy martingale measure has been determined by Miyahara (1999) and Chan
(1999).

Theorems 3.1-3.5 gives as necessary respectively sufficient condition for minimal
distance martingale measures a representation of the density of the form

Q= 1
ap = 3, Oplplzte o). (6.1)

The condition ¢-Sp € L! (G(10e), Q") is necessary, (see the Theorems 3.1, 3.2 and
also Grandits and Rheinlander (1999)), the sufficient condition ¢ - St € G 1)
has been given in Frittelli (2000). Grandits and Rheinldnder (1999) prove that
ddéj* € L*(P) forane > 0 and ¢-S € BMO(Q*) is a sufficient criterion. Theorem
3.4 gives a further quite general sufficient condition which can be checked in our
subsequent examples. If the stochastic integral in (6.1) is bounded from below
P-a.s. and is a @*-martingale then Q* is the minimal entropy (local) martingale
measure and ¢ is an optimal portfolio strategy. In general the question, whether
the process ¢ - S i1s bounded from below is a delicate point. For finite state
markets this problem vanishes.

Suppose that the positive price process S = (S, ..., Sd) is of the form

St =58 (XY, (6.2)

where X = (X1, .. Xd) is a R%valued Lévy process and 7 is the stochastic
exponential. By Lemma A.8 in Goll and Kallsen (2000), these processes coincide
with those of the form S' = S} exp(f(i) for R valued Lévy processes X. In
the last couple of years exponential Lévy processes have become popular for
securities models, since they are mathematically tractable and provide a good
fit to real data (cf. Eberlein and Keller (1995), Eberlein et al. (1998), Madan
and Senata (1990), Barndorff-Nielsen (1998)). In this setting one can derive a
candidate for the local martingale measure minimizing the relative entropy from
results in Kallsen (2000), who studies the corresponding portfolio optimization
problem.

Assume (b, ¢, F') to be the characteristic triplet of X relative to some truncation
function h : R? + R? in the sense of Jacod and Shiryaev (1987). Assume that
there exists some v € R? with the following properties:

1. [ |we="" — h(x))|F(dx) < oo,
2.
b— cy +/ (;ce—ff - h(m))F(dm) =0. (6.3)

Let
i

t d
goi::;. fori=1,...,d, gp?::x—i—/gpsts—Z@iSZ
0 i=1

t_
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for t € (0, T].

Define 7; = ?f( — 4T X+ (e_VTx — 1) x (X — 1/)5)

t
Corollary 6.1 The measure QQ* defined by % = Zp 1s an equivalent local
martingale measure. If v - X 1is bounded from below, then @ minimizes the
relative entropy between P and M,¢.

Proof. Theorem 3.3 in Kallsen (2000) shows that 7 as defined above is a mar-
tingale such that SZ is a local martingale with respect to P for i € {1,...,d}.
Moreover the density Zr = % of (* with respect to P has a representation as

in (6.1) with ¢t := ;Tl Furthermore, we have Eg«(¢ - S7) = 0, which implies

that the relative entropy between Q* and P is finite, i.e., Eg« log(%) < o0.
If the process ¢ - .S = v - X is bounded from below, then one can conclude by
Theorem 3.4 that * minimizes the relative entropy between P and M,.. O

Remarks. (1) Under the measure @* as defined above X is again a Lévy
process (see Kallsen (2000)).

(2) Equation (6.3) is also part of the condition given in Chan (1999) and Miya-
hara (1999).

(3) The condition that v - X = ¢ -5 is bounded from below is not fulfilled in
general. In connection with portfolio optimization this question is discussed in
Schachermayer (1999) and Kallsen (2000).

(4) Corollary 6.1 extends to exponential Lévy processes of the form S =
Siexp(X?) using Lemma A.8 in Goll and Kallsen (2000), which shows that
these processes coincide with those of the form (6.2).

6.2 Minimizing the reverse relative entropy

In this section we consider the reverse relative entropy, i.e., the f-divergence dis-
tance for f(x) = —logx, which corresponds to the logarithmic utility function
u(z) = log x.

Assume that the characteristics (B,C,v) of the R%valued semimartingale
(St,..., 8% relative to some fixed truncation function h : R4 — R9 (in the
sense of Jacod (1979), Jacod and Shiryaev (1987)) are given in the form

Bz/btdAt, CI/ CtdAt, I/IA®F, (64)
0 0

where A € &Z:C is a predictable process, b is a predictable R%valued process, ¢
is a predictable R4*%valued process whose values are non-negative, symmetric
matrices, and F is a transition kernel from (2 x R4, P) into (R4 BY).

Assume that there exists a R%valued, S-integrable process H with the following
properties:

L. 14+ HJz > 0for (A® F)-almost all (t,z) € [0,7] x R,
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2. f |55 — h(@))[Fi(dr) < oo (P ® A)-almost everywhere on € x [0, 77,

3.
be — e H, +/ (ﬁ - h(x)) Fy(dz) = 0 (6.5)
(P ® A)-almost everywhere on € x [0,T].
Let
. ¢ d
ol = xH! g(/o HSdSS)t fori=1,...,d, ¢):= x—l—/o s dS —ZgoiSf
- i=1
for t € (0,7].

Goll and Kallsen (2000) show that ¢ as defined above is an optimal portfolio
strategy for the logarithmic utility maximization problem. Based on this paper
we get from Theorem 3.4 a characterization of the local martingale measure
minimizing the reverse relative entropy.

Corollary 6.2 If 7; := %§<—H'S§+(M;Tx—1)*(ﬂs_’/)8) is a martingale,

then the corresponding measure Q* 1s an equivalent local martingale measure and
it minimizes the reverse relative entropy.

Proof. Theorem 3.1 in Goll and Kallsen (2000) shows that 7; is a positive local
martingale, such that S?Z is a local martingale for i € {1,...,d} and 7 =
xz+ - S, where ¢ is an admissible portfolio-strategy. If 7 is even a martingale,
then Zp is the density of an equivalent local martingale measure *. For @Q* we
have

dqQ*
dP

B(~tog(75)) = Blog() = Ellog(e + 1) - log(a).

From Lemma 4.1 it follows that

Elog(z +¢-57) < E(=log(-5)) +¢
for all measures @@ € Mj,.. The last inequality shows that if )* has infinite
reverse relative entropy, then also all other measures (Q € M,.. Hence it follows
due to Eg+(x + ¢S7) = = from Theorem 3.4 that * minimizes the reverse
relative entropy. a

Remark. In the case of a continuous price process S equation (6.5) simplifies

considerably and the minimal distance martingale measure Q* is given by the
minimal martingale measure. In this case the result is due to Schweizer (1999).
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6.3 Derivative pricing by Esscher-transforms

Assume that the price process S = (S¢)<7 is generated by some Lévy process
X = (X¢)i<r with Xo = 0, in the sense that S; = eXt. Let M be the moment
generating function of X with M(u,t) = M(u)! = Ee**t. M is assumed to
exist for |u| < C for some constant C' > 0. By means of Esscher transforms one

defines a set of measures {Q? : |0] < C} by & dP = 22T Tf 6 is a solution of

= uET
M0+ 1)

0 =log M)

(6.6)

then @7 is an equivalent martingale measure (see Eberlein and Keller (1995) and
Shiryaev (1999)).

Let u be the utility-function given by u(z) = %p, p € (—o00,1) \ {0}. Then
condition (c) of Theorem 5.1 (i) becomes

dQ* _ (x+¢- S~}

P = " and @ -5 is a Q"-martingale.

Hence QGA fulfills condition (c) of Theorem 5.1 (i) respectively the assumption of
Theorem 3.3 for p = 6 4+ 1 and @ = const. Thus we obtain the following result.

Corollary 6.3 In the model of an erponential Lévy process the Esscher trans-

form Q% is a minimal distance martingale measure for f(z) = —pr T sz

solves (6.6) and p = 0+ 1< 1. Moreover QGA is a minimax martzngale measure

for the power utility function %p.

Derivative pricing by the Esscher transform for exponential Lévy processes was
proposed and studied in Eberlein and Keller (1995). Corollary 6.3 shows that
the martingale measure obtained by the Esscher transform corresponds to a spe-
cific power utility function u(z) = %p, where the parameter p is determined in

such a way that const - eXT is the value of the optimal portfolio at time 7". Thus
the optimal portfolio strategy constantly invests the whole wealth into the risky
asset (see Section 6.4 for the solution for general power utility functions).

Remarks. (1) Gerber and Shiu (1994) noted that the derivative price computed
by the Esscher transform corresponds to the derivative price suggested by Davis
(1997) (see (5.1)) for the power utility function as specified in Corollary 6.3.

(2) Chan (1999) studies a generalized Esscher transform for geometric Lévy pro-
cesses dS; = 0.5, d Xy + by.Si—dt. He shows that for this model the martingale
measure constructed via the generalized Esscher transform minimizes the rel-
ative entropy. This connection can be seen by the following consideration. If
we have constant coefficients o, b, then dSy — bdt = dX; and the Esscher

O'S
GOXT dQ _ emes 0
M(e)T can be written as 5 = = ] I

Hence the density of the Esscher transform has a representation as in equation
(6.1) which corresponds to the measure minimizing the relative entropy.

aQ® _ _
transform T = where @y = —
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6.4 Distance minimization for power utility functions

In the following we determine the local martingale measure minimizing the f-
divergence distance for f(z) = —pgleTl (p € (—o0, 1)\ {0}), if the discounted
price process S = (S!,...,5%) is of the form

St =58 (XY (6.7)

for a R%valued Lévy-process X = (X1t .. .,Xd). This problem corresponds
according to Theorem 5.1 to the problem of portfolio optimization with respect
to u(z) = %p (u* = f).

Assume (b, ¢, F') to be the characteristic triplet of X relative to some truncation
function h : R4 — R4 Assume that there exists some v € R? with the following
properties:

. F{zeR4: 14+~T2 <0}) =0,

2. [ gmtaes — h(@)|F(dr) < oo,

b+ (p— 1)67—1—/ (W - h(x))F(dx) =0.  (6.8)

Let
i

t d
ol ;:; V,_fori=1,....d, ¢ ::x—l—/ psdS, — > i
t_ 0 i=1

for t € (0, T], where V is the wealth process with respect to .
Kallsen (2000) shows that ¢ as defined above is an optimal portfolio strategy

for the utility maximization problem with respect to u(z) = 22 Based on

this paper we get from Theorem 3.4 a characterization of the local martingale
.. .. . . — _p_

measure minimizing the f-divergence distance for f(x) = —ppl zP-T,

Define 7; = %(((p — D)y TXEH+ (T +y 2Pt = 1) * (pX — 1/)5) .
¢

Corollary 6.4 The measure Q* defined by % = Zr s an equivalent lo-

cal martingale measure and it minimizes the f-divergence distance for f(x) =
D
_p—1 rp—1.
P

Proof. Theorem 3.2 in Kallsen (2000) shows that Z is a positive martingale,
such that S?Z is a local martingale with respect to P for i € {1,...,d}. More-
over the density Zr = % of @* with respect to P has the representation

Iy = % with gog = ﬁ;—Vt_. Furthermore we have Eg«(¢ - Sp) =0,

which implies that f(Q*||P) < 0. Since it turns out that the process ¢ - S is
bounded from below the result follows from Theorem 3.4. (I

Remarks. (1) Under the measure @* as defined above X is again a Lévy
process (see Kallsen (2000)).
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(2) For p = —1 the measure @* minimizes the Hellinger distance. This result
has also been obtained independently in Grandits (1999).

(3) Some related results for the f-divergence distances for f(x) = —pz_)lxp%
with p < 0 have been obtained independently in Xia and Yan (2000).

(4) Corollary 6.4 extends to exponential Lévy processes of the form S =
Siexp(X?) using Lemma A.8 in Goll and Kallsen (2000), which shows that
these processes coincide with those of the form (6.7).

7 Utility-based hedging

In an incomplete market an investor may apply superhedging to eliminate the
financial risk of a contingent claim. But this is often quite expensive. To super-
hedge a European call option an investor may be forced to buy the underlying
asset in t=0 (see Eberlein and Jacod (1997)).

Therefore, it is reasonable to ask for hedging strategies which require less cap-
ital than superhedging strategies. Recently Follmer and Leukert (1999) pro-
posed hedging strategies maximizing the probability that the hedge is successful.
Follmer and Leukert (2000) also studied further hedging criteria like minimizing
the shortfall risk, which is defined as the expected shortfall weighted by some
loss function or maximizing expected utility with respect to a state-dependent
utility function. In the following we show how our approach to portfolio opti-
mization can be extended to utility based hedging, i.e., we study the following
problem

T
sup Fu(x —1—/ pdS — H), (7.1)
peEA 0

where H is a non-negative Fp-measurable random variable modeling the contin-
gent claim in question. In problem (7.1) risk-aversion of the investor is described
by the utility function u.

If z .= inf{x € R | u(x) > —oco} > 0 then criterion (7.1) only allows superhedg-
ing strategies. Since we want to allow more general strategies we assume

—oco< <0 and r—x> sup FEoH. (7.2)
QeEMoe

It is known that sup FEgH corresponds to the minimal cost for a superhedging

QeEM,,
strategy (Follmer and Kabanov (1998)).
We define
U (x) = inf  sup Fu(Y — H).

QEMioc EqY <

In the following we assume that U (z) < oo and that assumption (4.5) is fulfilled
for Mj,.. Moreover we assume that S 1s locally bounded.
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Instead of problem (7.1) we consider the following dual problem for Ag € dUH ():

inf E(ur (2 Q9

A .
QEMioe dP) 0dp )

(D)

Then one gets the following duality result for utility based hedging.
Theorem 7 1 Let Ao € OUH (z) and let Q* € M, such that uy (Q7||P) < oo
and I(/\o )—I—HELl(Q ). Then
(i) The following statements are equivalent:
(a) Q* solves problem (D).

(b) Eq(I(N%L) + H) < Eo-(IM%) + H) ¥Q € M. with
B(u*(Ao32) — M 2L H) < co.

(c) I(/\o )—|—H = x—i—fo pdS and fo pdS is a Q*-martingale for some
S- mtegmble predictable process .

i) If (c) holds then @ (with goAO =z + tgoAdS -5 goAiSt 1s an optimal
¢ 0 i=1%t
hedging strategy.

For the proof of Theorem 7.1 one needs the analogous result to Theorem 2.2 (i).

Proposition 7.2 Let Q* € M, satisfy u”;\D(Q*HP) < oo and I(/\o%) c
LY(Q*). Then Q* solves (D) if and only if

dQ*
dP

dqQ*
dP

EqU(h—5)+H) < Eg(I(lo—5)+H) VQ € Mg
with E(u* (Ao %) — A %2 H) < oc.

Proof. For @ € M, with E(u*(Ag %) — Ao %H) < oo and « € [0, 1] define

R S dQ” dQ dQ* i
<y 4Q” dQ-
—w (Ao—5) + do—s- )
dQ*  dQ 1 dQ* dQ
= —XH (A 1—a)—=
ofGp —ap) o= Relegp + (L= )75)
<y 4Q”
—u" (Ao 7P )).
For a 1 1, h, increases to Ao H (%—&)—I—/\o (/\0 75 )(Zg —%) and, therefore,
by the monotone convergence theorem, using
L% Q" dQ dQ
> —
ha 2 (o) = Ao H) = (W (o 7p) = dogip H),
[ hadP increases to [(AoH + AoI(Ao ))(dQ dQr).

If @* solves (D), then the left hand 51de 1s < 0 for each «, which implies, that
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also the limit on the right hand side is < 0. If conversely the right hand side is
< 0, then by the nondecreasing property of h, we have that

d * dqQ* aQ d

/(Egha)dp

0.

IN

IN

d

Proof of Theorem 7.1. (i) Due to Proposition 7.2 it is sufficient to show (b) < (¢).
(b) = (¢): By Riischendorf (1984), Proposition 1, we know that I(Ag %) +He
LY(F,Q*), the closure of F in L (@*). The representation of this closure in
Theorem 3.2 yields that I(/\o )—|—H = ¢+ @ Sp for a S-integrable predictable

process @. Analogously to Prop081t10n 4.3 one can show that if Q* € M, solves
(D) then

UH(z) = sup{Eu(Y —H):Eg:Y <z, Fu(Y — H)™ < o0}

dQ*
Bu(I(0 G5 )

and Eg- ( (/\0 )—|—H) = «. Since - S is a Q*-martingale it follows that ¢ = «
and[(/\o )—|—H_x—|—g0 St.

(¢) = (b): Slnce I:R — (z,00) we obtain that « + @ - Sp > Z. As ¢- S is
a @Q*-martingale and Q* ~ P, ¢ - S is bounded from below P-a.s.. By Ansel
and Stricker (1994), Corollaire 3.5, & - S is a @-local martingale and hence a
@-supermartingale for any @ € Mj,.. Therefore

dQ* -
Fol(S) 4 1) = v+ Ba(®-S1)
d *
< v =B ((5X)+ )

(ii) As pointed out in (i) for a process @ fulfilling condition (c¢) one can conclude
that @ -5 is bounded from below P-a.s. and ¢ € A. Let ¢ € A be a admissible
strategy, then

Eu(x+¢-Sr—H)) < Elulx+¢-Sr—H)
+u'(x+@-Sr— H) (¢ S1 — @ 57))
= Blu(e+ 851~ H)+ Mo Gh (¢ 51 = 5 51))
< FElule+¢@-Sp—H).

The first inequality holds since u is concave, the equality holds because
u'(x+ [, ¢dS — H) = /\0% and the second inequality holds since ¢ - S is
bounded from below and therefore Eg«(¢ - St — & - Sr) < 0 by Ansel and

23



Stricker (1994), Corollaire 3.5. O

Remarks. (1) The results of this section can be also obtained with M or
Miyq instead of M, without the assumption of local boundedness of S.

(2) In a recent paper (which we got to know only after finishing this paper)
Cvitanié¢ et al. (1999) study the problem of utility maximization in incom-
plete markets with random endowment for utility functions defined on R . This
includes utility-based hedging for z > —oo as a special case. They obtain a char-
acterization of the optimal portfolio strategy by the solution of a dual problem
which is similar to our dual problem (D).

(3) Delbaen et al. (2000) study the case of exponential hedging, i.e., hedging
with respect to a exponential utility function. Considering special classes of
hedging strategies they prove a duality relation between the problem of utility-
based hedging and problem (D) for the case of the exponential utility function.
(4) After essentially having finished the paper and during the process of re-
vision we got copies of the papers of Cvitanié¢ et al. (1999), Delbaen et al.
(2000), Grandits (1999), Grandits and Rheinlander (1999), Rheinlander (1999),
Schachermayer (1999) and Xia and Yan (2000) where some related results were
obtained independently.
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