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Abstract. This paper proves the NP-completeness of the reachability problem
for the class of flat counter machines with difference bounds and, more generally,
octagonal relations, labeling the transitions on the loops. The proof is based on
the fact that the sequence of powers {R"};?":1 of such relations can be encoded as
a periodic sequence of matrices, and that both the prefix and the period of this
sequence are 29RI2) in the size of the binary encoding |R|, of arelation R. This
result allows to characterize the complexity of the reachability problem for one
of the most studied class of counter machines [8, 11], and has a potential impact
on other problems in program verification.

1 Introduction

Counter machines are powerful abstractions of programs, commonly used in software
verification. Due to their expressive power, counter machines can simulate Turing ma-
chines [19], hence, in theory, any program can be viewed as a counter machine. In prac-
tice, effective reductions to counter systems have been designed for programs with dy-
namic heap data structures [4], arrays [6], dynamic thread creation and shared memory
[2], etc. Since counter machines with only two variables are Turing-complete [19], all
their decision problems (reachability, termination) are undecidable. This early negative
result motivated researchers to find classes of systems with decidable problems, such as:
(branching) vector addition systems [15, 17], reversal-bounded counter machines [16],
Datalog programs with gap-order constraints [21], and flat counter machines [3, 11, 8].
Despite the fact that reachability of a set of configurations is decidable for these classes,
few of them are actually supported by tools, and used for real-life verification purposes.
The main reason is that the complexities of the reachability problems for these systems
are, in general, prohibitive. Thus, most software verifiers rely on incomplete algorithms,
which, due to loss of precision, raise large numbers of false alarms.

We study the complexity of the reachability problems for a class of flat counter
machines (i.e., the control structure forbids nested loops), in which the transitions oc-
curring inside loops are all labeled with difference bounds constraints, i.e. conjunctions
of linear inequalities of the form x —y < ¢ where x,y € xUX' and ¢ € Z is a constant.
Furthermore, we extend the result to the case of octagonal relations, which are conjunc-
tions of the form +x+y <c.

The decidability of the reachability problem for these classes relies on the fact that
the transitive closures Rt of relations R, defined by difference bounds and octagonal
constraints, are expressible in Presburger arithmetic [11]. In [8], we presented a concise
proof of this fact, based on the observation that any sequence of powers {R'};—, can



be encoded as a periodic sequence of matrices, which can be defined by a quantifier-
free Presburger formula whose size depends on the prefix and the period of the matrix
sequence. In this paper we show primarily that both the prefix and period and this
sequence are of the order of 20(IRl2) | where ||R]|, is the size of the binary encoding of
the relation. More precisely, the quantifier-free Presburger formula defining a transitive
closure (and, implicitly, the reachability problem for the counter machine) has 2°(Xl2)
many disjuncts of polynomial size. A non-deterministic Turing machine that solves the
reachability problem can guess, for each loop relation R, the needed disjunct of R™, and
validate its guess in PTIME(||R,).

The main outcome of this result is the definition of a non-trivial class of counter

machines, for which the safety problems can be decided relatively easy e.g., by using
powerful Satisfiability Modulo Theories (SMT) solvers.
Related Work The complexity of safety, and, more generally, temporal logic proper-
ties of integer counter machines has received relatively little attention. For instance,
the exact complexity of reachability for vector addition systems (VAS) is an open
problem (the only known upper bound is non-primitive recursive), while the coverage
and boundedness problems are EXPSPACE-complete for VAS [20], and 2EXPTIME-
complete for branching VAS [15]. On what concerns counter machines with gap-order
constraints (a restriction of difference bounds constraints x —y < ¢ to the case ¢ > 0),
reachability is PSPACE-complete [10], even in the absence of the flatness restriction on
the control structure. Our result is incomparable to [10], as we show NP-completeness
for flat counter machines with more general?, difference bounds relations on loops. The
results which are probably closest to ours are the ones in [14, 13], where flat counter ma-
chines with deterministic transitions of the form Y% ; a;-x;+b <OAAL | x} =x;+¢; are
considered. In [14] it is shown that model-checking LTL is NP-complete for these sys-
tems, matching thus our complexity for reachability with difference bounds constraints,
while model-checking first-order logic and linear uy-calculus is PSPACE-complete [13],
matching the complexity of CTL* model checking for gap-order constraints [10]. These
results are again incomparable with ours, since (i) the linear guards are more general,
while (ii) the vector addition updates are more restrictive (e.g. the direct transfer of
values x; = x; for i # j is not allowed).

2 Preliminary Definitions

We denote by Z, N and N the sets of integers, positive (including zero) and strictly pos-
itive integers, respectively. We denote by Ze and Z _.. the sets Z U {eo} and Z U {—oo},
respectively.We write [n] for the interval {0,...,n— 1}, abs(n) for the absolute value of
the integer n € Z, and lem(ny, ... ,ng) for the least common multiple of ny,...,n; € N.
Let x denote a nonempty set of variables, and X' = {x' | x € x}. A valuation of x is
a function v : x — Z. The set of all such valuations is denoted by Z*, and we denote
by ZV the N-times cartesian product Z x ... x Z, for some N > 0. A linear term t
over a set of variables x = {x,...,xy} is a linear combination ag +Zﬁ~vz | aix;, where
ap,ai,...,ay € Z. An atomic proposition is a predicate of the form # < 0 where ¢ is a
linear term, ¢ € N is a constant, and =, denotes equality modulo c. Quantifier-free

3 The generalization of gap-order to difference bound constraints suffices to show undecidability
of non-flat counter machines, hence the restriction to flat control structures is crucial.



Presburger Arithmetic (QFPA) is the set of boolean combinations of atomic proposi-
tions of the above form. For a QFPA formula ¢, let Arom(¢) denote the set of atomic
propositions in ¢, and @[¢/x] denote the formula obtained by substituting the variable x
with the term ¢ in @.

If v € Z* is a valuation, we denote by v |= @ the fact that the formula obtained from
¢ by replacing each occurrence of x € x with v(x) is valid. A formula ¢ is said to be
consistent if and only if there exists v such that v = ¢. For two formulae ¢;(x) and
d2(x), we write ¢ < ¢, if, for all v € Z*, v |= ¢; if and only if v = ¢5.

A formula 0(x,x’) is evaluated with respect to two valuations vy, Vv, € Z¥, by replac-
ing each occurrence of x € x with v (x) and each occurrence of x' € X’ with v,(x) in 0.
The satisfaction relation is denoted by (vi,V2) = ¢(x,x'). A formula ¢g(x,x’) is said
to define a relation R C Z* x Z* whenever for all vi,v, € Z*, (v,v2) € R if and only
if (v1,v2) |= 0g. The composition of two relations Ry, Ry C Z* x Z* defined by formu-
lae @1 (x,x’) and @, (x,x’), respectively, is the relation Ry o R, defined by the formula
3y . ¢1(x,¥) A@2(y,x'). The identity relation Idy is defined by the formula A, x' = x.

Definition 1. A class of relations is a set R of QFPA formulae 0g(x,X') defining rela-
tions R C 7Z* x 7, such that, for any two R -definable relations Ry,Ry C Z* x 7*, there
exists a formula ¢(x,x') € R defining R| o R,.

Notice that any set K of formulae @(x,x’) that has quantifier elimination is a class of
relations. If the class of a relation is not specified a-priori, we consider it to be the set
of all QFPA formulae. For any relation R C ZX, we define RO = Idy and R'T! = RioR,
for all i > 0. R is called the i-th power of R in the sequel. With these notations, Rt =
U=, R denotes the transitive closure of R, and R* = R™ UIdy denotes the reflexive and
transitive closure of R.

For a constant ¢ € Z, we denote by | c[|, = [log, (abs(c))], if abs(c) > 2 and ||c[, =
2, otherwise, the size of its binary encoding®. Notice that ||c|, > 2, for every integer
¢ € Z. The binary size of an atomic proposition is defined as [lag + YN aix; <0, =
YV o lailly and [lag+ XY amxi =c 0], = ¥ aill, + |[c|l,- The binary size of a QFPA
formula @ is defined as [|@|l, = ¥, arom(e) [ Pl2> and gives (a faithful underapproxima-

tion of) the number of bits needed to represent @°. It is known that the satisfiability
problem for QFPA is NP-complete in the binary size of the formula [23]. The binary
size of an R -definable® relation R is ||R||g{ =min{| Pz, | oz € R, O defines R}. When
the class of a relation is obvious from the context, it will be omitted. If ¢ is a QFPA
formula, let V(@) denote the sum of the absolute values of its coefficients, formally
V(ag + Z?[:l aix; <0) = Z?’:o abs(a;), V(ag —|—Zf»\':1 aixi =.0) = Z?’:O abs(a;) + ¢ and
V(9) = ¥ pearom(g) V(p)- Since every formula @ has at least one non-null coefficient,
we have V(@) > 0. The following relates the sum of absolute values to the binary size
of a formula:

Proposition 1. For every QFPA formula @, we have ||@l|, > log, (V(@)).

4 Abstracting from particular machine representations, we assume that at least 2 bits are needed
to encode each integer.

5 We consider classical encodings of formulae as strings, and do not deal with issues related to
data compression.

6 The class & is relevant here, because the same relation can be defined by a smaller formula
notin R



Proof: Let ¢y, ...,c, € Z be the coefficients of ¢. We show the following inequality:

n

lell, = i leilly > logy (Y abs(ci)) = log, (V()) M

i=0 i=0

by induction on n > 0. The case n = 0 is trivial. For n > 0, we have, by the induction
hypothesis:

Tisolleilly > logy (7 abs(ci)) + lleall,
> log, (X7~ abs(c;)) +log, (abs(cy)) if abs(c,) > 2
> log, (X1 abs(c;)) if Y775 abs(c;) > 2

If 0 < abs(c,) <2 we have ||c,|, = 2 and hence:

4. (27;01 abs(c;)) > Z?:_ol abs(c;) +2 > Y7 abs(c)
log, (Y=g abs(ci)) + [lenlly = loga (Y=g abs(c;)) +2 > logy (X7gabs(ci))

Otherwise, if 0 < Y~ abs(c;) < 1, we have 0 < abs(c;) < 1, hence |[|¢;]|, = 2 for all
i=0,...,n— 1. It suffices to show that:

n

n
Y leill, = 2n+ fleall, > log (abs(ca) + 1) > log, (Y abs(ci))
i=0 i=0

For ||cal, = 0,1,2 we have |c,|l, > log,(abs(c,) + 1). For ||cul, > 2, we have 2 +
log, (abs(c,)) > log, (abs(cn) +1). O

3 The Reachability Problem for Flat Counter Machines

In this section we define counter machines, which are essentially a generalization of
integer programs, by allowing non-determinism, and the possibility of describing the
program steps by Presburger formulae. Since the class of counter machines with only
two counters with increment, decrement and zero test is already Turing-complete [19],
we consider a decidable class of flat counter machines [3, ?,?], by forbidding nested
loops in the control structure of the machine. By further restricting the relations on the
loops to several classes of conjunctive formulae (e.g. difference bounds, octagons, finite
monoid affine relations) we obtain that reachability is decidable [3, 9, 8]. In this paper
we strengthen the decidability results by showing that the reachability problem is in
fact NP-complete for flat counter machines with loops labeled by difference bounds and
octagonal relations. Formally, a counter machine is a tuple M = (x, L, Linit L fin, =, A),
where x is a set of first-order variables ranging over Z, L is a set of control locations,
Linit, € sin € L are initial and final control locations, = is a set of transition rules of the

R . . .
form ¢ = ¢', where £,¢' € L are control locations, and R C ZX x ZX is a relation, and

Al ES ') gives the class of R. A loop is a path in the control graph (£,=>) of M, where
the source and the destination locations are the same, and every transition rule appears
only once. A counter machine is said to be flat if and only if every control location is
the source/destination of at most one loop. The binary size of a counter machine M is

AR
M, =X, &, IR

Y



A configuration of M is a pair (¢,v), where £ € L is a control location, and v €
ZX is a valuation of the counters. A run of M to { is a sequence of configurations
(£o,v0),- .., (b, Vi), of length k > 0, where £y = £, & = ¢, and foreach i =0,...,k—1,

there exists a transition rule #; ié £iy1 such that (v;,viy1) € R;. If £ is not specified, we
assume ¢ = {y;,, and say that the sequence is a run of M.

The reachability problem asks, given a counter machine M, whether there exists
a run in M? This problem is, in general, undecidable [19], and it is decidable for flat
counter machines whose loops are labeled only with certain, restricted, classes of QFPA
relations, such as difference bounds (Def. 7) or octagons (Def. 10). The crux of the
decidability proofs in these cases is that the transitive closure of any relation of the
above type can be defined in QFPA, and is, moreover, effectively computable (see [8] for
an algorithm). The goal of this paper is to provide tight bounds on the complexity of the
reachability problem in these decidable cases. The parameter of the decision problem
is the binary size of the input counter machine M, i.e. |M||,. The following theorem
proves decidability of the reachability problem for flat counter machines, under the
assumption that the composition L of the relations on every loop in a counter machine
has a QF PA-definable transitive closure.

Theorem 1 ([9,8,3]). The reachability problem is decidable for any class of counter

machines M = {M flat counter machine | for each loop q, L q1 in M, the transitive
closure (Ryo...oR,)" is QFPA-definable}

Proof: Let M = (x, L,{;,{,,=,A) be a flat counter machine, where £ = {{},...,4,}.
First, we reduce the control graph (L,=) of M to a dag (and several self-loops), by
replacing each non-trivial loop of M:

R R Ry_» Ri_1
£i0 :ggil :ﬁéiz &',ﬁz = éik—l = éio

where k > 1, with the following:

Lo(xx)  Ly(xx) Li_ 1 (xxX)
N~ Ry Y ™~ Ry ; R Ry
by = 4 b, = 0,25 (2)
where Lj =Rjo...oR,_joRpo...oR;_, and E;l . ,E;k_l are fresh control locations

notin £, and for each rule ¢;; = {,, of M, where m 7 i 1) moa r» We add arule Kfj :¢> Ly
foreach j=0,...,k— 1. This operation doubles at most the number of control locations
in L. Without loss of generality, we can consider henceforth that each control location ¢;
belongs to at most one self loop labeled by a formula L;(x,x’), whose transitive closure
L7 is QFPA-definable.

The second phase of the reduction uses a simple breadth-first dag traversal algorithm
to label each control location in ¢; € £ with a QFPA formula o;(x,x’) that captures the
summary (effect) of the set of executions of M from the initial state £ to ;. We assume
w.l.0.g. that (i) for every location ¢; € L there exists a path in M from ¢, to ¢;, and (ii)
there are no rules of the form ¢£; = /; i.e, no self-loop involving ¢; in M. We define:

()] Eldx
o = (\/ R} G,’OR,'j)OL;7 fOI‘jZZ,...Jl (3)
U=t

J



Since for every location in L there exists a control path from ¢; to it, the breadth-
first traversal guarantees that each predecessor ¢; of a location /; is labeled with the
summary o; before ¢; is visited by the algorithm, ensuring that (3) is a proper definition.
Moreover, the fact that the structure is essentially a dag guarantees that it is sufficient
to visit each node only once in order to label each location with a summary.

Claim. Let M = (x,L,{1,¢,,A =) be a flat counter machine, and oy,...,0, be the
labeling of the control locations /1, ..., ¢, € L, respectively, as defined by (3). Then, for
allv,v eZ¥and ¢; € L:

(v,V') = o, if and only if M has arun (¢1,v),...,(¢;,V)

Proof: “=" By induction on the maximum number m > 0 of control locations on
each path between ¢; and ¢; in (L,=). If m =1 then i = 1 is the only possibility,
and consequently, we have o; = Idy, by (3). But then v = V/, and (¢1,v) is a run
of M. If m > 1, then o; is defined according to (3), and there exists {; € L, j # i,

such that /; iy ¢; is a transition rule in M, and (v,V') = 6;0RjioL;. Since (L,=)
is a dag, the maximum number of control locations on each path from ¢; to ¢; is
less than m, and, by the induction hypothesis, for each Vv € Z*, there exists a run
(€1,v),...,(¢;,V) in M if and only if (v,V) = G;. As (V,V') =G joRjjo L}, there exist
valuations v, v"" € ZX, such that (v,v") |= o, (V", V") |= Rj; and (vV"",V') |= L}. Then
Mhasarun (€1,V),...,(¢;,V"), (€, V"), (6, V).

“«" By induction on the number m > 0 of control locations that occur on the run.
If m = 1, the only possibility is that the run consists of one configuration (¢;,v), and
61 = Idx, by (3). But then (v,V) |= oy, for every valuation v € Z*. If m > 1, the run is
of the form (fl,V), ceey (fj,\’k,l), (f,’,vk), .
(¢;,V"), where (¢;,Vy) is the first occurrence of ¢; on the run, and in between (¢;, V), ..., (4;,V'),

all control locations are ¢;. By the induction hypothesis, (v,Vk—1) = ;. Since ¢; g 4

is a transition rule of M, we have (Vi_1,Vk) = Rji, and, moreover, (v, V') |= Lf. Hence

(v,v') =05, by (3). O

It is now manifest that M has a run if and only if the summary 6, corresponding to

its final control location ¢, is satisfiable. If all transitive closures L} occurring in (3) are
QFPA-definable, the reachability problem for a flat counter machine M is decidable.

O

4 Periodic Relations

We introduce a notion of periodicity on classes of relations that can be naturally rep-
resented as matrices. In general, an infinite sequence of integers is said to be periodic
if the elements of the sequence beyond a certain threshold (prefix), and which are situ-
ated at equal distance (period) one from another, differ by the same quantity (rate). This
notion of periodicity is lifted to matrices of integers, entry-wise. Assuming that each
power R¥ of a relation R is represented by a matrix M, R is said to be periodic if the
infinite sequence {Mj };°_, of matrix representations of powers of R is periodic. Period-
icity guarantees that the sequence has an infinite subsequence which can be captured by
a QFPA formula, which thus defines infinitely many powers of the relation. Then, the



remaining powers can be computed by composing this formula with only finitely many
(i.e., the size of the period) powers of the relation.

Example 1. For instance, consider the relation R : x' = y+ 1 Ay’ = x. This relation is
periodic, and we have R**! : ¥ =y+k+ 1Ay =x+kand R%*? : ¥ =x+kNy =
y+k, forall k > 0.

For two matrices A, B € Z2*™, we define the sum (A + B);; = A;; + Bij.

Definition 2. An infinite sequence of matrices {Ay}y_, € Z2*™ is said to be periodic
if and only if there exist integers b,c > 0 and matrices Ny, ..., A.—1 € ZI2*™ such that
Ab+(k+1)c+i =Ai+Apsieris forallk>0and i € [C]

The smallest integers b,c are called the prefix and the period of the sequence. The
matrices A;, corresponding to the prefix-period pair (b,c), are called the rates of the
sequence. A relation R is said to be x-consistent if and only if R" # 0, for all n > 0.

Definition 3. A class of relations R_ is said to be periodic iff there exist two functions
6 R = UnsoZ ™ and p : Uyso Z0™ — R, such that p(6(9)) < 0, for each formula
0 € R, and for any x-consistent relation R defined by a formula from R, the sequence
of matrices {o(R")}%2, is periodic.

If R is a x-consistent relation, the prefix, period b, ¢ > 0 and rates Ay, ..., A._1 € Z"*™
of the {o(R")}%, sequence are called the prefix, period and rates of R, respectively.
Otherwise, if R is not *-consistent, we convene that its prefix is the smallest » > 0 such
that R” = 0, and its period is one.

Definition 4. Let R C Z* x Z* be a relation. The closed form of R is the formula
R(k,x,X), where k & X, such that the formula R[n/k] defines R", for all n > 0.

If R is a class of relations, let R [k] denote the set of closed forms of relations defined by
formulae in R 7. Let Z[k]"*™ be the set of matrices M[k] of univariate linear terms, i.e.
M;; = a;j-k+b;j, where a;j,b;j € Z, for all 1 < i, j <m or M;; = . In addition to the &
and p functions from Def. 3, we consider a function 7 : J,,,~ o Z[k]22*™ — R [k], mapping
matrices into formulae ¢(k,x,x’) such that n(M)[n/k] < p(M[n/k]), for all n > 0. The
following lemma characterizes the closed form of a periodic relation, by defining an
infinite periodic subsequence of powers of the form {Rk+b+i te>0, for some b,c >0
and i € [c].

Lemma 1. Let R be a x-consistent periodic relation, b,c > 0 be integers, and A; be
matrices such that (R*<+1) = A; +o(RP*Y), for all i € [c]. Then the following are
equivalent, for all i € [c]:

1. Vk>0.R(k-c+b+ix,X) & n(k-A;+0(R))
2. Yk =03y . m(k-Ai+0(R"))(x,y) A o(p(R))(y.X) & m((k+1) Ai+0(R"1))(x,x)

7 The closed form of a QFPA-definable relation can always be defined in first-order arithmetic,
using Godel’s encoding of integer sequences, and is not, in general, equivalent to a QFPA
formula.



Proof: “(1) = (2)” Let n > 0 be an arbitrary integer. We compute:

Jy - w(n- Ai+0(RT))(x,y) AR(c,y,X') < R(nc+b+i,x,y) AS(p(R))(y,X)
< R((n+1)c+b+i,x,X)
& n((n+1)-Ai+o(R")(x,x)

“(2) = (1)” We prove, by induction on n > 0, that:
R(nc+b+i,x,x) < n(n- A+ (R (x,x)
The base case n = 0 follows from Def. 3. For the induction step, we compute:

R((n+1)c+b+ix.x) < y. Rnc+b+i,x,y) Ao(p(R))(y,x)
& Jy . w(n- A +0(RT))(x,y) Ao(p(R))(y,x') by the induction hypothesis
e n((n+1)-A;+o(RV))(x,x) by point (2).

O
Notice that » and ¢ in Lemma 1 are not necessarily the prefix and period of R: b can be
an arbitrary integer larger than the prefix, and ¢ may be a multiple of the period.

5 Flat Counter Machines with Periodic Loops

For simplicity’s sake, consider first the counter machines with the structure below:

R(xx'

I¥) ~ F(x)
Linit 0 = Lyin €]
where R C ZX x Z* is a periodic relation (Def. 3), and I,F C Z* are QFPA-definable
sets of valuations. In the following, we give sufficient conditions (Def. 6) under which
the reachability problem for the counter machines (4) is NP-complete.

Definition 5. A class of relations R_is said to be poly-logarithmic if and only if there
exist integer constants p,q,r > 0, depending on R, such that, for all P,Q,R € X :

1. ||R"|l, = O(|R||5 - (log, n)?), for all n > 0
2. the composition P o Q can be computed in time O((||P|, + | Ql,)")

If R is a poly-logarithmic class of relations, it is not difficult to see that there exists
a constant d > 0, depending of &, such that, for any R -definable relation R, the n-
th power R" can be computed by the fast exponentiation algorithm (Alg. 1) in time

O((”R“z'lngn)d)'

Definition 6. A class of periodic relations R_is said to be exponential if and only if (A)
R is poly-logarithmic, (B) the mappings ©, p and & (Def. 3) are computable in PTIME,
and (C) for each R -definable relation R C 7* x 7*:

1. there exist integer constants p,q > 0, depending on R, such that the prefix and
period of R are b = 20UIR13) gnd ¢ = 2_O(HR”3>, respectively

2. foralli€ [c] and A; such that 6(RPT<*7) = A; + 6 (RPH), the second point of Lemma
I can be checked in NPTIME(|R||,)



Algorithm 1 Fast Exponentiation Algorithm
1: function FASTPOWER(R, n)

2: O<+R

3: P < Idy

4 fori=1,...,[logy,n| do

5: if the i-th bit of nis 1 then  [2/ occurs in the binary decomposition of 7]
6: P+ PoQ

7: 0+ 000 [at this point Q = R*]

8: return P

The idea of the reduction is to show the existence of a non-deterministic Turing
machine that computes, in polynomial time, a QFPA formula, which encodes the reach-
ability question. Since the size of this formula is also polynomial (NP C PSPACE),
and the satisfiability of a QFPA formula is an NP-complete problem, it turns out that
the reachability problem for the counter machines (4) is in NP. Since I and F can be
any QFPA-definable sets, the reachability problem for such counter machines is also
NP-hard, by reduction from the satisfiability problem for QFPA.

To start with, observe that the reachability problem for (4) can be stated as the satis-
fiability of the following formula: I(x) Ak > 0 AR(k,x,x') AF(x'). Since, in general, the
closed form ﬁ(k, x,X’) is not QFPA-definable, we focus on the case where R is a peri-
odic relation (Def. 3). We distinguish two cases. First, if R is not *-consistent i.e., R'=0
if and only if i is greater or equal than the prefix b of R, the reachability problem for (4)
is equivalent to the satisfiability of the formula /(x) A [\/f;ol p(o(R"))] AF(x'). Second,
if R is x-consistent, the reachability problem for (4) is equivalent to the satisfiability of
the following formula:

b—1 c—1
I)A[V p(6(R) v \/ k> 0AR(k-Aj+0(RT) | AF(X) 6))
i=0 j=0
prefix period

where b,c > 0 are integers, and Ay,...,A.—| are matrices meeting the conditions of
the second point of Lemma 1. The first disjunct above takes care of the case when the
number of iterations of the loop is smaller than the prefix b, and the second one deals
with the other case, when kc 4 b + j iterations of the loop are needed, for some k > 0
and j € [c].

To prove that the reachability problem for the counter machines (4), whose loops are
labeled by relations from a periodic exponential class &, is in NP, we define a nonde-
terministic Turing machine 7, that decides the reachability problem in time polynomial
in ||R||, + |I||, + |F||,- The first guess of 7" is whether R is *-consistent or not. If the

guess was that R is not x-consistent, 7 guesses further a constant B = ZO(HRHQ), where
p > 0 depends on the class R. Then it checks that B is the prefix of R, by comput-
ing RB~! and R®, and checking that RB~! # 0 and R® = 0. This check can be carried
out in time O((||R||, - log, B)?), for some d > 0, using Alg. 1. Since B = 200RI2) | the
prefix check is polynomial in |R|,. The reachability problem can be encoded in QFPA



by further guessing i € [B], and computing the formula I(x) A p(c(R%))(x,x') A F(x').
Since R is a periodic exponential class, |R'||, = O(|R|}5 - (log,i)*) = O(||R||5"), for
some r,s > 0, depending on &X. Moreover, the binary size of this formula is polyno-
mial in ||, + ||R||, + ||F||,, and the reachability problem, can be answered by 7 in
NPTIME(|R|, + |[I||, + ||F|,), in this case.

If, on the other hand, the first guess of 7 was that R is x-consistent, then 7 will
further guess constants B = 20(IRI2) and € = 20<HR”3>, for p,q > 0 depending on R,
0<i<Band0< j<C.Next, it computes the powers R', RB*/ and RETC*/ in time
polynomial in [|R],, using Alg. 1, and lets A; = 6(REYCT/) — 6(RET/). T establishes
further whether the choices of B,C, j and A; are adequate for defining the closed form
of the infinite sequence of powers {RC**B+/},_ . using Lemma 1 (first point). To this
end, it must check the condition of the second point of Lemma 1, which by Def. 6 (point
C.2) can be done in NPTIME(||R|,). Next, 7 outputs a QFPA formula, by chosing
the i-th and j-th disjuncts from (5), and substituting the computed formulae p(c(R’)),
p(c(RBT/)) and the matrix A;, which yields a QFPA formula of size polynomial in
], +|IR|l, + |F ||, The satisfiability problem for this formula, and thus the reachability
for counter machines (4), can be solved in NPTIME(||I||, + ||R||, + ||F||,) by T

It is not difficult to see that the reachability problem for (4) is NP-hard, by reduction
from the satisfiability problem for QFPA [23]: let I(x) be any QFPA formula over x,
R =Idy and F = true. Then gy is reachable from g; if and only if /(x) is satisfiable. The
following theorem generalizes the proof from (4) to general flat counter machines.

Theorem 2. If R_is a periodic exponential class of relations, the reachability problem

for the class Mg = {M flat counter machine | for all rules q X q onaloop of M, R is
R -definable} is NP-complete.

Proof: NP-hardness is by reduction from the satisfiability problem for QFPA. To show
that the problem is in NP, let M € Mg be a flat counter machine. The reduction builds

from M a QFPA formula @y of size | @y, = O(|M|%), for some constant k > 0 de-
pending on R, such that M has a run from the initial to the final state if and only if ®),
is satisfiable — the latter condition can be checked by an NP algorithm which guesses
a solution of polynomial size in ®,; and verifies the correctness of the guess. The con-
struction of ®;; is done along the same lines as the proof of decidability for flat counter
machines whose loops have QFPA-definable transitive closures. First, we reduce each
loop of M to a path with single self loops, following the idea of (2). Since the class X pp
is poly-logarithmic (Lemma 6), each relation labeling a self-loop can be computed in
time O(||M||3), for some r > 0 depending on K, as the compositions of all relations
on that loop. Consequently, the size of each relation Ry, labeling a self-loop A in M, is
[Ryll, = O(|M]5). A non-deterministic Turing machine will guess first, for each self
loop A, whether R;, is *-consistent or not:

1. In the case R), is not *-consistent, the Turing machine guesses by = 20(IM ”5), for
some p > 0 depending on R, and then validates in PTIME(||Ry | ,) the guess that

R;, was not x-consistent, i.e. it checks that R;’f = ( and Rli”] =0.

2. Otherwise, if R is x-consistent, the Turing machine guesses constants by = 20(
¢, =20UMI3) 0 < i < by and 0 < j, < ¢y, for some p,q > 0 depending on R.. It
then validates the guess, by checking the second condition of Lemma 1, which can
also be done in NPTIME(||Ry[|,).

M3,



In each case, the Turing machine outputs, for each self-loop A a QFPA formula P
of size polynomial in ||Ry||,. The last step of the reduction is labeling each control state
of M by the summary formulae (3), where the ¥ formulae are used instead of the
transitive closures:

GjE( \/ G,’OR;])O‘PM (6)

R
=20,

where A : ¢; R$ ¢; is the self-loop around control location ¢;. The labeling is achieved
by visiting each control label of M exactly once, hence its size is polynomial in ||M||,.
By an argument similar to the one used in the proof of Thm. 1 (Claim 3), the reachability
problem is reduced to the satisfiability of the summary formula G ;,, corresponding to
the final location of M. The latter is of size polynomial in ||M|,. Hence the reachability
problem for the class Mg is in NP. a

6 The Periodicity of Tropical Matrix Powers

6.1 Weighted Graphs

Weighted graphs are central to the upcoming developments. The main intuition is that
the sequence of matrices representing the powers of a difference bounds relation cap-
tures minimal weight paths of lengths 1,2, 3. .. in a weighted graph. Formally a weighted
digraphis atuple G = (V,E,w), where V is a set of vertices, E C V x V is a set of edges,
and w: E — Z is a weight function. When G is clear from the context, we denote by

u > v the fact that (u,v) € E and w(u,v) = n. Let u(G) = max{abs(n) | u = v in G} be

the maximum absolute value of all weights in G. A matrix A € Z"*"™ is the incidence
matrix of a weighted digraph G = (V,E,w) with vertices V = {1,...,m} if and only
if A;; = n, for each edge i 2 j, and A;j = oo if there is no edge from i to j. A path

. . nj ny np n; . .
in G is a sequence T : Vo — V| —> V2...Vp_| — V,, Where v;_| — v; is an edge in

E, for each 1 <i < p. A path is elementary if for all 1 <i < j < p, we have v; = v;
only if i=1 and j = p. A cycle is a path of length greater than zero, whose source
and destination vertices are the same. For two paths 7 and 7/, such that the final ver-
tex of T coincides with the initial vertex of 7', let .7’ denote their concatenation. For
a path 7, we denote its length by |r|, and its weight (the sum of the weights of all
edges on T) by w(). Two paths T and 7 are said to be equivalent if and only if (i)
they start and end in the same vertices, (ii) w(p) = w(p’) and (iii) |p| = |p’|- Notice that
two equivalent paths may visit different vertices. A path & is minimal if and only if],
for any path 7’ between the same vertices, such that |t| = ||, we have w(mt) < w(').
The average weight of T is defined as w(m) = % A cycle is said to be critical if it
has minimal average weight among all cycles of G. For a subset of vertices W C V,
we denote by Gy = (W,EN (W x W),wN (W x Z)) the subgraph of G induced by
W. A subgraph Gy, is strongly connected if there exists a path between any two dis-
tinct vertices u,v € W. Gy s a strongly connected component (SCC) if it is a maximal
strongly connected subgraph of G. Each graph can be partitioned in a set of disjoint
strongly connected components. The cyclicity of a strongly connected component Gy
of G is the greatest common divisor of the lengths of all its elementary critical cycles,
or 1, if Gpyy) contains no cycles.



For two matrices A, B € Z1*™, we define the tropical product as (AXB);; = min]_, (ay +
bi;). We define AX' = A, and AR = AR KA, for all A € Z"*™ and k > 0. Let
A € ZIP" be a square matrix, and G be any weighted graph, such that A is the inci-
dence matrix of G. The sequence {AW }_, of tropical powers of A gives the minimal
weights of the paths of lengths k = 1,2, ... between any two vertices in G. The following
theorem shows that any sequence of tropical matrix powers is periodic, and provides an
accurate characterization of its period.

Theorem 3 ([22]). Let A € Z*™ be a matrix, G = (V,E,w) be a weighted graph whose

incidence matrix is A, and Wy, ..., W, be the partition of G in strongly connected com-
k . Lo . o

ponents. The sequence {Ax Yoo, is periodic, and its period is lcm(cy,...,c,), where

c1,...,Cy are the cyclicities of Wy, ..., W, respectively.

The above theorem does not give an estimate on the prefix of the sequence. Computing
an upper bound on the prefix of a sequence of tropical matrix powers is the goal of
Section 6.2.

6.2 Bounding the Prefix of a Sequence of Tropical Matrix Powers

Let G = (V,E,w) be a weighted digraph. If 6,...,04,; are paths, and Aj,...,A; are
pairwise distinct elementary cycles in G, the expression 8 = 61.A].G2...G.A{.Ck41 is
called a path scheme. If Y1 |o;| < card(V)*, we say that 8 is biquadratic. A path
scheme encodes the infinite set of paths [0]] = {c1.A]'.02...0k. A .Crp1 | ny,...,me €
N}. First, we show that all minimal paths are captured by path schemes with numbers
of loops which are at most quadratic in the size of the graph:

Lemma 2. Let G = (V,E,w) be a weighted digraph and p be a minimal path in G.
Then there exists an equivalent path p' and a path scheme ® = G1.A] ...Gx. A .Ck41 in
G, such that G1,.. .0y are elementary acyclic paths, k < card(V)?, and p' € [0].

Proof: For each vertex v € V, we partition the set of elementary cycles that start and end
in v, according to their length. The representative of each equivalence class is chosen to
be a cycle of minimal weight in the class. Since the length of each elementary cycle is
at most card(V), there are at most card(V)? such equivalence classes.

Let p be any minimal path in G. First, notice that p can be factorized as:

p= 61.7\,1 . Gk.Kk.GkH

where G,...,0;4 are elementary acyclic paths, and A, ..., A are elementary cycles.
This factorization can be achieved by a traversal of p while collecting the vertices along
the way in a set. The first vertex which is already in the set marks the first elementary
cycle. Then we empty the set and continue until the entire path is traversed.

Next, we repeat the following two steps until nothing changes:

1. Foralli=1,...,k— 1 move all cycles A;, j > i, starting and ending with the same
vertex as A;, next to A;, in the ascending order of their lengths. The result is a path
p’ of the same length and weight as p.

2. Factorize any remaining non-elementary acyclic path 6;.6,41 ...0;; as in the pre-
vious.



The loop above is shown to terminate, since the sum of the lengths of the remaining
acyclic paths decreases with every iteration. The result is a path of the same length and
weight as p, which starts and ends in the same vertices as p, in which all elementary
cycles of the same length are grouped together. Since p was supposed to be a minimal
path, so is p’, and moreover, all elementary cycles can be replaced by their equivalence
class representatives, without changing neither the length, nor the weight of the path.
The result is a path which belongs to a scheme with at most card(V)? cycles. a

Second, for every minimal path in the graph, there exists an equivalent path which
is captured by a biquadratic path scheme with one loop:

Lemma 3. Let G = (V,E,w) be a weighted digraph and p be a minimal path. Then
there exists an equivalent path p' and a biquadratic path scheme 6.\*.G', such that

"€ [oA".0].
Proof: By Lemma 2, for any path p in G there exists a path scheme = 6.1].65 ... 6. A} .Cr 41,
such that 1,...,644 are acyclic and k < card(V)?, and a path p’, starting and end-
ing in the same vertices as p, of the same weight and length as p, such that p’ =
61.A]".02... 0k Nk .0k for some ny,...,ng > 0. Suppose that ; is a cycle with mini-

\(M> < ‘&l),foralll<]<k

For each n; there exist p; > 0 and 0 < g; < |A;], such thatnj = p;-|A;| +¢;. Let p” be
the path:

@ n; +Z 11’] ‘}" ‘*Z i+1Pj° |}L | qx
(51.7\,1 .02...0,_1. 7\, i= i=i G,’+1....(5k.7\.k .Of41

It is easy to check that |p”| = |p’| and w(p”) = w(p’), since p’ is minimal.

Clearly p” is captured by the path scheme p1.A}.p2, where p; = 61.A".0,...0;,_;
and p2 = Gjy1.... Gk.lZ".GkH. Since ©1,...,0f, Oy are acyclic elementary paths, by
Lemma 2, |6;| < card(V). Also, since A, ..., At are elementary cycles, we have |A;| <
card(V). Since ¢; < |A;| < card(V), and k < card(V)?, by Lemma 2, we have that

lp1-p2| < (k+1)- (Cafd(

)—1)+k-(card(V))- (card(V)—l)
< (card(V)>+1)- (
4

(v

card( )—1) +card( )2 (card(V)) - (card(V) — 1)
= card(V)* —card(V)? +card(V) —
< card(V)*
Hence p;.A}.ps is a biquadratic path scheme. a

For any ¢ > 0 and vertices u,v € V, let bigs(¢,u,v) denote the set of all biquadratic
path schemes 6.1*.¢’, for which there exists a path p € [6.A*.6"]] of length |p| = ¢ be-
tween u and v. Also, let min_bigs(¢,u,v) be the subset of bigs(¢,u,v) consisting of mini-
mal average weight path schemes i.e., min_bigs(¢,u,v) = {c.A*.0’ € bigs({,u,v) | VTN*.T' €
bigs(t,u,v) . w(k) <w(n)}.

Proposition 2. Given a weighted graph G = (V,E,w), for any integer £ > card(V)* and
vertices u,v € V, we have bigs({,u,v) = blqs(€+ k-lem(1,...,card(V)),u,v), for all
k > 0. Moreover, we have min_bigs({,u,v) = minl)iqs(€+k~lcm(l, e ,card( ), u,v),
forall k> 0.

Proof: Let C =1lem(1,...,card(V)) in rest of the proof. We prove that, for an arbitrary

path scheme 6:
0 € bigs({ + k- C,u,v) implies 8 € bigs(¢,u,v)



for all k > 0 (the other direction is trivial). Let = 6.A*.6" € bigs({+ k- C,u,v) be a
path scheme. Clearly,
{+k-C=|o.0|+p- |\

for some p > 0. Since 8 is biquadratic, then |6.6’| < card(V)*. Since £ > card(V)*, we
obtain that:
(> ]0.0]
As a consequence, p- |A| > k-C. Thus, p > % and hence p' = p— % > 0. Hence we
can define a path p = o\ .6'. We compute:
|6.6'|+p- M
|o.6'|+p- |\ —kC
1

P

Thus, we have 6 € bigs(¢,u,v). For the second point, let L = lcm(1,... card(V)). We
compute:

min_bigs(¢,u,v) = {6.A*.0" € bigs(l,u,v) | VTn*.T € bigs(l,u,v) . w(A) <w(n)}
= {o.A*.0' € bigs({+k-L,u,v) | VTn*.T € bigs({ +k-L,u,v) . w(k) <w(n)}
= min_bigs({+k-L,u,v)

O

The following lemma shows that, for a sufficiently long minimal path, there exists an
equivalent path which follows a biquadratic path scheme which moreover, has minimal
average weight among all possible path schemes for that length.

Lemma 4. Let G = (V,E,w) be a weighted digraph, and u,v € V be two vertices. Then
for every minimal path p from u to v, such that |p| > max(card(V),4 - u(G) - card(V)9),
there exists an equivalent path p', and a minimal average weight biquadratic path
scheme 6.\*.6' € min_bigs(€,u,v), such that p' € [6.1*.0'].

Proof: First we consider the case u(G) = 0. In this case max(card(V ), 4-u(G) -card(V)%) =
card(V) > 0, and any path p of length |p| > card(V) has a cyclic subpath. Since u(G) =
0, all paths in G have zero weight, hence p is minimal. By Lemma 3, there exists
an equivalent path p’ which is captured by a biquadratic path scheme 6.A*.6’ of zero
weight.

Back to the case u(G) > 0, we have max(card(V),4 - u(G) - card(V)®) = 4 - u(G) -
card(V)®. By Lemma 3, for every minimal path p of length L > 0, there exists an equiva-
lent path p’ which is captured by at least one biquadratic path scheme from bigs(L,u,v).
We will show that if L > 4 u(G) - card(V)°®, the cycle in this path scheme must have
minimal average weight among cycles of all path schemes in bigs(L,u,v).

Let 6;.A;.6;,6,.17.0); € bigs(L,u,v) be two path schemes such that p; = 0,-.7»?".62

b; .
and p; =0 j.kj’ .G’j are two paths of length L, between the same vertices, for some



bi,b; > 0. First, we compute:

PN

L—|c;.0,
w(ps) = w(0i.67) + S ()
L—|5;.0/]

w(p; =W(01~0})+ ] “w(kj)

~.
=
= |

Assume w.l.o.g that w(A;) < W(A;). We compute:

L—|o;.0] L—|5;.6/] )

w(pi) <w(p;) IFF w(o;.c}) + i w(h) < W(Gj.(s'j) + o w(kj)

FF [AillAs1(w(oi-07) —w(5;.07))+ Ail-|oj .o | w(kj) = [A]-|oi-o]-w(ks)

I w(kj)~\7»,-\7w'<7~i)'|7“j\

<L

Since w(A;) - |A;| —w(A;) - [Aj| > 0 and since w(A;),w(];), |Ail,|A;| € Z, we have that
w(Aj) - [Mi| —=w(i) - [A;| > 1. By Lemma 3, we have |6;.67,[0,.067[ < card(V)*, and
moreover, for any path 7, w(nt) < || - u(G). Since 1 < |A;], |A;| < card(V'), we compute:

[Ail-[A5]-(w(oi.07) —w(5;.67))+ |Ail-|oj .o | w(kj) = [A]-|oi- o] -w(hs)
w(kj) [l —w(hi)-A,]
< Pl oyl (9(03.6%) — w(.0%)) + [l 663 - wihy) — [ - w()
< 4-u(G)-card(V)®

Combining this with Equation (7), we infer that if w();) <W(A;) and 4-u(G)-card(V)® <
L, then w(p;) < w(p;). Therefore, a minimal path of length greater than 4 - u(G) -
card(V)® must follow a biquadratic path scheme, whose cycle has minimal average
weight, among all possible path schemes, which could be followed by that path. ad

Let min_weight (¢,u,v) € Z. denote the minimal weight among all paths of length ¢
between u and v, or oo if no such path exists. The following lemma is crucial in proving
the main result of this section:

Lemma 5. Let G = (V,E,w) be a weighted graph and u,v € V be two vertices. Then
the sequence {min_weight({,u,v)}7_, is periodic, with prefix at most max(card(V )*,4 -
w(G) - card(V)®).

Proof: 1t is sufficient to show that, there exists an integer ¢ > 0 such that, for any ¢ >
max (card(V)*,4 - u(G) - card(V)®), there exists A € Ze. such that min_weight (¢ + (k +
L)c,u,v) = A+ min_weight({ +kc,u,v), for all k > 0. Let ¢ = lem(1,...,card(V)). By
Prop. 2 is that min_bigs(¢,u,v) = min_bigs({ + kc,u,v), for all k > 0.

We distinguish two cases. First, min_weight (¢ + kc,u,v) = oo, i.e. min_bigs({ +
ke,u,v) = min_bigs({+ (k+ 1)c,u,v) = 0, and therefore we obtain min_weight ({4 (k+
1)c,u,v) = oo as well. Second, suppose that min_weight (¢ + kc,u,v) < oo. Then there
exists a minimal path p between u and v such that |p| = £+ kc > max(card(V)* 4 -
u(G) - card(V)%). By Lemma 4, there exists an equivalent path p’ and a biquadratic
path scheme 6.A*.¢’ € min_bigs(¢ + kc,u,v) such that p’ = 6.A?.¢’ for some b > 0.

Let p” be the path 6.\ .6/, We will show that p” is minimal. For, if this is the
case, then |p”| = |p| 4+ ¢ and w(p”) = w(p) + ¢ - w(N) i.e., min_weight (£ + kc,u,v) =



min_weight({ + (k+ 1)c,u,v) + c¢-w(A). Since W(A) is the common average weight of
all path schemes in min_bigs({+ kc,u,v) = min_bigs({+k'c,u,v), for any k,k’ > 0, the
choice of A = ¢-w(\) does not depend on the particular value of k.

To show that p” is indeed minimal, suppose it is not, and let T be a minimal path
of length |p”| = £+ (k+ 1)c > max(card(V)* 4 - u(G) - card(V)%). By Lemma 4, there
exists an equivalent path 7’ and a biquadratic path scheme T.N*.7" € min_bigs(¢+ (k +
1)c,u,v) = min_bigs({ + kc,u,v) (by Prop. 2) such that ©’ = t.n%.7, for some d > 0.

We define the path & = ’C.T]df R , of length ¢+ kc. We have the following relations:

p= oo p =o' wp)<wm)  w(p”) > wn')
n=tn WY = it fpl = [n  |p"| = |

Since w(A) = w(m), we infer that

W(p") = w(p) = W) = WOh) e = W) e =wln) o = wlw) —w(m) @)
Also, w(p) < w(m) and w(n”) < w(p”) implies that w(p) + w(n”) < w(r) + w(p”)
which contradicts Equation (8). O

The following theorem summarizes the main result of this section, completing the
evaluation of the period of a sequence of tropical powers (Theorem 3) with an upper
bound on its prefix:

Theorem 4. Given a matrix A € Z"*™, the sequence {AW Yo, is periodic with prefix
at most max(m*,4-M -m®), where M = max{abs(A;;) | 1 <i,j <m,A;; < oo},

Proof: Let G be the weighted graph whose incidence matrix is A. Clearly, M = u(G),
and (AW),-J- = min_weight (¢,i, j), for each £ > 0 and 1 <1, j < m. Since the prefix of the
sequence {AW }r_, is the maximum of the prefixes of {(Agk),- itr_;» and each of the
latter prefixes is at most max (m*,4 - M - m®) (by Lemma 5), the conclusion follows. [

7 Difference Bounds Relations

In the rest of this section, let x = {x{,x;,...,xy} be a set of variables ranging over Z.

Definition 7. A formula ¢(x) is a difference bounds constraint if it is a finite conjunc-
tion of atomic propositions of the form x; —x; < o;j, 1 <i, j <N, i # j, where o;; € Z.
A relation R C Z* x ZX is a difference bounds relation if it can be defined by a difference
bounds constraint Og(x,X'). The class of difference bounds relations is denoted by R pp.

Difference bounds constraints are represented either as matrices or as graphs. If ¢(x) is
a difference bounds constraint, then a difference bounds matrix (DBM) representing ¢
is an N x N matrix M, such that (My);; = o if x; —x; < o € Atom(0), (My);; =0, and
(My)ij = o, otherwise (Fig.1b). The constraint graph Gy = (X,—) is a weighted graph,

. . a j . .
where each vertex corresponds to a variable, and there is an edge x; Ly jin Gy if and

only if there exists a constraint x; —x; < oy; in ¢ (Fig. 1a). If R is a difference bounds
relation defined by the difference bounds constraint ¢g(x,x’), the folded graph of R is



] . ’ . o o
the graph g}; = (x, i)), which has an edge x; i> x; whenever either x; = x;, x; — x’j,
o o . . . .
X} = xjorx} — x’j in Gg (Fig. 1c). For any two variables x;,x; € X, we write x; ~g X;

whenever x; and x; belong to the same SCC of g}{ . Clearly, M, is the incidence matrix
of Gy. If M € ZN*N is a DBM, we define8:

uu — pu __ ’
P :/\Mij<°°xi—Xj§M,'j CI)M :/\Mij<ooxi_xj§Mij
“p — oy . PP — r o
CI)M - /\Mij<ooxl xj S MU CI)M = /\M,.j<°<,x,- )Cj S MU

A DBM M is said to be consistent if and only if ®}y is consistent. For a consis-
tent difference bounds constraint ¢, let ¢* denote its closure i.e., the unique difference
bounds constraint containing explicitly all the implied constraints of ¢. It is well known
that difference bounds constraints have quantifier elimination’, and are thus closed un-
der relational composition.

Proposition 3. Ler ¢ and 01,0y be difference bounds constraints, ¢ and ¢ are con-
sistent, Gy be the constraint graph of ¢ and Got Gos be the constraint graphs of the
closures of ¢1, 0, respectively. Then, the following hold:

— 0 is consistent if and only if Gy does not contain an elementary negative weight
cycle

- 01 < 02 if and only ifgqﬁ = gq,;.
Proof: See e.g. [12], §25.5. O

) X0 x(1) x(2) x(3) x4 x(5) x(6)
X1 0 oo 1 -1 ' X1 o o o

2
X} )

0°° X1 o o (<]
x’zoooo‘ooo xzcﬁ'gfgﬁk/g

(b) Mj, © G (d) z-paths in G

Fig. 1: Let R(x1,x2,x],%5) @ x1 —x) <1Ax—xh < —1Axp—x] < —2Axp—x5 <2
be a difference bounds relation. (a) shows the graph representation Gg, (b) the closed
DBM representation of R, and (c) the folded graph of Gg, where x1 ~g x2. (d) shows
several odd forward z-paths: 7; (essential and repeating), 7, (repeating), T3 (essential)
and w4 = 73.7; (neither essential nor repeating).

Lemma 6. The class R pp is poly-logarithmic.

Proof: Let R C 7N x 7N be a difference bounds relation, x = {x1,...,xn} be the set
of variables in its arithmetic representation, and let Gg be its corresponding constraint

8 The superscripts u and p stand for unprimed and primed, respectively.
9 The quantifier elimination procedure relies on the classical Floyd-Warshall closure algorithm.



graph. We assume w.l.0.g. that each variable in x occurs in at least one atomic propo-
sition of the form x —y < ¢, in each arithmetic formula defining R (otherwise we need
not consider that variable in x). Hence we have:

N <2-[|R], ©)

We denote by Gg' the m-times unfolding of Gg, formally the graph with vertices x0 x(

where x() = {x()) | x € x}, and the subgraph composed of the edges between x() and
x(*+1) js an isomorphic copy of Gg, foralli =0,...,m— 1. Then the m-th power of R is
the difference bounds relation:

R"s A xi—x;<min{xl” > xi-())} A xj—x; < min{xfm) — xﬁ-m)}
(0)}

1<ij<N A x; =X < min{x\" - x&m)} A —x; <min{x" X;

where min{xgp ) xﬁ.q)} denotes the minimal weight among all paths between the ex-
(p)

i

(g
J
does not visit any vertex twice, we have min{xl(p ) xﬁ-q)} <N-(m+1)-V(R), for all

tremal vertices x” and x'¢ in Gp., for p,q € {0,m}. Since any such minimal path

i,je{l,...,N} and p,q € {0,m}. We compute:

IR" |l < 4N?-loga(N - (m+1) - V(R))
=< 16HR||§3' (log, [|R]l, +1og, (m + 1) +log, V(R)) by (9)
= O(|R];-logy m) by Prop. 1

The second point of Def. 5 follows by observing that the composition of two dif-
ference bounds relations P,Q € ZN x ZV is computed by the Floyd-Warshall algo-
rithm in (3N)? steps. Since the maximal values occurring during this computation
are less than 3N - (V(P) + V(Q)), and the operations at each step can be performed
in log, N 4 log, (V(P) + V(Q)) < log, N +log, V(P) + log, V(Q), the entire computa-
tion takes O((||P|, +[Qll,)*) time. 0

7.1 Zigzag Automata

Zigzag automata have been used in the proof of Presburger definability of transitive
closures [9], and of periodicity [8], for difference bounds and octagonal relations. They
are needed here for showing that difference bounds relations are exponential (Def. 6).
Let R C ZN x ZN be a difference bounds relation, Gr be the constraint graph of R, and
Yr = 29% be the set of subgraphs of Gg. A word of length n > 0 over Ly is a mapping
v : [n] = Zg. The notion of finite words over Xz extends naturally to infinite words
Y: N — Xk, and to bi-infinite words 7y : Z — Xg. The concatenation of two finite words
Y:[n] = Zgandy : [m] —» Egisaword Y-y : [n+m] — Zg, defined as (y-Y) (i) = y(i),
forall0 <i<nand (y-Y)(i) =Y (i—n), for all n <i < n+m. The set of finite words is
denoted X}. For a finite word v: [n] — Xg, we denote by ¥ its infinite iteration, and by
“y® its bi-infinite iteration, i.e. Y*[i] = y[i mod n], for all i € N, and ®y*[i] = y[i mod ]



for all i € Z. Alternatively, a word v is represented as a graph'® with vertices Uo x(),
where x() = {x()) | x € x} and edges:

— % 3 it and only if x 2 ) in (i)

_ x,(:H) & x?) if and only if x, % x in y(i)

forall 1 <k,/ <N andforall0<i<n.

Definition 8. A finite word ¥ : [n] — Xy is said to be valid if and only if, for all 1 <k <
N:
— each vertex x,(f) in 7y has in-degree and out-degree at most one, for all i € [n]

(@)

— each vertex xki in Y has equal in-degree and has out-degree, for all i € [n— 1]\ {0}

This notion of validity extends from finite to infinite and bi-infinite words.

Given a difference bounds relation R C ZV*VN | the set of valid finite words in Iy
is recognizable by a finite weighted automaton, called a zigzag automaton in the fol-
lowing. Let Tz = (Q,A,®) be a weighted graph!!, called the transition table of the
zigzag automata over X, where Q = {/,r,{r,r{, L}V is a set of states, A: Q x Zg — Q
is a transition mapping, and ® : Xg — Z. is a weight function. Intuitively, a state
q= <q<1), el ,q<N>> € Q describes a vertical cut in a word, as follows: q;) = £ (q(;) =)
if there is a path in the word which traverses the cut at position i form right to left (left
to right), q;y = £r (q(;y = r{) if there is a path from the left (right), which bounces to
the left (right) at position i, and q;y = L if the word does not intersect with the cut at
position i, for each i = 1,...,N (see Fig. 2 (c¢) for an intuitive example). The transition
function A ensures that the (local) validity condition is met. More precisely, each path

pP:qo n, qi RENSNN qx in Tg, between two arbitrary states qo,qx € O, recognizes a

valid word denoted as G =i - ... Y. The weight ®(G) of a graph G € Xy, is the sum of
the weights of its edges, and the weight of a path is ®(p) = Y'X_, o(G;). Finally, a zigzag
automaton is a tuple A = (T,I,F), where I,F C Q are sets of initial and final states,

respectively. We denote the language of A as L(A) ={G | qi L qr.qi €1,qr € F}. A
detailed definition of zigzag automata can be found in [9]. For the purposes of the up-
coming developments, we rely on the example in Fig. 2 to give the necessary intuition.

Remark 1. The transition table Tz = (Q, A, ®) of a difference bounds relation R C ZN x
7N has at most 5V vertices, since Q = {£,r,¢r,r{, L} is a possible representation of
the set of states [9].

10 We assume w.l.o.g. that Gr is a bipartite graph, obtained by replacing all constraints of the
formx—y<abyx—t <o A ' —y <0, and all constraints of the form x' —y" < o by
¥ —t <o A t—y <0, for some fresh variables ¢,t' & FV(R).

! For reasons of presentation, we differ slightly from the definition of a weighted graph given in
the previous section — here the weight of an edge is associated with the symbol labeling that
edge.



7.2 Paths Recognizable by Zigzag Automata

This section studies the paths that occur within the words recognizable by zigzag au-

tomata. Consider the bi-infinite unfolding ®Gg of Gg. A finite path p : x i) —>x( j2) G2,

(k=1) &
US|

2 (c) for examples of z-paths) whenever, forall1 <p<q<k,i,=1i;and j, = j, only

if p =1 and g = k. We say that a variable x;; occurs on p at position j,, forall 1 <s <k.

A z-path is called a z-cycle if ij = iy and j; = ji. A z-path is said to be odd if j| # ji

(D)0, 2 0, () 0,°2) 0,
oF

-4 x(”‘ in °GR, for ji,..., jx € Z is said to be a z-path (see Fig. 1d or Fig.

and even otherwise. For instance, in Fig. 2 (c), the z-path x

xgl) ;l>x§ Vis an odd z-path, whllex( ) gx( ) £>x( ) g>)c< )gx

— X
is an even z-path.

We denote by ||p|| = abs(jx — j1) its relative length, by w(p) = Zf-‘;ll o its weight,
and by w(p) = %“)‘) its relative weight. We write vars(p) for the set {x;,,...,x; } of
variables occurring within p, called the support set of p.

An even z-path is said to be forward if j; = jr = min(jy,..., jx) and backward if
J1 = Jjx = max(ji,...,jx). An even z-path is said to be fitting if it is either forward
or backward. An odd z-path is said to be forward if j; < ji and backward if j1 > ji.
An odd forward (backward) z-path is said to be fitting if j; = min(ji,..., ji) and j; =
max(jy,...,jx) (i = max(ji,...,jx) and ji = min(jy,..., ji)). For instance, in Fig. 2

(c), the odd forward z-path x(ll) LA xéz) A ng) 9, xf) LN xgl) LN xiz) is not fitting, while
the odd forward z-path x§0> ... x%m is fitting.

We say that a fitting z-path p is encoded by a word G, if and only if G consists of
nothing but p and several z-cycles not intersecting with p. Observe that every fitting
even (odd) z-path is encoded by a valid word G - ...- Gy € X, such that the z-path
traverses each G; an even (odd) number of times.Let Enc(G) be the set consisting of the
single acyclic z-path encoded by G, or the empty set, if G does not contain exactly one

acyclic path. Let Enc(L) = Uge Enc(G) for any set of words £ C Xj. For instance, in

Fig. 2 (c), the valid word YO.y%.yz.%.y4.yg.76.77.75.79.72.73.74 encodes the z-path x(lo) —

)

Theorem 5 ([9]). Ler R C ZN x ZVN be a x-consistent difference bounds relation, x =
{x1,...,xn} be the set of variables used in its definition, and Gg be its correspond-
ing constraint graph. Then, for every x;,x; € X, there exist zigzag automata'? A;j =
(Tr, I F5), @ € {ef ,eb,of,0b}, where Tr = (Q,A, 0), such that Enc(L(A};)) are the

ijrtij
sets of fitting even/odd, forward/backward z-paths, starting with x(k)

5[), respectively, for some k, £ € Z.. Moreover; for each fitting z-path p, ®(p) = min{®(Y) |

vE LA ULAD) U LAY U L), p € Enc(y)}.

and ending with

12 Superscripts ef,eb,of and ob stand for even forward, even backward, odd forward and odd
backward, respectively.



7.3 The Complexity of Acceleration for Difference Bounds Relations

In this section, we prove that difference bounds constraints induce a periodic expo-
nential class of relations (Def. 6). First, we recall that difference bounds relations are
periodic (Def. 3) [8]. If R C ZN x Z" is a difference bounds relation, let 6(R) = My
and, for each M € ZZV*2N let "M, gM, M™, Mg € ZN*VN denote its top-left, bottom-
left, top-right and bottom-right corners, respectively. Intuitivelly, ™M, oM, M™, Mg
capture constraints of the forms x; —x; < ¢, x} —x; < ¢, x; —x; < cand x; —¥; <,
respectivelly (see Fig. 1b). We define p(M) = $'g, A @::. A @p."M A q)f,lp.. Anal-
ogously, if M € Z[k]2N*?N is a matrix of univariate linear terms in k, T(M)(k,x,x) is
defined in the same way as p above.

With these definitions, it was shown in [8], that the class of difference bounds rela-
tions is periodic (Def. 3). The reason is that the sequence of difference bounds matrices
{Myi}32, corresponding to the powers of a relation R is a pointwise projection of the

sequence of tropical powers { ME} | of the incidence matrix Mg of the transition
table Tz. By Thm. 3, any sequence of tropical powers of a matrix is periodic, which
entails the periodicity of the difference bounds relation R. Recall that the number of
vertices in Ty is 5V = 290V), Consequently, the prefix of a difference bounds relation
can be bounded using Thm. 4:

Lemma 7. The prefix of a difference bounds relation R C ZN x ZN is V(R) - 20).

Proof: We consider first the case where R is a x-consistent relation. In this case, the

prefix of R is bounded by the prefix of the sequence {MR‘X’};?":O, where My is the
incidence matrix of the transition table 7 of the zigzag automata for R. The size
of this table is m < 5. Let My € Z"™ be the incidence matrix of Tz. Let M =
max{abs((Mg);;) | 1 <i,j < m} be the constant from Thm. 4. Then the prefix of R
is bounded by max(m*,4-M-m®) < V(R) -5V = V(R) -2°), by Thm. 4.

Assume now that R is not #-consistent, i.e. there exist » > 0 such that R is consistent
and, for any ¢ > b, RY is not consistent. By Prop. 3, for each ¢ > b, Gy, contains a z-
cycle of negative weight. By Thm. 5, this z-cycle is encoded by a minimal run p in

a zigzag automaton Aflf , where |p| = £. By Lemma 3, there exists a biquadratic path
scheme 6.1*.6" (i.e. |6.6'| < 5*V) in Tk such that p = 6.A¥.¢/, for some k > 0. It must
be the case that w()) < 0, or else 6.A%.c’ could not encode a negative weight z-cycle,
for infinitely many k > 0. Moreover, |A| < 5N, since A is an elementary cycle. Since

w(p) =w(c.6") +k-w(A) <0, we have:

k> vi(g'(%) > w(0.0)
since —w(A) > 0 and w(A) € Z, we have —w()A) > 1. Hence for each k > V(R) - 5*V,
we have w(c.A¥.6') < 0. Since ¢ = |6.6"| + k- |A|, we obtain that for each £ > 5*N +
V(R)-5* .5V w(p) <0, i.e. R is inconsistent. Consequently, it must be the case that
b < V(R) -5V = V(R)-200), 0

A preliminary estimation of the upper bound of the period of a difference bounds
relation R C ZN x ZVN can be already done using Thm. 3. Since the size of the transition
table Tk of the zigzag automata for R is bounded by 5V, by definition, the cyclicity of

any SCC of T is at most 5V, hence, by Thm. 3, the period is bounded by lcm(1,...,5V).

Applying the following lemma, one shows immediately that the period is 229,




Lemma 8. Foreachn > 1, lem(1,...,n) is 200,

Proof: We know that lem(1,...,n) =[],<, pllosr™] where the product is taken only
over primes p. Obviously, for every prime p we have that plls» ("] < plogp(n) — 5,

Hence, lem(1,...,n) <[],<,n= n™") where mt(n) denotes the prime-counting function
(which gives the number of primes less than or equal to n, for every natural number n).
(

Using the prime number theorem which states that lim,, e - ]:()n = 1 we can effectively

)

bound ©t(n). That is, for any € > 0, there exists ng such that n;[l(n"()n) <(1+¢)foralln>ne

. Consequently, n™") < p(1+&)n/in(n) — ((1+€)n — ploga(e)(14e)n — 20(n) for all n > n,,
which completes the proof. a
We next improve the bound on periods to simply exponential (Thm. 6).

Theorem 6. The period of a difference bounds relation R C ZN x ZN is 20WV),

This leads to one of the main results of the paper:

Theorem 7. The class R pp is exponential, and the reachability problem for the class

M pp = {M flat counter machine | for all rules q ES q' on aloop of M, R is R pg-definable}
is NP-complete.

Proof: To show that R pp is exponential, we consider the four points of Def. 6. Point (A)
of Def. 6 is by Lemma 6. Point (B) is trivial, by the definitions of the &, p and © map-
pings for difference bounds relations. For point (C.1) we use the fact that N < 2-||R||,
(9) and log,(V(R)) < |[R|l, (Prop. 1) to infer that b = 29Ul2) (by Lemma 7) and
¢ = 29URIL) (by Thm. 6). For the last point (C.2), observe that the condition (2) of
Lemma 1 states the equivalence of two difference bounds constraints ¢, (k) (for the left
hand side of the equivalence) and ¢, (k) (for the right hand side of the equivalence), for
each value of k > 0. Since, by the previous point (C.1), b = 200IRl2) and ¢ = 20(‘|R”2), it
follows that the binary size of the equivalence is polynomial in ||R||,. By Prop. 3 (point
2), it must be that, for each value n > 0 we have Go:[u/x] = Goz[n/a- Since both d¢(k)
and ¢,(k) can be represented by constraint graphs with weights of the form a -k + b,
for a,b € 7. The closures ¢; (k) and ¢; (k) can be computed in polynomial time by a
variant of the Floyd-Warshall algorithm that constructs linear min-terms built form min
and + operators, k and integer constants. These terms can be represented by dags of
polynomial size (by sharing common subterms). In the light of Prop. 3 (point 2), the
second point of Lemma 1 is equivalent to the validity of the conjunction of at most
N? equalities between univariate linear min-terms in k, of polynomial size. This con-
junction can be written as a QFPA formula of size polynomial in ||R||,, and solved in
NPTIME(|R||,).

The NP-completness of the reachability problem for the M pg class follows from
Thm. 2. O

The Period of Difference Bounds Relations (proof idea) Before proceeding with the
technical developments, we summarize the proof idea of Thm 6. Let Tz = (Q,A, ®) be
the transition table for the difference bounds relation R C ZN x ZV, and let M be its
incidence matrix. The main idea of the proof is that each non-trivial SCC of Tg, which
is on a path between an initial and a final state, contains a critical elementary cycle A,



which consists of nothing but odd z-paths of the form w}!,. .., m*, where ||1;[| < N, for
all i=1,...,k (Lemma 17). Indeed, suppose that this is true. Then the length of the
critical elementary cycle A is |A| = lem(||7y],. .. ), which divides lem(1,...,N).
The cyclicity of the SCC containing A is, by definition, the greatest common divisor
of the lengths of all critical elementary cycles of the SCC, and consequently, a divisor
of Iem(1,...,N) as well. Since this holds for any non-trivial SCC in T, by Thm. 3,

the period of the sequence { M bt Yo, of tropical powers of Mg is also a divisor of
Iem(1,...,N), which is of the order of 2°Y) (by Lemma 8).

It remains to prove the existence, in each non-trivial SCC of Tk, of an elementary
critical cycle labeled by a set of essential powers. Let g € Q be a vertex of Tk, on a path

from an initial to a final state of the zigzag automaton, and ¢ NN q be a critical cycle (in

its corresponding SCC) of Tg. The proof is organized in three steps:

— First, we build a word Z € ¥}, consisting of several repeating z-paths, such that

w(Z) = w(y), and for any n > 0, there exists m > n, such that Z" is a subword of
m

- Sggcond, we prove the existence of a word A € L} consisting of nothing but essential
powers, such that (i) w(A) < w(Z) and that (ii) there exist valid words V,W € X}
such that Z" -V - A™ - W - ZP is a valid word, for any n,m, p > 0. In other words, any
iteration of Z can be concatenated with any iteration of A, and viceversa, via the
words V and W, respectively.

— Finally, we prove the existence of another state ¢’ € Q and of three paths ¢ — ¢/,

q — g, and ¢’ A, ¢ in Tg. Since there is a path from ¢ to ¢’ and back, the w cycle

is in the > same SEC as v, and moreover, it is a critical cycle of the SCC, because
Ww(A) =w(A) <w(Z) =w(Yy), and Yy was initially assumed to be critical.

This proves the statement of Thm. 6.

Repeating z-Paths This and the next section introduce several technical lemmas which

are needed in the proof. If 7 is the z-path xl(lj N x(j ) , we denote by EARE ; IJ )

(jntk)

Sy the z-path obtained by shifting by k, where k € Z. A z-path T is said to

be isomorphic with another z-path p if and only if p = X, for some k € Z. In the fol-
lowing, we will sometimes silently denote by z-paths their equivalence classes w.r.t. the
isomorphism relation. The concatenation of ® with a z-path p is the path w. p Pin. The
concatenation operation is however undefined if the above is not a valid z-path — this
may happen when the ® and p P intersect in some vertex which occurs in the middle
of one of the two paths. A z-path T is said to be repeating if and only if the i-times
concatenation of T with itself, denoted ', is defined, for any i > 0. If ® is repeating,
then it clearly starts and ends with the same variable (i = i,), and is necessarily odd
(j1 # Jjn)- A repeating z-path 7 is said to be essential if all variables x;,,...,x;, occur-
ring on the path are distinct, with the exception of x;, and x;,, which might be equal.
The concatenation of an essential repeating z-path with itself several times is called an
essential power. The left spacing of a z-path represents the number of steps from the

leftmost position on the path to the starting position of the path. The right spacing is

(/1 ) (Jn)

defined symmetrically. Formally, given a z-path 7 : x; = ... —=x;", we denote by



[v = ji —min{}j,...,jn,} and ®] = max{ji,..., jn} — jn the left and right spacing of =,
respectively. By € we denote the empty z-path.

Lemma?9. Let R C ZN x ZVN be a *-consistent difference bounds relation, and x =
{x1,...,xN} be the set of variables from its arithmetic encoding. For any two variables

X; ~g XjfromX, ifp; : x§0> — ... —>x§") and p; : xi-m) — ... —>x5»0),forsome m,n >0,
are two forward and backward z-paths in °GR®, respectively, then we have w(p;) +
w(pj) = 0.

Proof: Suppose that w(p;) +w(p;) < 0. Let us define:

p=tem(lpil Ipjl). di= tto dy= o2 vi= (00 v = (o))"
il ol
Notice that, since p; and p; are not assumed to be repeating, the powers y; and y; are not
necessarily valid z-paths — we shall however abuse notation in the following, and use
the usual symbols for the weight and relative length of y; and ;. We have w(p;) = w(Y;)
and w(p;) = w(y;). Thus, w(y;) + w(y;) < 0. Furthermore, since ||Y;|| = ||Y;|/| = p, then
p-w(Yi)+p-w(y;) =w(vi) +w(y;) <O0. Since x; ~g x;, there exist essential paths

()

i

(0)

i

(@)

0
Oij:x —)...—>qu al’ldel‘:)CE-)—)...—)x

where 0 < abs(g),abs(r) < N. Let n > 0 be a an arbitrary constant. We build (Fig. 3)

&:Yi'.eij.y?".ej,-

x;*"/’*‘ﬂr") x(O) (np)

x;—np+q) Y?” xg'anrq)

Fig.3

Clearly, & is of the form  : xgo) ~> xg_"p+q+r). By choosing n > [qTH]

that —np + r+s < 0. We repeat the path p-times and obtain & : xl@) ~> xl(p (Znptatn)

, we make sure

Since |y;| = p and p divides p(—np+q+r), we build { = y;npiris) which is of the form

C: xfp (mnptain) xl(o). Clearly, £.C forms a cycle with weight

np-w(Yi) +p-w(8i;) +2np-w(y;) +p-w(®;)+(np—qg—r) -w(¥)



which simplifies to

2np - (w(¥:) +w(¥;)) = (g +7r)-wte) +p- (w(Bij) +w(8i)).

Since we assumed that w(Y;) +w(Y;) <0, by choosing a sufficiently large n, we obtain

a negative cycle in Gp. Thus, R is not *-consistent, contradiction. a
A z-path 7 is said to be a subpath of p if and only if there exists factorizations
T=m.... . andp=p;j. ... .py, with k < £ and an injective mapping & : {1,...,k} —

{1,...,¢} such that (i) for all 1 <i < j <k, h(i) < h(j), and (ii) for all 1 <i <k, m; is
isomorphic with pj;). Notice that the subpath relation is a well-founded preorder.

The following lemma proves, for each repeating z-path, the existence of an essential
repeating subpath of smaller or equal average weight, such that arbitrarily many powers
of the original z-path can be substituted by powers of its subpath.

(1)

i

(Jn)

Proposition 4. Any essential z-pathT:x;"" — ... = x;7

such that iy = iy, is repeating.

Proof: Let us prove that 7.7 is a valid z-path. The proof for the general case ©i* is by
induction on k > 1. Assume, by contradiction, that 7.7 visits a vertex x(-l) twice. Then,
the first occurrence of the vertex must be in the first occurrence of ®, and the second
one must be in the second occurrence of T, since T is essential. But then 7 traverses the

same variable twice, contradiction. O

Lemma 10. Let R C ZN x ZVN be a x-consistent difference bounds relation and Gg be
its constraint graph. Then any forward (backward) repeating z-path T in ®GR has an
essential repeating forward (backward) subpath p such that w(p) < w(m).

Proof: We give the proof for the case where 7 is forward, the backward case being
symmetric. It is sufficient to prove the existence of a forward subpath p of 7, starting
and ending with the same variable, and such that w(p) < w(m). The existence of A; and
A, follows as a consequence of the fact that p is a subpath of 7. If p is not essential, then
one can iterate the construction, taking p for w, until an essential subpath is found. By
Prop. 4, this subpath is also repeating, and, since the subpath relation is well-founded,
such a subpath is bound to exist. The existence of the paths Aj,A; and the fact that
A1.p™. Ay and " start and end with the same vertices is by induction on the number of

steps of this derivation.
(1)

i

(Jn)

— e —x", where i = i,,. Since T is forward,

Let 7 be the repeating z-path x

we have j; < j,. Let P(m) = {s | 3t >s. iy =i} be the set of positions of T labeled with

variables that occur more than once. Since T is not essential, we have that P(r) # 0. Let

k=min(P), and ¢ be the last occurrence of x;,, on T, i.e. iy, = ip.LetTy : xgljl) — xU"),

!
T xlg”) = — xl(,{")’ T =17y and Ty : xfk’") e xl&”)

|7l = jn — Jjis Imill = ju— je+ jx — j1 and ||m2]| = jo — ji- Because of the choice of
i and iy, it follows that 7t; is a valid essential z-path. Moreover, by Prop. 4, m; is also
repeating. We distinguish two cases:

. Observe that

1. both 7; and m, are forward i.e., j, — j¢+ jx > j1 and jy > ji. In this case either
w(ny) <w(m) or w(my) < w(m) must be the case. To see that this is indeed the case,



suppose that w(m;) > w(m) and w(m,) > w(n). We compute:

_owm) ) w(m)+w(m) wmy) o, wm)+w(m)

Jn—Jetjk—i Jn—J1 Je—Jk Jn—J1

_wim) o wim) _wim) - w(m)

Jn=Jetjk—I1 Je—Jk Jn—Jet+Jjk—J1 Je—Jk
contradiction.

2. m; and m, have opposite directions. We consider the case where m; is forward,
the other case being symmetric. Since R is *-consistent, by Lemma 9, we have
w(my)+w(m) > 0:

w(m; ) wim) ~
Jn—=Jetik—ijv | Jk—J¢ =
w(m)+w(my) >
Jn—J1 = Jn—Jetik—h

w(m) > w(my)

Consequently, either w(7t;) < W(®t) or w(n,) < w() must be the case. If w(mt;) < w(mw),
we let p = m; and we are done. Otherwise, if W(m;) < w(m) let p = T,. The choice of
A1 and A, depends on the choice of p. If p = 7y, then A} = A, =€, else if p = 7, then
A1 =1 and A, = Ty, and finally, if p = ), where T, = 6|.7,.6,, then A; = 1.6 and
A = 02.T7. O

The next lemma gives a connectivity property of repeating z-paths. Intuitively, any
two repeating z-paths traversing only variables that belong to the same SCC of the
folded graph can be concatenated via a third path, which traverses variables from the
same SCC.

Lemma 11. Let R C ZN x ZN be a difference bounds relation, x = {xi,...,xy} be
the variables used in its first-order arithmetic encoding, and let S € X, be a set of
variables belonging to the same SCC of the folded graph of R. For any two repeating
Sforward (backward) z-paths T and T, such that vars(Ty) Uvars(my) C S, there exists a
z-path p such that vars(p) C S and, for any n,m > 0, n.p.75' is a valid z-path.

Proof: Suppose that 7; : PLCDRNINN )

i i

(Zl) (ém)

and mp 1 x; " — ... — x;," are the given

paths. Since x;, ~r x;,, there exists a path v from x;, to x;, in the folded graph g,{ of R.

Let v be the shortest path between x;, to x;, in g,{ . Since v visits each variable from S at
) (kp)

most once, it induces an essential z-path & :)cglk1 =X for some ki,...,k, € Z.
We define:
— & o] — & Iy
L= max (1, i)+ () R =max (1, [ ]+ [ 12)

and let u be the path obtained by concatenating the z-paths n%, &€ and n§. Notice that u
is not necessarily a z-path, because this concatenation does not necessarily result in a
valid z-path. Therefore we define p to be the z-path obtained by eliminating all cycles
from u. Since ©; and T, are repeating z-paths, the concatenation 1;.p.7, is defined. The
same holds for }.p.77', for n,m > 0, by Prop. 4. Clearly p traverses only variables from
S. O



Multipaths and Reducts A multipath is a (possibly empty) set of z-paths from “Gz®,
which all start and end on the same positions (see Fig. 4). Formally, a multipath y =
{m,.. nn} is a set of z-paths such that there exist integers k < ¢ such that, for all
i=1,...,n, either (i) &; is a forward (backward) odd z-path from k to ¢ (from ¢ to k),
(ii) m; is an even z-path from k to k (¢ to ), or (iii) ; is a z-cycle whose set of positions
of variable occurrences is included in the interval [k, ¢], and (iv) no two z-paths in u
intersect each other. The relative length of a multipath u, is defined as ||jul| = ¢ — k if

p# 0, or [lu =0if p=0.

X1 ggreeee X1 X(O) 1) X(O) (1) X(O) (D x(@ X(O) (D x(
(@) Gr (b) u (C) JI2) (d) u3 (e) !

Fig. 4: Examples of multipaths. R is x; = x’2 Nxp = x’l and G is shown in (). y is iter-
able but not repeating, u; is not iterable. Both u3 and py4 are fitting, iterable, repeating,
and they consist of two balanced sc-multipaths each. If R is x| = x5, Axp =x] Ax; <X}

instead (the dotted edge x; N x}), then w3 is a balanced sc-multipath and py is an un-
balanced sc-multipath, since T b<g T for the two forward repeating z-paths t;, T2 € yy.

For a multipath u, we denote by u“ the set of acyclic z- paths in u. The weight of u is
defined as w(u) = Yrc, w(T), and its average weight is w(u) = H H ) if el # 0, or w(u) =

0if [|u/| = 0. The support set of a multipath is denoted as vars(u) = Urc, vars(r). The
set of variables occurring on the start (end) position k (¢) of a multipath u is called
the left (right) frontier of u. The paths in u starting and ending on k (¢) are called left
(right) corners. The left and right spacing of u are defined as [u = max([ny,...,[n,) and
u] = max(my],...,m,]), respectively. The concatenation of two multipaths u; and u is
defined if and only if (i) there exists a bijective function B : u{ — 15°, such that, for all
acyclic z-paths T € u§¢, w.B(7) is a valid z-path'3, and (ii) the set u;.up = {T.B(T) | ® €
i€} is a valid multipath. A multipath u is iterable if it can be concatenated with itself
any number of times, i.e. u is a valid multipath, for all i > 0 (Fig. 4 (b)). A repeating
multipath is an iterable multipath in which all acyclic z-paths are repeating (Fig. 4 (d,e))
— an empty multipath is repeating, by convention. A repeating multipath is said to be
essential if every acyclic z-path is an essential power. A multipath u is said to be fitting
if every acyclic z-path in y is fitting (Fig. 4 (b-¢)).

Definition 9. Ler R C ZN x ZN be a difference bounds relation, X be the set of variables
in its defining formulae, and Gg be its constraint graph. Let T and T, be repeating z-
paths in °GR. We say that T may join T, denoted T <z Ty, if and only if (i) there
exists an equivalence class S € X, such that vars(n;) Uvars(ny) C S and (ii) there
exists a path in Gy’ from some vertex in “n;® to some vertex in ®n,®.

13 An equivalent condition is that set of right frontier variables of u is the same as the set of left
frontier variables of tp. Then B maps acyclic z-paths of u; ending in x; to acyclic z-paths of uy
starting with x;, forall 1 <i <N.



Proposition 5. If R C ZN x 7N is a difference bounds relation, < is an equivalence
relation.

Proof: Let x be the set of variables in the formulae defining R, and G be the constraint
graph of R. < is clearly reflexive, and transitivity is shown using the fact that the z-
paths are repeating, hence the connecting paths occur periodically. To prove symmetry,
let Ty D<ig Ty, where 7 and T, are two repeating z-paths. We give the proof for the case

where 7 and T, are both forward, the other cases being symmetric. Let x,@ and xy) be
two positions in “m; © and ®n,®, respectively, such that there is a path & in “Gz® between
them. Since 7; and T, are repeating z-paths, there exists sub-paths p; and p, of w; and

(k

T, respectively, such that py (p2) starts with x; ) (xy)) and ends with a future occurrence

of x; (x;). Since x; ~g x;, by the definition of >, there exists a path 1 in ‘”gR‘” between
(0)

x; " and some occurrence of x;. We have built two paths, p; and ph = &.p5.m, between

xfk) and two occurrences of x;, call them xfm) and xEP ), respectively. We can assume

w.Lo.g. that m > k and p > k, for a sufficiently large n > 0. Let M = lem(m — k,p — k),

my = ;M and my = M7 Then xfk”"l'(’”*k)) is a vertex on ®m;®, and p4.(n.E.p4)™ " 1m
is a path from xy) to x§k+m1 (m=k)). .

For a repeating multipath u, we denote by ,u‘;[;R the partition of the set of acyclic

paths u“ in equivalence classes of the g relation. An sc-multipath (for strongly con-
nected multipath) is a repeating multipath whose repeating z-paths belong to the same
equivalence class of the > relation (Fig 4 (d) and (e) for R =x; = x, Axp = x] Ax; <
x}). A repeating multipath v is said to be a reduct of a repeating multipath u if and only if
v C u and, for each equivalence class C € ,u‘/‘;]R: if the difference between the number of
repeating forward (backward) z-paths and the number of repeating backward (forward)
z-paths in C equals k£ > 0, then v N C contains exactly k repeating forward (backward)
z-paths and no repeating backward (forward) z-path.

Lemma 12. Ler R C ZN x ZN be a x-consistent difference bounds relation and Gr
be its constraint graph. Let i be a sc-multipath in °Gy and v be a reduct of p. Then

V) < W(a).

Proof: Let 1, T, € ube two repeating odd forward and backward z-paths, respectively,
such that 7t g 7. By Lemma 9, we have that w(m;) +w(m,) > 0, and since w(u) =
w(my) +w(ma) +w(u\ {m1,m}), we obtain w(u) > w(u\ {m1,7,}). The statement of
the lemma is proved by repeatedly eliminating two opposite z-paths 7,7, € C, for
each C € ,u‘/‘;R, until no more z-paths can be eliminated. The result is a reduct v of u,

of smaller average weight. Moreover, each reduct of u can be obtained from y in this
way. O
Consider for instance the sc-multipath u = {x(ll) N xgz) N xg3) N x5‘2> LN xgl) iniN

xiz),xéz) =N xg),xgl) EN x§2>} from Fig. 2 (c). Then v; = {xil) 5 xgz) 5 x§3) 5 xf) 5

xgl) i x%z)} and v, = {xél) 4 xgz)} are the reducts of g, and 1 =w(u) = w(va) >

w(vi) = —1. Furthermore, any repeating multipath can be concatenated left and right
with some of its reducts. For an example see Fig. 2 (c) — here u can be connected with
both v; and v,, and back.



Lemma 13. Let R C 7V x ZN be a x-consistent difference bounds relation, Gg be its
constraint graph and p be a sc-multipath in °Gg. Then there exists two reducts vV and
p of u, and multipaths & and m, such that y*.&v™ and p".n.u™ are valid multipaths, for
alln,m > 0.

Proof: We give the proof for the first point, the second being symmetrical. We assume
w.l.o.g. that ,u’/‘;'qR contains at least two repeating z-paths of opposite directions — other-
wise the only reduct of u is u itself and the conclusion follows trivially. We first prove
that there exists two z-paths 71,7, € C, of opposite directions, and a multipath ®, such
that the composition ¢*..(u\ {m;,n2})™ is defined, for all n,m > 0. Symmetrically,
one can also prove the existence of 7;, 7, such that (u\ {m;,72})".c0.u™ is defined, for
all n,m > 0 — this later point is left to the reader.

Let u*“ = {my,..., M, Mi+1,..., My, } be an ordering such that my, ..., m; are forward,
and ;1 1,..., Ty, are backward repeating z-paths, for some i, > 0. We assume w.l.0.g.
that 7t; is a z-path from xﬁ-o) to xi-k) if 1 < j <i, and from x&k) to x5-0>, ifi < j <i+h, where
k = ||u is the relative length of u. Since m| b<ig T;, there exist infinitely many paths in
®Gr®, from some vertex of ®t;® to some vertex of “m;;,®, and we can choose one such

path &, which contains only vertices xﬁm), for m > k. Let m; ,...,m; be the paths from

4% which are intersected by &. Without loss of generality, we assume that & intersects
T, ..., exactly in this order. Clearly, there exists P € {1,...,s} and Q = P+ 1 such

that 7;, is forward and T, is backward. Let xﬁ-:fp ) (XEZQ)) be a vertex where & and Tp

(7P) and 52, Further, let pp and

jp Jo
po the segments of ®tp® and “ny® between x,” and x\7P) , and between xg) and xﬁzg),
pp-M-Po)

Jjp
respectively. Let L = max (1, [*25727) and @ = (u"\ {n};, 7} }) U{ppM.po}. Itis easy
to verify that indeed u".@.(u\ {mp,mp})™ is a valid multipath, for all n,m > 0.

(mp) intersect. Let 1 be the segment of & between x
(k)



T
: ipPﬂPQ
::/E\

: _

(a) finding pp.m.po (b) connecting u with '\ {72, 75 }

Fig. 5: Connecting sc-multipath with its reduct. Note that i = 3,h =2, and £ connects T%’
with 9. § intersects nf, 9, ©Pn§ in this order, hence s =4,i; = 1,iy =2,i3 =95,i4 = 4.
We choose P =2,Q = 3 since 7’ is forward and nl?‘; is backward. Since pp.1.pg| < 2k
in the figure, L =2 and @ = 1\ {n3, 7} U{pp.n.po}-

Applying this reduction for all C € ,uj’l;R, until no z-paths can be eliminated, one

obtains a reduct v of u and a path & such that ¢".£.v" is a valid multipath, for all
n,m > 0. a

Balanced SC-Multipaths A sc-multipath u is said to be balanced if and only if the
difference between the number of forward repeating and backward repeating z-paths
in u is either 1, 0, or —1. Let us observe that each reduct of a balanced sc-multipath
contains at most one repeating z-path.

Lemma 14. Let R C ZN x ZN be a x-consistent difference bounds relation, Gy be its
constraint graph and u be a balanced sc-multipath in ®Gg. Then there exists an essen-
tial sc-multipath, T = {t}, such that Ty is an essential repeating z-path, w(t) < w(u),
and two sc-multipaths & and C such that y".&.1".C.uP is a valid sc-multipath for all
m,n,p > 0.

Proof: Applying Lemma 13 we obtain two reducts v and 7 and two multipaths o and 7y
such that ¢”*.o.v" and " .y.u" are valid multipaths, for all m,n > 0. Since u is a balanced
s-multipath, v*“ and % are either both empty, or they consist of a single repeating z-
path each.

In the case when both v¥¢ and % are empty, they can be clearly concatenated by
an empty, hence essential, multipath. Otherwise, v*“ and T consist both of a repeating
z-path, and by Lemma 11, there exists a z-path B such that v”..n? is a valid z-path,
for all p,q > 0. Hence p™.o.vP.B.m?.y.u" is a valid multipath, for all m,n, p,q > 0. Let
v = {vo}. By Lemma 10, there exists an essential repeating subpath Ty of Vo such
that w(t9) < w(Vo). By Lemma 11, there exist z-paths po,mo such that v{.po.T and
(' Mo-V§ are valid z-paths for all m,n > 0. Defining multipaths T = {to},p = {po},n =



{Mo}, it is easy to see that y".a.v"'.p.t7.n.vI ...y’ is a valid multipath for all
m,n,p,q,r,s > 0. Finally, we can define = a..p and { = 1.p.7 to see that v".&.t.L.Vv*
is a valid multipath for all m, p,s > 0 and that the sc-multipath T = {tp} consists of a
single essential repeating z-path. a

The motivation for defining and studying balanced sc-multipaths can be found when

examining the words generated by the iterations of a cycle ¢ RN ¢ in a zigzag automaton.

Without losing generality, we assume that the state g is both reachable (from an initial
state) and co-reachable (a final state is reachable from ). With this assumption, the
following lemma proves that sufficiently many iterations of the y cycle will exhibit a
subword which is an arbitrarily large power of a word composed only of balanced sc-
multipaths.

Proposition 6. Let u be an iterable multipath. If u has at least one left corner; then it
must also have at least a right corner, and viceversa.

Proof: We prove the first implication, the second one being symmetrical. Let us sup-
pose, by contradiction, that u has at least a left corner, but no right corner. If u is an
iterable multipath, then its left and right frontiers are the same. We define the following
sets:

— Sy (S;) is the set of variables from the left (right) frontier of u which are sources of
z-paths in y ending on the right (left) frontier

— Dy (D,) is the set of variables from the left (right) frontier of u which are destina-
tions of z-paths in u starting on the right (left) frontier

— Cy (C}) is the set of variables from the left frontier of u which are either source of
destination of left (right) corners

Clearly, Sy, Dy and Cy are pairwise disjoint, and the same holds for S,, D, and C,. Since
1 has at least one left corner, but no right corners, all z-paths originating on the right
frontier must end on the left frontier, and all z-paths that end on the right frontier must
have originated on the left frontier i.e., card(Sy) = card(D,) and card(Dy) = card(S,).
But card(Cy) > 0 and card(C,) = 0, which contradicts with the fact that the left and
right frontiers of u are the same. ad

Lemma 15. Let R C ZN x ZVN be a difference bounds relation, X = {x1,...,xy} be the
variables occurring in its defining formulae, Tg = (Q,A, ®) be its transition table, and
A = (Tg,I,F) be one of the zigzag automata from Thm. 5. If g € Q is a reachable and
co-reachable state of A, and q RN q is a cycle in Ty, then there exist multipaths V,W and

Z, such that:

1. w(Z) =w(y)

2. Z=m U...Uu, where y; are balanced sc-multipaths, and, for all 1 <i < j <k,
there exist distinct equivalence classes S;,S; € X/ such that vars(u;) C S; and
vars(y;) C )

3. for all n > 0 there exists m > 0 such that Y" =V.Z"'W

Proof: The first part of the proof is concerned with the elimination of corners from .
To this end, we define the following sequences of multipaths. Let vy =7, and for each



i >0, we have:

(0) (0)

Xxp; — ... —xg, forsome 1 < p;,q; <N, if v; has aright corner

i = .
€ otherwise

pi = Vi \{Ti}

_>
Vi1 =i

Since card(v;) < card(v;;), for all i > 0, such that v; # v, 1, the sequence eventually
reaches its limit for the least index ¢ > 0, such that v = v, ;. Let Z = v, denote the
limit of this sequence.

Vo = {T1,72,73.74,75,T6.T7 }
Ty = T3.T4

X1 O Po = {71,72,75,76.T7}
X2 0 Vi = {71,72.73.74.75,T6.T7 }
X3 o: T = T2.T3.T4.T5
X4 Oé Vi = {TI7T6~T7}
X5 o P2 = {71.12.13.74.T5.75.77 }
X6 o T =¢

o}

p2=0

(©)v2

Fig. 6: Elimination of corners from an sc-multipath vy.

First, let us observe that the limit does not depend on the choices of the right corners
7; at each step of the sequence. Second, one can show that Z is an iterable multipath,
by induction on £ > 0. Moreover, we have:

ViV pi = Vi forall 0 <i< {andn >0 (10)

Using (10) it is not hard to prove, by induction on ¢ > 0 that:

V8+2é =Vo.Tg. - .Vy_1.Tp_1 .Vz.pg,1 .o+~ .po,foralln >0
Let V =vo.7p. -+ .Vg_1.7_1 and W = py_1.--- .po. We have gy*” =V.Z"W, for all
n>0.

Third, we prove that Z has no corners. Clearly, it can have no right corners, since
any right corner was eliminated before the {Vv;};>¢ reached its fixpoint. But, since Z is
an iterable multipath, it cannot have left corners either, by Prop. 6. Finally, we have that
|1Z|| = |y| and W(Z) = w(Y), also by induction on £ > 0.

Since Z is an iterable multipath without corners, each forward (backward) z-path

in Z is of the form xg,?) .= x,(;?) (xg:l) — ... = xé?>). Since Z is iterable, the left

and right frontier of Z must contain the same set of variables xy. Then Z induces a

permutation IT on the set of indices in xy : II(p) = ¢ if and only if either xg)) — ..



x,(lm) €Z, or xﬁ,m> — ... xéo) € Z. Therefore, there exists a constant s > 0 such that

IT* is the identity function, and consequently, Z* is a repeating multipath. Moreover, we
clearly have w(Z*) = w(Y).

It remains to be shown that Z* is composed only of balanced sc-multipaths, whose
variables pertain to different equivalence classes of the ~p relation. Since ¢ RN gisa

cycle in A, and ¢ is on a path from an initial to a final state of A, by Thm. 5, there exist
initial and final states, g; € I and g € F, respectively, and paths g; 2 g and g 5 qf,in

A, such that the word 6.y".T encodes an odd (even) forward (backward) z-path 7, for
some m > 0, such that Gy = V.Z*.W (by the previous argument, such m always exists).
Let us consider the case when 7 is odd forward — the other cases, being symmetric, are
left to the reader. Let 1, T2, . .., T, be the subpaths of 7 corresponding to the traversals
of Z° by =, in this order. Then % is odd, and moreover, for all 1 <i < h, 7; is forward
(backward) repeating z-path if i is odd (even). Thus, each equivalence class C € Z° .,
is a balanced sc-multipath. Since all ; are repeating z-paths, for each 1 <i < h, there
exists S; € X, such that vars(w;) € S;. Similarly, there exists 7; € ZjNR such thatw; € T,.
For all 1 <i < j <h, 7; can be connected with 7t; with some subpath of 7. Therefore,
if §; = §, it follows from Prop. 5 that ; >z 7; >z 7t; for all i <t < j. It thus follows
that 7; # T; implies S; # S; , forall 1 <i< j<h. O

For instance, for the y; zigzag cycle in Fig. 2 (b), the balanced sc-multipath is Z =
{xgz) g}xgs) 9, xg4) 9, xf) 9, xgz) -1 x(IS), xéS) LN xg), xgz) LN x§3>} (highlighted in Fig.
2 (c)), and the connecting multipaths are V = {xgz) N x(33) 1N xf)} and W = {x(12) N
xf), xf) ﬂmgz) _—1>x§3), xS) i>xg2>, xgz) i>x§3>},W('\() =w(Z)=1landy] =V.Z"2W,
for all n > 2.

Strongly Connected Zigzag Cycles The next lemma maps Z back into another critical
elementary loop ¢/ A ¢’ of the zigzag automaton, belonging to the same SCC as v, such

that A is composed of essential powers, and w(A) = w(Z) = w(Y). This is the final step
needed to conclude the proof of Thm. 6.

Lemma 16. Let R C ZN x ZV be a difference bounds relation, x = {x1,...,xy} be the
variables occurring in its first defining formulae, Tg = (Q,A, ®) be its transition table,
and A = (Tg,I,F) be one of the zigzag automata from Thm. 5. Let G and T be two
multipaths such that 6.t € Enc(L(A)), and p be a multipath such that 6.u.% is a valid
fitting multipath. Then 6.u.t € Enc(L(A)).

Proof: We give the proof only in the case where A encodes all odd forward z-paths

between two variables x;,x; € X i.e., A is the zigzag automaton Aio.f " from Thm. 5. The
other cases are symmetric. For simplicity, we assume that 6.7 consists only of a fitting

0 k .
z-path T : xl( N x(]- ), where k = |G.1|. The case where G.T contains also several
cycles is dealt with as an easy generalization.

If |o]| = h < k, let Vg, ...,V2,—1 be the vertices of & of the form xl(h), such that the
()

predecessor and the successor of x;” on T do not lie both in 6, nor in 1. Then, the



separation of T between G and T induces a factorization T = 7. --- .7y, where each 7y
(0)

is a subpath of 7 between two vertices vy, vy, forall £ =0,...,2n— 1, and x;
(k) _

=

= VO’

X von. We define the graph G = ({vo,...,v2,},E) in the following way:
- (VZVH VO) €E

- (ve,ves1) €EE, forall £ =0,...,2n—1

— (ve,vm) € E iff there exists a z-path from vy to v,, in G.4.T

It is easy to prove that each vertex in G has exactly one incoming and one outgoing
edge if and only if 6.4.T is a valid multipath. Then the graph G' = ({vo,...,von},E\

{(van,v0)}) defines a z-path from x,(o) to x(-k), which traverses each vertex vi,...,Vv,_1

at most once, and possibly several cycles involving the remaining vertices, not on this
z-path. Then 6.u.T encodes a z-path from x§0> to x&k), which moreover is fitting, by the

hypothesis. Hence 6.u.T € Enc(L(A)). O
Letm : x,(l“) — ...—>x§n’”)

(k)

ik

is a repeating z-path (i; = i,) and 1 < k <n s an integer,

(k)

— ... =X X; i
k

(jn))_( G _ Ly
paeary .

k
the z-path T : (x ) is called the rotation of

in
k
. a5 .
T by k. The left and right remainders of a rotation T are the unique z-paths 7; and

k

. % .

T,, respectively, such that © = 7;. © .%,. Given a z-path & of the above form and an
integer 0 < s < |||, let minposy(s) = min{k | jx = s+ j1}.

Proposition 7. Any rotation p of a repeating z-path T is repeating, ||p|| = ||| and
w(p) = w(m). Moreover, if W is elementary, so is p.
Proof: Let T = 11.7,, where Ty : X U ang ) : XUy —>x£{"), and

1] i ik

k
p =7 = .7y, for some 1 < k < n. Then p™ = nz.(nl.ng)m’l.n], which is clearly a
valid z-path, for all m > 0. Since ||7t|| = |7, ||+ || 72| = ||p||. we obtain that w(p) = w(w).
The last point can be easily proved by contradiction. a

Proposition 8. Let t be an essential repeating z-path. Then there exists a word G such

that (i) °n® = ©G®, (ii) || = |G| and (iii) w(G) = w(m).

Proof: Let k € Z be an integer, and ng), e ,x}f) be the variables that occur at position k
in ®1®. Then there exists integers my,...,m, € {1,...,|n|} and ¢,... ¢, € Z, such that
E}I_{) occurs as the m j-th variable on the £;-th copy of 7 in “x®. Notice that each xfj]_{)
has exactly one incoming and one outgoing edge. Since T is an elementary repeating z-
path, 7 s also an elementary repeating z-path, and ||9t\vmj|

each x

| =|x|.foreach j=1,...,n
(by Prop. 7). Moreover, gt\vm'] starts and ends with x; i and there is no other occurrence
of x;; on it, apart from the initial and final vertex. Hence the “cut” through On® at k
is identical to the one at position k + ||Tt||: the same variables occur on both positions,
and they are traversed by ®t® in the same ways (left-to-right, right-to-left, left-to-left
or right-to-right). Let G be the graph consisting of all edges of ®n® situated between k
and k + |||. Clearly ®n® = ®G® and |G| = ||r|. Since every edge in T must occur in G
as well, we have w(G) = w(m), hence WG = w(T) as well. O



Lemma 17. Let R C ZN x ZV be a difference bounds relation, x = {xy,...,xy} be the
variables occurring in its defining formulae, Tr = (Q,A, ®) be its transition table, and
A = (Tg,1,F) be one of the zigzag automata from Thm. 5. If ¢ € Q is a reachable

and co-reachable state of A, and q RN q is a cycle, then there exists a state ¢' € Q, a

cycle ¢’ A q, and paths ¢ — ¢ and ¢’ — q in Ty, such that (i) w(X) < w(y), and (ii)
A | Iem(1,...,N).

Proof: If q is a reachable and co-reachable state of A, there exist initial and final states
g; € I and gy € F, respectively, and paths ¢; 4 q,q g qrand g RN q in Tz. By Lemma
15, there exists a multipath Z, composed of balanced sc-multipaths y1, .. ., u, such that:

- w(Z) =w(y)

— forall | <i< j<k, there exist S;,S; € X/, such that S; # S, vars(u;) C S;, and
vars(u;) C S;

— VW .¥n>0Im>0.y"=V.Z"W

Since |Z|| = |ui]| = ... = |u|, we have W(Z) = Y*_,%(u;). By Lemma 14, for all
1 <i <k, there exist:

— essential sc-multipaths T; = {Vv;}, where v; are essential repeating z-paths, and
w(ti) < wiw)
— sc-multipaths &; and ); such that:

Vn,m,t >0 .y} .&;.Th.n;.1" is a valid sc-multipath

Clearly, for all i = 1,...,k we have vars(t;) C S;, hence vars(t;) Nvars(t;) = 0, for all

1<i<j<k.LetP=lIcm(|t(|,...,|tw%]||) and ¢; = ﬁ, foralli=1,...,k. We have:
~J1
Hi def v‘lh
Z=|... and Ly, o= | - for any tuple (ji,..., jr) € [P
M A
Vi
It suffices to prove the existence of integers ji, ..., jx € [P], and of multipaths Z; and
Z5 such that:
Vm,n,s >0 . Z”.Zl.L<SJ.1 _._’jk>.Zg.Z’” is a valid multipath an

~Ji
Assume first that (11) is true. Since Vv; are essential repeating z-paths, so are v{ , and

thus Ly, .y is a (repeating) essential multipath. It is not hard to show that, for all
s> 0:
_ K . N Ky
I:L<j1,-.-,jk> - [L<j1 AAAAA Jk which lmplles I:ZI'L<.]I-,~-'7./k> - [ZI’L<j],...,jk
P Ly 2] = L4, 7
Cseesdi) (1 yeeendik) (J1seeesdi) (1 seeendik)



Since for all V.Z".W is fitting, for all n > 0, it turns out that, for all s > 0:
N

1Z]] VIR

Since1.V.Z".Z" W.¢ € L(A) for all n,m > 0, by Lemma 16, we have that1.V.Z".Z; . L}

L(A) as well. Moreover, by the definition of the states g € Q of the zigzag automaton
(as tuples q € {£,r,¢r,r¢, 1}V describing a vertical cut of a word at some position) it is
not hard to see that:

n s m
VZNZLLY D22 W

q q 12)

is a cycle in T for each s > 0.

Let us consider the bi-infinite iteration mLf’il _____ W

) Since t; = {v;} and v; are es-
, , def 5" . .
sential repeating z-paths, O; =v," are essential repeating z-paths as well (by Prop 7).
Moreover, we have:
[Tl ="..= [l

and, by Prop. 8, there exist words Gy,. .., Gy such that:

_ wﬁ'im — U)Giu)

= Gi| = 19| = ||l

- W(Gi) = W(‘B,‘) = W(’C,‘

Hence the word:
G

Gy
is well defined, since |G| = ... = |Gy|. Moreover, A’ is a valid word, for all i > 0, hence

there exists a cycle A, within (12). Clearly |A| = |G| =||ti||-¢; =P | lem(1,...,N), since

each v; is an essential z-path, and hence | v;|| < N. Also, since W(G;) = w(T;), we obtain
that w(A) = W(L;, ... j,))» and consequently:

------

Il
—_
Il
—_

Turning back to the existence of an integer tuple (ji,. .., jx) € [P]F and of multipaths
Z1 and Z; (11), we prove the case k = 2, the generalization to the case k > 2 being among
the same lines. We distinguish two cases:

L&+ | = 18]l + Mo : Teis easy to check that [[&;.¢{" .y ]| = &< ma | for
all k > 0. Since vars(t)) Nvars(tz) = 0, the following is a valid multipath for all

k> 0:

S Ti“'/; .M

&.1%" . m
We further consider three subcases: ||&1] > [|&2]l, [|E1]] < [IE2] and ||&1]] = [|E2]. We
cover here the subcase [|&;] > [|&2| (the subcase ||€;|| < [|€2]| is symmetric and the

)

ULseeesd)

2L ... L. 2]
Vn > [#—‘ Ym > [#—‘ AVZNZ,. L], Zp.Z™ W ¢ is a fitting multipath

2. Z"W.0 €



subcase ||&1|| = ||&2]| is trivial). Let r > 0, 0 < s < P be the unique integers such that

[E1] — [|€2]| = - P — s and define j; = minpos g (s), j1 = 0. Let m; and 7, be the
~ 1

left and right remainders of the rotation ¥4 :v?‘ , respectively, i.e. Tp. 0.7, = v%.

We next define the multipath:

E1.my o 1" n,.v’“'(r*l).m _ k
|:§2.ng-r 10| lnz 7ZI'L<jlvj2>'Zz

By observing that ||| = s. |, = P—s, and [[&1]| €] = 2]l — [, we verify

that [[&1.7/| = €. and ||z, 7oy | = na:

Ie1] + 7l = &l + 2l - g2 -7 (1wl + 1wl -g1 - (r= 1) + ]| = [ma]
[E1ll+s = (&l +P-7 P—s+P-r—P=|naf —|nil

&1+ &2 = P-r—s Por—s =& -]

Thus, the above multipath Z; .Lé‘jl ) .7, is valid for all £ > 0.

2. &1l + M1l # €]l + |In2l: We reduce the problem to the first case. We define

N = 10m(||§1}\l| +qu- vl -+l 1820+ g2 - [Ie2] + [z

"= e [l !

" = Telrarlal il !
Clearly, now [|&;.t?' m.(& .7 )™ || = [|1€2.132 2. (E2.722.M2)™ || and by choos-
ing
=&t mi=m.Errf m)" §=81  m=m.(&m)"
the problem reduces to the first case.

O
Consider, for example, the reachable and co-reachable cycle q» n, q in Fig. 2 (b).

Then we have that W('YS) = W('Y]) =1,—-1= W('Yg) < W(’Yl) —1, and the Cycles qs Yi) qs

and q19 -, qo are in the same SCC as q3 n, q2. Notice that both the unfoldings of s

and yg encode powers of the essential repeating z-paths x§2) EN x§3) and xgz) 5 x?) N

xg4) &xf) g)xgz) ;]>x<13), respectivelly. Moreover, |ys| = |ys| = |yi| = 1 and q; LN

is a critical cycle in its SCC.

Proof of Thm. 6: Let x = {xj,...,xy} be the variables occurring in the arithmetic rep-
resentation of a difference bounds relation R C ZV x ZV, Tr = (Q, A, ®) be its transition
table, and AY; = <TR,I,-°J-,E;>, for e € {ef,eb,of,0b} and 1 < i, j < N be the zigzag au-
tomata from Thm. 5. If My denotes the incidence matrix of Tk, the sequence {Mpi}> |

of DBM encodings of R%,R',R?,... is the projection of the sequence { M} of

i=1



tropical powers onto the entries corresponding to all pairs of vertices:

" i b b ’ ' b b
(gnan)e U i/ xFu U ifxrdu \J i/ xrfu U 1 xEg
1<i,j<N 1<i,j<N 1<i,j<N 1<i,j<N

These entries denote the weights of the minimal paths in 7z between these vertices.
By Thm. 3, the period of the {Mji}>, sequence is the least common multiple of the
cyclicities of all SCCs of Tg, Wthh contain at least one state which is both reach-
able from Ii'j and co-reachable from Fl; for some o € {ef,eb,0f,0b}. By Lemma 17,
each SCC in each A}, e € {ef,eb,of,0b} contains an elementary cycle A of length
|A| | Iem(1,...,N). Hence the period of the sequence divides lcm(1,...,N). By Lemma
8, the period is bounded by Icm(1,...,N) =2°W), O

8 Octagonal Relations

The class of integer octagonal constraints is defined as follows:

Definition 10. A formula ¢(x) is an octagonal constraint if it is a finite conjunction of
terms of the form x; — xj < a;j, x; +xj < b;j or —x; —xj < ¢;j where a;j,bjj,cij € Z, for
all 1 <i,j < N. A relation R C Z* xZ* is an octagonal relation if it can be defined by
an octagonal constraint dg(x,x’).

We represent octagons as difference bounds constraints over the dual set of variables
y = {y1,¥2,...,y2n}, with the convention that yp;_; stands for x; and y,; for —x;, re-
spectively. For example, the octagonal constraint x| +x, = 3 is represented as y; —y4 <
3 Ay2 —y3 < —3. In order to handle the y variables in the following, we define 7 =i—1,
if i is even, and 7 = i+ 1 if i is odd. Obviously, we have 7 = i, for all i € N. We denote
by 0(y) the difference bounds constraint over y that represents ¢(x):

Definition 11. Given an octagonal constraint ¢(x), X = {x1,...,xy}, its difference
bounds representation 0(y), over y = {y1,...,yan}, is a conjunction of the following
difference bounds constraints, where 1 <i,j <N, ¢ € Z.

(xi—xj<c) EAtom(¢) & (y2im1 —y2j-1 <€), (y2j —y2i < ¢) € Atom(
(—xi+xj <c) € Atom(Q) & (y2j—1 —y2i—1 <€), (y2i —y2j < ¢) € Arom(
(—xi—xj <c) € Atom(9) & (y2i —y2j—1 < ¢),(y2j —y2i—1 < ¢) € Atom(
( —|—x]<c)EAt0m(¢) Aad (}’21 1 _)’21<C)a(y2] 1—y21<c) (

The following equivalence relates ¢ and ¢ :

N

O(x) = (3v2,34, -, y2n - OA N\ v2ict = —v2i) [xi /y2i-1]y (13)
i=1

An octagonal constraint ¢ is equivalently represented by the DBM Mg € ZZ¥**N, cor-
responding to . We say that a DBM M € Z2V*?N is coherent'* iff M;; j = Mj; for all

14 DBM coherence is needed because x; — x j < c can be represented as both y2; 1 —y2;-1 <¢
and yy;—y2 <c.



1 <i,j < 2N. Dually, for a coherent DBM M € Z2N*?N we define:

Wil = Ai<ijenXi —Xj S Moi—12j-1 AXi+X; S Maj—12j N —xi —X; < Majinj—1

up __ / /!

Wyl = Ni<ijenXi =X < Moio12j-1 AXi+ X < Moi12j A —Xi —X; < Mainj
pu __ / / /

Wi = Ni<ijanXi—X; S Mai—12j-1 AX[+xj <M1 2j A —=x;—xj <Mpinj1

— / / / / / /
wr = Ni<ijenXi —X; S Moi1pj-1 Ax;+X; S Moi—12j A —x; —X; < Moipji

A coherent DBM M is said to be octagonal-consistent if and only if W}y is consistent.

Definition 12. An octagonal-consistent coherent DBM M € 7Z2NV*?N s said to be tightly
closed iff it is closed and, for all 1 <i, j <2N, Mj; is even, and M;j < L%j + L@j
Intuitivelly the conditions of Def. 12 ensure that all knowledge induced by the trian-
gle inequality and the yp;_| = —yp; constraints (13) has been propagated in the DBM.
Given an octagonal-consistent coherent DBM M € Z?N x Z?N we denote the (unique)
logically equivalent tightly closed DBM by M’. The following theorem from [1] pro-
vides an effective way of testing octagonal-consistency and computing the tight closure
of a coherent DBM.

Theorem 8. [1] Let M € Z2N*2N pe a coherent DBM. Then M is octagonal-consistent
if and only if M is consistent and L%J + L%j >0, forall 1 <i<2N. Moreover, if M

is octagonal-consistent, the tight closure of M is the DBM M' € Z2N*?N defined as:

M= M=,
M!; = min {M;;, {;J + {;’J }

forall 1 <i,j<2N where M* € ZXN*?N is the closure of M.

The tight closure of DBMs is needed for checking equivalence between octagonal con-
straints.

Proposition 9 ([18]). Let ¢ and ¢, be octagonal-consistent octagonal constraints.
Then, §1 < 02 if and only if My = Mj,.
Octagonal constraints are closed under existential quantification, thus octagonal rela-
tions are closed under composition [5]. Tight closure of octagonal-consistent DBMs is
needed for quantifier elimination.

Proposition 10 ([5]). Let §(x), x = {x1,...,xy}, be an octagonal-consistent octagonal
constraint. Further, let 1 <k < 2N and M’ be the restriction ofoa t0 Y\ {yak—1,y2 }-

Then, M’ is tightly closed, and WP < 3. 0(x).
The set of octagonal constraints forms therefore a class, denoted further R ocr.
Lemma 18. The class R ocr is poly-logarithmic.

Proof: Let RCZN xZN be a differencg bounds relation, x = {xj,...,xy} be the set of
variables in its defining formulae, and R(y,y’), for y = {y1,...,yan} be its difference
bounds representation. Let Gg' be the m-times unfolding of the constraint graph G, and

Mﬁm be its incidence matrix. Clearly, Mﬁm is the DBM representation of the conjunction:

Ry, yM)y A .. ARy ym)



Let ]\71%," be the tight closure of Mzn. By Thm. 8, we have (1\7I’Fm),~ i < (M%m)i ; for all
I <4, j < 2N. Moreover, by Prop. 10, R"(y,y’) is obtained from "% by eliminating

Eﬂl
the atomic propositions involving y, . ym=D and renaming y(© and y(™) by y and
y', respectively. Since any minimal path in g%”, and hence, any entry in M%m , is bounded

by 2N - (m+ 1) - V(R), we have:

IR"|l, < (4N)? -logy (2N - (m+ 1) - V(R))
< 64||R||§3' (log Rl +1og, (m + 1) +log, V(R))
= O(|[R]}; -logym)

This proves the first point of Def. 5. The second point of Def. 5 follows from Thm. 8 —
the tight closure of a DBM can be computed by the Floyd-Warshall algorithm followed
by a polynomial-time tightening step. a

8.1 The Complexity of Acceleration for Octagonal Relations

The proof idea for the periodicity of R ocr is the following. Since any power R’ of an
octagonal relation R is obtained by quantifier elimination, and since quantifier elim-
ination for octagons uses the tight closure of the DBM representation, then the se-
quence {R'};~¢ is defined by the sequence {M;—i}»o of tightly closed DBMs. In [8] we
prove that this sequence of matrices is periodic, using the result from Thm. 9, below.
If R C ZN x ZV is an octagonal relation, let 6(R) = M be the characteristic DBM of
its difference bounds representation, and for a coherent DBM M € ZXV*4N we define
p(M)=¥'g,, A ‘P:;. A PP :M A ‘I’,’&p.. Analogously, ©(M) is defined in the same way
as p, for each matrix M € Z[k]*N**N of univariate linear terms. With these definitions,
periodicity of R ocr has been shown in [8], using the periodicity of X pp and the fol-
lowing theorem [5], establishing the following relation between M;T (the tightly closed

n

octagonal DBM corresponding to the m-th iteration of R) and M%m (the closed DBM
corresponding to the m-th iteration of the difference bounds relation R), for all m > 0:

Theorem 9. /5] Let R C ZN x ZVN, be a x-consistent octagonal relation. Then, for all
Mim i Mim <.

In the rest of this section, we show that the periodic class R ocr is also exponential,
which proves NP-completness of the reachability problem for flat counter machines
with octagonal constraints labeling their loops.

Lemma 19. Let {s,,};_, and {t,,};:_, be two periodic sequences. Then the sequences
{min(sy,tm) Yoo_y, {Sm+1tm}o_, and { L%J }:=1 are periodic as well. Let by (cg) be the
prefix (period) of {sm}r_,, let by (c;) be the prefix (period) of {t}_,, and let define

b = max(bs,b;), ¢ = lem(cs,¢;), and by, = b+ max‘_, Kic, where (1) K; = [%]

i i

if MY <A and tyy; < spei (2) Ki = Eemvad if AN <A and spi <ty and (3)

K; = 0, otherwise, for each i =0,...,c — 1 and where 7»((;), ...,7»5‘?_)1 (kg), ...,7»521) are



rates of {sm}r_1 ({tm}r_) with respect to the common prefix b and period c. Then, the
prefix and the period of the above sequences are:

|prefix period
{Sm +tm J—y b ¢
Sm had
{13} b 2
{min(sp,tm) Yn_y| bm c

Proof: We can show that the sum sequence {s,, +1 }_, is periodic as well, with prefix

b, period ¢ and rates 7\.(<)S) +7L((f), ...,7»51)1 +7\,£21. In fact, forevery k >0and i =0,...,c— 1
we have successively:

(S )bkt Deri = bkt V)i + ot (ke 1)eti (14)
= 7»,(3") + Sptke+i + Kft) + ket (15)
= M A - SpkeriFpikesi (16)
= O+ M) + 5+ ke (17)

=

For the min sequence {min(sy,, %) }_,, it can be shown that, foreachi =0,...,c—1
precisely one of the following assertions hold:

L. (7»® < 7»,@ or Al =2 and Spri <tpyi) and Vk > 0. Spygerkeri < ot Kicrketi
t

1

2. (7\41 ) <7\«§S> or k(s) :k(t) and 7 <Sb+,') and Vk > 0. I+ Kic+ke+i < Sh+Kic+ke+i

1 l

Intuitively, starting from the position b + K;c, on every period ¢, the minimum
amongst the two sequences is always defined by the same sequence i.e., the one having
the minimal rate on index i, or if the rates are equal, the one having the smaller starting
value.

We can show now that the min sequence {min(s,,,t,)};,_; is periodic starting at

by = b+ max¢~] Kic, with period ¢ and rates min(?»(()s),kg)), ...,min(kﬁs_)l,kyll). That
is, we have successively, for every k > 0 and i =0, ...,c — 1, and whenever i satisfies the

condition (1) above (the case when i satisfies the condition (2) being similar):

N(Sp,, + (k4 1) Dot (et 1)) = Shyt- (k1)
(s)
= )\’i + Sblll+kc+i

= min(kfs) ; 7»,@) + Min(Sp,, 1 ke-tis Loy tketi)

For the sequence {|% |} |, assume that the sequence {s,};_, is periodic with
prefix b, period ¢ and rates Ao, ..., Ac—1. It can be easily shown that the sequence | %] is
periodic as well with prefix b, period 2c¢, and rates Ag, ..., Ac—1,A0, ..., Ae—1.

We have successively for any k > 0, and for any i =0,...,c — 1:

rb+(k+1)2c+iJ _ | 2Nt Spkaesi et {Sb+k-2c+iJ
2 2 ' 2



Similarly, for any £ > 0 and for any i =0, ...,c — 1, we have:

V(b+k+1)2c+c+iJ _ {2ki+sb+k~2c+c+iJ et {Sb+k-26+c+iJ
2 2 ' 2

a

The following lemma establishes the bounds on the prefix and period of octagonal
relations, needed by Thm. 10, which gives one of the main results of this paper.

Lemma 20. Let R C ZN x ZN be an octagonal relation. The prefix and period of R are
V(R)? - 20W) and 29WN), respectively.

Proof: Letx = {x1,...,xy}, R(X,X) be the octagonal constraint defining the relation R,
y = {y1,...,yon} and R(y,y’) be the difference bounds encoding of R. Since V(R) =

V(R), by Lemma 7, the prefix of the periodic sequence {Mzu }5m_; is V(R) -29™) and,
by Lemma 6, its period is 2°Y), We will show that the periodic sequence {M_.

oo
PmSm=1

defining the sequence of powers {R"}*_, has prefix V(R)? -2°) and period 200V),
respectively. Let us fix 1 <i, j <4N. By Thm. 9 we have, for all m > 0:

(Mig)ij = min{(M;m)ij’ {(M"*zm)ﬁJ + L(MR;)HJ }

The period of {(Mi;)ij};,—; can be shown to be 29(N) by an application of Lemma 19,
which establishes the upper bound for the period of R. To compute the upper bound on
the prefix of {(Mz)ij}m—1, We consider first the case when R is *-consistent. Let us
define, for all m > 0

. M)z |, ( M)
sm=(Mzn)ij tn= | =57+ |5

By Lemma 19, the periodic sequence {#,}:_, has prefix b and period ¢’ = 2c. The
sequence {sp, }m=1 has prefix b and period ¢, but we can w.l.o.g. assume that its period
is ¢/ = 2¢. Clearly b = V(R) - 2°™) and ¢/ = 2°™), by Lemma 7 and 6, respectively.
By Lemma 19, the sequence {min(s,, %) };,_, has period ¢ and prefix defined as b’ =
b+ max‘_, Kic' where:

Ki= [ A <A and ty s < s
K = (Um Sb?ﬂ if 7b,(t < kl@ and sp4; < tpi;
K;=0 otherwise
Observe that: _
sp > —b-V(R)

th < maX{(M;b)iﬁ (M%b)]j} <b-V(R)

Thus, if KE‘Y) > Kl@ and fp.; > sp4, then:

Ki= [2505] S thsi—spsi S 2:5-V(R)



Similarly, we infer that K; < 2-b- V(R) if kl(s) < kl@ and t,,; < sp4;. Hence, b' =b+2-
b-V(R)-¢ is the prefix of {min(s,,#,)}=_, and thus of R. Thus b’ = V(R)?-20W).

Second, consider the case when R is not *-consistent, i.e. there exists £ > 0 such
that R® # 0 and for all k > ¢, R* = 0. According to Thm. 8, this can happen if and only
if either:

1. there exists m > ¢ such that the DBM M%m is inconsistent. In this case, M;k is

inconsistent for all k > m, and by by Lemma 7, we have ¢ < m = V(R) -29V).
2. for all m > ¢ the DBM M%m is consistent, hence by Thm. 8, for all m > ¢ there exist

M imim M imim
im € {1,...,2N}, such that " = L( R 2) |+ L( £ 2) | <0, or else R™ would

be consistent, which contradicts with the initial hypothesis. But then there exists
i € {1,...,2N} such that, for infinitely many m > ¢, we have 1" < 0. By Lemma
19, the sequence {r"}*_, is periodic, with prefix!> B = V(R)?-2°W) and period
C =29W) By passing on to a subsequence, we find infinitely many m > ¢, all equal
J modulo C, such that " < 0. We have 1" = t5*/ -m-;, since {#"}*_ is periodic,
with rate A;. Since 7" < 0 for infinitely many m > £, we have A; < 0. We compute

a lower bound on the first mg such that ;" < 0:

" =B 4 my Ay <0
B+J
my > ‘o > (B = V(R)? . 20W)

The last equality follows from the fact that B = V(R)?-2°W) and J < € = 29W),
Clearly ¢ < myg, which gives the upper bound on /.
O

Theorem 10. The class R pp is exponential, and the reachability problem for the class

M oct = {M flat counter machine | for all rules q X q on aloop of M, R is R ocr-definable}
is NP-complete.

Proof: To show that R ocr is exponential, we prove the four points of Def. 6. Point (A)
is by Lemma 18. Point (B) is by the definition of the &, p and ® mappings for X ocr,
for the class R ocr. For point (C.1) we use Lemma 20, and the fact that N < 2-||R||,
(9) and log, (V(R)) < ||R||, (Prop. 1). For the last point (C.2) we use Prop. 9 to decide
the second condition of Lemma 1, as a N conjunction of equalities between univariate
terms, of size polynomial in ||R]|,, built using k, integer constants, min, + and | 5 |. The
validity of this conjuction (for all k > 0) can be decided in NPTIME(||R||,), since it is
equivalent to a QFPA formula of size polynomial in the size of the equivalence. Finally,
NP-completness of the reachability problem for the M gcr class follows directly from
Thm. 2. O

15 The computation of B is as follows (using the notation of Lemma 19):

b = max(bs,b;) = V(R) - 200)
C = lem(cy,¢;) = 200)
B < b+max;cjcymax(sp4i,1p+i) C = V(R) - 20(N) 4 y(R)2.20(N) .20N) — y(R)2.20N)
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Conclusions and Future Work

We prove that the verification of reachability properties for flat counter machines with
difference bounds and octagonal relations on loops is NP-complete. Future work in-
cludes the extension of this result to finite monoid affine relations [8], and the inves-
tigation of temporal logic properties of flat counter machines with transitions defined
using these classes of relations.
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