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Abstract

This paper gives an overview of the theory of dynamic convex risk measures for random variables
in discrete time setting. We summarize robust representation results of conditional convex risk mea-
sures, and we characterize various time consistency properties of dynamic risk measures in terms of
acceptance sets, penalty functions, and by supermartingale properties of risk processes and penalty

functions.

1 Introduction

Risk measures are quantitative tools developed to determine mimimum capital reserves, which are required
to be maintained by financial institutions in order to ensure their financial stability. An axiomatic analysis
of risk assessment in terms of capital requirements was initiated by Artzner, Delbaen, Eber, and Heath [2,
3], who introduced coherent risk measures. Follmer and Schied [21] and Frittelli and Rosazza Gianin [23]
replaced positive homogeneity by convexity in the set of axioms and established the more general concept
of a convex risk measure. Since then, convex and coherent risk measures and their applications have
attracted a growing interest both in mathematical finance research and among practitioners.

One of the most appealing properties of a convex risk measure is its robustness against model uncer-
tainty. Under some regularity condition, it can be represented as a suitably modified worst expected loss
over a whole class of probabilistic models. This was initially observed in [3, 21, 23] in the static setting,
where financial positions are described by random variables on some probability space and a risk measure
is a real-valued functional. For a comprehensive presentation of the theory of static coherent and convex

risk measures we refer to Delbaen [14] and Foéllmer and Schied [22, Chapter 4].
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A natural extension of a static risk measure is given by a conditional risk measure, which takes into
account the information available at the time of risk assessment. As its static counterpart, a conditional
convex risk measure can be represented as the worst conditional expected loss over a class of suitably
penalized probability measures; see [32, 30, 17, 6, 26, 12]. In the dynamical setting described by some
filtered probability space, risk assessment is updated over the time in accordance with the new informa-
tion. This leads to the notion of dynamic risk measure, which is a sequence of conditional risk measures
adapted to the underlying filtration.

A crucial question in the dynamical framework is how risk evaluations at different times are interre-
lated. Several notions of time consistency were introduced and studied in the literature. One of todays
most used notions is strong time consistency, which corresponds to the dynamic programming principle;
see [4, 15,17, 26, 12, 7, 20, 13, 16] and references therein. As shown in [15, 7, 20], strong time consistency
can be characterized by additivity of the acceptance sets and penalty functions, and also by a super-
martingale property of the risk process and the penalty function process. Similar characterizations of the
weaker notions of time consistency, so called rejection and acceptance consistency, were given in [18, 29].
Rejection consistency, also called prudence in [29], seems to be a particularly suitable property from the
point of view of a regulator, since it ensures that one always stays on the safe side when updating risk
assessment. The weakest notions of time consistency considered in the literature are weak acceptance and
weak rejection consistency, which require that if some position is accepted (or rejected) for any scenario
tomorrow, it should be already accepted (or rejected) today; see [4, 35, 33, 9, 31].

As pointed out in [25, 19], risk assessment in the multi-period setting should also account for uncer-
tainty about the time value of money. This requires to consider entire cash flow processes rather than
total amounts at terminal dates as risky objects, and it leads to a further extention of the notion of risk
measure. Risk measures for processes were studied in [4, 30, 10, 11, 12, 13, 24, 25, 1]. The new feature in
this framework is that not only the amounts but also the timing of payments matters; cf. [12, 13, 25, 1].
However, as shown in [4] in the static and in [1] in the dynamical setting, risk measures for processes
can be identified with risk measures for random variables on an appropriate product space. This allows
a natural translation of results obtained in the framework of risk measures for random variables to the
framework of processes; see [1].

The aim of this paper it to give an overview of the current theory of dynamic convex risk measures
for random variables in discrete time setting; the corresponding results for risk measures for processes are
given in [1]. The paper is organized as follows. Section 2 recalls the definition of a conditional convex risk
measure and its interpretation as the minimal capital requirement from [17]. Section 3 summarizes robust
representation results from [17, 20, 8]. In Section 4 we first give an overview of different time consistency
properties based on [33]. Then we focus on the strong notion of time consistency, in Subsection 4.1, and
we characterize it by supermartingale properties of risk processes and penalty functions. The results of
this subsection are mainly based on [20], with the difference that here we give characterizations of time
consistency also in terms of absolutely continuous probability measures, similar to [8]. In addition, we
relate the martingale property of a risk process with the worst case measure, and we provide the explicit
form of the Doob- and the Riesz-decomposition of the penalty function process. Subsection 4.2 generalizes

[29, Sections 2.4, 2.5] and characterizes rejection and acceptance consistency in terms of acceptance sets,



penalty functions, and, in case of rejection consistency, by a supermartingale property of risk processes and
one-step penalty functions. Subsection 4.3 recalls characterizations of weak time consistency from [33, 9],
and Subsection 4.4 characterizes the recursive construction of time consistent risk measures suggested
in [12, 13]. Finally, the dynamic entropic risk measure with a non-constant risk aversion parameter is

studied in Section 5.

2 Setup and notation

Let T € NU {oo} be the time horizon, T := {0,...,T} for T < oo, and T := Ny for T = oco. We
consider a discrete-time setting given by a filtered probability space (2, F, (Ft)ter, P) with Fo = {0, Q},
F = Fpr for T < oo, and F = 0(U»oF;) for T = oo. For t € T, L® := L>®(Q, F;, P) is the space of
all essentially bounded F;-measurable random variables, and L™ := L>®(Q, Fr, P). All equalities and
inequalities between random variables and between sets are understood to hold P-almost surely, unless
stated otherwise. We denote by M (P) (resp. by M¢(P)) the set of all probability measures on (2, F)
which are absolutely continuous with respect to P (resp. equivalent to P).

In this work we consider risk measures defined on the set L°°, which is understood as the set of
discounted terminal values of financial positions. In the dynamical setting, a conditional risk measure p;
assigns to each terminal payoff X an F;-measurable random variable p;(X), that quantifies the risk of
the position X given the information F;. A rigorous definition of a conditional convex risk measure was

given in [17, Definition 2].

Definition 1. A map pr : L™ — L$° is called a conditional convex risk measure if it satisfies the

following properties for all X, Y € L*°:

(i) Conditional cash invariance: For all my € Lg°
pe(X +my) = pi(X) —my;
(i) Monotonicity: X <Y = pi(X) > p(Y);
(iii) Conditional convexity: for all A € L, 0 < A < 1:

pt(AX + (1 = N)Y) < Ape(X) + (1= A)pe(Y);

(iv) Normalization: p:(0) = 0.

A conditional convex risk measure is called a conditional coherent risk measure if it has in addition the

following property:

(iv) Conditional positive homogeneity: for all X\ € L°, X\ > 0:

pr(AX) = Api(X).



In the dynamical framework one can also analyze risk assessment for cumulated cash flow processes
rather than just for terminal pay-offs, i.e. one can consider a risk measure that accounts not only for the
amounts but also for the timing of payments. Such risk measures were studied in [10, 11, 12, 13, 24, 25, 1].
As shown in [4] in the static and in [1] in the dynamical setting, convex risk measures for processes can be
identified with convex risk measures for random variables on an appropriate product space. This allows
to extend results obtained in our present setting to the framework of processes; cf. [1].

If p; is a conditional convex risk measure, the function ¢, := —p; defines a conditional monetary
utility function in the sense of [12, 13]. The term “monetary” refers to conditional cash invariance of the
utility function, the only property in Definition 1 that does not come from the classical utility theory.
Conditional cash invariance is a natural request in view of the interpretation of p; as a conditional
capital requirement. In order to formalize this aspect we first recall the notion of the acceptance set of a

conditional convex risk measure p;:
A= { X € L™ | p(X) <0}
The following properties of the acceptance set were given in [17, Proposition 3].

Proposition 2. The acceptance set A; of a conditional convex risk measure p; is

1. conditionally convez, i.e. aX + (1 — @)Y € A; for all X,Y € A; and o Fi-measurable such that
0<a<;

2. solid, i.e. Y € Ay whenever'Y > X for some X € Ay;
3. such that 0 € A; and essinf{X € Ly | X e At} =0.

Moreover, p; is uniquely determined through its acceptance set, since
pe(X) =essinf { Y € L{® | X +Y € A }. (1)

Conversely, if some set Ay C L satisfies conditions 1)-3), then the functional py : L — L$° defined

via (1) is a conditional convex risk measure.

Proof. Properties 1)-3) of the acceptance set follow easily from properties (i)-(iii) in Definition 1. To
prove (1) note that by cash invariance p;(X) + X € A, for all X, and this implies “>” in (1). On the
other hand, for all Z € {Y € L® | X +Y € A;} we have

0> p(Z+X)=p(X)- 2,

thus py(X) < essinf { Y € L ‘ X+YeA}.
For the proof of the last part of the assertion we refer to [17, Proposition 3. O

Due to (1), the value p;(X) can be viewed as the minimal conditional capital requirement needed to
be added to the position X in order to make it acceptable at time ¢. The following example shows how

risk measures can be defined via (1).



Example 3. Consider the set of all positions having non-negative conditional expected utility, i.e.
At = {X e L™ | E[ut(X)|.7:t] > 0},

where uy denotes some non-increasing and concave utility function. It is easy to check that the set A; has
all properties 1)-3) from Proposition 2. A basic choice is the exponential utility function u,(z) = 1—e= 7%,
where v > 0 P-a.s. denotes the risk aversion parameter such that ’yt,% € L°. The corresponding

conditional convex risk measure p; associated to Ay via (1) takes the form

_ 1

log E[e™ "X |F], X el>™,
Tt

pe(X)

and is called the conditional entropic risk measure. The entropic risk measure was introduced in [22] in
the static setting, in the dynamical setting it appeared in [5, 28, 17, 12, 20, 158]. We characterize the

dynamic entropic risk measure in Section 5.

3 Robust representation

As observed in [3, 22, 23] in the static setting, the axiomatic properties of a convex risk measure yield,
under some regularity condition, a representation of the minimal capital requirement as a suitably modi-
fied worst expected loss over a whole class of probabilistic models. In the dynamical setting, such robust
representations of conditional coherent risk measures were obtained on a finite probability space in [32]
for random variables and in [30] for stochastic processes. On a general probability space, robust rep-
resentations for conditional coherent and convex risk measures were proved in [17, 6, 9, 26, 20, 8] for
random variables and in [12] for stochastic processes. In this section we mainly summarize the results
from [17, 20, 8].

The alternative probability measures in a robust representation of a risk measure p; contribute to the
risk evaluation to a different degree. To formalize this aspect we use the notion of the minimal penalty
function o™, defined for each Q € M;(P) as

M (Q) = Q-esssup Eg[— X | F¢]. (2)
XeA;:
The following property of the minimal penalty function is a standard result, that will be used in the

proof of Theorem 5.

Lemma 4. For QQ € M (P) and 0 < s <,

EQla™(Q)|Fs] = Q-esssup Eg[-Y|F,] Q-a.s.
YeA;

and in particular

Eqa™(Q)] = Sup Eq[-Y].

Proof. First we claim that the set
{EQ[*XV&] | X e .At}



is directed upward for any @ € M;(P). Indeed, for X,Y € A; we can define Z := X1 + YI4c, where
A = {Eq[-X|F] > Eq|-Y|Fi]} € F. Conditional convexity of p; implies that Z € A, and by definition
of Z

Eq|-Z|F] = max (Eq[—X|Fi], Eq[-Y|F]) Q-as..

Hence there exists a sequence (X,? Jnen in A; such that
aMn(Q) = liTILn Eq[-X2|F Q-a.s., (3)
and by monotone convergence we get

Eqloi™(Q)|F.] = lim Eq [ Eq[-X2| 7] | 7. ]

< Q-esssup Eg[-Y|Fs] Q-as..

YeA,;
The converse inequality follows directly from the definition of ai™®(Q). O

The following theorem relates robust representations to some continuity properties of conditional
convex risk measures. It combines [17, Theorem 1] with [20, Corollary 2.4]; similar results can be found
in [6, 26, 12].

Theorem 5. For a conditional convex risk measure py the following are equivalent:

1. p: has a robust representation

pe(X) = esssup(Eq[—X | 7| — au(Q)), X elL™, (4)
QeQ:

where

Q:={QeMi(P)|Q=Pl|r}

and oy is a map from Qy to the set of Fy-measurable random variables with values in R U {400},

such that esssupge g, (—a:(Q)) = 0.

2. pt has the robust representation in terms of the minimal penalty function, i.e.

pi(X) = esssup(Eg[—X | Fi] — o™ (Q)), X e L™, (5)
QEQ;

where oM™ is given in (2).

3. pt has the robust representation

pe(X) = ess Sufp(EQ[—X | Fi] — a™™(Q))  P-a.s., X eL™, (6)
QeQy

where

o] :={Q e My(P) | Q = P|£, Eqlai"™(Q)] < o0}.



4. pt has the “Fatou-property”: for any bounded sequence (X, )nen which converges P-a.s. to some X,

pt(X) <liminf p¢(X,) P-a.s..

5. pt s continuous from above, i.e.
Xo N\ X P-a.s = p(X;) / pe(X) P-a.s
for any sequence (X,,), C L>® and X € L.

Proof. 3) = 1) and 2) = 1) are obvious. 1) = 4): Dominated convergence implies that Eg[X,,|F] —
Eq[X|F] for each Q € Qy, and liminf,, . p1(Xy) > pi(X) follows by using the robust representation of
pr as in the unconditional setting, see, e.g., [22, Lemma 4.20].

4) = 5): Monotonicity implies limsup,,_, . p+(Xp) < pe(X), and liminf,, o pt(X;) > pe(X) follows
by 4).

5) = 2): The inequality

pe(X) = esssup(Eq[-X | ;] — o™ (Q)) (7)
QEeQ:

follows from the definition of ™. In order to prove the equality we will show that

Eplp(X)] < Ep |esssup(Eq[-X | 7] — o™ (Q))
QeQ

t

To this end, consider the map p” : L>® — R defined by p¥’(X) := Ep[p;(X)]. It is easy to check that
p¥ is a convex risk measure which is continuous from above. Hence [22, Theorem 4.31] implies that p”
has the robust representation

PP (X) = QESMHP(P)(EQ[*X} —a(@) XelL¥,

where the penalty function «(Q) is given by

a(Q) = sup Eq[—X].
XeL>:pP(X)<0

Next we will prove that @ € Q; if a(Q) < co. Indeed, let A € F; and A > 0. Then
—AP[A] = Eplp(Aa)] = p7(Ma) = Eq[-Ma] — a(Q),

SO

PlA] < Q[A] + %a(@) for all A >0,

and hence P[A] < Q[A] if a(Q) < co. The same reasoning with A < 0 implies P[A] > Q[A], thus P = Q
on F; if a(Q) < oco. By Lemma 4, we have for every @ € Q,

Epla™(Q)] = sup Ep[-Y]



Since pP’(Y) < 0 for all Y € Ay, this implies
Eploi™(@)] < a(Q)

for all @ € Q;, by definition of the penalty function a(Q).
Finally we obtain

Eplp(X)] = p"(X) = sup  (B[=X] - a(Q))
QEM:(P),a(Q)<oc0
< sup (EQ[—X] —a(Q))
QEQ,Ep[af™(Q)]<oo
< sup Ep[Eq[-X|F] — a™(Q)]

 QEQ,Ep[alin(Q))<oo

<Ep

ess sup (BEq[—X|F] — a?in(Q))] (8)
QeQ:,Epla™(Q)]<oco

< Ep {ess sup Eg[—X|F] — Ol;nin(Q)} )
QEQ;
proving equality (5).
5) = 3) The inequality

pi(X) > esssup(Eg[—X | Fi] — ™™ (Q))
geof

follows from (7) since Qf C Q,, and (8) proves the equality. O

min

The penalty function of"™(Q) is minimal in the sense that any other function «; in a robust repre-
sentation (4) of p; satisfies
a"™(Q) < au(Q) P-ass.

for all @ € Q;. An alternative formula for the minimal penalty function is given by

0"7(@Q) = esssup (Eq[=X | ] = pi(X)) for all Q € Q.
s

This follows as in the unconditional case; see, e.g., [22, Theorem 4.15, Remark 4.16].

Remark 6. Another characterization of a conditional convez risk measure p; that is equivalent to the
properties 1)-4) of Theorem &5 is the following: The acceptance set A, is weak®-closed, i.e., it is closed in
L% with respect to the topology o(L>°, L*(Q, F, P)). This equivalence was shown in [12] in the context of
risk measures for processes and in [26] for risk measures for random variables. Though in [26] a slightly
different definition of a conditional risk measure is used, the reasoning given there works just the same
in our case; cf. [26, Theorem 3.16].

For the characterization of time consistency in Section 4 we will need a robust representation of
a conditional convex risk measure p; under any measure Q € M;(P), where possibly Q ¢ Q;. Such
representation can be obtained as in Theorem 5 by considering p; as a risk measure under @), as shown

in the next corollary. This result is a version of [8, Proposition 1].



Corollary 7. A conditional convex risk measure p; is continuous from above if and only if it has the

robust representations

pe(X) = Q-esssup(Eg[~X | F;] — af"™(R)) (9)
ReQ,(Q)

= Q-esssup(Egr[-X | F;] — a™™(R)) Q-a.s., VX € L™, (10)
ReQ!(Q)

for all @ € My(P), where
%(Q)={ReMi(P)| R=Ql|x}

and
0/ (Q) = { Re My(P) | R= Q|7 Egrlaj™(R)] < oo}.

Proof. To show that continuity from above implies representation (9), we can replace P by a probability
measure ) € M;(P) and repeat all the reasoning of the proof of 5)=2) in Theorem 5. In this case we
consider the static convex risk measure
p9(X) = Eqlpi(X)] = sup (Eg[-X]-a(R), XeL,
ReM(P)
instead of pf’. The proof of (10) follows in the same way from [20, Corollary 2.4]. Conversely, continuity

from above follows from Theorem 5 since representation (9) holds under P. O

Remark 8. One can easily see that the set Qp in representations (4) and (5) can be replaced by Py :=
{Q € My(P) ‘ Q =~ P on Ft}, Moreover, representation (4) is also equivalent to

pi(X) = esssup (Eq[-X|Fi] - ai(Q)), X elL™,
QEM(P)

where the conditional expectation under Q@ € My (P) is defined under P as

Ep|Zr X|F,
mox |7 = A .

and the extended penalty function &, is given by

at@)—{ a(Q) on {4z > 0);

+o00 otherwise.

min

In the coherent case the penalty function af"™(Q) can only take values 0 or oo due to positive

homogeneity of p;. Thus representation (9) takes the following form.

Corollary 9. A conditional coherent risk measure p; is continuous from above if and only if it is repre-
sentable in the form

pt(X) = esssup Eg[—X | F¢ ], X elL>”, (11)
QeQ?

where

QR :={QeQ|a™@Q) =0Q-as}.



Example 10. A notable example of a conditional coherent risk measure is conditional Average Value at
Risk defined as

d
AV@R, 5, (X) := esssup{Eq[— X |F] | Q € 9, d% <\H
with Ay € L, 0 < Ay < 1. Static Average Value at Risk was introduced in [3] as a valid alternative to

the widely used yet criticized Value at Risk. The conditional version of Average Value at Risk appeared
in [4], and was also studied in [18, 3/].

As observed, e.g., in [12, Remark 3.13], the minimal penalty function has the local property. In our
context it means that for any Q', Q? € Q;(Q) with the corresponding density processes Z' and Z? with
respect to P, and for any A € F;, the probability measure R defined via % = IaZ}% + 14:Z2 has the

penalty function value
MR = T4a™™(Q1) 4 Thea™™(Q?) Q-a.s..

In particular R € Qf (Q) if Q',Q?* € Q/(Q). Standard arguments (cf., e.g., [17, Lemma 1]) imply then
that the set
{ Erl-X|F] - a™(R) | R € o/(Q)}

is directed upward, thus

Eqpt(X)|Fs] = Q-esssup (Eg[—X|F,] — Eglo}*™ (R)|Fs]) (12)
ReQ!(Q)

for all @ € M;(P),X € L*(Q,F,P) and 0 < s <*t.

4 Time consistency properties

In the dynamical setting risk assessment of a financial position is updated when new information is

released. This leads to the notion of a dynamic risk measure.

Definition 11. A4 a sequence (pt)ier is called a dynamic convex risk measure if p; is a conditional convex

risk measure for each t € T.

A key question in the dynamical setting is how the conditional risk assessments at different times are
interrelated. This question has led to several notions of time consistency discussed in the literature. A

unifying view was suggested in [33].

Definition 12. Assume that (p;)iet is a dynamic convex risk measure and let Yy be a subset of L™ such
that 0 € Yy and Vi +R = Y for each t € T. Then (pi)ier is called acceptance (resp. rejection) consistent
with respect to (Vi)ier, if for allt € T such that t <T and for any X € L>® and Y € Y41 the following

condition holds:

pe41(X) S pra(Y) (resp. 2) = pe(X) < pu(Y) (resp. 2). (13)

10



The idea is that the degree of time consistency is determined by a sequence of benchmark sets (V;)¢er:
if a financial position at some future time is always preferable to some element of the benchmark set, then
it should also be preferable today. The bigger the benchmark set, the stronger is the resulting notion of

time consistency. In the following we focus on three cases.
Definition 13. We call a dynamic convex risk measure (pg)ier

1. strongly time consistent, if it is either acceptance consistent or rejection consistent with respect to
Yy = L for all t in the sense of Definition 12;

2. middle acceptance (resp. middle rejection) consistent, if for all t we have Yy = L§° in Definition 12;
3. weakly acceptance (resp. weakly rejection) consistent, if for all t we have J = R in Definition 12.

Note that there is no difference between rejection consistency and acceptance consistency with respect
to L°, since the role of X and Y is symmetric in that case. Obviously strong time consistency implies
both middle rejection and middle acceptance consistency, and middle rejection (resp. middle acceptance)
consistency implies weak rejection (resp. weak acceptance) consistency. In the rest of the paper we drop

the terms “middle” and “strong” in order to simplify the terminology.

4.1 Time consistency

Time consistency has been studied extensively in the recent work on dynamic risk measures, see [4, 15,
30, 17, 12, 26, 9, 8, 29, 20, 13, 16] and the references therein. In the next proposition we recall some

equivalent characterizations of time consistency.

Proposition 14. A dynamic convex risk measure (pi)icr @S time consistent if and only if any of the

following conditions holds:

1. for allt € T such thatt <T and for all X,Y € L*>°:

pr+1(X) < pra(Y) P-as = p(X) < p(Y) P-a.s; (14)
2. for allt € T such thatt < T and for oll X,Y € L*>°:

pr+1(X) = pra(Y) P-as = p(X)=p(Y) P-a.s; (15)

3. (pt)ter is recursive, i.e.
pt = pi(—pits) P-as.
for allt,s > 0 such that t,t 4+ s € T.

Proof. Tt is obvious that time consistency implies condition (14), and that (14) implies (15). By cash

invariance we have pyy1(—pi+1(X)) = pi+1(X) and hence one-step recursiveness follows from (15). We

11



prove that one-step recursiveness implies recursiveness by induction on s. For s = 1 the claim is true for

all . Assume that the induction hypothesis holds for each t and all k£ < s for some s > 1. Then we obtain

Pt(=prvs+1(X)) = pe(=pros(=peis+1(X)))
= pe(—pr+s(X))
= pe(X),

where we have applied the induction hypothesis to the random variable —p;4s+1(X). Hence the claim

follows. Finally, due to monotonicity, recursiveness implies time consistency. ]

If we restrict a conditional convex risk measure p; to the space Lg$, for some s > 0, the corresponding

acceptance set is given by
Apprs ={X €L, | p(X) <0 Pas.},

and the minimal penalty function by

apits(Q) = Qesssup Eg[-X | R, Q€ Mu(P). (16)

XEA 145

The following lemma recalls equivalent characterizations of recursive inequalities in terms of accep-

tance sets from [20, Lemma 4.6]; property (17) was shown in [15].

Lemma 15. Let (pi)ier be a dynamic convex risk measure. Then the following equivalences hold for all
s,t such that t,t +s €T and all X € L°:

X e Atyths + .At+5 <~ —Pt+s (X) S At,tJrs (17)
A C Appis + Arps = pi(—pigs) < pr P-a.s. (18)
At D) At,t_t,_s + -At+s < pt(*pt_;_s) > Pt P-a.s.. (19)

Proof. To prove “=" in (17) let X = X} 415 + Xits with Xy 445 € Ag s and Xy € Apys. Then
Pits(X) = pras(Xigs) — X s < —Xiits
by cash invariance, and monotonicity implies
pt(=peys(X)) < pe( Xt qs) < 0.

The converse direction follows immediately from X = X + p;4(X) — pr4s(X) and X + pr15(X) € Aigs
for all X € L*°.
In order to show “=" in (18), fix X € L™. Since X + p;(X) € Ay C Ay 145 + Ay, we obtain

Prrs(X) = pe(X) = pras(X + pe(X)) € —Apt4s,

by (17) and cash invariance. Hence
(=5 (X)) = pu(X) = pu(—(prss(X) = (X)) <0 Pras..

12



To prove “<” let X € A;. Then —p;45(X) € A; 45 by the right hand side of (18), and hence X €
-At,t—i-s + At+3 by (17)
Now let X € L* and assume A; D A; ;45 + Aips. Then

pt(=pi+s(X)) + X = pe(=pr45(X)) = pr4s(X) + pr4s(X) + X
€ Apigs + Aips C A,

Hence
pt(X) = pe(=pr4s(X)) = pe(X + pr(—pr+s(X))) <0

by cash invariance, and this proves “=" in (19). For the converse direction let X € A; ;45 + Ay+s. Since
—p+s(X) € A 145 by (17), we obtain

pe(X) < pe(—pers(X)) <0,
hence X € A;. O

We also have the following relation between acceptance sets and penalty functions; cf. [29, Lemma
2.2.5].

Lemma 16. Let (pt)ier be a dynamic convex risk measures. Then the following implications hold for all
t,s such that t,t +s € T and for all Q € M;(P):

Ar © Apigs + Args = of™(Q) < a1 (Q) + Eglof2(Q)1F]  Q-a.s.
A D Ap s + Apps = Q) > ag}iis(Q) + Eg [aﬂg(Qﬂft} Q-a.s..
Proof. Straightforward from the definition of the minimal penalty function and Lemma 4. O

The following theorem gives equivalent characterizations of time consistency in terms of acceptance

sets, penalty functions, and a supermartingale property of the risk process.

Theorem 17. Let (pi)icT be a dynamic convex risk measure such that each py is continuous from above.

Then the following conditions are equivalent:
1. (pt)ter is time consistent.
2. Ay = Appqs + Avgs for allt,s such thatt,t +s e T.
8. a"™(Q) = a1 (Q)+EqQ[ a2 (Q) | Fi] Q-a.s. for allt,s such thatt,t+s € T and all Q € M;(P).
4. For all X € L*>°(Q,F,P) and all t,s such that t,t +s € T and all Q € M1(P) we have

ol prso(X) + al(Q) | 7] < pi(X) +af"™(Q)  Q-as.

Equivalence of properties 1) and 2) of Theorem 17 was proved in [15]. Characterizations of time
consistency in terms of penalty functions as in 3) of Theorem 17 appeared in [20, 7, 13, 8]; similar results
for risk measures for processes were given in [12, 13]. The supermartingale property as in 4) of Theorem 17

was obtained in [20]; cf. also [8] for the absolutely continuous case.
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Proof. The proof of 1)=2)=3) follows from Lemma 15 and Lemma 16. To prove 3)=-4) fix @ € M(P).
By (12) we have

Eqlpt+s(X)|Fi] = Q-esssup (ER[—X|]-}] - ER[aﬁIsl(Rﬂft]) .
ReQ!, (@)

On the set { At (Q) = oo} property 4) holds trivially. On the set { A" (Q) < oo} property 3) implies
Eq [a?}rig(Q)L?:t] < oo and aif‘tiis(Q) < 00, then for R € Q{JFS(Q)

o™ (R) = off1,(Q) + Er[af{2(R)|F] < oo Q-as..

Thus

Eqlpiys(X) + a?}i;‘(@ﬂft] = Q-esssup (ER[—X|,7—'t] — a?in(R)) + oM(Q)

ReQ, (Q)

on { a™(Q) < oo}. Moreover, since Qf, ,(Q) C Q4(Q), (9) implies

Eqlpess(X) + a2 (Q)IF] < %—ezs sup (Er[-X|F] - of"™(R)) + af"™(Q) = ps(X) +a"™(Q) Q-as..
€

It remains to prove 4)=1). To this end fix @ € @/ and X,Y € L* such that p,1(X) < piypa(Y). Note
that Eglog+s(Q)] < oo due to 4), hence Q € QLFS(Q). Using 4) and representation (10) for ps4s under

Q, we obtain

[oe+1(Y) + a1 (Q)|F]
[pe+1(X) + ai‘?ﬁ?(Q)\ft}
[Eq[—X|Fri1] — aff1(Q) + a2 (Q)|F]
[

Hence representation (6) yields p:(y) > p:(X), and time consistency follows from Proposition 14. O

Properties 3) and 4) of Theorem 17 imply in particular supermartingale propeties of penalty function
processes and risk processes. This allows to apply martingale theory for characterization the the dynamics

of these processes, as we do in Proposition 18 and Proposition 21; cf. also [15, 20, 29, 8, 16].

Proposition 18. Let (pi)ier be a time consistent dynamic convex risk measure such that each p; is

continuous from above. Then the process

VAX) = p(X) +o™(@Q),  teT
is a Q-supermartingale for all X € L™ and all Q € Qy, where

Qo = {Q € My(P) | ag"™(Q) < o0}

Moreover, (VtQ(X))teT is a Q-martingale if QQ € Qg is a “worst case” measure for X at time 0, i.e. if

the supremum in the robust representation of po(X) is attained at Q:
po(X) = Eql-X] — al™(Q)  Q-a.s.
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In this case @ is a “worst case” measure for X at any time t, i.e.
pe(X) = Eg[-X|F] — a™™(Q) Q-a.s. forall teT.

The converse holds if T < 00 orlimy_,o0 pt(X) = —X P-a.s. (what is called asymptotic precision in [20]):
If (VtQ(X))teqr is a Q-martingale then Q € Qq is a “worst case” measure for X at any timet € T.

Proof. The supermartingale property of (VtQ (X))ter under each Q € Qg follows directly from properties
3) and 4) of Theorem 17. To prove the remaining part of the claim, fix Q € Qg and X € L*®. If Q is a

“worst case” measure for X at time 0, the process
U(X) :=VE(X) - Bg[-X|F], teT

is a non-negative @Q-supermartingale beginning at 0. Indeed, the supermartingale property follows from
that of (V;%(X))ser, and non-negativity follows from the representation (10), since Q € QJ(Q). Thus
U; = 0 Q-a.s. for all ¢, and this proves the “if” part of the claim. To prove the converse direction, note
that if (V,2(X))ser is a Q-martingale and pr(X) = —X (resp. limy_o0 p(X) = —X P-a.s.), the process
U(X) is a Q-martingale ending at 0 (resp. converging to 0 in L'(Q)), and thus U;(X) = 0 Q-a.s. for all
teT. O

Remark 19. The fact that a worst case measure for X at time 0, if it exists, remains a worst case
measure for X at any time t € T was also shown in [13, Theorem 3.9] for a time consistent dynamic risk

measure without using the supermartingale property from Proposition 18.

Remark 20. In difference to [20, Theorem 4.5], without the additional assumption that the set
Q" :={Q € M*(P) | af™(Q) < o0} (20)

is nonempty, the supermartingale property of (V;Q (X))ter for all X € L* and all Q € Q* is not sufficient
to prove time consistency. In this case we also do not have the robust representation of p; in terms of the
set Q.

The process (a*(Q))ser is a Q-supermartingale for all Q € Qg due to Property 3) of Theorem 17.
The next proposition provides the explicit form of its Doob- and its Riesz-decomposition; cf. also [29,
Proposition 2.3.2].

Proposition 21. Let (pt)iet be a time consistent dynamic convex risk measure such that each p; is con-

min

tinuous from above. Then for each Q € Qg the process (o™ (Q))ter i a non-negative Q-supermartingale

with the Riesz decomposition
A" Q)= Z28 + MP  Q-a.s., teT,

where

Z2 = Eq

T-1
Z ar};ian(Q) |ft] Q-a.s., teT
k=t

15



is a Q-potential and

0 if T < o0,

MpP = T
f {hmEQ[as(Q)m] E

is a non-negative Q-martingale.

Moreover, the Doob decomposition of (i (Q))ser is given by

T-1
mln _ min
oy )—EQl akk+1 ‘]:t
k=0

t—1
+MP2 Zakmlkn-s-l Q), teT
k=0

with the Q-martingale

+MtQ, teT

T—1
Y a7
k=0

and the non-decreasing predictable process (ZZ_O a}c“}an(Q))teT.

Proof. We fix @Q € M;(P) and applying property 3) of Theorem 17 step by step we obtain

t+s—1

> (@R
k=t

for all t, s such that t,t +s € T. If T' < 0o, the Doob- and Riesz-decompositions follow immediately from

m1n

oy +EQ[aﬁ§( V| F:] Q-as. (21)

(21), since ar(Q) = 0 Q-a.s.. If T = co, by monotonicity there exists the limit

Z ay o (Q) | Fi Z Oégfiknﬂ(Q) |ft] Q-a.s.
=t

k=t
for all ¢ € T, where we have used the monotone convergence theorem for the second equality. Equality
(21) implies then that there exists

= lim Fg

§— 00

ME = lim Eg[a2(@Q)| 7] Qas., teT

and
A" Q) = Z9 + M Q-as.

forallt e T.

The process (ZtQ )ter is a non-negative Q-supermartingale. Indeed,

EqlZR) < Eq

D@ ] ag™(Q) < oo (22)

k=0

and EQ[Zg_1 | Fi] < Z2 Q-as. for all t € T by definition. Moreover, monotone convergence implies

lim EQ [ Z EQ

t—o0

hm Zag‘}fH ] =0 Q-as.,
since > p ag"ik“H(Q) < 00 Q-a.s. by (22). Hence the process (Z2);er is a Q-potential.
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The process (MtQ )teT I8 a non-negative Q-martingale, since
Eq[M{] < Eq [o"™(Q)] < af™(@Q) < oo
and
EQIM, — M{|Fi] = Bl (Q)|Fi] — o™ (Q) — Eq[2, — 27| 7]
= agil(Q) - anrfr,lti?s—l(Q) =0 Q-a.s.

for all t € T by property 3) of Theorem 17 and the definition of (ZtQ )teT-

The Doob-decomposition follows straightforward from the Riesz-decomposition. O

Remark 22. [t was shown in [20, Theorem 5.4] that the martingale M® in the Riesz decomposition of
(@™ (Q))ser vanishes if and only if lim;_ o pi(X) > —X P-a.s., i.e. the dynamic risk measure (p)ter
is asymptotically safe. This is not always the case; see [20, Example 5.5].

For a coherent risk measure we have
0/(Q) = Q)(Q):={Re M'(P) | R=Q|r, of"™R)=0Q-as.}.

In order to give an equivalent characterization of property 3) of Theorem 17 in the coherent case, we

introduce the sets

Qto,tJrs(Q) = {R < P|.7'-t+s

R=Q|z, a?fgis(R) =0Q-as.} Vts>0 suchthat t,t+seT.

For Q! € Qto’tJrS(Q) and Q2 € QY, ,(Q) we denote by Q' &' Q? the pasting of @' and Q? in ¢ + s via
Q, i.e. the measure @ defined via

Q(A) = Eg1 [Bg2 14| Fiss]] Ae F. (23)

The relation between stability under pasting and time consistency of coherent risk measures that can
be represented in terms of equivalent probability measures was studied in [4, 15, 26, 20]. In our present

setting, Theorem 17 applied to a coherent risk measure takes the following form.

Corollary 23. Let (p)ier be a dynamic coherent risk measure such that each py is continuous from

above. Then the following conditions are equivalent:
1. (pt)ter is time consistent.

2. For all Q € My(P) and allt,s such that t,t +s & T
RQ)={Q'e™Q* Q" € Q) ,.(Q), Q€ Q. (Q")}.
3. For all @ € M;(P) such that &*™(Q) = 0 Q-a.s.,
Eqlpess(X) [ Fi] < pe(X)  and afi5(Q) =0 Q-a.s.

for all X € L*°(Q, F, P) and for all t,s such that t,t +s € T.
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Proof. 1) = 2): Time consistency implies property 3) of Theorem 17, and we will show that this implies
property 2) of Corollary 23. Fix Q € M;(P). To prove “2” let Q" € QY(Q), Q* € QY. ,(Q"), and consider
@ defined as in (23). Note that @ =Q' on F;,, and

EglX|Fiys] = E@2[X|Frys] Q-as. forall X € L®(Q,F,P).

Hence, using 3) of Theorem 17 we obtain

o™ (Q) = o', (Q) + Egla}it(Q)|F
— o (QY) + Eg o (@) F] =0 Q-as,

and thus Q € Q%(Q). Conversely, for every Q € Q%(Q) we have ain(Q) = a?“tlis(@) =0 Q-a.s. by 3) of
Theorem 17, and @ = @ &) @ This proves “C”.
2) = 3): Let R € M;(P) with o®(R) = 0 R-a.s.. Then R € QY(R), and thus R = Q! ®'** Q? for
some Q' € QY (R) and Q% € Q) (Q"). This implies R = Q' on Fy;, and
ER[X|-7:t+s] = EQ2 [X‘ft_t,_s] R-a.s..
Hence o}t (R) = af'}1,(Q") = 0 R-as., and of¥2(R) = ofi2(Q?) = 0 R-a.s.. To prove the inequality
3) note that due to (12)

Erlpi+s(X) | Fi] = R-esssup Eg[—X | Fi]
Qe [(R)

< R-esssup Eg[—X | F] = pe(X) R-as,
QEQY(R)

where we have used that the pasting of R|r,, and Q belongs to QY(R).
3) = 1): Obviously property 3) of Corollary 23 implies property 4) of Theorem 17 and thus time

consistency. O

4.2 Rejection and acceptance consistency

Rejection and acceptance consistency were introduced and studied in [33, 18, 29]. These properties can
be characterized via recursive inequalities as stated in the next proposition; see [33, Theorem 3.1.5] and
[18, Proposition 3.5].

Proposition 24. A dynamic convex risk measure (p:)ier 18 rejection (resp. acceptance) consistent if and
only if for allt € T such thatt < T

pe(=pry1) < pr  (resp. >) P-a.s.. (24)

Proof. We argue for the case of rejection consistency; the case of acceptance consistency follows in the
same manner. Assume first that (p;)ier satisfies (24) and let X € L* and Y € L*°(F;41) such that
Pt+1(X) > pi41(Y). Using cash invariance, (24), and monotonicity, we obtain

pe(X) = pe(=pi+1(X)) 2 pe(=pes1(Y)) = pe(Y).

The converse implication follows due to cash invariance by applying (13) to Y = —p;11(X). O
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Remark 25. For a dynamic coherent risk measure, weak acceptance consistency and acceptance consis-

tency are equivalent. This was shown in [18, Proposition 3.9].
Another way to characterize rejection consistency was suggested in [29].

Proposition 26. A dynamic convexr risk measure (pi)ier 18 rejection consistent if only if any of the

following conditions holds:

1. For allt € T such thatt <T and all X € L*°
pt(X) = pr1(X) € Agppa; (25)

2. For allt € T such thatt <T and all X € A;, we have —pir1(X) € Ay

Proof. Since
pe(=pe+1(X)) = pe(pe(X) = pr41(X)) + pe(X)
by cash invariance, (25) implies rejection consistency, and obviously rejection consistency implies condition

2). If 2) holds, then for any X € L

pe(pt(X) = pr41(X)) = pt (—pe1 (X + pe(X))) <0,
due to cash invariance and the fact that X 4 p;(X) € As. O

Property (25) was introduces in [29] under the name prudence. It means that the adjustment p;1(X)—
pt(X) of the minimal capital requirement for X at time ¢ + 1 is acceptable at time ¢. In other words, one
stays on the safe side at each period of time by making capital reserves according to a rejection consistent
dynamic risk measure.

Similar to time consistency, rejection and acceptance consistency can be characterized in terms of

acceptance sets and penalty functions.

Theorem 27. Let (p;)ier be a dynamic convex risk measure such that each p; is continuous from above.

Then the following properties are equivalent:
1. (pt)ter is rejection consistent (resp. acceptance consistent).

2. The inclusion
At Q At,t+1 + At+1 resp. .At 2 At7t+1 + At+1

holds for allt € T such thatt <T.

3. The inequality
a™(Q) < (resp. >)ay11(Q) + Bl (Q) | 7] Q-a.s.

holds for allt € T such thatt < T and all Q € My(P).
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Proof. Equivalence of 1) and 2) was proved in Proposition 24 and Lemma 15, and the proof of 2) = 3)
is given in Lemma 16.

Let us show that property 3) implies property 1). We argue for the case of rejection consistency; the
case of acceptance consistency follows in the same manner. We fix ¢ € T such that ¢ < T, and consider
the risk measure

p(X) = pe(—pr1(X)), Xel™.
It is easily seen that p; is a conditional convex risk measure that is continuous from above. Moreover, the
dynamic risk measure (py, pr41) is time consistent by definition, and thus it fulfills properties 2) and 3)

of Theorem 17. We denote by At and At ++1 the acceptance sets of the risk measure p;, and by QN s

penalty function. Since

pt(X) = pe(—pr41(X)) = pe(X)
for all X € Ly,1, we have ./Zt’t+1 = A; 141, and thus

-/Z(t = A1+ At
by 2) of Theorem 17. Lemma 16 and property 3) then imply
ar™(Q) = iyt (Q) + Eq[ofit (Q)1F] = o™ (Q)

for all ) € Q;. Thus

pe(X) = pe(X) = pr(=pe+1(X))
for all X € L, due to representation (6). O

Remark 28. Similar to Corollary 23, condition 3) of Theorem 27 can be restated for a dynamic coherent

risk measure (pt)ter as follows:
2(Q) 2 {Ql o't @? | Q' € Q?,H»l(Q) Q€ Qt+1(Q )} (resp. C)
for allt € T such that t < T and all Q € M;(P).

The following proposition provides an additional equivalent characterization of rejection consistency,

that can be viewed as an analogon of the supermartingale property 4) of Theorem 17.

Proposition 29. Let (pi)ier be a dynamic convex risk measure such that each p; is continuous from

above. Then (pt)tet is rejection consistent if and only if the inequality

Eq [per1(X) [ Fe] < po(X) + aii11(Q)  Q-aus. (26)

holds for all Q@ € M1 (P) and allt € T such that t < T. In this case the process
UR) = ) S otfa@), e
is a Q-supermartingale for all X € L™ and all Q € QF, where

t
Za?f}?H(Q)] <ooVte T} .
k=0

_{QEMl(P)‘EQ
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The proof of Proposition 29 is a special case of Theorem 31, which involves the notion of sustainability;
cf. [29].

Definition 30. Let (p¢)ier be a dynamic convex risk measure. We call a bounded adapted process X =

(X¢)ter sustainable with respect to the risk measure (p¢)ier if
pe( Xy — Xi41) <0 for allt € T such thatt <T.

Consider X to be a cumulative investment process. If it is sustainable, then for all ¢ € T the adjustment
Xi11 — X is acceptable with respect to p;.
The next theorem characterizes sustainable processes in terms of a supermartingale inequality; it is a

generalization of [29, Corollary 2.4.10].

Theorem 31. Let (pi)ier be a dynamic convex risk measure such that each py is continuous from above

and let (Xy)ieT be a bounded adapted process. Then the following properties are equivalent:
1. The process (Xi)ier 1s sustainable with respect to the risk measure (pt)ier.

2. For all Q@ € My(P) and all t € T,t > 1, we have

EQ[Xe|Fi1] S Xem1 + 0™ Q) Q-aus.. (27)

Proof. The proof of 1) = 2) follows directly from the definition of sustainability and the definition of the
minimal penalty function.

To prove 2) = 1), let (X;)ier be a bounded adapted process such that (27) holds. In order to prove
Xi— X1 =:A; € —Atht forall teT,t>1,

suppose by way of contradiction that A; ¢ —A;_1¢. Since the set A;_1; is convex and weak*-closed due
to Remark 6, the Hahn-Banach separation theorem (see, e.g., [22, Theorem A.56 |) ensures the existence
of Z € LY(F;, P) such that

a:= sup FE[Z(-X)|<E[ZA;]=1b<o0. (28)
XeAi_1,t
Since M {z<o} € Ai—1, for every A >0, (28) implies Z > 0 P-a.s., and in particular E[Z] > 0. Define a
probability measure @ € M;(P) via ‘;—g = % and note that, due to Lemma 4 and (28), we have

Bolo}1,(Q)) = swp Fo[(-X)]= sw BlZ(-X)|gz= gz <oe.  (20)

S
N

Moreover, (28) and (29) imply
Eq [(Xt - X1 — ag?t(@))] = E[Z] (E[ZAt} - Eq [a:lsrglllt(@)]) = E[Z](b—a) >0,

which cannot be true if (27) holds under Q. O
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Remark 32. In particular, property 2) of Theorem 31 implies that the process
t—1
Xi=) ofi(Q), teT
k=0

is a Q-supermartingale for all Q € QF, if X is sustainable with respect to (p;). As shown in [29, Theorem
2.4.6, Corollary 2.4.8], this supermartingale property is equivalent to sustainability of X under some

additional assumptions.

4.3 Weak time consistency

In this section we characterize the weak notions of time consistency from Definition 13. Due to cash
invariance, they can be restated as follows: A dynamic convex risk measure (p;):er is weakly acceptance

(resp. weakly rejection) consistent, if and only if
pr+1(X) <0 (resp. =) = p(X) <0 (resp. =)

for any X € L° and for all t € T such that ¢ < T. This means that if some position is accepted (or
rejected) for any scenario tomorrow, it should be already accepted (or rejected) today. In this form,
weak acceptance consistency was introduced in [4]. Both weak acceptance and weak rejection consistency
appeared in [35, 31].

Weak acceptance consistency was characterized in terms of acceptance sets in [33, Corollary 3.6], and
in terms of a supermartingale property of penalty functions in [9, Lemma 3.17]. We summarize these

characterizations in our present setting in the next proposition.

Proposition 33. Let (pi)ier be a dynamic convex risk measure such that each py is continuous from

above. Then the following properties are equivalent:
1. (pt)ter is weakly acceptance consistent.
2. Ayy1 C Ay forallt € T such thatt <T.

3. The inequality
Eq[aR(Q) | Fr] < of™(Q) Q-a.s. (30)

holds for all @ € Mi(P) and all t € T such that t < T. In particular (a™™(Q))ier s a Q-
supermartingale for all Q € Qy.

Proof. The equivalence of 1) and 2) follows directly from the definition of weak acceptance consistency.

Property 2) implies 3), since by Lemma 4

EqQ[a}(Q)| Fi] = Q-esssup Eq[—X¢41|F]
Xip1€A 11

< Q-esssup Eg[—X|Fi] = oa™™(Q) Q-a.s.
XeA;

for all Q € My (P).
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To prove that 3) implies 2), we fix X € A;11 and note that
Eg[—X|Fi1] < a1(Q) Q-as. forall Q € My(P)
by the definition of the minimal penalty function. Using (30) we obtain
Eq[=X|Fi] < Eqlaif1(Q) | Fi] < o™(Q)  Q-aus.

for all Q € My (P), in particular for Q € Qf (P). Thus p;(X) < 0 by (6). O

4.4 A recursive construction

In this section we assume that the time horizon T is finite. Then one can define a time consistent dynamic
convex risk measure (p;)¢=o,..., 7 in a recursive way, starting with an arbitrary dynamic convex risk measure
(pt)t:O,...,T7 via
pr(X) = pr(X) =-X (31)
(X)) = pe(=pp1(X)), t=0,...,T—-1, X eL*.
The recursive construction (31) was introduced in [12, Section 4.2], and also studied in [18, 13]. It is easy
to see that (p;)i=o,...,7 is indeed a time consistent dynamic convex risk measure, and each p; is continuous

from above if each p; has this property.

Remark 34. If the original dynamic convex risk measure (pt)i—o... 17 1S Tejection (resp. acceptance)

.....

consistent, then the time consistent dynamic convex risk measure (pi)i=o,... 7 defined via (81) lies below

(resp. above) (pt)i=o,..., i.c.
pe(X) < (resp. >)pt(X) forallt =0,...,T and all X € L.

This can be easily proved by backward induction using Proposition 24, monotonicity, and (31). More-
over, as shown in [18, Theorem 3.10] in the case of rejection consistency, (pt)i=o,... T is the biggest time

consistent dynamic convex risk measure that lies below (pt)i=o,... -

For all X € L*°, the process (p¢(X))i=o,... 7 has the following properties: pr(X) > —X, and

.....

pe(pe(X) = pr1(X)) = =pe(X) + pe(—pes1(X)) =0 Vi=0,....,T -1, (32)

by definition and cash invariance. In other words, the process (p;(X))i=o,...,r covers the final loss —X

and is sustainable with respect to the original risk measure (p;)¢—o,... 7. The next proposition shows that

,,,,,

(Pt(X))t=0,...,r is in fact the smallest process with both these properties. This result is a generalization
of [29, Proposition 2.5.2 ], and, in the coherent case, related to [15, Theorem 6.4].

Proposition 35. Let (p;)i=o,.... 7 be a dynamic convex risk measure such that each py is continuous from
above. Then, for each X € L™, the risk process (pi(X))i=o,.. v defined via (31) is the smallest bounded

adapted process (Uy)i=o,.... 7 such that (Uy)i=o,... 7 is sustainable with respect to (p¢)i=o,...w and Up > —X.
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Proof. We have already seen that py(X) > —X and (py(X))i=0,.. 7 is sustainable with respect to

(pt)i=0,.... 7 due to (32). Now let (U;)i=o,... r be another bounded adapted process with both these prop-
erties. We will show by backward induction that

Ui > pi(X) P-as. vVt=0,...,T. (33)
Indeed, we have
Ur > —X =pr(X) P-as..
If (33) holds for t 4+ 1, Theorem 31 yields for all Q € Q{:
Uy > Eq (U1 — o"21(Q) | i |
> Bq [per1(X) — o1 (Q)| ] P-as..

Thus
Us 2 esssup (Eq [pr1(X)| 7] — o}t (Q))
QeQf
= pi(—pr41(X)) = p(X) P-as.,
where we have used representation (6). This proves (33). O

The recursive construction (31) can be used to construct a time consistent dynamic Average Value at

Risk, as shown in the next example.

Example 36. It is well known that dynamic Average Value at Risk (AVQRy z,)i=o,.... 7 (c¢f- Example 10)

is not time consistent, and does not even satisfy weaker notions of time consistency from Definition 13;

.....

see, e.g., [4, 81]. Moreover, since o™ (P) = 0 in this case, the set Q* in (20) is not empty, and [20,
Corollary 4.12] implies that there exists no time consistent dynamic convex risk measure (pt)ter such that
each p; is continuous from above and py = AVQRy »,. However, for T' < oo, the recursive construction
(31) can be applied to (AVQRy ,)i=o,... 7 in order to modify it to a time consistent dynamic coherent

risk measure (fy)i=o,.... 7. This modified risk measure takes the form

79
pt(X) :esssup{EQ[—XL?’:t] | Qe Qt,ZSig <\ ls=t,...,T— 1}

S

T
X | L.| &

= esssup { Ep
s=t+1

| Ly € LT°,0 < Ly < A1, E[Ly| Fo1] 1,st+1,...,T}

forallt=0,...,T — 1, where ZtQ = %U}- This was shown, e.g., in [13, Example 3.3.1].

5 The dynamic entropic risk measure
In this section we study time consistency properties of the dynamic entropic risk measure

1
pi(X) = —log E[e” "X |F, teT, X e L™,
Yt
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where the risk aversion parameter ~; satisfies v > 0 P-a.s. and ~, % € L° for all t € T (cf. Example 3).
It is well known (see, e.g., [17, 20]) that the conditional entropic risk measure p; has the robust

representation (5) with the minimal penalty function «; given by

Q) = %Ht@m, Qea,

where Hy(Q|P) denotes the conditional relative entropy of @ with respect to P at time ¢:

dq

HI(@QIP) = Eo Jlog 52

lft}, Qe Q.

The dynamic entropic risk measure with constant risk aversion parameter 7, = v9 € R for all ¢ was
studied in [17, 12, 20, 13]. It plays a particular role since, as proved in [27], it is the only law invariant
time consistent relevant dynamic convex risk measure.

In this section we consider an adapted risk aversion process (y:)ter, that depends both on time and
on the available information. As shown in the next proposition, the process (v;)ter determines time
consistency properties of the corresponding dynamic entropic risk measure. This result corresponds to
[29, Proposition 4.1.4], and generalizes [18, Proposition 3.13].

Proposition 37. Let (p;)ier be the dynamic entropic risk measure with risk aversion given by an adapted

process (¢ )ter such that v > 0 P-a.s. and v, 1/v: € L°. Then the following assertions hold:
1. (pt)ter is rejection consistent if v¢ > Y41 P-a.s. for allt € T such thatt < T
2. (pt)ter 18 acceptance consistent if v¢ < Y11 P-a.s. for allt € T such thatt <T;
3. (pt)ier 1s time consistent if v; = yo € R P-a.s. for allt € T such that t <T.

Moreover, assertions 1), 2) and 3) hold with “if and only if”, if v+ € R for all t, or if the filtration (Fy)ier
is rich enough in the sense that for all t and for all B € F; such that P[B] > 0 there exists A C B such
that A ¢ F; and P[A] > 0.

Proof. Fix t € T and X € L. Then

pr(—prs1(X)) = %log (E [exp {77; log (E [e—WlXﬂH])} |ftD

- Liog (e[l 1A] 7 |7]).

Thus pt(—pe1) = pt if 7 = ye41 and this proves time consistency. Rejection (resp. acceptance) consis-
tency follow by the generalized Jensen inequality that will be proved in Lemma 38. We apply this inequal-
ity at time ¢ + 1 to the bounded random variable Y := e~ 7+1% and the B((0,00)) ® F;,1-measurable
function

Ye(w)
u (0,00) xQ — R, u(:p’w) = g1 (@)

Note that u(-,w) is convex if v4(w) > v41(w) and concave if v (w) < y41(w). Moreover, u(X,-) € L™
for all X € L*> and u(-,w) is differentiable on (0, c0) with

It
[ (z,-)| = M pma < axb Peas.

Yt+1
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for some a,b € R if 4 > 741, due to our assumption %11 € L*°. On the other hand, for v; < v;41 we

obtain

e 1
[ (z, )] = M T <a—  Pas.
Y1 z°

for some a,c € R. Thus the assumptions of Lemma 38 are satisfied and we obtain
pt(=piv1) <pr if v >741 P-as. forallt e T such that t <T

and
pt(—=pry1) = pr if 4 <yq1 P-as. forall ¢t € T such that t < T.

The “only if” direction for constant ~; follows by the classical Jensen inequality.

Now we assume that the sequence (p;):er is rejection consistent and our assumption on the filtration
(Ft)ter holds. We will show that the sequence (7y;):et is decreasing in this case. Indeed, for ¢ € T such that
t < T, consider B := {7 < y+1} and suppose that P [B] > 0. Our assumption on the filtration allows
us to choose A C B with P [B] > P[A] > 0 and A ¢ F,+1. We define a random variable X := —xI4 for
some z > 0. Then

pe(—pesr (X)) = %log <E [exp <%7j1 log (E [er+1e1a |]-"t+1])> |Ft]>

og (2 [exp ( 2 ttog (8 04 7)) ) 7).
Ye+1

where we have used that A C B. Setting

1
Vt

Y = E [eH A Fiyg] = e P [A|Fypa] + P A Fii]

and bringing vjil inside of the logarithm we obtain

1 Sl
pt (—pi1 (X)) = oy log (E [exp ([B log (Y”tﬂ B)) |ftD . (34)
t
The function z — 27:()/7+1(«) ig strictly concave for almost each w € B, and thus

Y = (PP [A|Fipa] + (1 — P[A|Fpq])) 7o
> TP [A|Fipa] + (1 — P[A|Fiia]) P-a.s on B, (35)

with strict inequality on the set
C:={P[A|Fi41] > 0} n{P[A|Fi41] < 1} N B.
Our assumptions P[A] >0, A C B and A ¢ F;; imply P[C] > 0 and using
e P[A|Fi] + (1= PIA[Fia]) = B[4 Fiy] (36)

we obtain from (34), (35) and (36)

pr (—prsr (X)) = L log (E [exp (I log (B [ Foya])) | 5] (37)

Ve
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with the strict inequality on some set of positive probability due to strict monotonicity of the exponential
and the logarithmic functions. For the right hand side of (37) we have
1
Tt
1
= ,y— log (E [IBE [e’yfmIA Ift+1] + IBC
t

= %log (E [exp (nxla) | F])

:pt(X)7

log (E [exp (I log (E [e7"*| Fi11])) |71]) =

Fil)

where we have used A C B and B € F;41. This is a contradiction to rejection consistency of (p;)tet, and
we conclude that v¢41 < 4 for all t. The proof in the case of acceptance consistency follows in the same
manner. And since time consistent dynamic risk measure is both acceptance and rejection consistent, we

obtain ;41 =y for all ¢. O
The following lemma concludes the proof of Proposition 37.

Lemma 38. Let (2, F, P) be a probability space and Fy C F a o-field. Let I C R be an open interval
and
u:IxQ — R

be a B (I) ® Fi-measurable function such that u(-,w) is convex (resp. concave) and finite on I for P-a.e.

w. Assume further that
|uly (z,-)] < c(x) P-a.s. with some c(x) € R for all x €I,

where v/, (-,w) denotes the right-hand derivative of u(-,w). Let X : Q@ — [a,b] C I be an F-measurable
bounded random variable such that E [|u(X, )|] < co. Then

ElulX,)|F]>u(PX|F],) (resp<) P-a.s.

Proof. We will prove the assertion for the convex case; the concave one follows in the same manner. Fix

w € Q such that u(-,w) is convex. Due to convexity we obtain for all xg € T
u(z,w) > u(zg,w) + ' (zg,w)(z — x) forall ze€l
Take 29 = E[X|F](w) and = X (w). Then
u(X (W), w) = w(E[X|F)(w),w) + vy (B[X]F](w), w)(X (w) — E[X|F])(w)) (38)

for P-almost all w € Q. Note further that B (I) ® F;-measurability of w implies B (I) ® F;-measurability
of us. Thus
w — wEX|F](w),w) and w — v (EX|F](w),w)
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are Fi-measurable random variables, and w — u(X(w),w) is F-measurable. Moreover, due to our as-
sumption on X, there are constants a,b € I such that a < E[X|F;] < b P-a.s.. Since v/, (-, w) is increasing

by convexity, by using our assumption on the boundedness of v/, we obtain
_C(a) S ui&-(avw) S UQ_(E[XL’]'}],OJ) S uii—(bvw) S C(b)a

ie. v/ (E[X|F], ) is bounded. Since E [|u(X, )|] < oo, we can build conditional expectation on the both
sides of (38) and we obtain

Blu(X,)| 7] 2 E [u(B[X|F],) +u} (E[X|F], (X - E[X|F]) | F ]
= E[uw(E[X|F],)|F] P-as.,

where we have used Fi-measurability of w(E[X|F], ) and of v/ (E[X|F;],) and the boundedness of
v/, (E[X|F], ). This proves our claim. O
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