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Abstract

We consider the problem of maximizing the expected logarithmic utility from consumption
or terminal wealth in a general semimartingale market model. The solution is given explicitly
in terms of the semimartingale characteristics of the securities price process. (©) 2000 Elsevier
Science B.V. All rights reserved.
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1. Introduction

A classical problem in mathematical finance is the computation of optimal port-
folios, where optimal here refers to maximization of expected utility from terminal
wealth or consumption (cf. Korn, 1997 for a well-written introduction). Merton (1969,
1971) determined optimal strategies in a Markovian Ito-process setting using a dy-
namic programming approach. The Hamilton—Jacobi—Bellman equation from stochastic
control theory leads to a non-linear partial differential equation (PDE) for the optimal
expected utility as a function of time and current wealth. If one can solve this PDE,
the optimal portfolio is immediately obtained. In multiperiod discrete-time models, a
similar approach leads to a recursive equation instead of a PDE (cf. Mossin, 1968;
Samuelson, 1969; Hakansson, 1970, 1971).

Harrison and Kreps (1979) and Harrison and Pliska (1981) introduced the martingale
methodology to finance. They relate absence of arbitrage and completeness of securities
markets to the existence resp. uniqueness of equivalent martingale measures. Their
results were applied by Pliska (1986), Karatzas et al. (1987) and Cox and Huang (1989)
to portfolio optimization in complete models. With the help of the pricing measure, they
can determine the optimal terminal wealth basically as in a simple one-period model.
The corresponding generating trading strategy is computed in a second step. Using a
different terminology, this alternative path to portfolio optimization had already been
discovered by Bismut (1975).
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Applying duality methods, the martingale approach could be generalized to incom-
plete models by He and Pearson (1991a,b) Karatzas et al. (1991), Cvitani¢ and Karatzas
(1992), Kramkov and Schachermayer (1999), Schachermayer (1999). Roughly speak-
ing, the optimal portfolio and wealth process in the given incomplete model and in a fic-
tious completed market coincide if the completion is performed in the least favourable
manner (cf. also Kallsen, 1998).

It is usually quite hard to compute optimal strategies explicitly unless the market is of
a certain simple structure (e.g. time-homogeneous, cf. Samuelson, 1969; Merton, 1969;
Framstad et al., 1999; Benth et al., 1999; Kallsen, 2000) or the logarithm is chosen
as utility function (cf. Hakansson, 1971 in discrete time; Merton, 1971 for continuous
Markov processes; Aase, 1984 for a class of processes with jumps; Karatzas et al.,
1991; Cvitani¢ and Karatzas, 1992 in an Ito-process setting). Since we want to restrict
the class of market models as little as possible, we consider logarithmic utility in
this paper. Optimal trading and consumption strategies are determined in a general
semimartingale setting, yielding earlier results as special cases (cf. Section 4).

Intuitively speaking, the optimal portfolio depends only on the local behaviour of the
price process in the case of logarithmic utility. Since the characteristics in the sense
of Jacod (1979), Jacod and Shiryaev (1987) describe exactly this local behaviour of
a semimartingale, they turn out to be the appropriate tool at hand. Moreover, they
provide a framework in which very diverse models can be expressed.

The paper is organized as follows. In Section 2 we state the problem and our version
of the above-mentioned duality link to martingale measures. The explicit solution in
terms of the characteristics of the price process can be found in the subsequent section.
Various examples are given in Section 4. Finally, the appendix contains results from
stochastic calculus that are needed in Sections 3 and 4.

We generally use the notation of Jacod and Shiryaev (1987) and Jacod (1979, 1980)
The transposed of a vector or matrix x is denoted as x' and its components by super-
scripts. Stochastic and Stieltjes integrals are written as fot H;dX; = H - X,. Increasing
processes are identified with their corresponding Lebesgue—Stieltjes measure.

2. Optimal portfolios and martingale measures

Our mathematical framework for a frictionless market model is as follows. We
work with a filtered probability space (€2, 7,(% )icr.,P) in the sense of Jacod and
Shiryaev (1987), Definition 1.1.2. Securities 0,...,d are modelled by their price pro-
cess S:=(S°,...,8%). Security 0 is assumed to be positive and plays a special role. It
serves as a numeraire by which all other securities are discounted. More specifically,
we denote the discounted price process as S:=(1/S°)S:=(1,(1/8°)S",...,(1/5°)s9).
We assume that § is a R¢*!-valued semimartingale. Occasionally, we will identify S
with the R?-valued process (§l,...,§d).

We consider an investor (hereafter called “you”), who disposes of an initial en-
dowment ¢S)) € (0,00). Trading strategies are modelled by RY*1-valued, predictable
stochastic processes @=(¢", ..., p?), where ¢! denotes the number of shares of security
i in your portfolio at time ¢.
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Proposition 2.1. Assume that S° is a semimartingale such that S°,S° are positive.
Then we have equivalence between

1. ¢ € L(S) and ¢S, = ¢{So + fot eldS; for any t € Ry,
2. ¢ € L(S) and ¢f'S; = ¢} So + fot @I dS for any t € R,.
(Note that it is not necessary to assume that S° is predictable as is — for simplicity —

often done in the literature. For the definition of multidimensional integrals cf. Jacod
(1980).)

Proof. 2 = 1: Partial integration of ¢S = (¢"$)S® and Propositions A.l1 and A.2
yield

'S =iSo+ (0"S)_ - S"+ 8 - (p"-$) +[p" - S.5°]
= @3S0+ (@"S)— - S+ (¢S°)" - S+ 9" - [S,5°].

Note that A(¢TS) = A(¢T - §) = ¢TAS and hence (¢"S)_ = ¢TS_. Again using
Proposition A.1, we obtain ¢"S=¢JS+¢T-(S_-8°45° -S+[S, S D)= So+¢T-(SS?).
In particular, ¢ € L(S).

1 = 2: This is shown as above, but with exchanged roles of S,S and with 1/So
instead of Sp. [

We call a trading strategy ¢ € L(S) with ¢o = 0 self-financing if (ptTS', = fot ol ds,
for any r € R;. A self-financing strategy ¢ belongs to the set S of all admissible
strategies if its discounted gain process fo oF dS, is bounded from below by —¢ (no
debts allowed).

Fix a terminal time 7 € R;. We assume that your discounted consumption up
to time ¢ is of the form fot Ky dK, where k denotes your discounted consumption
rate according to the “clock” K. We assume that K is an increasing function with
Ko = 0. Typical choices are K;:=1[7o) (consumption only at time T'), K,:=¢ (con-
sumption uniformly in time), K;:= > _, In(s) (consumption only at integer times).
K is supposed to be an element of the set & of all non-negative, optional processes
satisfying fOT Ky dK; < oo P-almost surely. For x € &, the corresponding undiscounted
consumption rate at time ¢ is x,S°. Your discounted wealth at time ¢ is given by
Vi(p, k) =¢ + fot ol dS, — fot K, dK;. A pair (¢,x) € © x | belongs to the set P
of admissible portfolio/consumption pairs if the discounted wealth process V;(¢, k) is
non-negative.

Definition 2.2. 1. We say that (¢,x) € P is an optimal portfolio/consumption pair
if it maximizes (@, K<) — E(fOT log(x;)dK;) over all (¢,k) € B.

2. We say that ¢ € S 1is an optimal portfolio for terminal wealth if it maximizes
@+ E(log(c + [, ¢r dS,)) overall € S.

Remark. 1. Suppose that E(fOT [log(S%)| dK;) < oo. If (¢, k) is an optimal portfolio/
consumption pair, then it maximizes also ({,K) +— E(fOT log(%,;S°)dK,) (i.e., the
expected logarithm of undiscounted consumption) over all (¢,K) € B .
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2. Suppose that S° is a semimartingale and E(|log(S%)|) < oc. If ¢ is an optimal
portfolio for terminal wealth, then it maximizes also ¢ — E(log(eS% + fOT q?);r ds))
(i.e., the expected logarithm of undiscounted terminal wealth).

3. If we set K := 1{7,00), then ¢ € & is an optimal portfolio for terminal wealth if and
only if (¢, x) € P is an optimal portfolio/consumption pair, where k7 :=¢&+ fOT oF ds,
and x, can be chosen arbitrarily for ¢+ < 7. Therefore the terminal wealth problem can
be treated as a special case of maximization of utility from consumption.

Lemma 2.3. Let Z be a positive local martingale with Zo=Kr /e and such that (ZS)"
is a local martingale. Then E(fOT log(x,)dK,) <E(— fOT log(Z,)dK;) for any (¢,K) €

B . In particular, E(log(e + fOT o; dS)) <E(—log(Zr)) if Zo = 1/e.

Proof. Let (7,),en be a sequence of stopping times with 7, T co P-almost surely and
such that Z7 is a martingale for any n. Fix n € N. Then (¢/Kr)Zr, a7 is the density
of a probability measure P* ~ P. Since Z"T§ bt (ZS)™T is a local martingale,
AT, AT

S is a P*-local martingale (cf. Jacod and Shiryaev 1987, I11.3.8b).
Let (¢,k) € P such that E(fOT log(x;)dK;) is defined. We have that

T.AT T
E </ Zth th> - / E(l[O,Tn/\T](t)KtE(ZT,,/\TLO/?t))th
0 0

K T, NT
- lEP* (/ Kt th)
€ 0

K n
< TTEP*('S +¢" - Srar)

By Ansel and Stricker (1994), Corollary 3.5, ¢ -§T"AT is a P*-local martingale and

hence a P*-supermartingale. Thus, E( fOT”ATZ,Kt dK;) <Ky and therefore E( fOTZtK, dk;)

<Ky by monotone convergence. This implies E( fOT log(x,)dK,) <E( fOT (log(x;) —
Zix;)dK, )+ Kr. Since the logarithm is concave, we have log(k;) — Zx, <log(1/Z;)— 1.
Together, it follows that E(fOT log(x,)dK,) <E(— fOT log(Z,)dK,). O

Remark. (1) If Z is a martingale, then Zy/Z, is the density of an equivalent local
martingale measure.

(2) The above lemma implies that (¢,x) € B is optimal if kx=Z"" for a process Z
as above. Similarly, ¢ € & is optimal for terminal wealth if ¢ + fOT or ds, =7Z; ! for
such a process Z. Kramkov and Schachermayer (1999) showed that an optimal portfolio
for terminal wealth necessarily solves an equation of the form ¢ + fOT or ds, = Zy !
where Z is some non-negative process such that (ZS) is a supermartingale.

(3) Using a different language, a version of the previous lemma can be found in
Karatzas et al. (1991), Theorem 9.3. The proof of Lemma 2.3 is essentially classical
(cf., e.g. the proof of Theorem 2.0 in Kramkov and Schachermayer, 1999).

(4) An inspection of the proof reveals that the assumptions in Lemma 2.3 can
be slightly relaxed. If (Z§)T is not a local martingale, then the resulting inequality
still holds for any (¢,x) € P such that Ep«(¢' - §TKAT)<0 for any n € N, where
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P* is defined as in that proof. This fact will allow us to consider some constrained
optimization problems as well (cf. Corollary 3.2).

The following lemma addresses the uniqueness of optimal portfolio/consumption
pairs.

Lemma 2.4. Let (¢,x) and (¢,K) be optimal portfolio/consumption pairs with finite
expected utility E(fOT log(x,)dK;). Then k =R holds (P ® K)-almost everywhere on
Q % [0,T]. Moreover, [, ¢TdS; = [ &1 dS, and hence V(@.x) = Vi($p,&) for any
t with K;— < Ky. An analogous statement holds for optimal portfolios for terminal
wealth.

Proof. Let (¢,x),(¢,K) € B be optimal portfolio/consumption pairs.

Step 1: Define ¢:= %((p + @), K:= %(K + K). Obviously, (¢,K) € . By opti-
mality of (¢, k),({,K), we have fgx[o, 7] (log(%;) — %(log(lct) + log(%,)))d(P ® K) =
fgx[o, 7 log(k)d(P ® K) — fgx[o,r] log(x;)d(P ® K)<0. Since the logarithm is con-
cave, the integrand log(%;)— %(10g(K,)—|—log(12t)) is non-negative, which implies that it
is 0 (P ® K)-almost everywhere. Therefore K = k (P ® K )-almost everywhere because
the logarithm is strictly concave.

Step 2: Let ty € [0,T] with K, < Ky, moreover 4:={V,(p,k) <V, (¢,K)} €
Fy and D:=1,4(V;,(,K) — Vi (@,x))=0. Define a new portfolio/consumption pair
(¢, ) by

) { ¢ (w) if 1<ty or w € A,
P ()= :
@(w) if t >ty and w € 4,

Ky for t < 1y,

ﬁl = D
{ K + m for t=1.

More precisely, let q')? =@+ D for t >t so that ¢ is a self-financing strategy. Since
Kk =x, we have ¢T-S,, < @' -Ss, on A. This implies that ¢ is admissible. Moreover, we
have V,(¢,%)=V/(¢p,k)+ D — D(K, — K;,—)/(Kr — K;y—)) = Vi(@, k) for t =1, which
implies that (p,k) € B . Obviously, K > k on 4 X [ty, T]. In view of the first step, this
is only possible if P(4)=0. [J

Remark. If K, :=1lim,_, . K, < oo, then Definition 2.2 makes sense for 7' = co as
well. In this case, Lemmas 2.3 and 2.4 still hold. We do not want to consider terminal
wealth for T = oo, since the limit fooo oF dS, is usually non-existent.

3. Solution in terms of characteristics

In this section, we turn to the explicit solution of the logarithmic utility maximization
problem. Fix a truncation function #:R? — R, i.e. a bounded function with compact
support that satisfies 4(x) =x in a neighbourhood of 0. We assume that the character-
istics (B, C,v) of the RY-valued semimartingale (§1,...,S‘d) relative to /4 are given in
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the form
B:/ b[dA[, C:/ CtdA[, v:A®F, (31)
0 0

where 4 € o/

e 18 a predictable process, b is a predictable R7-valued process, c is a

predictable R4*4-valued process whose values are non-negative, symmetric matrices,
and F is a transition kernel from (Q x R.,2) into (R?, #?). By Jacod and Shiryaev
(1987, Proposition 11.2.9) such a representation always exists. Corollary A.7 shows
how to obtain (b,c, F') if the characteristics of the undiscounted price process S are
known.

We are now ready to establish the main result of this paper.

Theorem 3.1. Assume that there exists a R-valued process H € L(S) with the
following properties:

1. 14+ Hx > 0 for (4® F)-almost all (t,x) € [0,T] x R,
2. [|x/(1 + Hx) — h(x)|F,(dx) < oo (P ® A)-almost everywhere on Q x [0,T],
3.

b — cH, + / <1+’;{th - h(x)> Fi(dx)=0 (3.2)

(P ® A)-almost everywhere on Q2 x [0, T].
Let

& ' n
K= —& HTdS, ),
' KT (/0 * )z

Vt = K;(KT _Kt)) 4
t .
ol =HV,_ fori=1,....d, (p?::/ (pSTdSA'S—Zq);'S;
0 i=1

for t € [0,T], where we set Vy_:=0. Then (p,x) € B is an optimal portfolio/
consumption pair with discounted wealth process V.

Proof. Step 1: We have E(3,_; Lol + AHT - 8))) = E(1—o,0(1 + Hx) *
u‘;) = E(1(—o0,0/(1 + H'x) * v7) = 0 by Condition 1. Therefore, P(Ex. ¢ € [0, T] with
A(HT-§),< —1)=0. By Jacod and Shiryaev (1987, 1.4.64 and 1.4.61c), this implies
that k = ¢/K;&(H™ - S) is positive on [0, T].

Step 2: Define Z,:=1/x, and N,:= — H" - Sf + (/A +H™) - 1) * (,uj —v), for
t € [0,T]. We will show that Z = K7/e&(N ), which implies that Z is a positive local
martingale.

Note that (k¢, k), =(k> H'cH -4, and ([0, 1] x G)zlg(x,HTx)*uf for r € [0, 7],
G € 4. An application of Itd’s formula (cf. Lemma A.5) yields that Z =7y + 1/x_ -
(—HT - S+ (H cH)- A+ (1)(1 + H ) — 1 + HTx) = i5). It remains to show that

~ 1 A
—HTSt+(HTCH)At+ (H—I-I’Tx_l—"_HTx> *'Lt;g

nc 1 §
:_HTSZ+(m_1)*(HS_V)I (33)



T. Goll, J. Kalilsen| Stochastic Processes and their Applications 89 (2000) 31-48 37

for ¢ € [0, T']. Define the set A := {(w, 1,x) € QX R+><[R€d |x| > 1or |[H(w)x] > 1} €
2@ $°. By Proposition A.2 we have S =Sy +x1a(x) %y’ +5° +xlpac(x)*(us —v)+B
and

HT§:HTxlA(x)*u§ +HT~§C+HTxlAc(x)*(/1§ ~V)+H"-B

for some predictable process B whose components are in 7. The semimartingale S
can also be written in its canonical representation S =S+ (x — (x)) * uS +8°+ h(x)*
(,wSQ —v)+ B (cf. Jacod and Shiryaev (1987, 11.2.34)). By Proposition A.3 we have that
B =B — (h(x) — x1xc(x)) % v. This implies that B = b - 4, where

b — / (h(x) — x1 xc(x))F(dx)

—¢H, _/(l—f—x—HTx —xlAc(x)) Fi(dx)

(cf. Eq. (3 2)). Summing up the terms on the left-hand side of Eq. (3.3), we obtain
—HT S + (1/(1 + H') = 1+ H'x15¢(x)) # pif — H'x1ac(x) (15 = v), — (1/(1 +
Hx) — 1+ H x1ac(x)) * v;, which equals the right-hand side of Eq. (3.3).

Step 3: Fix i € {1,...,d}. For fixed ¢, Jacod and Shiryaev (1987), I1.2.14 implies
that [ x/(1+H x)v({t} x dx)= (b, + [(x/(1 +H, x)— h(x))F/(dx))A4, =0. Moreover,
Eq. (3.2) yields (¢"H)" - A =B+ (x'/(1 + H' - x) — K'(x)) * v. Therefore,

SN, = (8.3), + 3 ASLAN,

s<t

d . .
== H (55T,
j=1

Hx
+248 <1+HTAS ' /1+HT v({s}de))

s<t

i

i X i i 1 S
_Bt<1+HTxh(x)>>kv,+x <1_i_[—]Txl>*'ut

=B+ <1+xHTx - h’(x)) e =) () =3 %
In view of the canonical representation of the semimartingale S‘I this 1mphes that
s +[S N1 is a local martingale. Hence, $'z= SOZO +7_-§+8 247 [S ,N] is

a local martingale as well.

Step 4: Partial integration in the sense of Jacod and Shiryaev (1987, 1.4.49a) yields
that V,=Vo+(Kr —K_) - k+x-(Kr—K)=¢e¢+¢" .S — k- K. It follows that (p,x) is
an admissible portfolio/consumption pair with discounted wealth process V. Note that
@° is well defined, since ¢T - S = (¢',...,0o")T - (Sl,...,fd). In view of Lemma 2.3,
we are done. [J

Remark. (1) If K :=1lim;_, . K; < 0o, then Theorem 3.1 holds for 7 = oo as well
(cf. the remark at the end of Section 2).



38 T. Goll, J. Kallsen| Stochastic Processes and their Applications 89 (2000) 31-48

(2) If Conditions 1-3 in Theorem 3.1 are met and ¢ € ® is defined by

. t d .
ol =He& (/ HT dﬁs) fori=1,...,d, ¢° ::/ pldS, — Z(pﬁﬁi
0 1= 0 i=1

for t € (0,T], then ¢ is an optimal portfolio for terminal wealth and its discounted
wealth process equals sg(fo' HT dﬁ,).

(3) Since we have ¢; = H;V;_, the optimal portfolio is proportionate to the current
discounted wealth. The factor H; depends only on the local behaviour of the price
process. This reflects the well-known fact that the logarithmic utility is myopic (cf.
Mossin, 1968, Hakansson, 1971).

(4) In the terminal wealth case, the crucial condition (3.2) allows a nice interpretation
in terms of the portfolio return process R:=log(V) = log(e + fo ol dS,). Let p € ®
be any trading strategy such that R is a special semimartingale, i.e. such that R can be
decomposed into a predictable process of finite variation D (drift process) and a local
martingale. By Jacod and Shiryaev (1987, 11.2.29) we have D=B+(x—h;(x))#¥, where
(B, C,7) denotes the characteristics of R relative to a truncation function /; : R — R.
Application of Corollary A.6 and Propositions A.2, A.3 yields after straightforward
calculations that D = [ d,d4, with

1
d,=H'b, — EH,Tcth + / (log(1 + H'x) — H'h(x))F,(dx), (3.4)

where we set H,:=(1/V,_)(¢!,...,¢¢). Observe that the drift rate d is a concave
function of H,(w) for fixed (w,?). If we may differentiate under the integral sign, we
obtain exactly Eq. (3.2) as a condition for maximal points of this function. In this
sense, optimal trading means pointwise maximization of the drift rate of the portfolio
return process.

In view of Eq. (3.4), this connection is not surprising. The drift rate d, depends
only on H; and not on past values of H. Therefore, pointwise optimization leads to
a global maximum of Dy as a function of H. One may now loosely reason that
the martingale part of R does not contribute to the expected value E(R7) so that
our candidate H indeed maximizes the expected logarithmic terminal wealth. However,
since local martingales need not be martingales and because of other technical obstacles,
it would require some efforts to make this intuitive argument precise (cf. Aase, 1984
in this context).

(5) Note that solving the reduced maximization problem (18) in Aase (1984) leads
to Eq. (3.2) if § is of the particular form in that paper. He considers semimartingales
driven by Brownian motion and marked point processes.

The preceding theorem can be generalized to allow for cone constraints, in particular
short-sale restrictions. To this end, let I' C R? be any closed convex cone and denote by
I'°:={y e R xTy<0 for any x € I'} the polar cone of I'. Define the constrained sets
of trading strategies ®(I") and of portfolio/consumption pairs 3 (I') as in Section 2, but
with the additional requirement that (¢!, ..., ¢?) € I' pointwise on Q x [0, T']. The most
important example is I':= (R, )? (no short sales), in which case I'° = (—o0,0]¢. We
define optimal portfolio/consumption pairs and optimal portfolios for terminal wealth
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relative to the constraint set I' analogous to Definition 2.2 by substituting ¥ (I") and
&(I") for P and 6. The following corollary extends Theorem 3.1 to this slightly more
general setting.

Corollary 3.2 (Cone constraints). Assume that there exists a I'-valued process H €
L(S) and a I'°-valued process A € L(A) such that

1. 1+ Hx >0 for (A® F)-almost all (t,x) € [0,T] x R?,
2. [|x/(1 + HIx) — h(x)|F/(dx) < 0o (P ® A)-almost everywhere on Q x [0,T],
3.
X
bt — C[Ht + / (m — h(x)) Ft(dx) = At
(P ® A)-almost everywhere on Q x [0,T],
4. H'A, =0 (P ® A)-almost everywhere on Q x [0,T].

Define ,V,p as in Theorem 3.1. Then (p,x) € B (I') is an optimal portfolio/
consumption pair relative to the constraint set I'. Its discounted wealth process is V.

Proof. Step 1: Define the RY-valued semimartingale 5:(5’1, . ..,Sd) by S:=S—4-4.
Obviously, its semimartingale characteristics are of the form (3.1) with b:=b—4A
instead of b. Since H € L(S), Condition 4 implies H € L(S) and HT - S =HT - §.
From Theorem 3.1 it follows that ((p,;c) € B (") is an optimal portfolio/consumption
pair for the discounted prlce process S instead of $. On an intuitive level, it is now
tempting to reason that PT-S=¢p"-S+(¢"A)-A<p"-S for any (¢,k) € B (). This
would imply that such a portfolio/consumption pair is admissible for the market S as
well, which in turn yields the assertion. However, in general ¢ may not be integrable
with respect to S and so we have to argue more carefully.

Step 2: Let (¢,k) € P (') be an admissible portfolio/consumption pair relative to
the original price process S. Define the local martingale Z as in the proof of Theorem
3.1 and choose a localizing sequence (7, ),en for Z. Fix n € N and define P* as in the

proof of Lemma 2.3. Note that S SN A ATAT where §7 is a P*-local

martingale. Proposition A.4 yields that ¢ T.§M ¢ -U+¢" -V for some R-valued
P*-local martingale U and a process ¥ such that ¢ -V is decreasing. Since ¢ - U is
bounded from below, Ansel and Stricker (1994, Corollary 3.5) yields as in the proof
of Lemma 2.3 that Epx(¢' - Ur)<0. Moreover, Epx(¢' - V7)<0 (possibly —o0). In
view of Remark 4 following Lemma 2.3, we are done. [

Remark. (1) The remarks following Theorem 3.1 hold accordingly. Moreover, the
uniqueness result Lemma 2.4 applies to the constrained case as well.

(2) In the proof of Corollary 3.2 the solution to the constrained optimization problem
is obtained by solving a related perturbed unconstrained problem. This is a standard
approach in convex optimization (cf., e.g. Rockafellar, 1970). In this sense, one may
interpret the process A entering the drift of the perturbed price process S as a Lagrange
multiplier or Kuhn—Tucker vector. The same idea was applied in an Ito-process setting
by Cvitani¢ and Karatzas (1992).
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(3) Under additional regularity conditions, one could go one step further and extend
Corollary 3.2 to arbitrary (even random) closed convex constraint sets as in Cvitani¢
and Karatzas (1992). Note, however, that the constraints would have to be imposed
on H:=1/V_(¢',..., %) rather than (¢',...,¢%).

Unfortunately, such a generalization is only of limited use for hedging problems
where ¢ itself is fixed for the security i that is to be hedged. In this case, the optimal
solution may no longer depend only on the local behaviour of the securities price
process S.

4. Examples

In this section we consider several particular settings where the conditions in
Theorem 3.1 can be reformulated in different terms. The resulting optimal consumption/
portfolio pairs are essentially well known for It processes and discrete-time models.
As far as we know, the general exponential Lévy process setting has not been treated
yet for logarithmic utility (but cf. Benth et al. 1999; Kallsen, 2000).

Example 4.1 (Discrete-time models). We consider a discrete-time market, ie. S is
piecewise constant on the open intervals between integer times. Conditions 1-3 in
Theorem 3.1 are satisfied if

1. P(14+H'AS,<0|7_)=0 for t=1,...,T,

2. E(JAS,/(1 + HTAS)||Zi_) < o0 for t=1,...,T,

3. E(AS,J(1 + HYAS)|#_)=0 for t=1,...,T.

The process x in Theorem 3.1 is of the form x, = (s/KT)Hézl(l +HSTA§S).

Suppose that, in addition, S i =S ‘ Hi:l X!, where X1, ..., Xt are identically distributed
(0, 00)-valued random variables such that X; is independent of % _. Then Conditions
1-3 in Theorem 3.1 can be replaced with the following assumption: There exists some
y € R? such that

1. 1+y7(X; — 19) > 0 P-almost surely, where 19 :=(1,...,1),

2. E(J(Xy = 19/(1+9T(X1 = 19))]) < oo,

3. E((X — 1)/ +7"7(0 = 19)) =0,

4. H =y/S,_| fori=1,....d.

In this case, the process « is of the form k;,=(g/K7) H;:I(l +9T(X;—17)). The constant
7" can be interpreted as the fraction of current wealth that is invested in security i.

Note that it does not depend on ¢ resp. T. This surprising fact has already been pointed
out by Mossin (1968) and Samuelson (1969).

Proof. Choose 4;:= Y _, In(s). Note that ¢,=0, b;= [ h(x)F;(dx), F(G)=E(16(AS))|
F_) fort=1,....,T, G € B (cf. Jacod and Shiryaev, 1987, 11.1.26, 11.2.14). The
results follow from simple calculations. [
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Example 4.2 (Itd processes). Assume that S is a solution to

8, =38, [blde+> oV aw/ |,
J=1
where b, are predictable processes for i=1,...,d, j=1,...,n and W is a R"-valued
standard Wiener process. In this case, Conditions 1-3 in Theorem 3.1 can be replaced

with the following assumption: There exists some predictable, R?-valued process y
such that

1. b, — 6,0y, =0 (P ® J)-almost everywhere on Q x [0, T],
2. Hl =98, for i=1,....d.
The process k in Theorem 3.1 is of the form x = (&/Kr)&( [, 7/ b:dt + [y yT o, dW,).

These results coincide with those derived by Merton (1969, 1971), Karatzas et al.
(1991), Cvitani¢ and Karatzas (1992).

Example 4.3 (Exponential Lévy processes). Suppose that §1,...,S‘d are positive pro-
cesses of the form ' ::S':)o@(L" ), where L is a R?-valued Lévy process with character-
istic triplet (b,c, F'). By Lemma A.8, these processes coincide with those of the form
s :SA'z)ef for R?-valued Lévy processes L. In the last couple of years, processes of
this type have become popular for securities models, since they are mathematically
tractable and provide a good fit to real data (cf. Eberlein and Keller, 1995; Eberlein
et al., 1998; Madan and Senata, 1990; Barndorff-Nielsen, 1998). In this setting, Condi-
tions 1-3 in Theorem 3.1 can be replaced with the following assumption: There exists
some 7 € RY such that

1. F{x e RY: 1 +9yTx<0}) =0,

2. [|x/(1 +79"x) — h(x)|F(dx) < oo,

3. b—cy+ [(x/(1 4 y"x) — h(x))F(dx) =0,

4. H} :yi/ﬁi_ fori=1,...,d.

The process « equals (¢/K7)&(7TL), where yTL is a Lévy process whose trlplet (b & F)
relative to some truncation function /4 : R — R is given by b= yTb + [ (h(yTx) —
YT h(x))F(dx), é=7"cy, F(G)= [16(y"x)F(dx) for G € %. Again, y' can be inter-
preted as the fraction of wealth that is invested in security i. As in Example 4.1, it
does not depend on the time horizon.

Proof. Choose A4;:=t. From Lemma A.8 and Corollary A.6, it follows that the
characteristics (b- A4,é-A,A® F) of S are given by

bh=8 b+ /(h"(SA,l,xl,...,Sj’,xd) SR, x ) FAG,. . x0)),
=8 sl

F}(G):/1G(§,1_x1,...,Sf_xd)Ft(d(xl,...,xd))
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for t € [0,T], G € #“. The triplet of "L can be obtained from Corollary A.6 applied to
the mapping RY — R, x — yTx. The assertion follows from straightforward calculations.
O

Remark. In spite of its generality, Theorem 3.1 does not provide a necessary condition.
Kramkov and Schachermayer (1999) give an example (Example 5.1 bis in that paper)
where Eq. (3.2) has no solution but an optimal portfolio for terminal wealth still exists.
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Appendix A

In this section, we state results from stochastic calculus which are needed in the pre-
vious sections. Partially, they are of interest in their own right. Some of them are slight
generalizations of properties that can be found in Jacod (1979), Jacod and Shiryaev
(1987), or other textbooks. Truncation functions &, kg, has1,h, on R, RY, R¥T R”, re-
spectively, are supposed to be fixed in the appendix. We start with three technical
propositions.

Proposition A.1. Let H,K be predictable processes with values in R? (resp. R).

1. Suppose that M is a R?-valued local martingale and K € L. (M) for i=1,...,d.

loc
Then H € L} (K - M) if and only if HK € L} (M), where K - M :=(K - M',...,
K -M%). In this case H" - (K - M) = (HK)" - M.

2. Suppose that B is a R?-valued semimartingale whose components are in V" and
let K € L(B") for i=1,....d. Then H € L(K - B) if and only if HK € Ly(B),
where K - B:=(K - B',...,K - B). In this case H" - (K - B) = (HK)" - B.

3. Suppose that X is a R?-valued semimartingale and let K € L(X") for i=1,...,d.
Then H € L(K - X) if and only if HK € L(X), where K - X :==(K - X!,...,K - X?).
In this case H" - (K - X) = (HK)" - X.

4. Statements 1-3 hold accordingly if H is R-valued and K R-valued. In this case
H-(KT-X)=(KH)" - X.

5. Let p be an integer-valued random measure with compensator v and W =
(W, ..., Wiy with W' € Ge(p) for i =1,...,d. Then H'W € Goe(p) if and
only if HELL (W *(u—v)). In this case (H'W)x(u—v)=H" - (W x (. —v)).

Proof. (1) Let [M',M/]=d"-A, where 4 € ¥"* and a is a R?*¢-valued process. Then

[K-M'.K-M/1=(Ka'K)-A and (Y ,_| H'(KaVK)H')- A=(Y¢,_|(H'K )a'(H' K))-A.

The statement follows from the definition of stochastic integration in Jacod (1980).
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(2) Let B'=a'-A, where 4 € ¥+ and a is a R?-valued process. Then K -B'=(Ka')-A
and (Zil Hi(Ka')) - A= (Z?ZI(H K)a') - A. The statement follows again immediately
from the definition in Jacod (1980).

(3) Define D := {|AX]| > l}UUf:]{|KAX[\ > 1JU{|(HK)TAX| > 1}. If HK € L(X)
or H € L(K - X), then D is discrete by Jacod (1980, Proposition 3). Let x° =X +
ng_ AX1p(s) and XP:=X -X D. Denote the canonical decomposition of the special

semimartingale X as X =N +B. Let B .= X"+ B. Then K ¢ ﬂ?zl(LllOC(Ni)ﬁLs(Bi))
by Jacod (1980, Proposition 3). If H € L(K - X), the same proposition implies that
HecLl (K-N)YNLy(K -B). Hence, HK € L} (N)NLy(B) and H' - (K -X)=(HK)'- X

loc loc

by parts 1 and 2. If, on the other hand, HK € L(X), then HK € L} (N)N Ly(B) again
by Jacod (1980, Proposition 3). As before, the statement follows from parts 1 and 2.

(4) This is proved along the same lines as statements 1-3.

(5) Note that W' = H™W and W' = HTW for W' :=H™W and W::(Wl,...,Wd)
and W::(Wl,..., Wd). Let [Wis(u—v),W/x(u—v)]=d’-A, where A € ¥"* and
a is a R?*“-valued process. Observe that > _ (HTW)Y =3 _. Zz_izl HIH] AW *
(= V) AW 5 (u—v))s = (Ziizl HidVH7)-A. In view of the definitions of Gioc(pt)
and LIIOC(W * (U —v)), this impliés the first claim. The second statement follows from
the fact that both sides of the equation are purely discontinuous local martingales with
the same jumps. [J

Proposition A.2. Let X be a R -valued semimartingale and H € L(X).

1. Then H € L(X), (H"-X)*=H"-X¢, and A(H"-X)=HTAX, where X¢:=(X"<,...,
Xd,c’).

2. If Y is a real-valued semimartingale, then [HT - X,Y]1=H" - [X,Y]. In particular,
H e L(IX, YD),

3. For A:={(w,t,x) € Q x Ry x R?: |x| > 1 or |H (w)x| > 1} € 2 @ #¢ we have

X =Xo+ X +xlpac(x)* (¥ —v) +xla(x) « X + B (A.1)
and

HU' - X =H" X4+ H'x1pc(x) * (¥ —v)+ Hx1a(x)* 1 + HT - B, (A2)
where B is some predictable process whose components are in V.

Proof. (1) For d = 1, this follows from the definition in Jacod (1979, Definitions
2.67, and 2.68). In the d-dimensional case, let X = M + B be a decomposition of
X with H € LL (M) and X € Ly(B). Since [M',M/] = [X*¢ + M" X/¢ + M/4] =
[X5¢, X7 ¢] + [M*, M79], one easily concludes that H € Ll (X¢)N Ll .(M?). From
H™-B € v it follows that (HT-X)=(HT-M)‘. The statements (H"-M)*=H"-X¢ and
AHT -M)=HTAM can be shown as in Jacod (1979, 2.48). Since A(H"-B)=H"AB
holds for Stieltjes integrals, the claim follows.

(2) We have [HT - X, Y] = ((H" - X)",Y) + > AH" - X)AY =H" - (X, Y°) +
> <. HTAXAY by Statement 1 and the definition of #' - X¢. Note that the second
term equals HT - (>_s<. AXAY) in the Stieltjes sense. Together, the claim follows.
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(3) Let D:={|AX| > 1} U {|H"AX| > 1}. Eq. (A.1) follows from the canonical
representation of the special semimartingale X :=X — Xy — xI1a(x) * u¥ (cf. Jacod
and Shiryaev, 1987, 11.2.38). By Jacod (1980, Proposition 3) we have H € Ly(B) and
H € Ly(x1a(x) * u¥). Moreover, H € L(X°) has been shown in the first part of the
proof. H € L(x1ac(x) * (u¥ — v¥)) and Eq. (A.2) now follows from properties of
stochastic integration (cf. Jacod, 1980, (11) and Proposition 5.1). [J

Proposition A.3. Assume that
MAW, sx(u—V)+Wosxpu+B=M+ Wy *(uu—v)+ Wssu+B,

where 1 is an integer-valued random measure with compensator v, M,M are con-
tinuous local martingales, B,B € ¥ are predictable, Wi, Wy € Gioc(p), |Wa| * u €
o, |\ Wa|xp € #; and Wi+ Wo=Ws+Wy. Then we have M=M and B=B+(W,—Wy)v
up to indistinguishability.

Proof. M = M follows from Jacod and Shiryaev (1987, 1.4.27). This implies that
(W1 —Ws3)*(pu—v) is the sum of processes in ¥~ Since it is a local martingale, it must be
in /), (cf. Jacod and Shiryaev, 1987, 1.3.11). Hence, (W, — W4) % u is the sum of
processes in .o/1o.. Therefore its variation process | W, — Wy|*u is in .o/ gc, which implies

that | Wy —Wy|xv € o, and (Wy—Wy)*(u—v)=(Wy—Wy)*u—(Wo—Wy)xv (cf. Jacod

loc

and Shiryaev, 1987, 11.1.28). The claim follows from a simple calculation. [

Proposition A.4. Let X=M+A-A, where M denotes a R?-valued local martingale, A €
</}, a predictable process, and A € L(4) a R?-valued process. Moreover, suppose
that H € L(X) with H' A< 0 (PRA)-almost everywhere. Then there exists a R?-valued
local martingale U and a RY-valued semimartingale V such that X =U + V, H €

LUYNLY), and H™ - V is decreasing.

Proof. W.l.o.g., the compensator v of the measure of jumps u¥ is of the form v=A®F
for some transition kernel F from (Q x R,,Z) into (R?, #?). Otherwise, replace 4
with some predictable process 4 € </} . such that 4 <A (cf. Jacod and Shiryaev, 1987,
11.2.9, 1.3.13, Proposition 5.1).

Define the set A:={(w,t,x) € Qx Ry x RY : [x| > 1 or |[H (w)x| > 1} € 2 @ %°.
From M = X, + X¢ + x * (u¥ — v) and Statement 3 of Proposition A.2 it follows that
B:i=A-A+xIa(x)*(u* —v)—xla(x)*pu¥ is a predictable process whose components
are in . Moreover, the proof of this statement shows that H € Ly(B)NLy(x1(x)*u’").
Note that [x1a(x)|*v € o/ and B=A-A—x1a(x)*v=(A— [x1a(-,x)F.(dx))- 4
by Proposition A.3.

Now, let A":=AN{(w,t,x) € 2x R, x R : H'(w)x<0} and define a predictable
mapping ¥ : Q x R, x RY — R?,

xla(t,x) if / (—H D)1 a(t,3)F(dX)< — H 4,
Y(t,x):= T 4
XIA/(t’x)fHT =

T e —— else.
X1 a7 (6, X)F(dX)
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|Y(t,x)| < |x1a(s,x)| implies that |Y|*v € o7, as well. Since H,(A,— [ Y (t,x)F,(dx))=
0ANH (A — [x1a/(t,x)F(dx)) and 0 A HY (A, — [x1a(t,x)Fi(dx)) <O A H} (A, —
[ x1a(t,x)Fi(dx))<0, we have H € L(A-A—Y «xv)and H - (A-A—Y xv) is a
decreasing process. Moreover, |H, Y (t,x)|<|H x1a(t,x)| implies that H € Ly(Y * u*)
and H" - (Y » uX) = (H"Y) » u¥ is a decreasing process as well. Together, it follows
that ¥ :=A-A+ Y+ (u¥ —v)=(A-A—Y*v)+ Y *u" is a well-defined semimartingale
such that H € L(V) and H™ - V is decreasing. Finally, U :=M — Y x(u¥ —v)=X -V

is a R¥-valued local martingale with H# € L(X)NL(V)C L(U). O
The following lemma is a simple reformulation of 1t0’s formula.

Lemma A.5 (It6’s formula). Let U be an open subset of R and X a U-valued semi-
martingale such that X_ is U-valued as well. Moreover, let f: U — R be a function
of class C*>. Then f(X) is a semimartingale, and we have

t d t
re=re+ [ D a3 S [ ohronaperi,

ij=1
+/ (f(Xo— +x) = f(X2) = Df(X—) x)u* (ds, dux) (A.3)
[0,/]x Rd

for any t € Ry. Here, Df =(D1f,...,Daf) and (Dl-zjf),-,jzl,__.,d denote the first and
second derivatives of f, respectively.

Proof. This follows immediately from Jacod (1979, (2.54)). Note that |
R, if X_ is U-valued. [

neN [09Rn] =

We now consider the effect of C?>-mappings on the characteristics.

Corollary A.6. Let X, U be as in the previous lemma. Moreover, let f: U — R" be a
function of class C*. If (B, C,v) denote the characteristics of X, then the characteristics
(B, C,7) of the R'-valued semimartingale f(X) are given by

t d t
sk k T 1 2k ij
B, —/0 Df*(X;-) dBS—i—E E /OD,-jf (X,—)dcy

i,j=1

+ / X 4 x) — fG)) — DA ) ha(x))(ds, dx),
[0,]x RY

d t
¢'=3 /0 Dy f*(X,)D; (X, - ) dCY, (A4)
ij=1
3([0.1] x G) = / L6(f (Xee +3) — F(Xeu))W(ds, dx) (A.5)
[0,/]x R

for k,1e{l,....d}, te Ry, Ge A"
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Proof. Af(X), = f(X,— +AX,)— f(X,-) implies 1/ ([0,£] x G) = 16(f(X- +x)—
f(X_))*u, and hence Eq. (A.5). From the previous lemma and the canonical represen-
tation of X (cf. Jacod and Shiryaev (1987, 11.2.34)), we have that f5(X)= f*(X,) +
DMLY X 4D H XY ha(e)# (X =)+ DSHXYT B4 LYY D3 X CY
(X +x)— fF(X ) =D f5(X,_)Tha(x))* u*. Moreover, the canonical semimartingale
representation of f(X) equals f(X)=f(Xo)+(f (X)) +h,(f(X_+x)— f(X_))*(u* —
V) 4+ (f(X_ +x)— f(X2) = h(f(X= +x) — f(X_))) * ¥ + B. By Proposition A.3,
we obtain the first equation and (f*(X))° = Df*(X_)T - X°. Hence, Eq. (A.4) also
follows. [

The effect of discounting on the characteristics is considered below. Note that many
terms vanish if S is very simple (e.g. S° =e¢" for r € R).

Corollary A.7 (Discounting). If, in Section 3, the price process S is a R -valued
semimartingale whose characteristics (B,C,7V) are of the form (3.1) (for some (b,¢,F)
instead of (b,c,F)) and if S°,8° are positive, then the discounted process (§1,...,.§d)
is a semimartingale whose characteristics are of the form (3.1) as well, where

Al

i [ Si— 0 I o Si— -0
P TS T s T s
/S 4! Al S4 4 x4 ~d
Wl S .., =5
+/Rd+1 ( d (Sto_ +x0 T SO x0T )
) £ 2 ) ) Fid, )
St(]_ d+1 RN Sto_ d+1 IR t yeeey »
T PR - Y S
ijo_ =ij t— =0j t—  =0i t—¢t— =00
TSR T s T s s
S +xt S +xd )\ -
F[(G):/lG (SIO -|—x0 —Stf,...,m —S17 F,(dx)

for i,j€{l,....d}, t € R, G € % with 0¢G.

Proof. The claim follows from the previous corollary applied to the mapping f :
(0,00) x RY — RY, (x%,...,x%) — (x'x0,...,x4x%). O

The following lemma shows how stochastic and usual exponentials of Lévy processes
relate to each other.

Lemma A.8 (Exponential Lévy processes). 1. Let L be a real-valued Lévy process
(i.e., a PIIS in the sense of Jacod and Shiryaev (1987, Definition 11.4.1), with charac-
teristic triplet (b,é,F). Then the process Z =el is of the form &(L) for some Lévy
process L whose triplet (b,c,F) is given by

b=b+ % + /(h(e" — 1) — h(x))F(dx),
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c=2¢C,
F(G)= / lg(e* — )F(dx) for G € B.

2. Let L be a real-valued Lévy process with characteristic triplet (b,c,F). Suppose
that 7 := &(L) is positive. Then Z=e" for some Lévy process L whose triplet (b,é,F)
is given by

b=b— % + / (h(log(1 + x)) — h(x))F(dx),
c=c,

F(G):/lc(log(l +x))F(dx) for G € A.

Proof. 1. By It6’s formula, we have el =1+ el L, where
L :Zt + %<ZC,L~C>t +(e" =1 —x)* :uz[
= Iy + h(x) # (uF =5 4 b+ L(ECE) 4 (eF — 1 — h(x)) * il

Since AL=e"L-Aef =eAL — 1, we have pu“([0,¢] x G)=1g(e* — 1) * u[ and likewise
for vk, vL. From the canonical representation of L we get L =L + h(e* — 1) (,ui —
vE Y+B+(e"—1—h(e—1))x ,uf, where B is the first semimartingale characteristic
of L. Hence L =L and B, = bt + %(ZC,L~6>, + (h(e* — 1) — h(x)) * v,L~ by Proposition
A.3. Tt follows that L is a Lévy process whose triplet is as claimed.

2. By It6’s formula, we have log(Z) = L, where

Li=L — Y151, + (log(1 +x) — x) * -
=L¢ + h(x) * (U —vE), + bt — S(L L), + (log(1 + x) — h(x)) * pt.

Obviously, L is a Lévy process. Its triplet is immediately obtained from Statement 1.
[
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