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Abstract. In this article, we present a general solution for linear divide-and-conquer recurrences of the form

k
Uy = Zaiul%J + g(n).
i=1

Our approach handles more cases than the Master method does[1]. We achieve this advantage by defining a new
transform - the Order transform - which has useful properties for providing asymptotic answers (compared to
other transforms which supply exact answers). This transform helps in mapping the sequence under consideration
to the two dimensional plane where the solution becomes easier to obtain. We demonstrate the power of the final
results by solving many “difficult” examples.
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1. Introduction
In this paper, we consider linear divide-and-conquer recurrences of the form:

i n=20

1
Zle aiu| g | +g(n) n>1 (1)

Up =

where:
®  Up,a; € R*_‘—’Z?:l a; > 1
o bikeN,b >2k>1

e g(x) is defined for real values, and is bounded, positive and nondecreasing function
Ve >0

o Ve>1,3x1,k >0suchthay(?) > kig(x),Vz > 2,

Such equations arise when studying the running time of divide-and-conquer algorithms.
The Master method[1] addresses the problem for thelcasé only, with some restrictions
ong(n). The solution we present is valik > 1 and with minor restrictions og(n).

The main idea is to define a transform to help in mapping Equation 1 into a larger
dimensional space where the order solution can be obtained easily. Consequently, we prove
that if py is the real solution of the characteristic equation
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k
> aib; P =1
i=1
(which always exists and is unique and positive), then

Up, = O(nP°) + @(np“ /n” 9(w) du)

upo+1
1

for ny large enough. In particular,
1. If 3e > 0 such thay(xz) = O(zPo~°), thenu,, = ©(nfo).

2. If 3¢ > 0 such thaty(z) = Q(zP°*¢) andg(z)/zP "< is a non decreasing function,
thenu,, = B(g(n)).

3. Ifg(z) = O(aP?), thenu,, = ©(nP° logn).

Section 4 illustrates how to apply the above results to solve several interesting recurrence
equations that cannot be handled by the Master method.

2. Literature Survey

According to Cormen, Leiserson, and Rivest [2], recurrences were studied as early as 1202
by L. Fibonacci, for whom the Fibonacci numbers are named. A. De Moivre introduced the
method of generating functions for solving recurrences. The master method was provided
by Bentley, Haken, and Saxe [1]. Knuth [3] and Liu [4] showed how to solve linear
recurrences using the method of generating functions. Purdom and Brown [5] contains an
extended discussion of recurrence solving. However, we are not aware of any work in the
literature that solves the above divide-and-conquer linear recurrences, which are the subject
of this paper.

3. The Solution

To determine the general form of the solution of Equation 1, we proceed as follows:

e InTheorem 1 we extend the domain of Equation 1 to the real line. The new “continuous”
recurrence is described in Equation 2. We show that the two equations have isomorphic
solutions.

e InTheorem 2 we define the Order transform and prove some of its interesting properties.
We use this transform to extend the domain of Equation 2 to the two-dimensional plane.

e InLemma 2 we show that the functions of interest do possess an order transform.

e In Theorem 3 we use the properties of the Order transform to solve Equation 2 in the
plane.

e In Theorem 4 we show that our results agree with the Master method when the latter is
applicable.
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e In Corollary 1 we summarize the results as they apply for the original recurrence
equation.

THEOREM 1 Letu, be a sequence defined as in Equation 1. fet) be a function
defined by:

_J o z €10,1)
fle) = { Sy aif(£)+g(lz)) z€l,00). 2

Then,
1 Vo >0, f(z) = f(lz]).

2. Yn >0, f(n) = up.

In other words f(z) is a staircase function which matches with at integer values of.
In proving the above theorem, we will use the following lemma whose proof can be found
in [2].

LeEmMMA 1 if b€ N,b>1,andx € RT, then
=15

Proof of Theorem 1: To prove thatf(x) = f(|z]), we use strong induction.
Notethatvz € [0,1) we havef (x) = ugandf(|xz]|) = f(0) = up. Hencef(|x]) = f(z).
Now assume that(|z|) = f(z)Vz € [0,n), and let us prove thatitis troée € [n,n+1).
Consider

fla) = iaif(f) +g(lz)). @3)
i=1 v

Letx € [n,n + 1), then

T n+1y\ .
— 0, —) sinceb; > 2.
b ( 2 =

But

<O,n—2'_1) C [0,n) forn > 1.

Hence, we conclude that

; € [0,n), LZ_J €[0,n) and“;” = {;J € [0,n) (using Lemma 1).
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Therefore,

1(E) = o

) (by assumption)

» J) (using Lemma 1)

= f( , ) (by assumption)

Replacing in Equation 3, we obtain

N (L
fa) =3 aif () +allal).

=1
However,
(e
Al = Y air (57) +ollxl).
Therefore,

f(@) = f(lz])ve =0,

which completes the proof of Part 1 of the theorem.
To prove thatf(n) = u,, we use strong induction again.
The equality holds trivially forn = 0. Assume it is true for alln < n and consider

f(n) = iaif(b%) +g(n) (4)

Letn > 1. We already proved in Part 1 thtn/b;) = f(|n/b;]). Now since|n/b;| €
[0, n) we concludef (|n/b;]) = u s, . Replacing in Equation 4, we obtain

K
f(n) = ZaiULﬁj + g(n).
=1

But,
k
Uy = Zaiutﬁj + g(n).
i=1 )
So, f(n) = u,, which completes the proof. ]

Definition 1.  (Regularity Conditions) Lef' be the set of all real-valued functigf{x)
of the real variable: satisfying the following conditions:

1. Vx>0, f(x) is bounded.
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2. Yz >0, f(z) is nondecreasing.

3. Ve>1,3x1,k > 0suchthavz > xq, f(£) > ki f(2),

(&

In Lemma 2 we will show that the function§z) andg(|z]) as defined in Theorem 1 both
belong to S.

THEOREM 2 (The Order Transform) LeP{} be a mapping that assigns to each function
f(z) € S areal-valued functiori(s, p) of the real variabless € R andp, defined by:

Fls.p) = PUf@) = [ " Fwyu " du,

ThenP{} satisfies the following properties:
1. P{} exists.

2. P{}islinear.

3. P{} is one-to-one.

4. (Scaling property) Lef(z) € S, F(s,p) = P{f(z)},a € Randa > 1. Then,

P{r(5)} =aFsp - 0. 1)) vo,0)

sP

whereO,(h(s,p)) is a function bounded between(p)h(s,p) and ca(p)h(s,p), -for
some positive functions (p), c2(p)-, Vs > so, Vp.

Proof:
1. Sincef is bounded and the range of the integral is finite, tRdn exists.
2. Linearity of the transform is trivial.

3. Letfi(z), fa(z) € SandletP{fi(x)} = P{f2(x)}. Then,
/15 fAu P du = /15 fo(w)u™Pdu

a [° o [°
— —-p—1 — —p—1
Ep /1 filuw)u du s /1 fo(u)u du

fl(s)s_p_1 fg(s)s_p_1
fi(s) = fa(s)

which completes the proof th&{} is one-to-one.
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4. To prove the scaling property, let
S ru
F = )
(s, p) /1f(a)u du

Making a change of variable = «/a, we obtain

s/a
Fi(s,p) = ) (v)(av) ™" adv
1/a
s/a
= a? f)yvP tdy

1/a
s s 1
afp[/ —/ + fl)w P tdy
1 s/a 1/a

= a PF(s,p)—a? ‘ f)v P dy

s/a
1
+a? f)w™P  dy (5)
1/a
Note that the last term
1
a”P (vV)v P dv = B4(1). (6)

1/a

Let us investigate the asymptotic behavionof f;/a f(v)v=P~tdv with respect tos.
Sincef € S, then

(A) Yo >0, f(v) is a non decreasing function, and
(B) Jki,s1 > 0suchthat,(v) < f(v/a) Yo > s1.

Thereforeyv € [s/a, s| we have
fs/a) < f(v) < f(s).

Since fors > s; we havek; f(s) < f(s/a), then

Bf(s) £ () < £() Vs > s,
L6 T S

Lop+l < P+l = pptl Vs > 51,
5 dv 5 fv) 5 dv
k1 f(s) /S/a ol = oo VPT dv < f(s) /S/a e Vs > s1. (7

We have two cases to consider, the case ¢f0 and the case gf = 0.
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(A) If p#£0,we get
S dv 1r1qs 1 /a? -1
/s/a ’Up+1 __];[EL/@_S—I’< aP )
Replacing in Equation 7, we obtain

le‘S)(E)S | f(v)dv<f(s)<ap_1>V8>81,

sP p s/a VPt TosP p

s f(u)dv:@S(f(s)> (al’p_l

> 0, sincea > 1)

(B) If p=0then

loga

S dv s
/S/a de = log(s) — log (a) =loga = R

Replacing in Equation 7, we obtain

kq loga% < /S/a Zlg—zidv < loga% Vs > sq,

ie., ) dv = O (®> (note thatlog a > 0). (8)

s/a pp+1 B spP
Replacing Equations 6 and 8 in 5, we obtain

f(s)

Fu(s,p) = a F(s,p) — 0. (737 +©.(D).

which completes the proof.

LEMMA 2 Let f(z) be a function defined as in Theorem 1. In other words,

_lw z€0,1) .
o= { St “if(lb%J) +g(lz]) ze[l,00) (9)

where:
® Up,a; € R*+,Z§:1 a; > 1

[ ] b,,kEN,b122,k21
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e g(z) is a bounded, positive and nondecreasing functiorn> 0

e Ve > 1,3z, k > 0suchthaty(2) > kig(x), Vo > ;.

Then,

1 g([z]) €5,
2. f(z) € S (see footnote)

Proof:

1.

Note thay(x) € S by definition. Hencey(|z]) is clearly bounded and non-decreasing.
Moreover,g(|z|) is positive. There remains to prove that

Ve > 1,3xq, ke, such thay(|=]) > kag(|z]) Y > 2.

Letc > 1begiven. Letr > max{x; +c+1

inequalities can be derived:

r > x1+c+1
lz] > x1+¢
2] —¢c > =1

On the other hand,
2
C
r > _— +1
2
C
l2] > ——
[z](c=1) > ¢
Ed
o] === >
e L2
lz] —¢ > B
Finally,

x> x1+c+1
lz] > x4

Using Inequalities 10, 11, and 12, we conclude

A([2]) = o(]"2]) wsvgtenma

g(LiCJ — 1) (sinceg is non-decreasing)

Y
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+ 1}, then the following three useful

(10)

(11)

(12)
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lz] — ¢
= (")
k1g(lz| — ¢) (using Inequality 10)

> k1?g(|z]) (using Inequality 12)

Y]

\%

) (using Inequality 11)

ThereforeVe > 1,3x9 = max(zq + ¢+ 1, f_—gl +1) > 0,ky = k% > 0, such that
g([2]) > kag(|x]), which completes the proof that|z|) € S.

2. To prove thatf(z) € S, note thatf is defined in terms of a finite sum of positive
terms each of which is bounded and also positive. f9s,bounded and positive. Also
according to Theorem ¥,(x) = f(|x]). So, itis sufficient to prove that

(A) f(n)is non-decreasing for all > 0,
(B) Vc > 1,3ns, ks suchthatf(%) > ks f(n) Vn > nas.

To prove thatf (n) is non-decreasing, we use strong induction. Note that

f(o) = Uo,

=

—
—

S~—"
Il

k
Zaiuo + (1) > ug (sinceX ¥, a; > 1 andg(1) > 0)
=1

Assume that for alk < n we havef(k) > f(k — 1), and let us prove thaf(n) >
f(n —1). Consider

fn) = S aif (5) +on)

- J) +g(n—1) (9(n) is nondecreasing)

v
. £ .
~
~— /N /N /N /N

= f(n—1).

So, for alln > 1 we havef(n) > f(n — 1). Therefore,f is non-decreasing.
To prove the other regularity condition, we use strong induction again. Using the results
of the previous Parfiks, z2, suchthay(| £ |) > kag(|z]) Vo > 2, Ve > 1. Consider

no = L‘T2Ja

ks = min{fjc((vi)())),kg}.
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f is nondecreasing and strictly positive. Sa; € [0, ng]

m

(%) = 1o

> f(0) flm)

f(no)
_ tm f(0)
= 1 )f(no)
f(m)ks

i.e.,Vm € [0,no] we havef(™) > k3 f(m). Now assume that for ath < [0,n) where
n > ng we havef() > ks f(m), and let us prove thaf(2) > k3 f(n). Sincen > ny,
we haven/c > 1. So,

v

= S (") o([E]) sincerm) = r(ln)y).

) () me]2] - )

L”/aiJ) i g({%D (sincef(n) = f(n])),

v
ol
w
\
/N
A
&3
_
N———
_l_
x5
w
=
=

(since{%J < nandg(n) € 5),

k
= Y okaf (i) thag(n)  (sincef(n) = f([n))),

As a result,

Ve>1,3ng =0, k3 = min{jf((:;)),kg}, such thatf(%) > ksf(n) Vn > ns,
0

which completes the proof. ]
THEOREM 3 Let f(x) be a function defined as in Theorem 1. hgbe the real solution

of the characteristic equatioEf:1 a;b; ¥’ = 1. Thenp, always exists and is unique and
positive. Furthermore,

f(z) =0(xP) + @(;L"p“ /:f 9() du)
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for x, large enough.

Proof:
Sinceg(x) € S, then according to Lemma 1 boiti| z|) and f(x) belong toS. Hence,
both functions possess an Order transform. Rewriting the definitigifof

Zaz ( )+g [x]) Ve > 1
P{f(@)} = {Za,( ) +olleh) Vs>

k

pun = Sarlo()} | 2o

i=1

/()

F(s,p) = Xk:ai (bi_pF(s,p) — @S(%) + @s(l)) + /18 gl(;ﬂ)du

i=1

k
, - )N _ 7 9(lu))
e Fls.p) (1= Y aib ) +0,( 1 )_/1 Y dut 0,(1). (13)
=1
Leth(p) =1 — ¥, a;b; . Then,
k
h(0) = 1= a; <0,
=1
lim A(p) = 1>0,
p—00
d k
dph( p) = > _ai(logb;)b;” > 0,¥p (b; > 2,a; > 0).
=1

So,h(p) = 0 has a unique positive solutign. Replacingy, in Equation 13, we get

@S<®):/189(L J)d +0,(1)

sbo uPpo+ 1

ie., f(z) = @(xpo /1 g“ﬂf)d +O(a™). (14)
Sinceg(z) € S andg(x) is non-decreasing, then

Vo > 1 9(2) < g(|z]) < g(x), and

dk1,21 > 0such tha@(;) > kig(x)Ve > x1.
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In other wordsyz > z1, ki1g(x) < g(|z]) < g(z),
- © 9w “g(lu))  g(u)
I.e., ky /gu1 uPo+1 du < /11 uPo+1 du < o upo+1d“

o [~ [ 20

Replacing in Equation 14 we obtain

s = oo [ o) < oen [ 2Lk an) ot

ie., f(z) = (mp°)+@(mp0 /w ﬁoﬂdu),

which completes the proof. [ ]

THEOREM 4 Let f(z) be afunction defined asin Theorem 1. hgbe the unigue solution
of the characteristic equation. Then,

1. If 3e > 0 such thaty(z) = O(zP°~¢), thenf(z) = O(xP?).

2. If 3e > 0 such thatg(x) = Q(zPo*¢) and g(x)/xP° "< is a non decreasing function,

thenf(z) = ©(g(z)).
3. Ifg(z) = O(xP°) thenf(z) = O(aP° log x).

Proof:

1. Supposeéle > 0 such thay(x) = O(zP0~¢), i.e.,
g, k > 0, such thay(z) < kaP°~¢ Va > xp.
Letx; > xg, thenVx > 1 we have
)  kuPoe
/ﬁ wrorT U S ’f/w ot
* du
= k/ml upo+1
k1 1
- (;; - )
k 1

€

= 0(1) (15)
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But we proved in Theorem 3 that

F(z) = ©(z%) +®(9cp° / RIC) du) (16)

1 uPo+1
Replacing Equation 16 in 15 we obtain
f(x) = 0(z") + 0(z") = 6(a)

which completes the proof.

2. Supposede > 0 such thatg(z) = Q(zPo*€) and g(z)/zP°*¢ is a non-decreasing
function for largez. Let¢(z) = g(x)/xPor<. Then,

g(x) = ¢(a)a?*e

H D * g(u) P ‘ e—1
i.e.,xPo /I1 pot du = zP° . d(u)u du
for 21 large enough to makgé(x) non-decreasing. Thereforér >

xm/ iizj_)ldu < xp°¢(x)/ uldu
T 1

= a0(n) (2 — a5)

1
< xpo(j)(x)za:e

= Lo(a)

= O(y(x)) (17

Furthermore,
T T z/a
zPo / g(li)l du = xP° / g(qi)l du + xP° / g(?i)l du
1 ypo z/a upo 1 ybo

Butg(z) € S, so

/ 9(w) du = @(g(x)) (from proof of scaling property)

Ja wpo+1 w= xPo
Therefore,
T z/a
v glu) v g(u)
ot /ml uPot+1 du = @(g(x)) + 2t o wpo+1 du

= Q(g(z)) (18)
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Equations 17 and 18 imply that:

Cglu)
o / e rdu = O(g(a)) (19)
But we proved in Theorem 3 that

f(z) =0(z") + @(a:”" /: 9(w) du)

upotl
1

replacing Equation 19 in the above equation we obtain

flz) = O©(a") +6(g(z))
= O(g()) sinceg(z) = Q(z70*),

which completes the proof.

3. Supposg(z) = ©(zP°). Replacing in the result of Theorem 3, we get

fa) = o | "y e

u
= O(zP logx),

which completes the proof.

COROLLARY 1 Letu, be a sequence defined as in Equation 1. Then,

" g(u)
uPo+1

Uy = O(nP°) + G(n”‘)/

ni

du) for ny large enough,

wherep is the real solution of the equatioEfz1 a;b; ¥ = 1 which always exists and is
unique and positive. Furthermore,

1. if 3e > 0 such thaty(x) = O(zP°~¢) thenu,, = O(n??).

2. If 3e > 0 such thatg(z) = Q(2P°*¢), andg(z)/zP°*€ is a non-decreasing function,
thenu,, = B(g(n)).

3. Ifg(x) = ©(zP°) thenu,, = O(n*° logn).

Proof: The proof can be quickly obtained by combining the results of Theorems 1, 2, 3,
and 4. ]
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4. lllustrative Examples
In this section we present five examples illustrating how to apply the above results.

EXAMPLE: Up =2un| +O(n log® log n)

Solving the characteristic equation, we get

2x27P0 =1
po = 1.
So,
u, = O(n)+ @(n /n Ubgjﬁdu)
n
= O(n) + O(nlogu(2 — 2loglogu — log®log w)ln,)
= O(nloglog®logn).
O
EXAMPLE: Up = 2un| + L5un) +5u s + O(n?)
Solving the characteristic equation, we get
2x37P04H15x47P0 4 5x27P0 = 1
po = 2.57450.
Sincede > 0 such thatr? = O(22:57459=¢), thenu,, = O(n?°719). O
EXAMPLE: Up = 2ujz) +uz| +O(n?)

Solving the characteristic equation, we get

2x57POH67P0 = 1

o = 0.678670.
Since3e > 0 such thatr? = Q(x0-678670+¢) "andx2 /n0-678670+¢ is non-decreasing, then
u, = O(n?). O
4 16 )
EXAMPLE: Un = Ul 3] +3u2 | + 3 Us + O(n’loglogn)

Solving the characteristic equation, we get

4 16
—27P0 4 3% 3P 4 40 = ]
37 T 3

p0:2.
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So,
" u?logl
u, = O(n?) + @(nz/ %du)
1
= 0O(n?) + O(n*lognloglogn)
= O(n?lognloglogn).
|
3
EXAMPLE: Uy = ZUL%J +UL%J +UL%J +UL%J + 0O(n)
Solving the characteristic equation, we get
%2*1’ +3P+6P 48P =1
Po = 1.
Sinceg(z) = O(x) = O(z"°), thenu,, = O(nlogn). O

5.

Conclusion

In this article we provided a general method for solving linear divide-and-conquer recur-
rences. The solution turned out to have an integral form. The solution includes a parameter
po Which is the root of the recurrence characteristic equation. The root can be computed
by simple numerical algorithms.

Notes

1. The proof of this Lemma is quite lengthy and may be skipped at first reading.
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