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Abstract. This paper develops a continuous time portfolio optimization model
where the mean returns of individual securities or asset categories are explicitly
affected by underlying economic factors such as dividend yields, a firm’s return on
equity, interest rates, and unemployment rates. In particular, the factors are Gaussian
processes, and the drift coefficients for the securities are affine functions of these
factors. We employ methods of risk-sensitive control theory, thereby using an infinite
horizon objective that is natural and features the long run expected growth rate, the
asymptotic variance, and a single risk-aversion parameter. Even with constraints
on the admissible trading strategies, it is shown that the optimal trading strategy
has a simple characterization in terms of the factor levels. For particular factor
levels, the optimal trading positions can be obtained as the solution of a quadratic
program. The optimal objective value, as a function of the risk-aversion parameter,
is shown to be the solution of a partial differential equation. A simple asset allocation
example, featuring a Vasicek-type interest rate which affects a stock index and also
serves as a second investment opportunity, provides some additional insight about
the risk-sensitive criterion in the context of dynamic asset management.

KeyWords. Risk-sensitive stochastic control, Optimal portfolio selection, Incom-
plete markets, Large deviations.

AMS Classification. Primary 90A09, Secondary 60H30, 60G35, 93E20.



338 T. R. Bielecki and S. R. Pliska
1. Introduction

Beginning with the fundamental work by Merton [23], a number of very sophisticated
stochastic control models have been proposed for making optimal investment decisions.
Atypical approach takes diffusion process models of securities and looks for the trading
strategy which maximizes the expected utility of consumptioryanterminal wealth

over a finite planning horizon. The optimal strategy is obtained by solving the dynamic
programming equation, which is a PDE that must be solved numerically except for a few
simple cases.

The computational difficulties associated with PDESs have been circumvented some-
what by taking a more modern approach (see [16], [26], and [27]) using convex opti-
mization theory and risk-neutral probability measures. The idea is to decompose the
portfolio problem into two parts: first an optimization problem for the random variable
representing the optimal terminal wealth (or its optimal consumption analog) is solved,
and then a martingale representation problem for the optimal trading strategy is solved.
Explicit results can be obtained for the first step in a wide variety of circumstances,
provided the model is complete, which means, roughly speaking, that the number of
underlying Brownian motions is equal to the number of securities (see [13]). However,
the second step remains difficult in many cases. Moreover, it is often more realistic to
consider incomplete models, but here the results are extremely limited (see [16] for the
most recent results).

So while portfolio management seems like a natural application of stochastic control
theory, the fact is that this technology is rarely used in practice. While there are several
possible reasons for this lack of use, two primary explanations seem to be computa-
tional tractability and the statistical difficulties associated with the estimation of model
parameters. The aim of this paper is to introduce a new stochastic control approach that
is intended to address these two problems and thereby reduce the gap between theory
and practice. This approach is distinguished by two key features: underlying economic
factors such as accounting ratios, dividend yields, and macroeconomic measures are
explicitly incorporated in the model, and an infinite horizon, risk-sensitive criterion is
used for the investor’s objective.

Practitioners commonly use economic factors to forecast the returns of securities,
S0 in this paper we explicitly model such factors as well as the dependence of security
prices on such factors. While our approach does not circumvent the statistical difficulties
of making good estimates, it sheds better light on this problem, because the variables
which are used to forecast returns now reside within the model. Both the estimation and
optimization parts of the portfolio management process can be analyzed in an integrated
fashion.

Finite horizon optimization criteria often lead to time-dependent optimal strategies,
in which case the computational difficulties may be great. The alternative, namely, the
adoption of an infinite horizon optimization objective, offers the possibility of stationary
policies being optimal and thus of less severe computational difficulties. In addition, an
infinite horizon objective frequently is very appropriate for practical investment problems
such as the problem of managing a mutual fund. However, the choices of infinite horizon
criteria are quite limited. About the only such criterion that has been studied in the
portfolio management context is that of maximizing the portfolio’s long-run growth
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rate (i.e., the Kelly criterion, associated with expected log utility). This criterion is not
conservative enough for most investors, and investors vary widely in regard to their
attitudes about risk. Meanwhile, the two classical infinite horizon criteria in the control
theory literature, namely, average cost/reward and discounted cost/reward, are poorly
suited for portfolio management applications.

However, consider the criterion (hevt) is timet portfolio value)

o -2
Jy = liminf <—> ttInEe @2V
t—o0 2]

whered > —2, 0 # 0. SubstitutingR(t) = In V (t) enables one to establish a connection
with the recently developed literature dek-sensitive optimal contrdke.g., see [28]),
whereR(t) plays the role of a cumulative reward. This means that if we adopt, as we
shall, the objective of maximizingy, then many of the techniques that have recently
been developed for risk-sensitive control can be potentially applied to our portfolio
management problem.

Moreover, as is well understood in the risk-sensitive control literature, a Taylor
series expansion abofit= 0 yields

2 6
-3 InEe™?/2NV® — ElnV (t) — 2 var(InV (t)) + 0(6?). (1.1)

HenceJ, can be interpreted as the long-run expected growth rate minus a penalty term,
with an error that is proportional & . Furthermore, the penalty term is proportional to
theasymptotic variancea quantity that was studied in [19] in the case of a conventional,
multivariate geometric Brownian motion model of securities. The penalty term is also
proportional tod, so 6 should be interpreted asra&k-sensitivity parameteor risk-
aversion parameteiThe special case 6f= 0 is referred to as thesk-null case this is

the classical Kelly criterion, that isly = liminf,_, ., t"*EIn V(t).

Note thatJ, has the form of the large-deviations-type functional for the capital
processV (t). Consequently, maximizing, for 6 > 0O protects an investor interested
in maximizing the expected growth rate of the capital against large deviations of the
actually realized rate from the expectations.

Some insight into our risk-sensitive criterion can be obtained by considering the
case where the proce®qt) is a simple geometric Brownian motion with parameters
u ando. A simple calculation givesy, = u — %02 — (6/4)5, so the approximation
mentioned above is, in this case, exact.

This paper is not the first to apply a risk-sensitive optimality criterion to a financial
problem. Lefebvre and Montulet [22] used the calculus of variations approach to study a
firm’s optimal mix between liquid and nonliquid assets. Fleming [9] used risk-sensitive
methods to obtain asymptotic results for two kinds of portfolio management problems.

Insummary, inthis paper we develop a portfolio optimization model where securities
explicitly depend on underlying economic factors and where the objective is to maximize
the risk-sensitive criteriod, that was introduced above. A precise formulation of our
model as well as the main results are all found in Section 2. Various preliminary and
auxiliary results are located in Section 3, while Section 4 has the principal arguments
and proofs of our main results.

Sections 2—4 are all for the case where the risk-aversion parathetef. The
risk-null case® = 0 is the subject of Section 5. It should be pointed out here, however,
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that when our model has no factors ahek 0 it collapses to a well-studied, complete
model, but when factors are included our model is incomplete and our expected growth
rate maximization results are new. Indeed, most results in this paper, bothhwhén

andé > 0, are significant contributions to the financial economic theory of incomplete
models of security markets.

Section 6 is devoted to providing some additional, interesting insight into the nature
of risk-sensitive optimality in the context of dynamic asset management. In Section 7 we
provide some thoughts about our future research. The paper concludes with an Appendix
in which we prove Lemmas 5.1 and 5.2.

2. Formulation of the Problem and the Main Results

We consider a market consistingmf> 2 securities and > 1 factors. The set of secu-
rities may include stocks, bonds, cash, and derivative securities, as in [7], for example.
The set of factors may include dividend yields, price-earning ratios, short-term interest
rates, the rate of inflation, etc., as in [25], for example.

Let (2, {#}, F, P) be the underlying probability space. Denoting®it) the price
of theith security and byX; (t) the level of thejth factor at timet, we consider the
following market model for the dynamics of the security prices and factors:

dS) el .
SOl @+ AX()); dt+kzaikdvvk(t), SO =s, i=12....m (21)
=1

dX(t) = (b+ BX(t))dt+ AdW(t),  X(©0) = x, (2.2)

whereW(t) is an R™"-valued standard Brownian motion process with components
Wi (1), X(t) is the R"-valued factor process with componemtg(t), the market param-
etersa, A, ¥ = [oj;], b, B, A := [X;;] are matrices of appropriate dimensions,
and(a + Ax); denotes théth component of the vect@ + Ax. It is well known that
a unique, strong solution exists for (2.1), (2.2), and that the proc&s@desre positive
with probability 1 (see, e.g., Chapter 5 of [18]).

Let Gi == o((S(s), X(8),0 < s < t), whereS(t) = (S(t), S(1),..., Sn)) is
the security price process. Lleft) denote arR"-valued investment process or strategy
whose components ahg(t), i =1,2,...,m.

Definition 2.1. An investment proceds(t) is admissibleif the following conditions
are satisfied:

(i) h(t) takes values in a given measurable sulyset R™, and} ", h;(t) = 1,
(i) h(t) is measurablgy;-adapted,
(iii) P[fot h'(s)h(s) ds < oo] = 1, for all finitet > 0.

The class of admissible investment strategies will be denotéd.by
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Let nowh(t) be an admissible investment process. Then there exists a unique, strong,
and almost surely positive solutian(t) to the following equation:

m+n

V() = Zh (t)V(t)[ul(X(t))dt +2 d\/\&(t)} VO =v>0 (23

wherepu; (xX) is theith coordinate of the vect@ + Ax for x € R". The proces¥ (t)
represents the investor’s capital at tilmendh; (t) represents the proportion of capital
that is invested in security so thath; (t)V(t)/S (t) represents the number of shares
invested in security, just as in, for example, Section 3 of [17].

In this paper we investigate the following family of risk-sensitized optimal invest-
ment problems, labeled &By):

for 6 € (0, 00), maximize the risk-sensitized expected growth rate
Jo(v, X; h(+)) 1= I|m|nf< )t LnENO [e7@/2IVO v (0) = v, X(0) = X] (2.4)

over the class of all admissible investment procesggssubject to(2.2)
and (2.3),

whereE is the expectation with respect B The notationE"® emphasizes that the
expectation is evaluated for proc&s&) generated by (2.3) under the investment strategy
h(t).

Remark 2.1. Asmentioned inthe Introduction, the positive value of the risk-sensitivity
parameteé corresponds to a risk-averse investor. The techniques used in this paper can
also be used to study problen,) for negative values of, corresponding to risk-
seeking investors. The risk-null case, tbe= 0, is studied in Section 5 as the limit of

the risk-averse situation when the risk-sensitivity paramggges to zero.

Before we can present the main results contributed by this paper, we need to introduce
the following notation, fop > 0 andx € R™:

0
. H 1(Z / / W
Ko(X) 1= hexl,nlf'h=1 [2 <2 + 1) h'EX'h h'(a+ Ax):| . (2.5)
We also need to introduce the following assumptions:

Assumption (Al). The investment constraint sgtsatisfies one of the following two
conditions

@ x =R" or
(b) x={theR":hy <hy <hg, i =12, ...,m}, where h; < hy are finite
constants

Assumption (A2). For6 > 0,

I|m Ko (X) =

Ixl—



342 T. R. Bielecki and S. R. Pliska
Assumption (A3). The matrixA A’ is positive definiteand ZA’ = 0.

Remark 2.2. (i) Note that if X ¥’ is positive definite and kéA) = 0, then assumption
(A2) is implied by assumption (Al)(a).

(i) These assumptions are sufficient for the results below to be true, but, as will
be seen for the example considered in Section 6, Assumption (A2) is not necessary, in
general.

Theorems 2.1 and 2.2 below contain the main results of this paper.

Theorem 2.1. Assumé&Al)—(A3).Fix 0 > 0.Let Hy(x) denote a minimizing selector
in (2.5),that is

Ko(X) = 3 (g + 1) Ho(X)ZZ'Ho(X) — Hy(x)'(@a+ AX).

Then the investment process
hg (1) := Ha (X (1)) (2.6)

is optimal sure in the sense of Foldage[11]). That is letting, for eacht > 0,
3 @, x;h()) = _72 INE"C[V=4()|V (0) = v, X(0) = x],
we have
Ji (v, X; h(-) < Jj (v, X; hg () (2.7)
for all admissible strategies(h), v > 0,x € R",and allt > 0.
Corollary 2.1. The investment procesg () is optimal for problem(Py), that is
Jp (v, X; h(-)) < Jp(v, X; hg(-))

holds forallh(-) € H,v > 0,x € R,

Theorem 2.2. Assumé&Al1)—(A3),fix6 > 0,and consider probleniPy). Let hy (t) be
as in Theoren2.1.Then

(a) Forall v > 0and xe R" we have
—2
Jo(v. x: hy()) = lim (7) ttInEMO[e=@2NVO v (0) = v, X(0) = X]
=1 p(9).

(b) The constanp(9) in (a) is the unique nonnegative constant which is a part of
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the solution(p(9), v(x; 0)) to the following equation

, 0 <~ dv(x) dv(x) &I
p = (b+ Bx) grad, v(x) — 2 Z ax ox, Z)\ik)ujk

ij=1 k=1

32 n+m
2 Z v) Z)"Ik)"jk — Ky(x),

ax. ax, =

v(x) € C3(R"), lim v(x) = oo, p = const (2.8)

X[l —o00

The key point of the first equality i) is, of course, that the optimal objective value is
given by an ordinary lim rather than the liminf as in (2.4). The key point of the second
equality in(a) is that the optimal objective value does not depend on either the initial
amount of the investor’s capité) or on the initial values of the underlying economic
factors(x), although it depends, of course, on the investor’s attitude toward risk (encoded
in the value ob). The key point of (b) is that the optimal objective value is characterized

in terms of (2.8). It is important to observe that for the problem studied in this paper
the partv(x; 0) of the solution to (2.8) is a classical, smooth solution of a PDE. This
is mainly because the diffusion term in the factor equation (2.2) is nondegenerate. For
more general formulations, viscosity solutions may have to be considered.

3. Auxiliary Results

In this section we formulate several technical results that will be needed laté€.(ket
be a real-valued function odR". Throughout this section it is assumed tKgix) has the
following properties:

Assumption (B1).

(@ K(x) <0.
(b) liMxj—00 K(X) = —
(€) |IK(X)| < c(1+ ||x]|?), where ¢ is a positive constant

(dLet Kk c Ri = 1,2,. | finite, be disjoint open setssuch that
UI -1 Ki = R" whereK. is the closure of K Then K(x) is smooth on each of
the K;'s.

(e) K(x) is locally Lipschitz on R.

We begin by considering the following Cauchy problem:

af (t, x 92f(t, x) &
( ) 22 ( )Zkukkjk

ST 0% 0%

+ (b+ Bx)'grad f(t,r) + K(x)f(x,1), (3.1)
f(0,x) =1,

fort € (0, T], T < oo, andx € R". The above problem has been extensively studied in
the literature, and its properties are well known (see [12] or [21] for classical expositions).
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The classical solution to (3.1) can, for example, be constructed as follows:
Let Z(x, &, t, t) be given as in (11.13) of [21] fox,é € R"and0<t <t < T,
and define

g(t, x) :=/ Z(X, &, t,0) dg, (t,x) [0, T] x R". (3.2)
RI’\

Using the above estimates and formulas (11.8) and (11.9) on p. 358 of [21], it follows
that

g e C*2((0, T), R nC([0, T], RM) (3.3)
and
g e CH/22+e((0, T), B,) N C([0, T], RM), (3.4)

whereB, = {x € R" : ||x|| < r}, andr > O is arbitrary. In addition, we also have
(see the discussion in Section V.14 of [21]) tigas a solution to the Cauchy problem
(3.1). Finally, using the Feynmann-Kac formula (see, e.g., [18]) we obtain the following
stochastic representation fgr

a(t. x) = Efele XX 0) — x], (3.5)

where X(t) is our factor process. Since every smooth solution for the Cauchy problem
(3.1) has the above representation, tlgeis the unique solution to the problem (3.1).

In view of conditions (B1)(a),(c), representation (3.5) implies the following estimates
for g:

O0<gt,x) <1, (t,x) [0, T] x R", (3.6)
ag(att’ Yo (t,x) € (0, T) x R". (3.7)

We now fixé > 0 and define

Up.T(t, X) 1= —g Ing(t, x), (t,x) €[0,T] x R". (3.8)
The following lemma summarizes propertiesgfr that we need.
Lemma 3.1. Assumé&A2) and(B1). Then the functionyr defined by3.8)enjoys the

following properties

(@ ugt =0,
(b) dugr/0t >0,
(c) ug 7 is the only nonnegativeclassical solution of
au(t, x)
ot

= (b+ Bx)'grad, u(t, x)

—0 < du(t, x) du(t, x) X
+%|:7Z (1,20 out )Z/\ikkjk

ij=1 IXi 9X; k=1
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92u(t, x) &
AikAik | — —K X 3.9
+iJ2::1 8x|8, kX:; ikAjk (%), ( )

u(0, x) =0,

for (t,x) € (0, T] x R"
(d) ug,7(t, x) is three times continuously differentiable in x [ofi_, Ki.

Proof. Properties (a), (b), and (c) are obvious consequences of (3.12)—(3.14) and the
fact thatg(t, x) is the unigue solution to (3.1). Property) follows sinceK (x) is smooth
on{J'_; Ki. O

In view of the above lemma and the fact that graglt andau, 1 /at are continuous, we
can now apply the argument used in the proof of Lemma 1.5 of [24] in order to obtain
the following important estimate (compare (1.28) in [24]):

l

wherey, K, ,, andL, , are some positive constants that are independenaodi T .

We want to extend the solutian 1 (t, x) from [0, T] x R"to [0, c0) x R". Toward
this end, following the argument of Section 1.4 in [24] with(t, X) = us(t,x) =
Ua(t,X) = Uug7(t,x) on [0, T] x Bg (using the notation of [24]), we arrive at the
following result (compare Theorem 1.1 in [24]):

au
8?”) <tKr, + Ly, on (0,T] x B, (3.10)

Lemma 3.2. Assumé&A2) and(B1). Then

(a) The equation

au(t, x
(at ) = (b+ Bx)' grad, u(t, x)
-0 <N du(t, x) du(t, x) &I
I = : : AikAj
+2[2ijz ox o k;'k’k

n 2 n+m
2u(t, x) ] (3.1)

+ AikAjk
2 n
— 5K(X), (t,x) € (0, 0) x R",

u(0,x) =0, x e R",

has a nonnegative solution & C*2((0, c0), R") N C([0, c0), R"). This ; is
an extension of gty t0 [0, co) x R".
(b) du,/dt > O.

AUy
(c) t (|| grad, ug|1? + ya—) <tKi, + Lry, on (0,0) x B, (3.12)

for some positive constanis K, ,, and L, , that are independent of t
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We see now that Theorem 3.4 of [24] applies in our context. We state the version of
this theorem, appropriate for the situation considered here, as

Lemma 3.3. Assumé&A2) and(B1). Then

(a) Ast— oo then the function at, X) — Uy (t, 0) converges to a functiom, (x) in

W3 . uniformly on each compact subset of, @nd the functiorbu,(t, x) /ot
converges to a constapj.

(b) The pair(vy, pp) is the unique solution to equatidmn, is unique up to an additive

constany

9 B] adly
v(X) U(X)Z)\ik)vjk

, 0
p = (b+ Bx) grad, v(x) — — Z %

4

i,j=1 k=1
%v(x) X 2
AikAik — =K (X), 3.13
2 Z 8X| BXI kg; ikAjk 0 (x) ( )
v(x) € C? (R”), lim v(X) = oo, p = const
lIX[|—o0

Sinceduy (t, X)/dt converges to a constapg, we thus have an obvious

Corollary 3.1.

U (T, X)

lim

t—o0

= pg. (3.14)

4. Proofs of the Main Results

In this section we verify validity of the results stated in Section 2. Assumptions (A1)—(A3)
are supposed to hold throughout the section.
Fix 6 > 0 and consider the following Bellman—Hamilton—-Jacobi equation:

0 = infhe, [LM0(t, X, v)],

4.1
9(0, %, v) = v~ /2, @

fort >0, x € R", v > 0, where

dp(t, X, v) n do(t, X, v)
ot Jv
+ (b+ Bx)'grad, ¢(t, X, v)

10%p(t, X, v) a<p(txU)“+m
+ 278 ——hExh? + 3 E " ox ox E AikAjk -
I = k=1

Lo, x, v) 1= — h'(a+ Ax)v

We seek a solution to (4.1) in the form

D(t, X, v; 0) = v~ O/Dg @/DVCXD) (4.2)
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for some suitable functiob) (t, x; 0). To this end, we consider first the following two
equations:

au (t,
;t X) _ (b+ Bx) grad, U (t, x)
—0 < 9U(t, x) aU (t, x) X
1] _- i > i A
+ 2|: 2 in:: X 0X; kZ:; kAik
n 2U (t X) n+m

AikA 4.3
+i;1 7% 9% ;uk ik 4.3)

- K@(X)’ (t’ X) € (07 OO) X Rn’
U (0, x) =0, x € R",
and

au (t, x)
ot

= (b+ Bx)'grad U (t, x)

- au (t, x) aU(t, x) X
+%L_2: (t. %) (mzme

ij=1

n 2 n+m
920 (t, x) ] @)

+ Z)Hk)&]k
= 8x. X =

— Kp(x), (t,x) € (0,00) x R",
U (0, x) =0, x € R",

where
Ko () = Ko (x) —
andK, (x) andK, are defined in (2.5) and (2.9), respectively. We now have the following:

Proposition 4.1. The constant Kis finite, and the functiorK, (x) satisfies Assump-
tion (B1).

Proof. Invoking the results from Section 5.5 of [1] we conclude tKatx) satisfies
conditions (c) and (d) of Assumption (B1). In view of this and Assumption (A2), we
see that the constaKi; is finite, and thai, (x) satisfies conditions (a)—(d) of Assump-
tion (B1). Condition (e) is satisfied in view of problem (11)(a) in [10]. O

From the above proposition and from Lemma 3.2 it follows that there exists a
nonnegative classical soluti@n(t, x; 0) to (4.4). Now, by letting

U, x;0) =U(t, x;0) —tKy, (t,x) € [0, 00) x R", (4.5)

we see that (t, x; 0) is a classical solution to (4.3). We thus have the following:
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Proposition 4.2. Let ®(t, x, v; §) be as in(4.2), with U(t, x; 6) as in (4.5). Then
d(t, X, v; 0) is a classical solution to the Bellman—Hamilton—Jacobi equatibi).

Proof. The result follows by direct inspection. O

We proceed with the statement and proof of a verification result, from which Theorem
2.1 and Corollary 2.1 follow immediately:

Proposition 4.3. Let®y(t, X, v) denote any classical solution (4.1).For each i) €
‘H we have

Py (t, %, v) < E"OV(O) U2V (0) = v, X(0) = X],

(4.6)
t>0 (X,v) € R"x (0, 00),
For hy (-) defined in(2.6) we have
— EMO —(0/2) — —
Dy (t, X, v) = EMO[V (1) [V (0) = v, X(0) =x], @.7)

t>0 (X,v) € R"x (0, 00).

Proof. The results are clearly true for= 0.

Fix t > 0 and a strategyn(-) € H. Applying Ito’s formula toWy(s, X, v) =
Dyt — s, x,v) for 0 < s < t, we get for each sufficiently smaidl > 0 the following
equality:

ENO[dg(e, X(t — &), V(t — £))|V(0) = v, X(0) = X] — Dy(t, X, v)
t
= ENO [/ L"O@,(r, Xt — 1), V(t —r))dr|V(0) = v, X(0) = x} (4.8)

&

for all x € R" andv > 0, where L"O®,(s, X(s), V(s)) is defined similarly as
L"®, (s, X(s), V(s)) with h(s) substituting forh.

Itfollows from (4.1) that the expression on the right-hand side of (4.8) is nonnegative.
Thus, lettinge go to zero, we obtain (4.6).

It follows from the results of Section 5.5 in [1] thi (x) (defined in Theorem 2.1) is
a piecewise affine function dR". Thushy (-) is an admissible strategy, and the conclusion
(4.7) follows since the right-hand side of (4.8) is equal to zerdfor= hy (). O

We are ready now to prove Theorem 2.1.

Proof of Theoren2.1. Letd(t, x, v; ) be asin (4.2), withJ (t, x; ) asin (4.5). Then

it follows from Propositions 4.2 and 4.3 thét(t, x, v; ) is the unique solution to

the Bellman—Hamilton—Jacobi equation (4.1), and that it satisfies (4.6) and (4.7). This
implies (2.7). O

It remains to demonstrate Theorem 2.2.
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Proof of Theoren2.2.  Asinthe proofof Theorem 2.1 we first observe thét, x, v; 0)
is the unigue solution to (4.1). Thls(t, x, v; 0) is the unique nonnegative solution to
(4.4), and we have

2 _
—EInCIJ(t,x, v;0)=Inv+U(, x;0) —tKy, 4.9

for (t, x, v) € [0, 00) x R" x (0, o0). Applying Lemma 3.3 and Corollary 3.1 to (2.8)
and (4.4) we conclude that

U@, x; 0
Im#

t—oo

= p(0) + Ky. (4.10)

The conclusions of Theorem 2.2 follow now from (4.9) and (4.10) si¢e X, v; 0)
satisfies (4.6) and (4.7). O

5. Risk-Null Problem (6 = 0)

Inthis section we study the limitwhen|, 0 of problemsgP;). This leads to consideration

of the classical problem of maximizing the portfolio’s expected growth rate, that is, the
growth rate under the log-utility function (see, e.g., [15] and [16]). We label this problem
as(Pg) and formulate it as follows:

maximize the expected growth rate

Jo(, x; h()) = liminfi_ . t™* E"OlIn V(1)[V(0) = v, X(0) = X] (5.1)
over the class of all admissible investment procesggssubject to(2.2)

and (2.3).

Throughout the section we impose the following three assumptions:

Assumption (C1). For eachd > 0 the function K (x) (see(2.5))is quadratic and of
the form

Ko (x) = 3X'K1(0)X + K2(0)x + K3(0).
Assumption (C2). Foreachp > 0the matrix K (9) is symmetric and negative definite
Assumption (C3). The matrix B in(2.2)is stable

Remark 5.1. (a) Assumption (C1) will be relaxed in a future paper. We briefly discuss
at the end of this section how our results can be generalized to the case of general
functionsK, (x), as defined in (2.5).
(b) Assumption (C1) is satisfied if, for example, the maRiX’ is nonsingular and if
x = R". As will be seen in Section 6, nonsingularity &’ is not a necessary condition
for (C1) to hold.



350 T. R. Bielecki and S. R. Pliska

(c) It follows from Section 5.5 in [1] that lim o K (6) = K;(0) fori =1, 2, 3.

(d) Note that we did not assume stability Bfin order to prove Corollary 2.1 and
Theorem 2.2. This is because positivity of the risk-sensitivity parangefethich was
assumed there) was enough to enforce “good” behavior of our objective functionals for
larget.

(e) Note that Assumption (A2) is satisfied. Assumption (Al) is no longer needed.

We intend to establish a relationship betweerrisie null problem(Py) and therisk-
sensitive problem&y), 6 > 0. Toward this end we consider the following equation:

32 n+m

") Z AikAjk — Ko(X),

9% 0% = (5.2)
vo(X) € C2(RM, N I‘l‘m vo(x) 00, p(0) = const

p(0) = (b+ Bx)' grad, vo(x) + 3 Z

We now have the following two results:

Lemmab5.1l. Assumé&A3) and(C1)—(C3).Then there exists a solution pdjs (0), vg)
to (5.2).

Proof. See the Appendix. O

Proposition 5.1. Let Hy(x) be a minimizing selector on the right-hand side@5b).
Define a strategy §(-) as in(2.6)with O replacingé. If (0(0), vo) is a solution to(5.2),
then we have

(a) The strategy §-) is optimal for(Pp), and

Jo(v. X; ho()) = lim tLEMO[N V(1)|V(0) = v, X(0) = X] = p(0). (5.3)
(b) The constanp(0) is unique

Proof. Fix an arbitrary admissible strategpy-) and (v, x) € (0, co) x R". Applying
Ito’s formula tovg and using (2.5) and (5.2) we get

vo(X (1)) — vo(v)
t n 2 n+m
/ |:(b—|- Bx)' grad, vo(X(s)) + ;Z 0 ”O(X(S))Z/\.kxjk}

=) 0X; 0X; =
—f grad, vo(X(s))A dW(s)
0
t
< tp(0)+ [ [3h' (X(9) ZE'h(X(s))—h (X(s))(a+AX(s))] ds
0

t
- / grad, vo(X(s))A dW(s), t>0. (5.4)
0
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Under the strateghi(-) the capital proces¥ (t) is the geometric Brownian motion (see,
e.g., p- 361 of [18])

t
V() = v-exp{—/ 30 (X () TE'h(X(9) — N (X(9)(a+ AX(s))] ds
0

t
+f h/(X(s))de(s)}, t>0.
0

Therefore, we obtain from (5.4)

E"OLug(X()IV (0) = v, X(0) = X] — vo(v)
<tp(0) +Inv—E"[INnV®)[V(0) = v, X(0) =x], t>0. (5.5)

Now, it follows from the proof of Lemma 5.1 that(x) is a quadratic function. Since
the factor procesX(t) is ergodic (becausB is stable) then it can be shown (see, e.g.,
[4]) that for all (v, X) € (0, o0) x R™ and for allh(-) € H we have that

lim (t}) E"Ouo(X 1))V (0) = v, X(0) = X] = 0. (5.6)

t—oo

It follows from the results of Section 5.5 in [1] thiag(-) is an admissible strategy. Thus,
applying Ito’s formula tavg(x) we obtain from (5.2)

wo(X (1) - vo(v)
t 2 n+m
-/ [<b+ BX)' grad, vo(X(s)) + Z P uo((S) Zx.kx,k}

X 9% (=
— / grad, vo(X(s))A dW(s)
0
t
=tp(0) + _/0 [%hB(X(S))EZ/ho(X(S)) — hy(X(s))(a+ AX(s))] ds

t
- / grad, vo(X(s))A dW(s), t>0. (5.7)
0
Thus

E™O[ug(X 1)V (0) = v, X(0) = X] — vo(v)
=1p(0) +Inv — E™O[In V(t)|V(0) = v, X(0) = x], t>0. (5.8)

The result in (a) follows now from (5.5), (5.6), and (5.8).
Uniqueness o0p (0) follows from its stochastic representation in (5.8). O

Remark 5.2. WhenX X' is positive definite, the optimal strateby(-) agrees with the
one derived by Karatzas (see (9.19) in [15]).

In order to relate the risk-sensitive proble®s), 6 > 0, and the risk-null problem
(Po) we need the following result:
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Lemma5.2. The constant®(9), 6 > 0, in the solutions to2.8) converge to the
constanto (0) in the solution tg5.2) whené converges to zero

Proof. See the Appendix. O

We now have the following proposition, which says that the optimal objective values
for problems(Py) converge to the optimal objective value for the risk-null proble®y)
when the risk-aversion parameter decays to zero:

Proposition 5.2. AssumdA3) and(C1)—(C3).Then

. . -2
i L'L‘L‘o <7) tHnEMO[e @2 INVO |V (0) = v, X(0) = x]]

_ 1 =h()
= max [tlLrgot ENOlIn V(1)|V(0) = v, X(0) = x]] (5.9)

Proof. It follows from Corollary 2.1 and Theorem 2.1 that the left-hand side of (5.9)
is equal to lim o p(0). Proposition 5.1 implies that the right-hand side of (5.9) is equal
to p(0). This proves the result in view of the Lemma 5.2. O

The following result characterizes the portfolio expected growth rate corresponding
to the optimal investment strategy for the risk-aversion lével 0.

Lemma5.3. AssumdA3) and(C3). Fix 6 > 0. Let Hy(x) be as in Theorer2.1and

assume that Hx) is a linear function and that

lim [3H,(X)EX'Hy(X) — Hy(X)'(@+ AX)] = —o0. (5.10)

X[l =00

Consider the equation

n+m

po = (b+ Bx)' grad, vs,0(X) + 3 Z O, O(X) Z LikAjk

— [BH ) ZZ Hp(x) — Hg(x) (@a+ Ax)], (5.11)
vp.0(X) € C3(R"), ||x|\i\m vg.0(X) = 00, py = const

Then there exists a solutiapy, vy.0) to the above equatignhe constanp, is unique
and we have

Jo(v, X; N (-)) = po (5.12)
for all (v, x) € (0, 00) x R", where h(-) is defined as i1§2.6).

Proof. The proof is analogous to the proofs of Lemma 5.1 and Proposition 5.2 and
therefore is omitted. O

It can be demonstrated that condition (5.10) is sufficient but not necessary.
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Remark 5.3. Theresults of Bensoussan and Frehse [2] can be used in order to prove that
(5.2) admits a solution for generélh(x), as defined in (2.5), if one relaxes smoothness
requirements fopg(x) (e.g.,vp(X) is only assumed to belong to an appropriate Sobolev
class). Then the generalized Ito lemma [20] can be used to obtain a result analogous to
Proposition 5.1. In a future paper we shall endeavor to extend Lemma 5.1 and the other
results of this section to the case whé&rgx) is not necessarily a quadratic function.

6. Up-Side Chance and Down-Side Risk

Inthis section we present a simple example which provides yet another justification of the
superiority of the risk-sensitive criterion over the (classical) log-utility one. Specifically,
for the example considered here we demonstrate that the asymptotic ratio of “up-side
chance” to “down-side risk” is maximal for sorepositive.

We consider a model of an economy where the mean returns of the stock market are
affected by the level of interest rates. Consider a single risky asset, say a stock index,
that is governed by the SDE

dS
S

where the spot interest raté) is governed by the classical “Vasicek” process

= (1 + par (1)) dt 4+ o dWA(D), S(0) =s,

dr(t) = (by + bor (t)) dt + A dWh(1), r(0)=r > 0.

Herews, uo, b1, by, o, anda are fixed, scalar parameters, to be estimated, viljle
andW, are two independent Brownian motions. We assimne- 0 andb, < 0 in all
that follows.

The investor can take a long or short position in the stock index as well as borrow or
lend money, with continuous compounding, at the prevailing interest rate. It is therefore
convenient to follow the common approach and introduce the “bank account” process
S, where

ds()
—— =r(()dt.
so Y

Thus S(t) represents the timevalue of a savings account whe&h(0) = 1 dollar

is deposited at time 0. This enables us to formulate the investor's problem as in the
preceding sections, for there ame= 2 securitiesS; andS,, there isn = 1 factorX =r,
andwecansdi=b;, B=b,, a= (11,0, A= (u2, 1, A=(0,0,1), and

o 0 O
X = (o 0 o) '
With only two assets itis convenient to describe the investor’s trading strategy in terms of
the scalar-valued functiddy (r ), whichisinterpreted as the proportion of capital invested
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in the stock index, leaving the proportlon—ng(r) invested in the bank account. Thus
here we haveH,(r) = [Hq(r), 1 — Hq(r)]. We suppose for simplicity that there are
no special restrictions (e.g., short sales constraints, borrowing restrictions, etc.) on the
investor’s trading strategy, so the investment constrainj Settaken to be the whole
real line.

In order to simplify the calculations that follow we reduce our Vasicek model to the
case that corresponds to the classical Merton [23] model of 1971 by assuming that

n2 =0, bi=by,=1=0, 1 >T.

Observe that we have assumed a constant spot rate (that)iss r for all t) and a
constant rate of returnu) on the stock index. We thus have a very conventional, two-
assetmodel. Our assumptions are imposed in order to simplify the following development
of a new interpretation of the risk-sensitive optimality criterion. In particular, we analyze
dependence oft > 0 of the following quantity:

1\ PYO1/t)InV(t 0
R©) = lim (=) (/) InV(t) > p(0))
t—oo \ t PhO((1/t) InV (1) <T)
To interpret this quantity, using the strong law of large numbers for the Brownian motion
process it can easily be shown that, under the parametrization considered here,

0o = lim <%) E"Olln V(t)|V(0) = v] = lim <%) InV(t), P"O as,

t—o0

for all v € (0,00) and® > 0. In particular,oo = p(0) = 2((u1 —r)?/0?) +1 is
the maximal (expected) growth rate of the investor’s portfolio. Thus the quaRtity
above can be interpreted as the asymptotic, logarithmic ratio of the chance that the actual
growth rate of the investor’s portfolio under the stratégy) = [hs (), 1 — hy ()]’ will
exceed the maximal limit, to the risk that the growth rate will fall below the spot rate.
It is interesting to see which value 6f> 0 maximizesR(#). Toward this end we
first note that in the current situation we have

m1—r

h() = Hy(r) := =

forallt > 0. Thus, undehy(-), we have

1 Wy (t
(;) INV () = pu1Ho(r) + (1 — Ho(r)r — —H9 (r)a + Hy(r) l( ).

Consequently (using (1.1.4) of [8]) we obtain

2

[ x? [ x
R(9) =|nf{5 IX € A(G)} —mf{? iX e F(@)},
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where

20, _
1) and T'(0):= <}M oo).

6+
A@B) = (oo,—%(m—r) 8 6/2+1°

0/2+1

Thus

_lu-r)? , 0
R(Q)_Z(G/Z——}—l)z |:(9+1) —1—6i|

Finally we see thaR(0) is maximized over [Doo) by 6* = 2. This means that the ratio
of up-side chancéo down-side risks maximized if the investor maximizes the growth
of —(1/t) INE(1/V (1))!

7. Future Research

Itis important to study risk-sensitive investment problems with partial information. Typ-
ically, the values of the market parametarsA, 2, b, B, and A are not known to an
investor. So how should our model be implemented? One possibility is that the investor
obtains initial estimates of the market parameters based on historical time series, and
then holds onto these estimates throughout the entire future investment horizon. A poten-
tially better approach for the investor would be to select her or his investment decisions
adaptivelybased on currently available market information and the optimal decision
strategies (perhaps the ones developed in this paper). This means that the estimates of
market parameters are updated as time goes by and new market information is acquired,
and subsequently the updated estimates are used instead of the “true” values of those
market parameters in the formulas for optimal risk-sensitive investment rules. Adaptive,
risk-sensitive investment rules should be investigated in the future, based on the results
presented in this paper as well as some of the ideas developed in [3], [5], and [31]. The
guiding rule should be to develop a simple estimation scheme for the model parameters
which, when combined with (2.5), should lead to the development of practical, feasible
algorithms for real-time dynamic asset management. The incorporation of partial state
observation (imprecise measurements of the security prices and/or of the factor levels)
is another desirable research objective.

Further, it is important to study the risk-sensitive optimal portfolio selection prob-
lem for a generalization of the basic market model that we introduced in Section 2.
Specifically, one should relax the linearity assumption on the drift coefficients and also
allow for dependence on factors of the diffusion coefficients in the market SDEs. Thus
these equations would take the following form:

d S (t) m+n

—— = mi(X(D)dt ik (X (1)) dWk(D),
s — MO +kz:;ak( (1)) dWi (D) 7.1)
SO=s, i=12...m

dX(t) = B(X(1) dt + A(X (1) dW(t),  X(0) = X, (7.2)
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where, as befordV/(t) is anR™"-valued standard Brownian motion process with com-
ponent3ik (t), and the market functions(x) := [ui (X)]1xm, Z(X) := [0ik ) ]mxm+n)»

B(x), andA (x) are such that a unique strong solution exists to the above equations. Fi-
nally, it would be desirable to relax the assumption about the lack of correlation between
residuals in the security prices and factor equations, that is, to drop the requirement that
Y (X)A’(X) is the zero matrix.

Appendix. Proof of Lemmas 5.1 and 5.2

Proof of Lemm&.1. Consider the equation

VL, X) V(L x) T
ot~ BX)' grad V(t. x) + 3 Z X X; Zk'kkjk o), (8.1)
V(, x) =

for x € R"andt > 0. It can be easily verified that a solutid(t, x) to (8.1) exists and
is given by

Vo(t, X) = 3X'Po(t)X + Qo(t)X + Go(t), (8.2)
provided the function®y(t), Qo(t) andGy(t) satisfy the ordinary differential equations:
Po(t) = B"Po(t) + Po(t)B — K1(0),  Po(0) =0, (8.3)
Qo(t) = B'Qo(t) + b'Po(t) — K2(0), Q0(0) =0, (8.4)
Go(t) =b'Qo(t) + 5tr(Po(HAA) — K3(0),  Go(0) =0, (8.5)

for t > 0. Now, it is well known (see, e.g., [30] and [29]) that there exists a unique,
nonnegative definite solution to the Lyapunov equation (8.3), given by

t
Po(t) = —/ St —s)K1(0)S(t — s)ds, t>0, (8.6)
0
where
S(t) ;= exp(Bt}, t>0. (8.7)

The othertwo differential equations are standard, so, indeed, there exists a unique solution
to (8.3)—(8.5). Moreover, sincB is stable there exist limits

Po = tango Po(1), Qo = t[[’go Qo(t), (8.8)

and?Py is honnegative definite. Lettirtg— oo in (8.3)—(8.5) we thus have (also compare
Section 12.4 of [29])

0= B/'Po—i-'PoB — K41(0), (89)
0= B/QO + b/'P() — K5(0), (810)
p(0) := lim Go(t) = b'Qo + 3 r(PoAA") — K5(0). (8.11)

It can be easily verified now that the constaf®) defined here and the functiog(x) :=
%X/'POX + Qox satisfy (5.2). This completes the proof of Lemma 5.1. O
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Proof of Lemm&.2. Fixf > 0and consider the following equation (which is the same
as (4.3)):

V({, x; 0
% = (b+ Bx) grad, V(t, x; 0)
AV(t, x; 0) dV(t, X; 0) T2
P e
i Xi (8.12)
" aZV(t x; 0) T
1 Ardi — K
+ 2|yJ=1 3X| 3XJ Z ik/Ajk 9 (X),
V(0,x;0) =0,

for x € R" andt > 0. Because of Assumption (C1), it can be easily verified that a
solutionVy(t, x; 0) to (8.12) exists and is given by

Vo(t, X: 0) = 5X'Py(t)X + Qo ()X + Gy (1), (8.13)

provided the function®, (), Qy (1), andg, (t) satisfy the ordinary differential equations:

Po(t) = B'Py(t) + Py(t)B — %Pg(t)AA/Pg(t) — K1(0), Pe(0) =0, (8.14)

. 2] !
Qy(t) = <B - E%(t)AA’) Qp(t) + b'Py(t) — K2(9), Qy(0) =0, (8.15)

Go(t) = b/ Qy(t) + Jtr(Py(t) AA)) — %Qe(t)AA/Qe(t)
— Ks(0), Go(0) =0, (8.16)

fort > 0. Now, it is well known (see, e.g., [30] and [29]) that there exists a unique,
nonnegative definite solution to the Riccati equation (8.14), given by

t
Po(t) = —/ St —ys) [Kl(e) + %PQ(S)AA,PQ(S)} St — s)ds, t >0, (8.17)
0

whereS(t) is as in (8.7). Thus there exists a unique solution to (8.14)—(8.16). Moreover,
sinceB is stable there exists a nonnegative definite limit

Py i= fim Py (1), (8.18)

We now consider still another differential equation:

- 0 I _
Qp(t) = <B - 57’91\1\’) Qu(t) + b'Py(t) — Ka(0), Qp(0) =0. (8.19)

It is well known (see, e.g., Lemma 10 of [6]) that the convergence in (8.18) is exponen-
tially fast, that is, there exist positive constas¢®nds, such that

Py — Po(t)]| <8167,  t>0. (8.20)
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Lemma 4.2 in [14] and (8.15) imply that

?UODHQe(t)H < 0. (8.21)

Now note that the differenc@y (t) := Qy(t) — Oy (t) satisfies the equation

y 0 s 0 -
Qe(t)=<B—§P9AA/) Qe(t)—i((%(t) —Po)AAN) Qy(t), Qy(0)=0. (8.22)

SinceB is stable, theB — (6/2)P, A A’ is also stable (the easy proof is omitted). Thus,
it follows from (8.20)—(8.22) and Lemma 4.2 in [14] that

Jim [1Qy(®)] = 0. (8.23)
In view of the above, we have
JLYTOL Qu(t) = Qy, (8.24)

where Qy = lim_,« Qy(t), which exists by virtue of (8.19) and the fact thAt—
(0/2)Py AN’ is stable. Letting — oo in (8.15) we thus have

0 ’
0= (B - EPHAA/) 0y + 1Py — Ka(), (8.25)
in which case
o , N0 ,
p(6) = lim Gy(t) =b'Qy + Str(PyAA') — ZQ(;AA Qy — K3(0). (8.26)

It is left to the reader to verify that this constan®) and the function
v(X; ) == 3X'PpX + QyX
satisfy (2.8).

To complete the proof it suffices to show that the following convergences hold
uniformly with respect ta > 0:

|0I?(1) Po(t) = Po(t) (8.27)
and
|0Ir£ Qp (1) = Qo(t). (8.28)

This is because these uniform limits imply
g% Py = Po, g% Qs = 9o (8.29)

which, together with (8.11) and (8.26), give the desired result.
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To demonstrate that the limits in (8.27) and (8.28) exist uniformly#n0, we first
observe that from (8.6) and (8.17) we obtain

t
Po(t) — Po(t) = /O St —9)(K1(0) — K1(0)S(t —s)ds

t
— %/ St —S)Py(t) AN Py (1)S(t — s) ds, (8.30)
0
forallt > 0. Thus
[Po(t) — Po) || < c1lIK1(0) — Ko(&)| + c20, t>0, (8.31)

for some positive constants andc; independent of. Next, observe from (8.4) and
(8.15) that the functior®Qy (t) := Qu(t) — Qo(t) satisfies the equation

X A 0
Qu(t) = B'Qu(t) — EPe(t)AA/Qe(t) — (K2(8) — K2(0))

+B(Po(t) = Po®),  Qu(0)=0, (8.32)
fort > 0. Thus,
1Qo()l < Caf + Call K2(8) — K2(0)|| + Cs[|K1(6) — K1(0) ]I, t>0, (8.33)
for some positive constants—cs independent of.
The proof of Lemma 5.2 is now complete. O
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